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Abstract

The authors consider the fourth order quasilinear difference equation
AQ (pn‘Aan’ailAzxn) + Qn’wn—l—?)lﬁilxn—l—?) = 07

where « and (3 are positive constants, and {p,} and {g,} are positive
real sequences. They obtain sufficient conditions for oscillation of all

0 1 o

solutions when ) (p%) “ <ooand Y < "1> < 00. The results are
n=no n=ng \Pn%

illustrated with examples.
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1 Introduction

In this paper, we are concerned with the fourth order quasilinear difference
equation
A? (pn|A2xn|°‘_1A2xn) + Qn|xn+3|ﬁ_1xn+3 =0 (1)

where A is the forward difference operator defined by Az, = x,,1 — z,, @ and
(3 are positive constants, {p,} and {¢,} are positive real sequences defined for
all n € N(ng) = {ng,no + 1, ...}, and ny a nonnegative integer.

By a solution of equation (1), we mean a real sequence {z,} that satisfies
equation (1) for all n € IN(ng). If any four consecutive values of {x, } are given,
then a solution {x,} of equation (1) can be defined recursively. A nontrival
solution of equation (1) is said to be nonoscillatory if it is either eventually
positive or eventually negative, and it is oscillatory otherwise.

The oscillatory and asymptotic behavior of solutions of the nonlinear differ-
ence equation of the form (1) has been considered by Thandapani and Selvaraj
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[11] and Thandapani,Pandian,Dhanasekaran, and Graef [10]. In [11], the equa-
tion (1) is discussed under the condition

i (pﬁ)a:oo andi (an) = 00, (2)
n=ngo n=ngo n <

and in [10] the authors obtain a more detailed analysis of the asymptotic
behavior of nonoscillatory solutions of equation (1) under the same condition
(2). In [9], t}le authors considered the equation (1) under the condition (2),
or n_ZnO (p%) " <ooand Y <£) = oo or (5), and obtain condition for the
existence of nonoscillatory solutions of equation (1).

For the case a = 1, equation (1) becomes

n=ng

AQ (pnA2xn) + Gn |xn+3|ﬁ71xn+3 = 0. (3)

The oscillatory and asymptotic behavior of solutions of equation (3) with

S () 26 @

was discussed by Yan and Liu [13], and Thandapani and Arockiasamy [12]
respectively. Later, the results in [13] were extended to the more general
equation

A (anA (A (cnAxy))) + G |20 2, = 0

by Graef and Thandapani [5].
The main objective here is to discuss the oscillatory behavior of solutions
of equation (1) under the condition

o 1 o
Z <p£)a<ooand Z <pnl)<oo. (5)
n=no n n=no n &

In Section 2, we describe the classification of nonoscillatory solutions of equa-
tion (1), and in Section 3, we obtain sufficient conditions for the oscillation of
all solutions of equation (1). Examples illustrating the results are presented in
Section 4.

For related results on the oscillation of fourth order difference equation, we
refer the reader to the monographs of Agarwal, Bohner, Grace, and O’Regan
[1] as well as the references ([2], [3], [6], [7], [8]) given below.
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2 Classification of Nonoscillatory Solutions

In this section, we state and prove some basic results regarding the classi-
fication of nonoscillatory solutions of equation (1). Without any loss of gener-
ality, we restrict our attention to the set of positive solutions, because if {x,,}
satisfies (1), then so does {—x,}.

Lemma 1. If {x,} is an eventually positive solution of equation (1), then one
of the following four cases holds for all sufficiently large n:

) Az, >0, A%z, >0, A
) Az, <0, Az, >0, A
(I1I) Az, >0, A%z, <0, A
) Az, >0, A%z, <0, A

Proof. From equation (1), we have A? (p,|A%z,|* 1A%z,) < 0 for all large

n. It follows that {A (p,|A%z,|*1A%z,)}, {A%r,} and {Az,} are eventually
monotonic and one-signed. Next, we consider the following eight cases:

Az, >0, A%z, >0, n| A2, [TEA%,) > 0

—~
S

) Alp )
(b) Az, <0, A2z, >0, A(p,|A2x,|* 'A%z,) >0
() Az, >0, A’r, <0, A(p,|A%r,|*'A%z,) >0
(d) Az, <0, A’r, <0, A(p,|A%z,|*'A%z,) >0
(e) Az, >0, A%z, >0, A(p,|A%z,|*1A%r,) <0
(f) Az, <0, A%z, >0, A(p,|Az,|* 'A%,) <0
(9) Az, >0, Az, <0, A(p,|A%z,|*'A%z,) <0
(h) Az, <0, A%z, <0, A(p,|A%z,|*'A%z,) <0
If Az, <0 and A%z, < 0 eventually, then lim x, = —oo, which contradicts

n—oo

the positivity of the solution {x,}. Hence, the cases (d) and (h) cannot hold.
Similarly, since A% (p,|A2x,|*tA%z,) < 0, if A (p,|A%z,|* 1A%2,) < 0, then
lim (p,|A%z,|* tA%z,) = —oo, that is, A%z, < 0 for large n. This observation

rule out the cases (e) and (f). This completes the proof of the lemma.

Remark 1. When « = 1, then Lemma 1 reduces to Lemma 3 of [12].

Lemma 2. Let {x,} be a positive solution of equation (1) of type (IV). Then
there exists a positive number ¢ such that the following inequality holds for all
large n:

Tpyg > T, >cn Az, (6)
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Proof. Let {z,} be a positive solution of equation (1) of type (IV). Since Az,
is decreasing and positive, we have

n—1
xn>xn—xN:ZAa:S > (n— N)Az,, n> N.
s=N
Then, there is a constant ¢ > 0, and a sufficiently large n, such that (6) holds.
This completes the proof.

Lemma 3. Let {x,} be a positive solution of equation (1) of type (II). Then
there exists a positive number ¢ such that the following inequalities hold for all
large n:

Tpts = pné Yni3 Aanv (7)
Thps 2 cn Uiy A(pa (A%2,)7), (8)

where P, = Y (s=n+l),

s=n  ps'
Proof. The proof can be modeled as that of Lemma 4(ii) of Thandapani and
Arockiasamy [12], and therefore the details are omitted.

Lemma 4. Let o < 1. If {x,} is a positive solution of equation (1) of type
(IV), then there exists a positive number ¢ such that the following inequality
holds for all large n:

Toys > cn|A (Do |A%0,07 A%,) [+ Pnss. (9)
Proof. Since A(p,|A%z,|* 'A%z, is decreasing, we find that
Alps| A%, [* T A%w,) < Apa] A%, A%,), s 2

Summing the last inequality from n to s-1, and using the fact A2z, < 0, we
obtain

1
_ 1\ =
N, < Al ) ()
Ps
Since the lim Az, = n > 0 is finite, and noting that i > 1, summing the last

n—oo

inequality from n to oo, we have

—~(s—n+1
Mo = BGa% o) Y (S0
s=n Z
= |A (pul AT AP ) | 4,
1
Z |A (pn|A2xn|a_1A2xn) |E ?/Jn+3-
Combining the last inequality and the inequality (6), we obtain (9). This
completes the proof.
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Lemma 5. Let § < 1 < «. Then the condition

Z (i i (n—s) sﬁqs> = 00, (10)

n=ng P s=no

Q=

implies

— 5
Z na Yl | g, = oo. (11)

n=ng

Proof. If (10) holds, then for any N > ng, we have

an% (i (n—s) sﬁqs>a = 00, (12)

s=N

and choose N > 1, such that i, < 1 for n > N. In view of (5), the equation
(12) implies that

n—1
Jim 3 (0 =) %, = o
s=N

Since {n} is increasing and lim n = oo, then by Stolz’s theorem [4], we have

n—oo

5 (-9 (S -9

lim = lim S=N

= lim Zsﬁqs € (0, o0].
s=N

Therefore, there exists a constant d > 0, and an integer N; > N, such that

n

Z (n—ys) sPqs > dn, for every n > Nj. (13)
s=N

For all n > Nj, using summation by parts, we obtain
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By Mean value theorem, we have

A (Zl (s —1) tﬁqt) ’ < é ( s (s — 1) tﬁqt> . itﬁqt. (15)

t=N =N

From the inequalities (14) and (15), using (13), and the fact that £ <1 as
well as that A, is a negative function , we obtain

1
n—1 s—1 o n—1 8
Z ps%l < (s —1) tﬁ%> <d; —ds Z Athgy sa ! Ztﬁ%n > Ny;
=N

t=N s=N1
(16)

[e3

1
(Ny —t) tﬁqt> >0, dy= adrl > 0.

Ni—1

di = — Ay, (

t=N

Now, from (16), using the fact that

1— —1 1
PECTCE IR
Q o Q
we have
n—1 s—1 é n—1 s 5
—1
Z Ds « ( (s —1) tﬁ%) < dy—dy Z Atgyy ( t“Qt)
s=N1 t=N s=Ny t=N
s—1 5 n n—1 5
= di +dy <—@/)s+1 Zt59t> + Z Poq1 S qs]
t=N N s=N1
n—1 5
< d3+ds Z Ysp1 82 s
s=N1
n—1 5
< dstdy Yy se bl g, n> Ny
s=N1
Ni-1
where d3 = dy + dy ¥n, 41 Y, ta g Letting n — oo, we conclude that (10)

t=N1
implies (11). The proof is now complete.
In the following, we state and prove some useful propositions that play an
important role in proving the main results given in Section 3.
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Proposition 1. Let § > «a. If there exists a positive solution {xz,} of the
equation (1) of type (I1I), then

Z n gn ¢5+3 < 0. (17>

n=ng

Proof. Let {z,} be a positive solution of equation (1) of type (II). Then we
have x,, ~ c¢ip, as n — oo (0 < ¢ < 00). Otherwise if {z,} is of type (I) ,
(III), or (IV) then lim z, = ¢y € (0,00]. Moreover lim 1, = 0. Hence we

have lim fZ—" = 00, a contradiction . Therefore there is an integer N > nq such
n—oo "

that

for all n > N. Now multiply the equation (1) by n, and summing from N to
n-1, we obtain

n—1
n A (p, (Agxn)a) — Pt (AZ:EnH)a + Z S qs :pf+3 =c, (19)
s=N

where ¢ is a constant. From (7) and (18), we have
Pn (A%,)" <2 df (20)
for n > N. From (19) and (20) and the fact that A (p, (A%z,)") > 0, we have
d? ann 1/15+3 < 00,
n=ng

which gives (17). This completes the proof.

Proposition 2. Let 8 < «. If there ezists a positive solution {x,} of the
equation (1) of type (I1I), then

~ s
Z ne g, ¢£+3 < 00. (21)

n=ngo

Proof. For a positive solution {z,} of equation (1), let us choose N > nq such
that type(Il) and (8) hold for all n > N. Denote by

A, =A (pn (Azxn)a) )
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Then, from the equation (1), and using Mean value theorem, we have

A (Asllg)) = (1 - g) t%ﬁ A (An) ) An+1 <t < An7

(6%
_@ G 5y AR
(a=B) 5 s

8 8 g
S - a Ca N« ¢n+3 Qna

where we have used the inequality (8). Summing the last inequality from N to
n-1, we obtain

(@=B) 6~ s g 1-2
- co ZSa qs Vg < Ay * <00,

s=N

which gives (21). This completes the proof.

Proposition 3. Let a < 1 < . If there exists a positive solution {x,} of the
equation (1) of type (IV), then

Z n q, @Z)erg < 00. (22)

n=mno
Proof. For a positive solution {x,} of equation (1), let us choose an integer
N > ng such that type (IV) and (9) hold for all n > N. Denote by A, =
A (pp| A%, |*tA%x,) . Then, from the equation (1), and using Mean value
theorem, we have

a(lat) = A caay
(a—pB) 3

=8
el L

From the last inequality and (9), we see that co > 0 exists such that

8 b —« -8 8
A (‘AHP a) = ( o )|An‘ * Cg n” g, | Anle wrﬁz-i-{%v n=>N.

Using the fact that 3 > 1, that is, n® > n for all n > maz{l, N} = Ny, we
have

—A <\An\1*§> > (ﬁ;a) cg n qp 1/15+3, n > Nj.

Summing the last inequality from N; to n — 1, we obtain

n—1
_8 _B 0 — «
N R [ P D IR R

s=N1

which gives (22). This completes the proof.
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Proposition 4. Let § < 1 < «. If there exists a positive solution {z,} of

equation (1) of type (IV), then

Z pn%1 (i (n—2s) sﬁqs> ) < 0. (23)

n=ng s=ng

Proof. Assume that for a positive solution {z,} of equation (1), type (IV)

holds for all n > N € IN(ny). By Lemma 2, there exists a constant ¢; > 0, and
an integer N7 > N, such that (6) holds for all n > N;. Summing the equation

(1) from Ny to n — 1, we see that
n—1

AN (pn|A2xn|a*1A2xn) > Z qs xf+3, n > Nj.
s=N1

Summing the last inequality from N; to n-1, we have

n—1 o
1
—A%z, > — <Z(n—5) qs xf+3> , n>Nj.
pﬁ‘ s=N1

From the last inequality, we see that

—A((Aw)7) = (1= B)(An) P(-A%,)
> (1-B)(Aa,) "= (ij (n—s) g, xf+3> s
P \s=N;

Since {Aw,} is decreasing, that is, (Az,)™? > (Az,)~? for n > s, we have

! (i (n—3) g (Azy) 5 5)

prEL s=N;
1 n—1 a
= (1-8)— (Z (n—s) qs (sAz,)P> s xf+3> , n>Njp.
Prn \s=N;
Now using (6), we obtain
CB n—1 a
-A <<A5€n)1_ﬁ> >(1-8) — (Z (n—5) g 37;??? s xf+3> , n=> Ny
Pn \s=N;

Since Az,.3 < Azy,, n > Nj, there exists some constant ¢ > 0, and an
integer Ny > Ny, such that z,,3 < ¢ n for n > N,. Therefore, the fact that
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B(1 — a) <0 implies xfi{a) > A=) pfl-2) for n > N,. Hence we have

. 8 n—1 é
~A((Az) ) = =g S (Z (n—s) g, 5”0~ sﬁa> R

P s=No

Summing the last inequality from N, to oo, we obtain

Q=

(Ao P> K3 L (im— 9 4 sﬁ> |

n=Ny pﬁ s=Njy

where K = (1 — ﬁ)cﬁ(lf;a) ¢ > 0, which gives (23). This completes the proof.

3 Oscillation Theorems

In this section, we state and prove criteria for the oscillation of all solutions
of equation (1).

Theorem 1. Let 5 > 1> a. If

Z n%¢£+3 = 00, (24)

n=ng
then every solution of equation (1) is oscillatory.

Proof. Assume, to contrary, that {z,} is a positive solution of equation(1).
Then {z,} falls into one of the four types (I)-(IV) mentioned in Lemma 1.
Therefore it is enough to show that in each case, we are led to a contradiction
to (24).

Case (I): Let {z,} be a positive solution of equation (1) of type (I) for all
n > N. Since Az, > Axzy, n > N, there exists some constant ¢ > 0, and
Ny > N, such that x,, > cn for n > N;. Summing the equation (1) from N; to
oo and using the last inequality we have

o0 o
AN P, < 2lgn < A (pw | A%y T Ay, )
n=N1 n=N1

Hence, we conclude that

Z nPq, < oc. (25)

n=N1
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On the other hand, from (5),there exists an integer No > Ny, such that ¢, 13 < 1
for n > N,. The fact that 8 > 1, implies n® > n for n > N3 = max{N,, 1},
and consequently, we have

inqnw&gg inqn < inﬁqn<oo. (26)
n=Nj3 n=N3 n=N3

by (25), a contradiction to (24).

Case(II): If there exists a positive solution {z,} of type(II), then from
Proposition 1, we see that condition (24) fails to hold.

Case(III): Let {z,} be a positive solution of equation (1) of type (III) for
all n > N. Multiplying equation (1) by n, and summing the resulting equation
from N to n-1, using summation by parts, we have

n—1
Z S qs xf+3 = c3 —nA (pn|A2xn|O‘_1A2xn) 4 Pt | A1 | A%, < e,
s=N

where C3 = NA (pN|A2.I‘N‘a71A2.§L’N) — pN+1‘A2.§L’N+1|a71A2.TN+1 > 0 is con-
stant. Hence, we conclude that

[e.e]
Z n gy 2, < oo.
n=ng
Since {x,} is increasing, this implies that
o0
Z n g, < oo. (27)
n=ng

Combining (26) and (27) we are led to contradiction with the assumption (24).

Case (IV): If there exists a positive solution {z,} of type (IV), then from
Proposition 3, we conclude that (24) is not satisfied. This completes the proof
of the theorem.

Theorem 2. Let f <1< a. If
. 1
oo 1 n— «@
> (4 -a) - 2

Pn

n=ng s=no

then every solution of equation (1) is oscillatory .
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Proof. Assume, to contrary, that {x,} is a positive solution of equation (1).
Then {z,} falls into one of the four types (I)-(IV) mentioned in Lemma 1.
Therefore it is enough to show that in each case, we are led to a contradiction
to (28).

Case (I): Let {z,} be a positive solution of equation (1) of type (I) for all
n > N. As in the proof of Theorem 1, we can obtain (25). Then

n—1 n—1
Z(n—s)sﬁqs < (n—ng) Zsﬁqs <@n for n> N,
s=no S$=no

where Q = > nPgq,. Using the last inequality, we see that

n=ng
) 1 n—1 é ) 1
1 n\“
> — [Dn - s)sﬁqs] <oy (1) (20)
n=N Pr. Ls=no =N P

In view of (5), (29) implies that (28) fails to hold.

Case(II): If there exists a positive solution {z,} of type (II), then from
Proposition 2, we conclude that (28) is not satisfied.

Case (III): Let {x,} be a positive solution of equation (1) of type (III) for
all n > N. As in the proof of Theorem 1, we can obtain (27). Using (27) and
the fact that 3 < 1, implies n” < n for all n > maz{1,ne} = Ny, we get (25).
Now, following the same arguments as in case (I), using (25), we are led to a
contradiction to (28).

Case (IV): If there exists a positive solution {z,} of type (IV), then from
Proposition 4, we find that condition (28) fails to hold. This completes the
proof of the theorem.

4 Example

In this section, we present some examples to illustrate the results given in
the previous section.

Example 1. Consider the equation
A? (0| A%, | A%2,) + 0 Mengs]? e = 0, no€ N(ng). (30)

Let # > 1> a and p > 1+ «a. The assumption 1 > 1 + « ensures that (5) is
satisfied for the function p, = n*. Then by using Theorem 1, we obtain that
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the equation (1) is oscillatory if (24) is satisfied .
_K

o
Since 1, = 3 =D L p2-8 | 0 — 00,it follows that

s=n &

Z n qn ¢5+3 ~ Z n! A=) o,
n=no n=no
Thus, the condition (24) holds if 2 — A+ 3(2 — £) > 0. Therefore the equation
(30) is oscillatory, if A < 2+ (2 — £). Using the assumptions 3 > 1 > a and
p>1+4a, wehave A <24 (1 —1)3 <2
Let < 1 < o. The assumption p > 2a ensures that (5) is satisfied. Then
by using Theorem 2, we obtain that the equation (30) is oscillatory, if condition

(28) is satisfied. For g, =n~", it is easy to see that

n—1 s—1

Z Z P ~nP 20— oo,

s=ng t=ng

and so ,
. 1
o0 n— [e.e]
1 B “ B=A+2—pn
E —E (n—s)s’qs | ~ E n__ o , n—oo.
n=ng Dn s=ng n=ng

Then the condition (28) holds if A < a+ 3 — p + 2. Thus, the equation (30) is
oscillatory if A < a+ (8 — p+ 2. Using the assumptions § < 1 < a and p > 2a,
we obtain that A <  —a +2 < 2.

Example 2. Consider the difference equation
A? (2"(A2azn)%) IS =0, n> 1. (31)

Here p, = 2", g, = 25993 o = 5,0 = 1. It is easy to see that all conditions of

Theorem 1 are satisfied and hence every solution of equation (31) is oscillatory.

In fact {z,} = {(531,2”} is one such solution of equation (31).

Example 3. Consider the difference equation

1

A% (nT(A%2,)2) +64 (n+2) +2n+1D)"+n") a3, =0, n>1. (32
n+3

Here p, =n", ¢, =64 ((n+2)"+2(n+1)"+n") ,a =3, f=1.

It is easy to see that all conditions of Theorem 2 are satisfied and hence all
solutions of equation (32) are oscillatory. In fact {x,} = {(—1)"} is one such
solution of equation (32).

We conclude this paper with the following remark.
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Remark 2. The results obtained in this paper gives a partial answer to the
problem given in [10]. Further the results reduces to that of in [12] when a = 1.

Acknowledgement: The authors thank the referee for his/her suggestions
which improve the content of the paper.
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