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Abstract. We obtain a characterization of two classes of dynamics with nonuniformly
hyperbolic behavior in terms of an admissibility property. Namely, we consider expo-
nential dichotomies with respect to a sequence of norms and nonuniformly hyperbolic
sets. We note that the approach to establishing exponential bounds along the stable
and the unstable directions differs from the standard technique of substituting test se-
quences. Moreover, we obtain the bounds in a single step.
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1 Introduction

Our main objective is to obtain a characterization of two classes of dynamics with nonuni-
formly hyperbolic behavior in terms of an admissibility property. Namely, we consider the
class of exponential dichotomies with respect to a sequence of norms and the class of nonuni-
formly hyperbolic sets.

In the first part of the paper we consider a nonautonomous dynamics with discrete time
obtained from a sequence of linear operators on a Banach space and we characterize the notion
of an exponential dichotomy with respect to a sequence of norms. The principal motivation
for considering this notion is that includes both the notions of a uniform and of a nonuniform
exponential dichotomy as special cases. We refer the reader to the books [3,6,7,12] for details
and further references on the uniform theory. On the other hand, the requirement of unifor-
mity for the asymptotic behavior is often too stringent for the dynamics and it turns out that
the notion of a nonuniform exponential dichotomy is much more typical. We refer the reader
to [2] for an account of a substantial part of the theory. Most of the work in the literature
related to admissibility has been devoted to the study of uniform exponential dichotomies.
For some of the most relevant early contributions in the area we refer to the books by Massera
and Schéffer [10] and by Dalec’kii and Krein [4]. We also refer to [9] for some early results in
infinite-dimensional spaces. For a detailed list of references, we refer the reader to [3] and for
more recent work to Huy [8].
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We emphasize that we consider the general case of a noninvertible dynamics which means
that we assume only the invertibility along the unstable direction. Moreover, we characterize
exponential dichotomies with respect to a sequence of norms in terms of the admissibility of a
large family of Banach spaces (the particular case of I spaces was considered in [1]). We note
that the approach to establishing exponential bounds along the stable and the unstable direc-
tions differs from the standard technique of substituting test sequences (see for example [6,8]).
Moreover, in contrast to the existing approaches, we are able to obtain bounds along the stable
and unstable directions in a single step.

In the second part of the paper we obtain an analogous characterization of nonuniformly
hyperbolic sets. The notion of a nonuniformly hyperbolic set arises naturally in the context of
smooth ergodic theory. Indeed, if f is a C! diffeomorphism of a finite-dimensional compact
manifold preserving a finite measure y with nonzero Lyapunov exponents, then there exists
a nonuniformly hyperbolic set of full y-measure. We refer the reader to [2] for details. Our
work is close in spirit to that of Mather [11], who obtained a similar characterization of uni-
formly hyperbolic sets, as well as that of Dragicevi¢ and Slijepcevic¢ [5], where the problem of
extending Mather’s result to nonuniformly hyperbolic dynamics was first considered. How-
ever, there are substantial differences between our approach and that in [5], which provides a
characterization of ergodic invariant measures with nonzero Lyapunov exponents and not of
nonuniformly hyperbolic sets.

2 Preliminaries

In this section we introduce a few basic notions. Let S be the set of all sequences s = (5,),ez
of real numbers. We say that a linear subspace B C & is a normed sequence space if there exists a
norm ||-||p: B — R such thatifs’ € Band |s,| < |s},| forn € Z, thens € Band ||s||z < ||s||5
If in addition (B, ||-||g) is complete, we say that B is a Banach sequence space.

Let B be a Banach sequence space. We say that B is admissible if:

L. X{n} € Band [[x{n |l > 0 for n € Z, where x4 denotes the characteristic function of the
set A C Z;

2. for each s = (sp)nez € B and m € Z, the sequence 8™ = (s!'),cz defined by s = s,
belongs to B and there exists N > 0 such that ||s™|p < N||s||p for s € B and m € Z.

We present some examples of Banach sequence spaces.

Example 2.1. The set [ = {s € S : sup,.4|su| < +oo} is a Banach sequence space when
equipped with the norm |s|| = sup,,.[sx|.

Example 2.2. Foreach p € [1,00), theset!? ={s € S : Y, c7|sn|P < +0co} is a Banach sequence
space when equipped with the norm |[[s|| = (¥,cz|sx|P)"".

Example 2.3. Let ¢: (0, +00) — (0, +-c0] be a nondecreasing nonconstant left-continuous func-
tion. We set ¢(t) = fot ¢(s)ds for t > 0. Moreover, for each s € S, let My(s) = ¥,cz P(|sul)-
Then

B={s eS8 :My(cs) < +oco for some ¢ > 0}

is a Banach sequence space when equipped with the norm

|s|| = inf{c > 0: Mg(s/c) <1}.
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We need the following auxiliary results.
Proposition 2.4. Let B be an admissible Banach sequence space.

1. If s' = (s})pez and s* = (s2),cz are sequences in S and s} = s2 for all but finitely many
n € Z, thens' € Bifand only if s> € B.

2. If " — s in B when n — oo, then s}, — s,, when n — oo, for m € Z.

3. Foreachs € Band A € (0,1), the sequences s' and s> defined by

s; = Z A"Ssy_m and sﬁ = Z A"y

m>0 m>1

are in B, and

A
Isllz and ||s*|[5 < s - (2.1)

1
<
I <

N
—1-A
Proof. 1. Assume that s! € B and let I C Z be the finite set of all integers n € Z such that
sl # s2. We define v = (v,)nez by v, = 0if n ¢ I and v, = s2 — s} if n € I. Since B is an
admissible Banach sequence space, we have v € B and thus s> =s! +v € B.

2. We have

|si = Sm| X gmy (k) < |s§ — s¢]
for k € Z and n € IN. By the definition of a normed sequence space, we obtain

[t — sm| < Is™ = sl

~ lIxgoylls
for n € Z and the conclusion follows.

3. We define a sequence v = (vy)nez by vy = |su| for n € Z. Clearly, v € B and
Ilv|lg = ||s||s- Moreover,

YAV ls < N Y AMv]|s =

m>0 m>0

N islls < +oo
1A 1°lB ‘

Since B is complete, the series } -y A"v™"™ converges to some sequence x = (Xn)nez € B. It
follows from the second property that

xn - Z /\m|Sn7m|

m>0

for n € Z. Since |s})| < |x,| for n € Z, we conclude that s' € B and ||s!||p < ||x||g, which
yields that the first inequality in (2.1) holds. One can show in a similar manner that s> € B
and that the second inequality in (2.1) holds. ]

Now let (X, ||-]|) be a Banach space and let ||-||,,, for n € Z, be a sequence of norms on X
such that |||, is equivalent to ||-|| for each n € Z. For an admissible space B, let

Yp = {x= (xn)nez C X : (||[xulln)nez € B}.

For x € Y, we define
Ix[lvy = [[([xn]ln)nezllB-

Proposition 2.5. (Y3, ||-||y,) is a Banach space.
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Proof. Let (x*)ren be a Cauchy sequence in Yp. Repeating arguments in the proof of Proposi-
tion 2.4, one can show that (xk)rcn is a Cauchy sequence in X for each n € Z. Let

X, =limxX fornez
k—o0

and let s* = (||xX||,)nez € B for k € IN. Since
[l = [ lln| < [lx = xplla forn € Z,

we conclude that
|s" —s||p < ||xf — ||y, fork,I€N.

Hence, (s*)rcn is a Cauchy sequence in B. Since B is complete, it follows from property 2 in

Proposition 2.4 that s — sin B when k — oo, where s, = ||x,||, for n € Z. In particular,
X = (Xn)nez € Yp. One can easily verify that the sequence (X — X)ren converges to 0 in Y,
which implies that (x*)yen converges to x in Yp. O

3 Admissibility and exponential dichotomies

In this section we consider the notion of an exponential dichotomy with respect to a sequence
of norms and we characterize it in terms of the invertibility of a certain linear operator.
3.1 Basic notions

Let X be a Banach space and let L(X) be the set of all bounded linear operators from X to
itself. Given a sequence (A )mez in B(X), let

A1 Ay if
AQn,m) = § St A = (3.1)
Id if n=m.

Definition 3.1. We say that (A )mez admits an exponential dichotomy with respect to the se-
quence of norms |||, if:

1. there exist projections Py, : X — X for each m € Z satisfying
such that each map A,,|ker P,: ker P,, — ker P,,;1 is invertible;

2. there exist constants D > 0 and 0 < A < 1 < y such that for each x € X and n,m € Z
we have
| A(n, m)Pyx||ln < DA" ™| x|/, forn>m (3.3)

and
|A(n, m)Qux|l, < Du" ™| x||m forn <m, (34)

where Q,;, =Id — P, and
A(n,m) = (A(m,n)|ker P,)"' : ker P,, — ker P,

forn < m.
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More generally, one can consider the notion of an exponential dichotomy for sequences of
linear operators between different spaces. Namely, let X,, = (X, ||-]|), for n € Z, be pairwise
isomorphic Banach spaces. Given a sequence of bounded linear operators A,,: X, — Xyu41,
for m € Z, one can define A(n,m): X, — X, by (3.1) and introduce a corresponding notion of
an exponential dichotomy, with projections Py, : X, — X, for m € Z. All the results obtained
in this section hold verbatim in this general setting, but we prefer avoiding the cumbersome
notation.

Now let B be a Banach sequence space. Our main aim is to characterize the notion of an
exponential dichotomy with respect to a sequence of norms in terms of the invertibility of the
operator Tg: D(Tg) C Yp — Yp defined by

(TBx>n =Xy — Ap1Xn-1, ne#,
on the domain D(T3) formed by all vectors x € Yp such that Tpx € Y3.
Proposition 3.2. The linear operator Tg: D(Tg) C Yp — Yg is closed.

Proof. Let (x*)ren be a sequence in D(Tp) converging to x € Y such that Tpx* converges to
y € Y. It follows from the definition of Yp and property 2 in Proposition 2.4 that

: k k : k
Xy — Ap_1xy—1 = lim (x;, — Ay_1x5,_1) = Um (Tpx"), = Y
k—o0 k—ro0

for n € Z, using the continuity of the linear operator A,,_1. Therefore, x € D(Tp) and Tpx =y.
This shows that the operator T3 is closed. ]

For x € D(Tg) we consider the graph norm
Il = lxllys + 1T v

Clearly, the operator
Tp: (D(Ts), [IlIy,) — (Y, [I-llvs)

is bounded and from now on we denote it simply by Tp. It follows from Proposition 3.2 that
(D(Ts), ||-[ly,) is a Banach space.

3.2 Characterization of exponential dichotomies

In this section we characterize the notion of an exponential dichotomy with respect to a se-
quence of norms in terms of the invertibility of the operator Tp.

Theorem 3.3. If the sequence (Am)mez admits an exponential dichotomy with respect to the sequence
of norms |||, then the operator Tg is invertible.

Proof. In order to establish the injectivity of the operator Tg, assume that Tgx = 0 for some
x € Yg. Then x, = A,_1x,1 for n € Z. Let x;, = P,x, and x% = Q,x,,. We have x, = x; + x!

and it follows from (3.2) that

S __ S u __ u
X, =Ap_1x,_; and x,; = A,_1x, 4
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for n € Z. Moreover, x; = A(k, k —m)x;_, for m > 0 and hence,

[l = Ak k —m)xg_ [k
= || Ak, k — m)Pe_ Xk
< DA™ || xk—m || k=m
DN
< T)\mHXHYB/
B

where ap = |[x{0}||p. Letting m — oo in the last term yields that x; = 0 for k € Z. Similarly,

= A(k,k+m)xj , for m > 0and hence,
il = (A G, K 1m) 3l
= Ak, k +m) QicmXism 1k
< D" || X[ esm
DN _
S "l v -
Therefore, x! = 0 for k € Z and hence x = 0. This shows that the operator Tp is injective.

Now we show that Tg is onto. Take y = (Y )nez € Yp. For each n € Z, let

xl = Z A(n,n—m)Py_mYn—m
m>0
and
% Z ” n—4+m Qn+myn+m
m>1
We have

HxiHn < Z DA"lyn—m|ln-m and Hx%Hn < Z D" |Ynsm |-t m-

m>0 m>1

It follows from property 3 in Proposition 2.4 that (x}),cz and (x2),cz belong to Y. Now let
Xy = XL+ x% for n € Z and x = (x,)nez. Then x € Yp and one can easily verify that Tpx =y.
This completes the proof of the theorem. O

Now we establish the converse of Theorem 3.3.

Theorem 3.4. If the operator Ty is bijective, then the sequence (Ap)mez admits an exponential di-
chotomy with respect to the sequence of norms |- || .

Proof. For each n € Z, let X(n) be the set of all x € X with the property that there exists a
sequence X = (X )mez € Yp such that x, = x and x,, = A,_1Xx,—1 for m > n. Moreover, let
Z(n) be the set of all x € X for which there exists z = (z)mez € Yp such that z, = x and
Zm = Am—12Zm—1 for m < n. One can easily verify that X(n) and Z(n) are subspaces of X.

Lemma 3.5. For each n € Z, we have
X =X(n)®Z(n). (3.5)

Proof of the lemma. Given v € X, we define a sequence y = (Ym)mez by y» = v and y,, = 0 for
m # n. Clearly, y € Y. Hence, there exists x € Yp such that Tpx =y, that is,

Xn — Ap_1Xp_1 =70 (3.6)
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and
Xpi1 = ApXy form #n—1. (3.7)

Since x € Yp, we obtain
x, € X(n) and A,_1x,_1 € Z(n).

Moreover, by (3.6), we have v € X(n) + Z(n).
Now take v € X(n) N Z(n) and choose x = (X)mez and z = (zy)mez in Yp such that
Xn =2p =0,

Xy = Ap_1Xm—1 form >n
and

Zm = Am—1Zm—1 form < mn.

We define y = (Ym)mez by Ym = x for m > n and y,, = z,, for m < n. It is easy to verify that
y € Yp and Ty = 0. Since Tp is invertible, we have y = 0 and thus y, = v = 0. ]

Let P,: X — X(n) and Q,: X — Z(n) be the projections associated to the decomposition
in (3.5).

Lemma 3.6. Property (3.2) holds.
Proof of the lemma. 1t is sufficient to show that

A X(n) c X(n+1) and A,Z(n) C Z(n+1)
forn € Z. Take v € X(n) and x = (X ) mez € Yp such that x, = v and

Xy = Ap_1Xm—1 form > n.
Then x,,1 = Ayv € X(n+1). Now take v € Z(n) and choose z = (z;;)mez such that z, = v
and z,, = Ap_1zp—1 for m < n. We define 2’ = (z},)mez by z,, = zm for m # n+1 and
Zpt1 = Ayo. Since 2/ € Yp and
Zh = A1z, form <n-+1,

we conclude that A,v € Z(n +1). O

Lemma 3.7. The linear operator A, |ker P,: ker P, — ker P, 11 is invertible for each n € Z.

Proof of the lemma. We first establish the injectivity of the operator. Assume that A,v = 0 for
v € ker P, = Z(n) and choose z = (z,,)mez € Yp such that z, = v and

Zm = Am_1Zm—1 form < n.

Moreover, we define y = (Y )mez by ym = 0 for m > n and y,, = z, for m < n. Clearly,
y € Yp and Ty = 0. Since Tp is invertible, we conclude that y = 0 and thus y, = v = 0.

In order to show that the operator is onto, take v € ker P, 11 = Z(n+1) and z = (zy)mez €
Yp with z,11 = v and z,, = Ay_12m—1 for m < n+1. Clearly, z, € Z(n) and Anz, = zy41.
This shows that A, |ker P, is onto. O
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Now we establish exponential bounds. Take n € Z and v € X. Moreover, let y and x be as
in the proof of Lemma 3.5. For each z > 1, we define a linear operator

B(z): (D(Ts), [Illy,) = (Y, II-llv)

—Ap1Vpy—1 itm<mn,
(B =4,
U — A 1Vp—1  if m>n.
We have B(1) = T and

I(B(2) = Te)vlly, < (z—1)vlly,

for v € D(Tp) and z > 1. In particular, this implies that B(z) is invertible whenever 1 < z <
141/ T5"|, and
1

—(z-1)

Take t = 1/z for a given z € (1,1+1/||T5"||) and let z € Y be the unique element such that
B(1/t)z = y. Writing

1B(z) 7 < ——
I

; 1
ITg I~ = (1/t = 1)’
we obtain
lzllv, < llzlly, = B(1/6)" ]y,
< D'|lylly, = ND'ag][o]|,
(where ap = ||x{0;/[5). For each m € Z, let x;, = tm=nl=lz, and x* = (x},)men. Clearly,

x* € Yp. One can easily verify that Tpx* = y and hence x* = x. Thus,

2l = 1|21l = ™z
N N2D' (3.8)
< )y, < — =0,

XB

for m € Z. Moreover, it was shown in the proof of Lemma 3.5 that P,v = x, and Q,v =
—A,_1x,_1. Hence, it follows from (3.7) and (3.8) that

[ A(m, 1) Pyol|m = | A(m, n)xn|lm = [|Xmlm
N2D! (39)
< ="l

for m > n. Similarly, it follows from (3.7) and (3.8) that

N2D'
4G, m)Quolln < =—=#"" 0] (310)

for m < n. By (3.9) and (3.10), there exists D > 0 such that (3.3) and (3.4) hold taking A = ¢
and p = 1/t. This completes the proof of the theorem. O
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4 Nonuniformly hyperbolic sets

Now we consider an elaboration of the situation considered in Section 3. Namely, we char-
acterize the notion of a nonuniformly hyperbolic set in terms of the invertibility of certain
linear operators. More precisely, to each trajectory f"(x) of a nonuniformly hyperbolic set
of a diffeomorphism f one can associate a linear operator defined in terms of the sequence
of tangent spaces dn(,)f (see the discussion after Definition 3.1). Moreover, each trajectory
admits an exponential dichotomy with respect to the same sequence of tangent spaces and so
it is natural to use arguments that are an elaboration of those in the former section.

4.1 Basic notions

Let M be a compact Riemannian manifold and let f: M — M be a C! diffeomorphism.

Definition 4.1. An f-invariant measurable set A C M is said to be nonuniformly hyperbolic if
there exist constants 0 < A < 1 < y and a df-invariant splitting

TxM = E°(x) & E"(x)

for x € A such that given ¢ > 0, there exist measurable functions C,K: A — R such that for
each x € A:

1. forv € E°(x) and n > 0,

[dxf"0l| pn(xy < Clx)A"e™ |02 (4.1)
2. forv € E*(x) and n > 0,
[dxf "0l f-n(z) < Clx)p"e™[[0][x; (4.2)
3.
Z(E°(x), E"(x)) = K(x); (4.3)
4. forn e Z,
C(f"(x)) < C(x)e" and  K(f"(x)) > K(x)e . (4.4)

We note that a nonuniform hyperbolic set gives rise naturally to a parameterized family
of exponential dichotomies with respect to a sequence of norms. More precisely, to each
trajectory one can associate an exponential dichotomy (see [2]).

Proposition 4.2. Let A C M be a nonuniformly hyperbolic set. Then for each ¢ > 0 such that
Aet < 1 < pe ¢ there exists a norm ||-||" = ||-||* on ToM such that for each x € A the sequence of
linear operators

An = df”(x)f: Tf”(x)M — Tf““(x)M

admits an exponential dichotomy with respect to the norms ||- ||},,( 2"

Alternatively, Proposition 4.2 can be obtained as a consequence of the proof of Theorem 4.3
below (the proof introduces a particular norm that is also adapted to our characterization of
nonuniformly hyperbolic sets).
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4.2 Characterization of nonuniformly hyperbolic sets

Given an admissible Banach sequence space B and a norm ||-||" on the tangent bundle T\ M,
for each x € A we denote by Y, the set of all sequences yu = (yy)nez with u, € Ty, M, where
xn = f"(x), such that (|[ps||}, )nez € B. One can easily verify that Y, is a Banach space with
the norm

el = 1(llpall, nezlls-

Finally, we define a linear operator R, by
(Rapt)n = pn — du,_ fln-1, nez,
on the domain formed by all # = (yn)nez € Yy such that Ryp € Y.

Theorem 4.3. Let A C M be a nonuniformly hyperbolic set and let B be an admissible Banach
sequence space. Then there exists eg > 0 such that for every € € (0,¢q) there is a norm ||-||' = ||-||¢ on
TaM and a measurable function G: A — R such that for each x € A:

1.
1
slolly < lolly < G llolle,  ve TeM; (4.5)

G(f"(x)) < e"G(x), nez (4.6)
3. Ry: Yy — Yy is a well defined, bounded and invertible linear operator;

4. there exists a constant D > 0 (independent of € and x) such that

IR;Y < D. 4.7)

Proof. Since M is compact and f is continuous, there exists A > 0 such that ||d,f|| < A and
ldef Y| < A for x € M. Without loss of generality, one may assume that 1/A < Aand u < A
(since otherwise one can simply increase A). Take gy > 0 such that Ae®® <1 < pe™%. For each
e € (0,€9) we introduce an adapted norm ||-||® on TAM. For v € E(x), let

o[l = sup (A™"e™||dxf"0| n(x)) + sup (e A"l f"[| n(x)) -
n<

n>0

It follows from (4.1) that
[ollx < [lolls < (C(x) + D[vlls forv e E*(x). (4.8)
Moreover,
1 foll§) = sup (A" e dxf" 0l s )

+sup (¢ A"y o] i)

n<0

= Aefsup (A_(”H)e_s(nH) ||dxfn+1va”“(X)) (4.9)

n>0

1 —& n e(n n
+—e “sup (Amtlesn )| g, ol frir ()
n<0

< Aefolls
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for v € E°(x). Similarly, for v € E*(x), let

lolls = sup ("™ dxf"0llpn(x)) + sup (A" |dxf"0]l pr(x)) -
n>

n<0
It follows from (4.2) that

[ollx < [lolls < (C(x) + Dol for v e E¥(x). (4.10)
Moreover,

I f 0151y = sup (1"l f" ol pu-1(0))

n<0

+sup (e" A" ||dxf”_lv||fm )

n>0

1 c —(n— e(n— n—
= —e"sup (y (n=1) e 1)||dxf 1UHf"—l(x)) (4.11)

n<0

1 D) A -
¢ “sup (e DA d 10| )

1
< —e|ol
for v € E¥(x). One can show in a similar manner that

[dx folly) < Ale" + 1) |0l for v € E(x). (4.12)
For an arbitrary v € T, M, we define

lolls = max {[|o°[I5, [0 15},

where v = v° 4+ v* with v° € E*(x) and v" € E¥(x). It follows from (4.3), (4.8) and (4.10) that

1 C(x) +1
— < G A )
2||UHx <|v||s < K |ollx forove TyM

Hence, (4.5) holds taking G(x) = (C(x) + 1)/K(x). Moreover, it follows from (4.4) that (4.6)
holds. Finally, it follows from (4.9) and (4.12) that

ldxfollsy < Al +D]lol; (4.13)

forx e Aand v € T, M.
Now let P(x): ToM — E°(x) and Q(x): TyM — E"(x) be the projections associated to the
decomposition TyM = E*(x) & E*(x).

Lemma 4.4. There exists a constant Z > 0 (independent of € and x) such that

[P(x)olls < Z|olly and [ Q(x)o]lk < Z]|ofl; (4.14)
forx € Aand v € TyM.
Proof of the lemma. For each x € A let

7o = inf {[[o° + 05« lo°]5 = [lo"|ls = 1,0° € E¥(x), 0" € E*(x) }.
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Take a vector v € TyM such that Pv # 0 and Qu # 0, where P = P(x) and Q = Q(x). Then

€

Po Qu | 1 | Pol[E
WSSH + = Pv + Qu
TPollg  Qollg ], IPollg [Qulls ™~ |,
_ 1l IPells = el o
| Po[& 1Qol|§ .
< 2ol
| P&

and thus,
2
[Poll} < %Hv!li

for v € TyM. In order to estimate 7%, take v° € E*(x),v" € E"(x) such that ||[o°[|5 = |[0*]|5 = 1.
It follows from (4.9), (4.11) and (4.13) (recall that € < ¢gp) that

1
S ujle > S u €
o+ 915 > e I+ o)l

1 u S

> A(ego +1) (defv H;(x) - defv H;(x))
1

> —€0 __ ) %0

and thus,
1

€

> € _ ) pf0).
7x— A(ego+1) (ye /\e )

Therefore, (4.14) holds taking
2A(ef0 +1)
Z=—=.
pe— — Aeo

This completes the proof of the lemma. O
Now take x € A. It follows from (4.13) that Ry is a well defined bounded linear operator

on Y,. We first show that it is onto. Let # = (yn)necz € Yx. By Lemma 4.4, we have p° =
(15)nez € Yy and p* = (u%) ez € Yy, where

= P(f* () pn and py = Q(f" (%)) -

For each n € Z, let

ésn = Z dxn—mfm;/l?’l—m

m>0
and

C;:ll = - Z dxn+mfiml/lz+m'

m>1

It follows from (2.1), (4.9), (4.11) and (4.14) (since € < ¢gg) that & = (&5)nez and & = ({%) ez
belong to Yy. Moreover,

127 < Z|pll and g <

-Zu

1 — Aeto pe e —



Admissibility and nonuniformly hyperbolic sets 13

for n € Z. Therefore, & = ({y)nez, where &, = &5 + ¢!, belongs to Yy and

1 1
21 < 2( = + g ) Il @15

Moreover, one can easily verify that R,¢ = pu.

Now we show that Ry is injective. Assume that Ry = 0 for some ¢ = ({n)nez € Yx. Then
Gn = dy, f forn € Z and hence, ¢;, = d,, ¢, and &), = dy, ,f¢,_, for n € Z. For each
k € Z, it follows from (4.9) that

NZ
XB

(Ae)™ |12

I8k, < (A) ™Gl , <

for m > 0. Letting m — 400, since Ae®® < 1 we obtain ¢; = 0. Similarly, ¢} = 0 for k € Z and
thus ¢ = 0. This shows that R, is invertible. In addition, it follows from (4.15) that there exists
a constant D > 0 (independent on x and ¢) such that (4.7) holds. This completes the proof of
the theorem. O

Now we establish the converse of Theorem 4.3.

Theorem 4.5. Let A C M be an f-invariant measurable set and let B be an admissible Banach sequence
space. Assume that there exist D > 0 and ey > 0 such that for each € € (0,¢q) there is a norm ||-|| on
TaM and a measurable function G: A — R such that for each x € A:

1. (4.5) and (4.6) hold;
2. Ry: Yy — Yy is a well defined bounded invertible linear operator and (4.7) holds.
Then A is a nonuniformly hyperbolic set.

Proof. Take x € A and v € TyM. We define u = (pn)nez by po = v and p, = 0 for n # 0.
Clearly, u € Yy. Now take = (n)nez € Yi such that R,¢ = u. It can be written in the form

C — dxnflfg”_l’ n 7£ 0’
dy . f-1+v, n=0.

We will show that v = v° 4 v*, where v* = §y and v" = —d, , f{_1 is the hyperbolic splitting.
For each z > 1 we define an operator B(z) on Yy by

2V — Ay, fVm—1 ifm <0,

(B2)v)w = {

“Um — Ayyy  fUm— V1 if m > 0.
Clearly,
[(B(z) — Ro)v| < (z—D)[]v|
for v € Yy and z > 1. Therefore, B(z) is invertible whenever 1 < z <1+ 1/D, and

1

IB(z)'|| < DI—(z—1)

Now take A € (0,1) (independently on ¢) such that A~! < 1+ 1/D and take ¢* € Yy such that
B(A~1)&* = p. Writing

D' =

1
D1—(A1-1)
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we obtain
1% = IB(A™") " 'pl| < D'||p|| = D'agllo]f5

For each m € Z, let ¢,, = A|m|_1cf,,’j1 and & = (¢,,)mez- Clearly, & € Yy. Moreover, one can
easily verify that Ry¢ = p# and hence & = ¢. Thus,
1Emlls, = 1,15, = A™HIE 15, < D'NAM v

Xm Xm Xm —

for m € Z. Finally, it follows from (4.5) that
ldxf"0°l| < C(x)A™[[o]l and [l f~"0"| < C(x)A™|o]]

for m > 1, where C(x) = 2D'NG(x)A~ 1.

Now let E°(x) and E*(x) be the sets, respectively, of all vectors v* and v" constructed above.
These are d f-invariant subspaces of T, M and are uniquely defined (and so independent of ¢).
Indeed, take v € TyM and let v = v° + v with v* € E°(x) and v* € E%(x). We define
# = (Mn)nez by po = dxfv and p, = 0 for n # 0. Clearly, u € Yy(,). Moreover, we define
&= (&n)nez by &y = dyf" 10 forn > 0and &, = —dyf" 10" for n < 0. Then & € Yf(y) (this
is a consequence of the fact that the sequence ¢ constructed above belongs to Yy). Finally, it is
easy to check that R¢(,)& = p. This implies that

So=difv’ € B*(f(x)) and —dyf8 1 =dyfo" € E"(f(x))

is the hyperbolic splitting of dy fv and so the decomposition is d f-invariant.
We have

1 D
127115 = lIGolls = g1l <~ llull = Dllv]l
B XB

and thus,
[0*][5 = [lv = 2°[I5 < llolli + [[o°]l5 < (1+ D)|lolf3

By (4.5), we obtain
1 1
[0°]]x < mHUHx and  [|o"[|x < @HUH:U
where K(x) = 1/((2+42D)G(x)). It follows readily from (4.6) that the functions C and K
satisfy (4.4) with € replaced by 2e. This shows that the set A is nonuniformly hyperbolic. [
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