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Abstract

In this paper, we investigate the growth of solutions of complex high order linear differential
equations with entire or meromorphic coefficients of finite iterated order and we obtain some
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1. Definitions and Notations

In this paper, we assume that readers are familiar with the fundamental results and standard
notations of the Nevanlinna’s theory of meromorphic functions (see [6, 9]). In order to describe
the growth of order of entire functions or meromorphic functions more precisely, we first introduce
some notations about finite iterated order. Let us define inductively, for r € [0,00),exp; r = €”
and exp;,r = exp(exp;r), ¢ € N. For all sufficiently large r, we define log, r = logr and
log; 1 = log(log; ), i € N. We also denote expyr = r = logyr and exp_; r = log; r. Moreover
we denote the linear measure and the logarithmic measure of a set E C [1,400) by mE = [, dt
and mE = |  dt/t respectively. In the following, we recall some definitions of entire functions or
meromorphic functions of finite iterated order (see [2, 3, 10, 12]).

Definition 1.1. The p-iterated order of a meromorphic function f is defined by

o) = T e 0 J)

r—oo  logr

(p € N). (1.1)

Remark 1.1. If p = 1, the classical growth of order of f is defined by (see [6, 9])

o(f) = Tim log T'(r, ) _ g-logs M(r, f) (p € N).
r—oo  logr r—00 log r

*Corresponding author: E-mail: tujin2008@sina.com.

EJQTDE, 2009 No. 66, p. 1



If p = 2, the hyper-order of f is defined by (see [13])

os(f) = Tom log, T'(r, f) T logs M(r, f) (e N).

r—oo  logr r—00 log r

If f is an entire function, then the p-iterated order of f is defined by

o,(f) = Tim logp 71, /) _ 4 108pia M(r. f) (p € N). (1.2)

r—oo  logr r—oo log r

Definition 1.2. The finiteness degree of the order of a meromorphic function f is defined by

(

0 for f rational,

_ min{p € N : 0,(f) < oo} for f transcendental for which some
i(f) = (1.3)

p € N with 0,(f) < oo exists ,

00 for f with o,(f) = oo for all p € N.

\

Definition 1.3. The p-iterated lower order of a meromorphic function f is defined by

o) = im BT T)

r—oo  logr

(p € N). (1.4)

Definition 1.4. The p-iterated exponent of convergence of a-point of a meromorphic function f

is defined by

M(fa) = T 28 n(na)  log, Nlna) = ) (1.5)

r—oo  logr r—oo log r

If a = 0, the p-iterated exponent of convergence of zero-sequence of a meromorphic function f is
defined by

1 1
M) = T B0 p) _lom N )y (1.6)

r—oo  logr r—o0 log r

The p-iterated exponent of convergence of different zero-sequence of a meromorphic function f is
defined by

— 1 N 1
Xp(f):mwzmM (p € N). (1.7)

r—oo  logr r—oo log r
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If a = oo, the p-iterated exponent of convergence of pole-sequence of a meromorphic function f
is defined by

%(%:jagﬂ&iLﬂmgﬁﬁﬁﬁ (beN). (1.8)

r—oo  logr r—00 log r

2. Introduction and Main results

Many authors have investigated complex oscillation properties of the high order linear differ-
ential equations

FO + A1) fF D 4+ Ag(2) f =0 (2.1)

and

FE 4 A () fE D 4o Ag(2) f = F(z) (2.2)

and obtained many results when the coefficients in (2.1) or (2.2) are entire functions or meromor-
phic functions of finite order (see[l, 2,3, 10, 11, 12]). When the coefficients in (2.1) or (2.2) are
entire functions of finite iterated order, we have the following results.

Theorem A [10]. Let Ag(2), -, Ar—1(2) be entire functions, if i(4;) < p(j =0,---,k—1,p € N),
then opy1(f) < max{o,(4;),7 =0,---,k — 1} holds for all solutions of (2.1).

Theorem B [10]. Let Ay(z),---,Ax—1(2) be entire functions and let i(4g) =
i(Aj) < porop(4;) < op(Ap) forall j =1,---,k—1, then i(f) =p+1 and O'p+1
hold for all non-trivial solutions of (2.1).

o3
— 3
|| Mm
2
=

Theorem C [1]. Let Ag(z),...,Ax_1(2) be entire functions, and let i(4p) =p (p € N). A

that max{p,(4;) : 7 = 1,2,...,k — 1} < 0,(Ao)(> 0) and max{7,(4;) : ( Aj) = Up(Ao)} <
Tp(Ag) = 7 (0 < 400). Then every solution f # 0 of (2.1) satisﬁes i(f) =p+1 and
op1(f) = op(Ao).

When the coefficients in (2.1) or (2.2) are meromorphic functions of finite iterated order, we
have also the following results.

Theorem D [3,11]. Let Ag(2), -, Ax_1(2), F # 0 be meromorphic functions, and let f(z) be a
meromorphic solution of (2.2) satisfying one of the following conditions:

(i) max{i(F) = q,i(4;)(j =0,---, k= 1)} <i(f) =p+1lpeN),

(11_) b= ma*X{Up+1(F)7Up+1(Aj)(j = 07 s 7k - 1)} < Up+1(f)7
then Ap1(f) = Apr1(f) = op1(f)-
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Theorem E [11]. Let A;(z)(j =0,---,k — 1) be meromorphic functions of finite iterated order
satisfying 3 = max{ap(Aj),)\p(A%),j # 0} < 0p(Ap),(p € N), ori(A;) <pfor j#0,if f#£0is
a meromorphic solution of (2.1), then op,1(f) > op(Ao).

Theorem F [11]. LetA;(2)(j =0,---,k — 1) be meromorphic functions of finite iterated order
satisfying max{ap(Aj),)\p(ALs), J# st < pp(As) < op(A4s) < o0,s €{0,1,---,k—1}(p € N), or
N(r.f)
N(r.f)

i(Aj) < p for j # s, if f # 0 is a meromorphic solution of (2.1) satisfying
constant), then op41(f) < op(As).

< M (a positive

In this paper, we investigate the growth of solutions of high order linear differential equations
(2.1) and (2.2) with entire or meromorphic coefficients of finite iterated order under certain con-
ditions and obtain the following results which improve and extend the above results.

Theorem 2.1. Let Ag(z),---,Ax_1(z) be entire functions of finite iterated order satisfying
k—1

i(Ag) = p,op(Ag) = o1 and lim > m(r, Aj)/m(r, Ag) < 1, then every non-trivial solution f(z)
T'_>OO]:1
of (2.1) satisfies o,1(f) = 0p(Ag) = 01.

Corollary 2.1. Let Ag(z),A1(2),- -, Ag—1(z) be entire functions of finite iterated order satis-
k—1

fying lim > m(r, A;)/m(r, Ag) < 1 and Ap(z) be transcendental with o(Ag) < oo, then every
7'*’00‘7:1

non-trivial solution f(z) of (2.1) satisfies o2(f) = o(Aop).

Theorem 2.2. Let Ay(z), A1(2),- -, Ak_1(z) be entire functions of finite iterated order satisfy-
k—1

ing max{o,(4;),j # 0} < pp(Ao) = 0p(Ap), and lim >~ m(r, A;)/m(r, Ao) < 1(r ¢ E1), where
r—00 jil

E; is a set of r of finite linear measure, then every non-trivial solution f(z) of (2.1) satisfies
op+1(f) = pp(Ao) = op(Ao).

Remark 2.1. In Theorems B-C and our Theorem 2.1, the authors investigated the growth of the
solutions of (2.1) under the same case that the coefficient Ay(z) in (2.1) grows faster than other
coefficients A;(z)(j = 1,---,k — 1) and obtain the same conclusion o,1(f) = 0,(Ag)(p € N).
We have to note that the condition max{o,(4;),j = 1,---,k — 1} < 0,(Ap) in Theorem B
k—1
is stronger than our condition lim ) m(r, A;)/m(r, Ap) < 1 in Theorem 2.1. Thus, Theo-
T—00  _
rem 2.1 is an improvement of Theorem B and Corollary 2.1 is an improvement of [5, p.121,
k—1
Theorem 4]. In Theorem 2.1, if we replace the condition lim ) m(r, A;)/m(r, Ap) < 1 with
r—00 ]
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k—1
lim ° m(r, A;)/m(r, Ag) < 1 and p,(Ag) = 0p(Ag), and then we can get the same conclusion

rT—00 _]=1

as Theorem 2.1, therefore Theorem 2.2 is a supplement of Theorem 2.1.

Theorem 2.3. Let Ag(z),A1(z2), -, Ax_1(2), F(2) # 0 be meromorphic functions. If f(z) is a

k—1
meromorphic solution of (2.2) satisfying i(f) = p+1,0p41(f) = o2 and lim [ Y T(r, A;) + T (r, F)]
r—oo i
/T(T, f) < 1, then )\p+1(f) = )\p+1(f) = O'p+1(f) = 09.

Remark 2.2. Theorem 2.3 is an improvement of Theorem D since the conditions in Theorem
D are stronger than our condition in Theorem 2.3. Can we get the same conclusion when the
coefficients in (2.1) are meromorphic functions? The following Theorem 2.4 give us an affirmative
answer.

Theorem 2.4. Let Ag(z),A1(z), -+, Ax_1(z) be meromorphic functions of finite iterated order

k—1
lim 7;((::23)) > 0 and rll)rgloz m(r, Aj)/m(r, Ag) < 1, then every

- r—00 ]:1

non-trivial solution f(z) of (2.1) satisfies op+1(f) > op(Ao).

satisfying i(Ag) = p, d(o0, Ap)

Theorem 2.5. Let Ay(2),A1(2), -+, Ar_1(2), F(z) be meromorphic functions of finite iterated
order satisfying max{ap(Aj),ap(F),)\p(A%),j # s} < pp(Ag) < op(As) or i(Aj) <p (§ # s),

if f(z) is a meromorphic solution of (2.2) satisfying Nrf) < exppfl{rb}(b < pp(Ag)), then

N(r.f) —
Uerl(f) < Up(As)-

Corollary 2.2. Let Ag(z), A1(2),- -, Ax_1(2) be meromorphic functions of finite iterated order
satisfying max{o,(4;), )\p(ALO),j # 0} < pp(Ao) < 0p(Ap) < 00, if f # 0 is a meromorphic solu-
tion of (2.1) satisfying % < exp,_1{r’} (b < pp(Ag)), then opi1(f) = op(Ao).

Remark 2.3. Theorem 2.4 is a supplement of Theorem E. Theorem 2.5 is an extension of
Theorem F since Theorem F is a special case of Theorem 2.5 with F'(z) = 0.

3. Preliminary Lemmas

Lemma 3.1 [9]. Let g : (0,400) — R,h : (0,400) — R be monotone increasing functions
such that

(i) g(r) < h(r) outside of an exceptional set Es of finite linear measure. Then, for any o > 1,
there exists 79 > 0 such that g(r) < h(ar) for all r > rg.

(ii) g(r) < h(r) outside of an exceptional set Fs of finite logarithmic measure. Then, for any
a > 1, there exists 79 > 0 such that g(r) < h(r®) for all r > rg.

Lemma 3.2 [7, 8, 9]. Let f(z) be a transcendental entire function, and let z be a point with
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|z| = r at which |f(2)| = M(r, f). Then for all |z| outside a set F3 of r of finite logarithmic
measure, we have

F(z)
f(2)

where v(r) is the central index of f.

- <Vfir)>n(1+0(1)) (n € N,r ¢ Es), (3.1)

Lemma 3.3 [11]. Let f(z) = %, where ¢(z),d(z) are entire functions of finite iterated order
satisfying i(d) < p or op(d) < pp(g) < 0p(g) < 00, p € N. Let z be a point with |z| = r at which

lg(2)| = M (r,g) and v4(r) denotes the central-index of g, then the estimation

F(z)
f(2)

holds for all |z| = r outside a set Ey of r of finite logarithmic measure.

_ (”95”))” (1+0(1)) (n€N). (3.2)

Lemma 3.4 [3,11]. Let f(z) be an entire function of finite iterated order satisfying o,(f) =
03, fg(f) = 1,0 < ¢ < p < 00, and let vf(r) be the central index of f, then we have

1
e () _ (3.3)
r—oo logr

1
lim 080 27(7) . (3.4)

Lemma 3.5 [8]. Let Ag(z),A1(2), -, Ax—1(2) be entire coefficients in (1.1), and at least one
of them is transcendental. If As(2)(0 < s < k —1) is the first one (according to the sequence
n

of Ag, A1, -+, Ap_1) satisfying lim > m(r, A;)/m(r, As) < 1(r € Es), where E5 C (1,+00)
T'HOOj:S_’_l

is a set having finite linear measure, then (1.1) possesses at most s linearly independent entire

solutions satisfying lim % =0(r & Es).
r—00 )

Lemma 3.6 [14]. Let f(z) be an entire function of finite iterated order with i(f) = p, p € N.
Then there exist entire functions §(z) and D(z) such that

f(z) = B(2)eP?,
op(f) = max{o,(8), op(e”?)}

and )
log, N(r, %
o,(3) = Tm M.

r—o0 log r

Moreover, for any given € > 0, then

log|B(2)| > — exp,_1 {r" W™} (r & Ep), (3.5)
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where Fj is a set of r of finite linear measure.

Lemma 3.7. Let f(z) be a meromorphic function of finite iterated order with i(f) =p, p € N.
Then there exist entire functions 7 (2), m2(2) and D(z) such that

m1(2)eP )
f(z) = T ) (3.6)
and
op(f) = max{op(m1), op(m2), Up(eD(z))}. (3.7)
Moreover, for any given € > 0, we have
exp{—exp,_; {r?*}} <[f(2)] < exp, {r* DT} (r ¢ Ey), (3.8)
where F; is a set of r of finite linear measure.
D(z
Proof. By Lemma 3.6, it is easy to see that (3.6) and (3.7) hold. Set f(z) = %(ez)(), where

m1(2), m2(2) are the canonical products formed with the zeros and poles of f(z) respectively. Since
max{c,(m),0,(m2), 0,(eP)} = 0,(f) and by Lemma 3.6, for sufficiently large |2| = r, we have

IT1(2)| < exp, {rovmt3y < exp,, {rov(D+3} PR < exp,, {rov(DH32} (3.9)
|ma(2)] < exp,, {r7?™) T3} < exp, {ror+2 ), (3

m1(2)| > exp{—exp,_; {r?TE}} > exp{—exp,_; {r*PT2}} (r & Br), (3.11)
(3

[m2(2)] 2 exp{—expy,y {r" 3} > exp{—exp, {r DI} (r ¢ B),
where E7 is a set of r of finite linear measure. Since o, _1(D) = 0,(e”??)) < g,,(f) and [eP*)| >
e~ IPG) for sufficiently large |z| = 7, we have

‘eD(Z)’ 2 e_ID(Z)I 2 exp{_expp_l {To'p(f)+%}} (313)

By (3.9)-(3.13), we can easily obtain (3.8). Thus, we complete the proof of Lemma 3.7.

Remark 3.1. Lemma 3.7 is an improvement of Lemma 3.6 and extends the conclusion of [4,
p.84, Lemma 4].

Lemma 3.8. Let f(z) be a meromorphic function of finite iterated order satisfying i(f) = p,
then there exists a set Eg C (1,400) having infinite logarithmic measure such that for all r € Ejg,

we have
i 108 T(r, f)
im ———~~

r—00 log r

= Up(f)-

Proof. By Definition 1.1, there exists a sequence {r, }°°; tending to co and satisfying (1+ %)rn <
rn+1 such that
log, T'(rn, f)
rn—oo  logry

= 0,(f). (3.14)
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There exists an n; such that for n > ny and for any r € [ry, (1 + 2)r,], we have

log, T(ras /) _ log, T(r ) _ log, T(1L+ Lras f)

3.15
log (1 + %)rn - log r - log rp, (3.15)
Set Es = U [rn, (1 + L)ry)], for any r € Es, by (3.15), we have
n=ni
log, T'(r, log, T'(y,
r—oo  logr rm—oo  logry,

_ 5 (OFDredt _ 5 1y
and myEg = 3 [~ g =30 log(1l+ ) = oo.

n=ni n=ni

4. Proofs of Theorems.

Proof of Theorem 2.1. We divide the proof into two parts: (i)opi1(f) > o1, (it)op1(f) < o1.
(i) By (2.1), we get

_ M) F*I() f'(z)
~o=Tgny T Ty Tt AR (1
By the lemma of the logarithmic derivative and (4.1), we have
k-1
m(r, Ag) < Zm(r, Aj) + O{log(rT'(r, f))} (r¢E), (4.2)
j=1

where F is a set of r of finite linear measure, not necessarily the same at each occurrence. Suppose

that
k—1

ngoz m(r, Aj)/m(r, Ag) = a < By < 1,
j=1

then for sufficiently large r, we have

k—1

> " m(r, Aj) < Bim(r, Ag). (4.3)

j=1
By (4.2) and (4.3), we have
(1= Bu)m(r, Ag) < O{log(rT(r, f))} (r & E). (4.4)

By 0,(Ap) = 01 and Lemma 3.8, there exists a set Eg C (1,+00) having infinite logarithmic
measure such that for all z satisfying |z| = r € Eg\E and for any £(> 0), we have

(1= B)exp,_1{r? 7} < (1 = Br)m(r, Ag) < O{log(rT'(r, f))}- (4.5)
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By (4.5), we have op1(f) > op(Ao) = 071.
(ii) By (2.1), we get

(k) (5 E=1) (4 '(z
‘ff(z()) < | f(lz)( N4y J;((z)) + | Aol. (4.6)
By Lemma 3.2 and (4.6), for all z satisfying |z| = ¢ E3 and |f(2)| = M(r, f), we have
5 k-1
‘(ﬂ§§ u+dn>suAkn+mkﬂ+~4+%W(ﬂ¥§ u+dnﬂ (r ¢ By), (47)

where Fj3 is a set of r of finite logarithmic linear measure. By (4.3) and 0,(Ag) = 071, it is easy to
see that 0,(A;) <o1(j =1,---,k—1). By Lemma 3.7 and (4.7), there exists a set E7 C (1,+00)
having finite logarithmic measure such that for all z satisfying |z| = r ¢ (E3|J E7), we have

(“9) 1+ ot ()™ 1+ otny

By Lemma 3.1, Lemma 3.4 and (4.8), we have o,11(f) < o71.
From (i) and (ii), we have that every non-trivial solution f(z) of (2.1) satisfies op41(f) =
O'p(Ao) =01.

< kexp, {r7*} . (4.8)

Proof of Theorem 2.2. By Lemma 3.5, we obtain that every linearly independent solution

f of (2.1) satisfying lim k:ngTM > 0(r ¢ Ep). This means that every solution f # 0 of (2.1)

(T’,Ao)
satisfying TILI& k;f(z’(AT;)J;) > 0(r ¢ E1), then there exist 6 > 0 and a sequence {r,, }5° ; tending to co

such that for sufficiently large r,, ¢ F7 and for every solution f # 0 of (2.1), we have
log T'(ry, f) > 6m(ry, Ao). (4.9)
Since pp,(Ag) = op(Ap) and by (4.9), we have
opt1(f) = pp(Ao) = op(Ao). (4.10)
On the other hand, by Theorem A, we have that every solution f # 0 of (2.1) satisfying
oy (f) < max{op(A),5 = 0,k — 1} = o, (Ao). (4.11)

By (4.10) and (4.11), we have op41(f) = p1p(Ao) = op(Ao).

Proof of Theorem 2.3. From (2.2), we get

11 (W) FEU(2)
I (W AT

f'(z)
f(z) + =+ A1 f(Z) + Ao) . (4.12)
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It is easy to see that if f has a zero at zg of order a(> k), and Ay, ---, Ax_1 are analytic at zo,

then F' must have a zero at zg of order o — k, hence

1

1 1 1\ |«
n <’I“, ?> <kn <’I“, ?> +n <r, F) + > n(r, A;),

J

and

N(rl><kﬁ<rl>+]\7<rl>—l—k1N(TA').
7)) = F) Tt

<

By the lemma of the logarithmic derivative and (4.12), we have

1 1 k-1

m(r, _) < m(r, _) + Zm(r, Aj) + O{log(rT(r, f))} (T g E)

f F

By (4.14) and (4.15), we get

=0

k—1

T(r, f) =T(r, %)%—0(1) < kN(r, %)+T(r, F)+Z T (r, Aj)+O{log(rT(r, f))}

J=0

Suppose that

k—1
T(r,Aj) +T(r, F)
lim 7=0
r—o0 T(r, f)

=d<c<l1,

by (4.17), for sufficiently large r and for any given £(0 < € < ¢ — §), we have

k—1

> T(r,A) + T(r,F) < (6 +)T(r, f) < cT(r, f).

J=0

Substituting (4.18) into (4.16), we get

T(r, f) < kN(r, %) +cT(r,f)+eT(r,f) (r&FE),

by (4.19), we get

— 1 2k —
N(T’?)S 1_CN(T’?

by Lemma 3.1 and (4.20), we have Ap11(f) > op1(f) = o2. Hence

T(r, f) < [

Mp+1(f) = Apr1(f) = opr1(f) = o2

Y (r¢ E),

(4.13)

(4.14)

(4.15)

. (4.16)

(4.17)

(4.18)

(4.19)

(4.20)
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)

Proof of Theorem 2.4. Suppose that f = % is a non-trivial meromorphic solution of (2.1),

by (4.1)-(4.4) in the proof of Theorem 2.1, there exists a constant 3; < 1 such that for sufficiently
large r, we have

(1= Br)m(r, Ag) < Oflog(rT(r, f))} (r € E). (4.21)
Since i(Ag) = p and by Lemma 3.8, we have

log,, T'(r, Ao)

. log = O'p(Ao) (7“ S Eg), (422)
where Ejg is a set of r of infinite logarithmic linear measure. Since 6(co, Ag) = lim % > 0,
T—00 +A0)
we have | (. Ao)
. 0g, M7, Ao _
lim. Tog T =o0,(Ap) (r € Eg). (4.23)

By (4.21) and (4.23), we get op11(f) > op(Ao).

Proof of Theorem 2.5. Suppose that f = % is a meromorphic solution of (2.2), then by
(2.2), we get

fk) st f=1 f F
—As=G bt AT HAa T e Ao - (4.24)
By (4.24), we have
T(r, As) < MT(r, f) + > T(r, A7) + O{log(rT(r, )}, (r & E) (4.25)
i

where M > 0 is a constant, not necessarily the same at each occurrence. By p,(As) > max{o,(A;)(j #
s),0p(F)} and (4.25), we get p,(f) > pp(As). Since the poles of f must be the poles of A;(j =
0,---,k—1) and F, we have

% (7) =M@ <max{n, (1) o (5) =00 b=} <t @)

J

and by % < exp,_1{r’}, where b < pp(Ay), we have N(r, f) < N(r, f) exp, 1{r’}. Hence
M(d) = A, (%) < max{%, (%) b} < pip(Ay). (4.27)
By (4.27) and g, (f) > pp(As), we have p1,(9) = pp(f) > pp(As). By (2.2) again, we have
f9() F* V) Fe(2) F(z)
' ot <l e el [ 8 ol |58 s
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By Lemma 3.3, there exists a set F4 having finite logarithmic measure such that for all z satisfying
|z| =7 & E4 and |g(2)| = M(r,g), we have

f9() _ <u9<

T)>j(1+0(1)) (G=1,---,k). (4.29)

f(2) z
Meanwhile for all z satisfying |z| = r ¢ E4 and |g(2)| = M(r,g) > 1, we have
F(z) ‘F(Z) ~d(z) (As)
= < M -exp, {r7r\ <} 4.30
eI e EEE 30

By Lemma 3.7, there exists a set F; having finite linear measure such that for all z satisfying
|z| = r ¢ E7 and for any given £ > 0, we have

|45(2)] < expy {r7e AT} (=0, k= 1), (4.31)

Substituting (4.29)-(4.31) into (4.28), we get

k k—1
(”f7(7")> (1+0(1)) < k(VfT(T)> (14 o(1)) exp, {ror{A=)F=}. (4.32)

Since ¢ is arbitrary, by (4.32) and Lemma 3.4, we have op,41(f) < 0p(A4s).

Proof of Corollary 2.2. By the proof of Theorem 2.5, we obtain that every meromorphic
solution f # 0 of (2.1) satisfies 0,11(f) < 0p(Ap). On the other hand, by Theorem E, we get
op+1(f) > 0p(Ap), hence every meromorphic solution f # 0 of (2.1) satisfies o,11(f) = 0,(Ao).
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