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Abstract. We generalize the Picard-Lindel6f theorem on the unique solvability of ini-
tial value problems x = f(t,x), x(ty) = xo, by replacing the sufficient classical Lipschitz
condition of f with respect to x with a more general Lipschitz condition along hy-
perspaces of the (t,x)-space. A comparison with known results is provided and the
generality of the new criterion is shown by an example.
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1 Introduction

We consider the initial value problem

1= f(t,x),  x(to) = xo, (11)

where f: D — R" is defined on an open set D C R x R" and (f,x9) € D. We assume
throughout the paper that f is continuous. Problem (1.1) is called locally uniquely solvable if
there exists an open interval I containing ¢y such that (1.1) has exactly one solution on I.

The unique solvability problem of (1.1) is not fully solved up to now as simple examples
show (see [2] and the references therein, see also [1]). The classical Lipschitz condition mea-
sures the vector field differences with respect to the x variable and is assumed in the classical
Picard-Lindelof theorem to prove unique solvability for (1.1). By introducing a Lipschitz con-
dition along a hyperspace of the extended state space R x R", we establish a new uniqueness
theorem which generalizes the classical Picard-Lindelof theorem and Theorem 3.2 in the pa-
per by Cid [2]. It is also an n-dimensional generalization of the scalar criterion in [6] and of
the uniqueness theorem in [3] if the functions ¢ and ¢ are constants. The advantage of our
result is shown by an example.
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Definition 1.1 (Lipschitz continuity along a hyperspace). Let D C R x R" be open, f: D — R"
be continuous and let V C R x R" be a hyperspace, i.e. V is an n-dimensional linear subspace
of R, We say that f is Lipschitz continuous along V on an open set U C D if there exists a
constant L > 0 such that for all (¢,x), (s,y) € U

1£(t,x) = f(s, Il < LII(E x) = (s,9)[|if (%) = (s,9) € V.

2 Main result

In the following let F(t,x) = (1, f(t,x))T be the vector of the direction field of (1.1) determined
by f at the point (f,x) € D.

Theorem 2.1 (Generalized Picard-Lindelof theorem). Consider the initial value problem (1.1), let
VYV C R x R" be a hyperspace and assume that the following two conditions hold:

(A1) Transversality condition: F(tp, xo) ¢ V,

(A2) Generalized Lipschitz condition: f is Lipschitz continuous along V on an open neighborhood
u - D Of (to, XO).

Then (1.1) is locally uniquely solvable.

The proof of Theorem 2.1 uses only Peano’s theorem and the implicit function theorem.
Since the classical Picard-Lindelof theorem is a special case of Theorem 2.1, the following
proof also offers an alternative proof of Picard-Lindel6f’s theorem.

Proof. Let || - || denote the Euclidean norm and its induced matrix norm, respectively. Since
V is a hyperspace in R'*”, there exist linearly independent vectors v(1),...,v(") € R™*" with
V = span{o(V),..., oM} C R™" Write

o) = (vgi),vgi),...,vg))T fori=1,...,n,
and define v; := (Ugl),...,vfn)) e R", o) = (vgi),...,v,(f))T € R", V, = (v§1)|---lv§cﬂ)) €
R™"*". Then for

we have V € RIM*" and rank V = n. Peano’s theorem guarantees that (1.1) has at least
one solution x: [ty — «, tg + «] — R” for some a > 0. By shrinking a > 0 if necessary, we
can assume that graphx C U and, by assumption (A1) and continuity of f, F(¢,x(t)) ¢ V
forall t € I := (tp —a,tp + «). To prove that (1.1) is locally uniquely solvable with solution
x on I, assume to the contrary that there exists a solution y: I — R" of (1.1) and x # y on
[to,to + &) (the case x # y on (ty — a, to] is treated similarly). For 1 := sup{t € [to, to + «) :
x(s) = y(s) fors € [to,t]} we have t; € [to,to +a), x(t1) = y(t1) =: x1 by continuity and
F (tl ,Xl) Q V.
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We show that the equation

y(t+ vk (1)) = x(£) + Vik(t) 2.1)

is uniquely solvable with respect to k = k(t) = (k1(t),...,kn(t))T on a subinterval of I which

contains t;. The problem suggests to apply the implicit function theorem. Choose ¢ > 0 such
that
H(tK) = y(t + oik) — x(t) — Vik

is well-defined on [t] — ¢, 1 + €] X [—¢,€]". Then H(t1,0) =0,

oH

OH o — (£ 0 _ )
o (t,k)—<fl(t+vtk,y(t+vtk))vt 0! )i,j,l )

.....

and therefore 0H(t1,0)/0k = WV with

-1
W := f(t1,x1) EIR”X(H_H).
-1

By the rank-nullity theorem (see e.g. [4, p. 199]) dimim (V) 4+ dimker(V) = n and, using
the fact that dimim(V) = rank V = n, we get ker V = {0}. Assume that WV is not invertible.
Then there exists v € R" \ {0} such that WVv = 0. Hence w := Vv # 0 and w € V, as well
as w € ker W = span{F(t;,x1)}. Therefore F(t;,x1) € V leads to a contradiction, proving that
WYV is invertible.

The implicit function theorem (cf. e.g. [5, Theorem 9.28]) yields a unique C! functionk: | —
[—¢,€]" on an open interval | C I containing t; such that k(t;) = 0 and H(¢t,k(¢)) = 0 for all
t € J. Using the fact that dH(t;,0)/0k is invertible, we get by shrinking ] if necessary, that
(0H(t,k(t))/0k)~! exists and is bounded for t in ], i.e. there exists 7 > 0 such that

HBH <n forte].

kD)

Since dH(t, k)/ot = f(t+ vik,y(t + vik)) — f(t,x(t)), (A2) implies, together with (2.1) and
Vk(t) € V, that

H%Ij(t,k(t))H < LI[VK()].

Now we consider u(t) := ||k(t)||?> = (k(t),k(t)). We get

Using the fact that
. OH _10H
(e) = S K(0) O (1 K (1),

we conclude that

(o) < 260 5 0 k)5 1 k)| < 20k I V)]
and hence

i(t) < 27L[|V[[u(t)
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which is equivalent to

d [ _ogL|v)-

i LV (t=t1) <

7 [e u(t)} <0.
Since u(t;) = ||k(t1)||*> = 0, we get u(t) = ||k(t)||> = 0, and hence from (2.1) we conclude
x(t) = y(t) on J, which contradicts the definition of t;. O

Remark 2.2. (a) The classical Picard-Lindelof theorem which requires a Lipschitz condition
with respect to x is a special case of Theorem 2.1 with

0
vz<f>, 0 =0€R" and V=1, 2.2)
Vz

where [, denotes the n x n identity matrix. Cid [2] introduces the notion of Lipschitz conti-
nuity when fixing component iy € {0,1,...,n} where the component iy = 0 corresponds to the
variable ¢, i.e. Lipschitz continuity when fixing iy = 0 is equivalent to Lipschitz continuity
with respect to x. Lipschitz continuity when fixing another component is defined similarly.
Under the assumption that f is Lipschitz continuous when fixing a component iy, Cid can
show uniqueness provided that either iy = 0 or f;; # 0. Thus Theorem 3.2 by Cid can be
interpreted as a special case of our Theorem 2.1 with matrices V of the form (2.2) where in
the case of iy # 0 the corresponding column of V is replaced by a vector v(®) with vfl") =1
and all other components equal 0. Note that [3, Theorem 1] is a special case of Theorem 2.1
for n = 1 if the functions ¢ and ¥ are constants.

(b) Let V = span{v(l),...,v(”)} C R and U C D be a convex open neighborhood of
(to,x0) € D C R x R™. If the directional derivatives

of . f((t,x) +hv) — f(t,x)
9o b%) = fim AEl

, vEY,

exist and are continuous and bounded on U, then f is Lipschitz continuous along V on U.

Proof. With (t,x) = (s,y) +v,v € V, and g(7) := f((s,y) + Tv) we get

£(6:3) = fls,w) = $(1) - 8(0) = [ g/ (e
N 8T (),

0 h—0 h
[y 0 (00 = 5 0
P Fs) + (T h)o) — () + o)
= /) (im ol ) el

= [ () + ) lellr

and therefore

1f(t %) = f(s,y)l < Lfloll, ~ L:= sup gﬁ:((&y) +70). O
T€0,1]

Example 2.3. Consider the 2-dimensional initial value problem

X = f(tx), x(0) =0,
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where f(t,x) = (f1(t,x1,x2), f2(t, xl,xz))T with

x1+ 2(x2), x1 < t,
fi(t, x1,x2) = 1+ 8(x) , !
x1+8(x)+Vx1—t x>t

fz(t, xl,xz) =1+ h(x1),

¢(x2) and h(x;) are Lipschitz continuous functions and ¢(0) # 1. The classical Lipschitz
condition is not fulfilled, and we cannot show uniqueness with the hyperspace V being the
(t,x1)-plane or (t, x)-plane. Therefore the result by Cid cannot be applied.

With the basis vectors v(l) = (1,1,0)7, 0@ = (0,0,1)T and V = span{v(l),v(z)} we can
show uniqueness of the given problem.

(A1) is satisfied, as (1,(0),1+h(0))T ¢ Vif g(0) # 1. The only numbers g, B, v, satisfying

a(1, £(0,0)T + oV + 40 =0area = =y = 0if g(0) # 1.
Now (A2) is shown. With v; = (1,0) and Vy = (}?) we have to show that

[1f (¢4 vik, x 4 Vick) = f(£, ) || = || f (£ + Ko, 21 + K, %2 + k2) = f(E 00, 20) |
< L|| (oek, Vik) ]|

with k = (kq,k2)T. For x; < t we get

x1+ ki + g( xz+k2)—xl
1—|—h x1~|—k1)—1—

which can be estimated by L||(k1, k1, k2)T | with L > 0. For x; > t we get

( x1+ki+g(+k)+Vx ki —t—ki —x1 —g(xp) — x; — ¢ >
1—|—h(X1 +k1) —1—h(x1)

which can also be estimated by L||(k1, k1, k2)T|| with L > 0.

3 Alternative proof

We provide an alternative proof for Theorem 2.1 by transforming (1.1) into a system to which
the classical Picard-Lindelof theorem can be applied.

Alternative proof of Theorem 2.1. Choose a unit vector 4y € R!™" such that V = ag and also
{ag, F(to,x0)) > 0, which is possible due to assumption (A1). Since R!™" = (ag) & V is the
direct sum of (ap) = {sap € R'*" : s € R} and V, there exist unique sy € R and vy € V with
(to, x0) = soap + vo. We divide the proof into three steps.

Step 1: We show that the nonautonomous initial value problem on V

dv __ F(sap +v) —o(s,v)ag
ds 8(s,0) = o(s,0)

P U(So) = Do, (31)

with o(s,v) := (ap, F(sap + v)) is well-posed and locally uniquely solvable.
The function

c:RxV =R, (s,v) — o(s,v) = (ap, F(sap + v))
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is continuous and satisfies (sg, v9) = (ao, F(soa0 +vo)) = (a0, F(to, x0)) > 0. As a consequence
there exists an # > 0 and a bounded open neighborhood U C R x V of (sp,vp) such that
o(s,v) > n for all (s,v) € U.

Using assumption (A2) and by shrinking U if necessary, we can w.l.o.g. assume that f is
Lipschitz continuous along V on the open neighborhood {say +v € R*" : (s,v) € U} of
(to, x0). Using this fact, we get for (s,v), (s,7) € U

0(5,0) — 0(5,9)| = |{ao, F(sig + ) — {ao, F(saig + )|
— |{ao, F(sao +v) — F(sag+9))]| < llaol| - | E(sao +v) = F(sao + )|
— | F(sao + 0) — F(sag + 9)|| = || f(sa0 + ) — f(sa0+ )|
< Lljo -3,

proving that ¢ is Lipschitz continuous on U. With ¢ also the quotient 1/¢ is Lipschitz contin-
uous with respect to v. Thus we get

1g(s,0) —g(s,9)| = H 5“0+U _ (;L(l(s),:]_—)z?)
< |oap| WFGst0+0) — Fsm +9)]
* U(sl,z)) B 0(51,5) ’ -||F(sao + ).

By shrinking U again if necessary, we can assume w.l.o.g. that U C D. Then boundedness of
F and of 1/0 on U imply Lipschitz continuity of ¢ with respect to v on the neighborhood U
of (sp,vp). Since V is isomorphic to R", the classical Picard-Lindel6f theorem can be applied
to (3.1) to prove local unique solvability.

Step 2: We show that the autonomous initial value problem on R x V

s: =0(s,v), s(to) = so, (32)
0= F(sap+v)—o(s,v)ag, v(ty) = 0o,

is locally uniquely solvable.
By Peano’s theorem (3.2) admits a solution. Assume that ($1,91), ($2,02): ] = R x V, are
two solutions of (3.2) on an open interval | containing ty. Then the solution identities

$i(t) = o(6i(1), 3,(1), .
0i(t) = F(8i(t)ao + 0i(t)) — o(8i(t), 0i(t) )ao '
for t € | and the initial conditions
3i(to) =s0,  0i(to) = vo (3.4)

are fulfilled for i =1, 2. By shrinking ] if necessary, we can w.l.o.g. assume that (3;(t), 9;(t)) e U
and therefore §;(t) = o (3;(t),0:(t)) > n for t € J. As a consequence the functions §;: | — R
are strictly monotonically increasing, and hence the inverse functions SA;1 :§i(]) — J exist and
satisfy

51 (s0) = to (3.5)
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for i = 1,2. With the bijection t = §; !(s) both solution curves through (so, vp) can be repara-
metrized in the form

{(5:(1),0(t)) st € J} = {(8(57(5)),0:(57'(s)) : s € &(J) }

fori =1,2. Then

solve (3.1) for i = 1,2, since

&(s) _ z?i(éi_l(s)) (33) F(sap+v;) — o (s, v;)ag
%) = 5676 o(s,v)
and )
vi(s0) = 0;(57 (s0)) Z 9;(t0) X 0p.

By shrinking ] if necessary, we can apply Step 1 to conclude that v; = v, on | and hence
61(371(s)) = 02(5,(s)) for all s € 1(J) N$2(]), proving that §; = 3, and & = 9; on .

Step 3: We show that (1.1) is locally uniquely solvable.

By Peano’s theorem (1.1) admits a solution. Assume that x1, x2: I — R" are two solutions
of (1.1). For t € I we have X;(t) := (1,x;(t)) € R"*" = (ap) ®V and therefore there exist
unique functions s;: I — R and v;: I — V such that

Xi(t) = Si(t)llo + Ui(t).

Moreover, (s;(t ) i(to)) = (so,v0), and using the fact that |jag|| = 1 and ay = V, s;(t) =
(a0, X;(t)) and v;(t) = X;(t) —si(t)ap for t € I and i = 1,2. Now (s;,v;): I — R x V solve (3.2),
5i(t) = (a0, Xi(t)) = (a0, F(t, xi(t))) = (a0, F(si(t)ao + vi(t)))

= o(si(t), vi(t)),
0i(t ) Xi(t) — (a0, Xi(t))ao = F(t, xi(t)) — (a0, F(t, xi(t)))ao
F(si(t)ao + vi(t)) — (a0, F(si(t)ao + vi(t)))ao
F(si(t)ao + vi(t)) — o (si(t), vi(t))ao

fort € I and i = 1,2. By shrinking I if necessary, we can apply Step 2 to conclude that s; = s,
and v; = v, on I, proving that x; = x. O
Acknowledgments

The third author is supported by the Grant P201/11/0768 of the Czech Grant Agency (Prague).

References

[1] R. P. AGARwWAL, V. LAKSHMIKANTHAM, Uniqueness and nonuniqueness criteria for ordinary
differential equations, World Scientific Publishing, 1993. MR1336820


http://www.ams.org/mathscinet-getitem?mr=1336820

S. Siegmund, Chr. Nowak and |. Diblik

[2] J. A. C1p, On uniqueness criteria for systems of ordinary differential equations, ]. Math.
Anal. Appl. 281(2003), 264-275. MR1980090; url

[3] J. DiBLik, C. Nowak, S. SIEGMUND, A general Lipschitz uniqueness criterion for scalar
ordinary differential equations, Electron. |. Qual. Theory Differ. Equ. 2014, No. 32, 1-6.
MR3250025

[4] C. D. MEYER, Matrix analysis and applied linear algebra, SIAM, Philadelphia, 2000.
MR1777382

[5] W. RubpiN, Principles of mathematical analysis, third edition, McGraw-Hill Book Co., 1976.
MR385023

[6] H. STETTNER, C. Nowak, Eine verallgemeinerte Lipschitzbedingung als Eindeutig-
keitskriterium bei gewohnlichen Differentialgleichungen (in German) [A generalized
Lipschitz condition as criterion of uniqueness in ordinary differential equations], Math.
Nachr. 141(1989), 33-35. MR1014412


http://www.ams.org/mathscinet-getitem?mr=1980090
http://dx.doi.org/10.1016/S0022-247X(03)00096-9
http://www.ams.org/mathscinet-getitem?mr=3250025
http://www.ams.org/mathscinet-getitem?mr=1777382
http://www.ams.org/mathscinet-getitem?mr=385023
http://www.ams.org/mathscinet-getitem?mr=1014412

	Introduction
	Main result
	Alternative proof

