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Abstract. In this paper, we establish various existence results of solutions for frac-
tional differential equations and inclusions of arbitrary order g4 € (m— 1,m), where
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1 Introduction.

During the past two decades, fractional differential equations and fractional differential in-
clusions have gained considerable importance due to their applications in various fields, such
as physics, mechanics and engineering. For some of these applications, one can see [18, 23]
and the references therein. For some recent developments on initial-value problems for dif-
ferential equations and inclusions of fractional order, we refer the reader to the references
[2,17,30,34,38-45].

Some applied problems in physics require fractional differential equations and inclusions
with boundary conditions. Recently, many authors have been studied differential inclusions
with various boundary conditions. Some of these works have been done in finite dimensional
spaces and of positive integer order, for example, Ibrahim et al. [25] and Gomaa [19, 20].

Several results have studied fractional differential equations and inclusions with various
boundary value conditions in finite dimensional spaces. We refer, for example, to Agarwal
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et al. [1] where conditions are established for the existence of solutions for various classes
of initial and boundary value problems for fractional differential equations and inclusions
involving the Caputo derivative. Next, Ouahab [34] studied a fractional differential inclusion
with Dirichlet boundary conditions under both convexity and nonconvexity conditions on
the multi-valued right-hand side and Ntouyas et al. [33] discussed the existence of solutions
for fractional differential inclusions with three-point integral boundary conditions involving
convex and non-convex multivalued maps.

For some recent works on boundary value problems for fractional differential equations
and inclusions in infinite dimensional spaces, we refer to Benchohra et al. [7] where the ex-
istence of solutions are established for nonlinear fractional differential inclusions with two
point boundary conditions.

Anti-periodic boundary value problems occur in the mathematical modeling of a variety of
physical problems and have received a considerable attention. Examples include anti-periodic
trigonometric polynomials in the study of interpolation problems, anti-periodic wavelets, anti-
periodic conditions in physics, and so forth (for details, see [3]).

Some recent works on anti-periodic boundary value problems of fractional order g where
m—1<gqg<mand m=2,3,4,5 can be found in [1,3-5,11,12,26].

In this paper, we establish various existence results of solutions for fractional differential
equations and inclusions of arbitrary order g4 € (m — 1,m), where m is a natural number
greater than or equal to two, in infinite dimensional Banach spaces, and involving the Caputo
derivative in the generalized sense (via the Riemann-Liouville sense). More precisely, let
J = 1[0,T], T > 0, E be a real separable Banach space with a norm | - ||. We study the
following fractional differential equations and inclusions with anti-periodic conditions:

‘Dix(t) = f(t,x(t)) ae.on], (L.1)

x00) = —x®(T), k=0,1,2,...,m—1, '
and

‘Dix(t) € F(t,x(t)) forae.t€], (12)

x®(0) = —x0(T), k=0,1,2,...,m—1, '

respectively, where CDgx(t) is the generalized Caputo derivative which is defined via the
Riemann-Liouville fractional derivative of order g with the lower limit zero for the function x
atthe pointt, f: JxE—-Eand F: | X E — 2F is a multifunction.

We would like to point out that Agarwal et al. [1] considered the problems (1.1) and
(1.2) when m = 4 and the dimension of E is finite. Thereafter, Ahmad et al. [3] considered
the problem (1.1) when m = 2, Ahmad [4] proved the existence of solutions for (1.1) when
m = 3 and the dimension of E is finite, Cernea [12] proved existence theorems of solutions
for (1.2) when m = 3 and the dimension of E is finite, and Ibrahim [26] established various
existence achievements in infinite dimensional Banach spaces for (1.1) and (1.2) when m = 3.
Alsaedi et al. [5] considered (1.1) in finite dimensional spaces in the case when m = 5. As a
consequence, the obtained results in [1,3-5,11,26] are particular cases of our derived results.
We must mention that Kaslik and Sivasundaram [28] gave non-existence of periodic solutions
of fractional order differential equations in the interval [0, c0) by using the Mellin transform
approach. However, we consider fractional differential equations and inclusions with anti-
periodic conditions on [0, T] in this paper, not on the interval [0, c0). In other words, we try to
find solutions to fractional differential equations and inclusions with anti-periodic conditions
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on finite time intervals, not to find periodic solutions on the infinite interval. So our problem
is much different from [28].

The present paper is organized as follows. In Section 2, we collect some background
material and basic results about fractional calculus. Hence, we prove auxiliary lemmas which
will be used later. In Section 3, we give existence results for (1.1). In Section 4, we prove
various existence results for (1.2). We consider the case when the values of F are convex
as well as nonconvex. In Section 5, we apply our abstract results to fractional differential
inclusions on lattices continuing on our previous work [45].

The proofs rely on the methods and results for boundary value fractional differential in-
clusions, the properties of noncompact measure and fixed point techniques.

2 Preliminaries and notations

Let C(J,E) be the space of E-valued continuous functions on | with the norm ||x|/c(jp) =
max{||x(t)||, t € J}, AC"(J,E) be the space of E-valued functions f on J, which have con-
tinuous derivatives up to the order n — 1 on | such that f"! is absolute continuous on
J, LY (J,E) be the space of all E-valued Bochner integrable functions on | with the norm
I f L) = fob | f(t)||dt, P,(E) = {B C E : B is nonempty and bounded}, P, (E) = {B C E: B
is nonempty and closed}, P,(E) = {B C E : Bis nonempty and compact}, P« (E) = {B C E: B
is nonempty, convex and compact}, P ,(E) = {B C E : B is nonempty, closed and convex},
conv(B) (respectively, conv(B)) be the convex hull (respectively, convex and closed hull in E)
of a subset B.

Let G : | — 2F be a multifunction. By S. we denote the set of integrable selections
of G, ie, St = {f € L'(J,E) : f(t) € G(t) ae.}. This set may be empty. For P,(E)-
valued measurable multifunction, S}, is nonempty and bounded in L' (], E) if and only if
t — sup{||x|| : x € G(t)} € L' (J,R") (such a multifunction is said to be integrably bounded)
(see [22, Theorem 3.2]). Note that S}; Cc Ll (], E) is closed if the values of G are closed and it
is convex if and only if for almost all t € J, G(t) is convex set in E.

Definition 2.1. Let X and Y be two topological spaces. A multifunction G : X — P(Y) is
said to be upper semicontinuous, if G™1(V) = {x € X : G(x) C V} is an open subset of X for
every open V C Y.

For more information about multifunctions, see, [6,10,24,27]. Now, let us recall the fol-
lowing definitions and facts about the integration and differentiation of fractional order.

Definition 2.2. [29, p. 69] The Riemann-Liouville fractional integral of order g4 > 0 with the
lower limit zero for a function f € LP(],E), p € [1,0) is defined as follows:

t — 5 -1
If(t) = (g‘?*f)(t):/o (tr(;;

where the integration is in the sense of Bochner, T' is the Euler gamma function, g,(t) =

f(s)ds, te],

-1
T(q)’
fort >0, g4(t) =0, fort <0 and * denotes the convolution of functions. For g = 0, we set

I°f () = f(t).
It is known [29] that I71ff(t) = I7%Ff(t), B, 4 > 0. Moreover, by applying Young’s
inequality, it follows that

HquHLP(],E) = ng *f||LP(],E) < ngHLl(],]R)Hf”LP(],E) = gq+1(T)||f||LP(],E)-
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Then, 17 maps L?(],E) to LP(]J,E). Let [g] be the least integer greater than or equal to the
number g. The set of natural numbers is denoted by IN.

Definition 2.3. [29, p. 70] Let 4 > 0, m = [q] and f € L!(J,E) be such that g, * f €
W™1(], E). The Riemann-Liouville fractional derivative of order g for f is defined by

D) = S p () = S g g ),

where

m—1 k
W™, E) = {f(t) =) ck%ﬂmq)(t), teJ:peLY],E), ¢ € E}.

k=0

Note in the above definition that ¢ = (™) and ¢, = f¥(0), k = 0,1,...,m — 1. In the fol-
lowing lemma, we mention some elementary properties for the Riemann-Liouville fractional
integrals and derivatives.

Lemma 2.4. Let ¢ > 0 and m = [q].
(i) If f € L'(J,E) then gp—g = (11f) € W™(],E) and DIf(t) = f(t) a.e.

(i) If v > gand f € L'(J,E), then D17 f(t) = I"~9f(t) a.e. In particular, if v > k, k € IN, then
DFIVF(t) = I7FF () ae.

(iii) If p > %andf € LP(],E) then I1f is continuous on J.
Proof. Proofs of these properties are exactly as in the scalar case [36, Chapter 1]. O

Definition 2.5. [29, p. 91] Let 4 > 0 and m = [g]. The Caputo derivative in the generalized
sense (via Riemann-Liouville fractional derivative) of order g for a given function f is defined

by
‘DIf(t) = D1

m—=1 ¢(k)
110 10

k=0

provided that the right side is well defined.

Remark 2.6. Letq >0, m=[g|land f: ] = R, f(t) =t",n=0,1,2,...,(m—1). Then

chtn — D1 | — mZ_:l (k)(o) tk _ Dq[tn _ tn] -0
£ k=0 k! - -

Remark 2.7. [29, Theorem 2.1] Let E be a reflexive Banach space, m € N and g € (m —1,m).
If f € AC™(],E), then °D{f(t) exists a.e. and

1

DLF) = 1" (£0) = Fom=ay (£ sy f 0 (s)ds forae. te J.

Moreover, if f € C (m) (], E), then this equation is valid for all t € J.

To proceed, we state the following lemma as a simple consequence of Lemma 2.4 and
formula [36, (3.13)].



Anti-periodic differential inclusions in Banach spaces 5

Lemma 2.8. Let m € N, g € (m—1,m) and f € L%(],E), where vy € (0,q — (m —1)). Then
(i) If ¢ > vy then the function t — 17 f(t) is continuous on J.

(ii) Forany t € T and k € {0,1,2,...,m — 1}, the function (I1f)%)(t) is continuous satisfying
(117)®(0) = 0. Moreover,

‘DI (If(t)) = DT (17f(t)) forae te],
and hence, “DI(If(t)) = f(t) a.e. on J.
The following lemma is essential to derive existence results of solutions for (1.1) and (1.2).

Lemma 2.9. Let m € Nand g € (m—1,m). Ifz € L%(],E),'y €(0,g—(m—1))andx:] — E
is given by

x(t) = Iz(t Z by t", (2.1)
where ,
- - p-(m-1)
b = 11! 2(T), (2.2)
1 m—1
b= 5 [172(T) = ¥ b T, (2.3)
k=1
and for2 <n <m-—1,
1 n-l o kb
— - (-1 _ _ MYkl pk—(n-1)
by 2011 I z(T) k; (k—(n—l))!T ] : (2.4)
Then, x("=Y) is continuous on J, CDgx(t) exists a.e. for t € | and
‘Dix(t) = z(t) forae te], 2.5)
x®(0) = —x®(T), k=0,1,2,...,m—1. '

Proof. First we note, since for any k = 0,...,m —1, it holds g —k > g— (m—1) > v, by
Lemma 2.8, the functions 197z, D*(I9z) are continuous on J. Hence by in (2.2), (2.3) and
(2.4) are well-defined, and x%) are continuous on Jforallk=0,...,m—1.

Now, in view of (ii) of Lemma 2.8, D}z(t) exists for a.e. t € | and ‘Djz(t) = Dz(t) a.e.
Thus, fora.e. t € |

‘Dix(t) = D{(I19z(t)) —° D} (Z b1t ) =z(t) =D} (Z b1t ) z(t),

by Remark 2.6. So (2.1) is a general solution of (2.5). Next, in view of (2.1), condition x(0) =
—x(T) gives

0 =x(0) +x(T) = [mz(T) - mf kaT"] — 2y,
k=1

which implies (2.3). Furthermore, by differentiating both sides of (2.1), we get from (ii) of
Lemma24forl<n<m-—2

m—1 k'b
(n) a—n _ k+1  k—n
x\ () = 1% "z(¢t nl)b, ", tel].
( ) ( ) ( ) +1 — ) ;1 (k— Tl))'
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So conditions x("™(0) = —x(")(T) give

m—1 |
0= x"(0) +x"(T) = I7"2(T) = 2(n)bys1 — Y K11 Tk
ke (k=n))!
which implies (2.4). Similarly,
XN = 17702 (8) — (m—1)lby,  te . (2.6)

Then, condition "~ (0) = —x("=1)(T) gives
0= x"D(0) + x"(T) = 17~V z(T) — 2(m — 1)'b,,
which implies (2.2). The proof is finished. O

Now, by using Lemma 2.9 to establish formulae of solutions for (2.5), when m = 2,3,4,5,
we get known results mentioned in Introduction. We list them one by one as follows.
(i) for m = 2, we get (see [3])

*(t) = F2(t) — %qu(T) + I P 2t

1""z(T); (2.7)

(ii) for m = 3, we get (see [4,12,26])

x(t) = z(t) — %qu(T) + %I"_lz(T) + t(];_t)lq_zz(T); (2.8)
(iii) for m = 4, we get (see [1])
*(t) = I2(t) — %qu(T) + %W‘lz(T) + t(z_t)m-zz(T)

(2.9)
(6T =48 —T%) - 5 .
+ 15 177°z(T);
(iv) for m =5, we get (see [5])
— HT —t
x(t) = Iz(t) — %IQZ(T) 4 I 1 2t1‘7_1z(T) + (4)1'1—2z(T)
(2.10)
(6£°T —4F —T°) . 4 QPT —#* —1T°%) . 4
+ s 177°z(T) + 15 197%z(T).
Next, for m = 6, we get
—2t HT —t
x(t) = 12(t) — %qu(T) + %w—lzm + (4)m—zz(T>
27 _A443 _ T3 317 _ 14 _ 3
G 44; T) =357y 4 2T = %) sy 211)

™S 273 HT t _
+ <4(5!) “a@) Taay 2(5!)> I7%(T).

From the above examples (2.7)—(2.10) and (2.11), it is worthwhile to observe that we expect
that (2.1) has a form

m—1

x(t) = 19z(t) — Y 6;() 17 /z(T) (2.12)

j=0
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for polynomials 6;(t) of degree j. Certainly by above arguments, such x(t) satisfies “D7x(t) =
z(t) a.e. on J. The anti-periodic conditions of (2.5) imply

m—1 )
12Ty = ¥ (9}“(0) + 9]?">(T)) [1iz(T),  k=0,1,2,...,m—1 (2.13)
=k

where we use 9]@ (t) =0on J for k > j. Since z is arbitrarily, we set

1
2’ (2.14)
0, k=0,1,2,...,j—1

0\ () =

0/ (0) +0/(T)

It is easy to see that (2.14) determine uniquely 6;(t). Since the solution of (2.5) is unique, we
see that (2.12) with (2.14) give the solution (2.1), which coincides with the above computations
(2.11). Moreover we see that 6;(t) are really independent of m. Furthermore, set

Ti

nj(s) =

, sel[0,1], j=0,12,...,m—1.

Then

" (2.15)
;7] (O)+17 (1): / k:0/1/2/'/]_1

Again, (2.15) determine uniquely 7;(t). But now 7;(t) are independent also of T, so we have

1]+1 ,)/I(c]+1) 1 ()
qj(s):ikg(k_l)!s*, v €R, jk=1,23... m (2.16)
Then ' )
1/+1 ,),k]+ Ti+1-k 1 -
9j(t)—§kzzlwf , j=012...,m—1.
Hence

m—1j+1 G+ mir1—k
k T/

M(e) = 12(t) — 3 ¥ Y e # I T(T)
s )! 517
(f+1)Tj+l—k 2.17)

=17z(t) — = ————T17z(T) .
254, (k=1
By comparing (2.1) with (2.17), we obtain
_ (j+1) pit1—
m—1 k] Ti+1-k

- Te U g _
bk_ Z 2(k—1)! I Z(T)/ k—1,2,3,...,m.

Consequently, 7,? ) is the coefficients of Tjikﬂ:ilfll))f(n in by for any j, k=1,2,...,m with k <.

Next, by inserting (2.16) into (2.15), after elementary calculations, we derive

k
')/Igr):]-/ 7’:1,2,...,77’1, ’)/;gi)k:_z (7’1)' ’ k:1,2,...,1’—1. (218)
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Using (2.18), we can derive step by step, for instance

1 1
,)/£7'_)1 == _EI r Z 21 ’)/51;)2 == 0/ r Z 3/ 7,@?3 == ﬁ/ r 2 4 ( )
2.19
1 3
y,=0, r>5 2D =- 2@ T26 y = e 27

Furthermore, let us set

s 1 1 ’
:/o ijl(z)dz_ifo i-1(z)dz, j=123,...,m—1.

We can easily check

. 1
Tk (s) = 5

PO+ =0 k=012..,j-1

So by uniqueness, 7j; = 7;, i.e., we get

s 1
= / i-1(z)dz — ;/ 1i-1(z)dz, j=123,...,m—1 (2.20)
0 0
On the other hand, (2.16) implies
() _  (k=1)
’Yk - ;7] 1 ( )

Hence for any 7,k € IN, r > k, by (2.20), we obtain

—k— k
N =050 (0) = m(0) = 4+,
which justifies (2.19).

Summarizing, we arrive at the following result.

Corollary 2.10. Let m € Nand m —1 < g < m. Ifz € L#(J,E), o € (0,q — (m — 1)), then the

function x given by (2.17) and fy@k, r=1,23,...,mk=0,1,2,...,r — 1 determined by (2.18), is
a solution of (2.5).

Remark 2.11. One can verify that the expression (2.17) coincides with the known relations
(2.7)-(2.10) and (2.11) for m = 2,3,4,5, 6, respectively.

Remark 2.12. Let m € Nand m—1 < g < m. If z € Le(J,E), 0 € (0,4 — (m —1)) then
z € LY(J, E) and the function x given by (2.17) satisfies the inequality

3791 To-im=2 Ut
[xllege) < 2T (g )HZHU]E )+ 5 Jg T(G—)) / Z  k—1)! HZHU]E
(2.21)
777 i |'7k ‘
+
(q m+1)(q m+1 (7 ; H HLO ]E)
where by Holder’s inequality
Ta—m+l-c

127~ D2(T)|| <

T(q—m+1)(TE =)o Ny
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Our main tools are the Schaefer fixed point theorem for single-valued mappings and the
O’Regan-Precup fixed point theorem [35, Theorem 3.1] for multivalued mappings, which is a
generalization of the Monch fixed point theorem.

Lemma 2.13. Let Z : E — E be continuous and map every bounded subset into relatively compact
subset. If the set E(Z) = {x € E: x = AZ(x), A € [0,1)} is bounded, then Z has a fixed point.

Lemma 2.14. Let D be a closed convex subset of E, and N : D — P.(D). Assume the graph of N is
closed, N maps compact sets into relatively compact sets and that, for some xo € U, one has

ZCD, Z=conv({x}UT(Z)), Z = C with C C Z countable => Z is relatively compact.
(2.22)
Then T has a fixed point.

For more about fixed point theorems see [16]. Finally, we give the concept of solutions for
(1.1) and (1.2).

Definition 2.15. Let f : | x E — E be a function. A function x € C"~V(J,E) is called a
solution for (1.1), if °Dix(t) exists a.e. and

‘Dix(t) = f(t,x(t)) ae.on | =][0,T],
x®(0) = —x0(T), k=0,1,2,...,m—1.

Definition 2.16. Let F : | x E — 2F be a multifunction. A function x € C"~1 (], E) is called a
solution for (1.2), if ‘Dix(t) exists a.e. and

‘Dix(t) = z(t) a.e.on ] =[0,T],
x®(0) = —x®(T), k=0,1,2,...,m—1.

where z € L(J, E) with z(t) € F(t,x(t)) for a.e. t € J.

Of course, f and F in the above definitions are specified below with appropriate properties.

3 Existence results for (1.1)

In the following, we give the first existence result for (1.1).

Theorem 3.1. Let m € IN, m > 2and q € (m —1,m). Let f : ] x E — E be a function such that the
following conditions are satisfied.

(Hy) f is continuous.
(Hy) There exists a function ¢ € Le(J,RT), 0 € (0,9 — (m — 1)) such that for any x € E

1f(& ) <o)X+ |[x]) forae te].

(H3) Fora.e. s € ], the function f(s,-) maps any bounded subset into relatively compact subset in E.
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Then, the problem (1.1) has a solution provided that 5 < 1 for

3791 Tq9-1 m— jt+1 (]+1)|
[ T B E e
Tq—(T m h/k ’
2T(q — m + 1) (= )i §3 —yilels Ry
Proof. Let us consider the operator N : C(J,E) — C(J, E) defined by
. 1 am, m-1 ,),]E]""l)TjJrlfk o 1
(N(x))(t) = I"z(t) — 21;]';1 WI z(Tt, te], (3.2)

where z(t) = f(t,x(t)), t € J. Note that, since f is continuous, then for every x € C(J,E),
the function z is continuous. Therefore, the operator N is well defined. We shall prove that N
satisfies the assumptions of the Schaefer fixed point theorem. We split the proof into several
steps.

Step 1. N is continuous.
Let {x, }nen be a sequence such that x, — x in C(J,E). Forany ¢ € ],

(N Cxn) ) (£) = (N (x)) (8)]]

< T max [, (v (8) = (1, ()] |

1 m
7+7
I'(g+1) 221].

m—1 |,)/]'*‘1
;1 (k—DIT(g+1 —])]

Since f is continuous, we get ||[N(x,) — N(x)|| — 0, as, n — oo.

Step 2. N maps bounded sets into bounded sets.
Letr > 0and B, = {x € C(J,E) : ||x|[¢(j,5) < r}. According to (Hy), for any x € B,

3791 T9-1 m=2 1 j+1 |«y(j+1)‘
N(x 147 + . K
IN® ) < 0+ lgls gz !21“@ L ) S )

= - (3.3)

(L+n)T7? 7"
2I'(g — m+1)(W)1 ‘Tkgl(kk )H(PH LR = (1+7)d.

Then, N(B,) is bounded.
Step 3. N maps bounded sets into relatively compact subsets.

Letr >0, x € By, t1,tr € ] (1 < t2). According to (Ha), ||f(t, x(¢))|| < ¢(t)(1+7r) for a.e.
t € J. Then,

IN(x)(£2) = N(x)(t1) |

= 1‘(—;; [/Ot1 [|(f2 —8)T 1 — (4 — S)|q_1] ¢(s)ds + /:(tZ — )7 g(s)ds

m—1 J+1 IT Ti+1-k

L L M e A
=1 —

Since g > 1, then clearly as t, — f1, || (N(x1)(t2)) — (N(x1)(t1))]| — 0, independently of x and
uniformly for #, t. Therefore, N(B,) is equicontinuous.
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Now, let t € | be fixed. We want to show that the subset G(f) = {(N(x))(t) : x € B,} is
relatively compact in E. According to the definition of N, (Ha), the properties of the Hausdorff
measure of noncompactness [32], one obtains

(3.4)

Observe that in view of (Hj), it follows x({f(s,x(s)) : x € B,}) = 0, for almost s € J, Then,
(3.4) implies x(G(t)) = 0.

Step 4. The subset {x € C(J,E) : x = AN(x), A € [0,1)} is bounded.
Let A € [0,1) and x € C(J, E) be such that x = AN(x). If ||x[[¢(;, ) = 7, then by (3.3)

r= HXHC(],E) < HN(x)HC(],E) < (1471)d.

So
)
< —.
||x||c(I,E) S1-5

As a consequence of steps 1 — 4 and the Schaefer fixed point theorem, the function N has
a fixed point. In view of (H) and Corollary 2.10, this fixed point is a solution for the problem
(1.1). The proof is completed. O]

In the following theorem, we give another existence result for (1.1).

Theorem 3.2. Let m € N, m > 2 and g € (m —1,m). Let f : ] x E — E be a function such that
(Hy), (H3) and the following condition is satisfied.

(Hy) There exists ¢ € Lz (J,R"), o € (0,m — (q — 1)) such that for any x € E

I f(t,x)]| < @(t) forae. te].

Then, the problem (1.1) has a solution.

Proof. Let us consider the operator N : C(],E) — C(],E) defined as (3.2). Arguing as in the
proof of Theorem 3.1, we can show that N is continuous and maps any bounded subset to
relatively compact subset. It remains to show that the set {x € C(J,E) : x = AN(x), A € [0,1)}
is bounded.

Let A € [0,1) and x € C(J,E) be such that x = AN(x). Then, by (H) and arguments of
(3.3), we have

Ixllcqe) < IIN()llege) <0

This proves that the subset {x € C(J,E) : x = AN(x),A € [0,1)} is bounded. According
to Schaefer’s fixed point theorem, the function N has a fixed point. In view of (Hs) and
Corollary 2.10, this fixed point is a solution for the problem (1.1). The proof is completed. [

Remark 3.3. The condition (Hj3) is satisfied, if the dimension of E is finite.
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4 Existence results for (1.2)

4.1 Convex case

At first, we consider the case when values of F are convex. In the following, we give the first
existence result for (1.2).

Theorem 4.1. Let m € N, m > 2and q € (m —1,m). Let F : | x E — Py(E) be a multifunction.
Assume the following conditions.

(Hs) Forevery x € E, t — F(t,x) is measurable and for a.e. t € |, x — F(t,x) is upper semicontin-
uous.

(Hg) There exists a function ¢ € Lz (],RT), o € (0, — (m — 1)) and a nondecreasing continuous
function Q) : RT — R such that for any x € E

[E(E )| < @(O)Q([|x][)  forae t < ].

H7) There exists a function B € L% J,R"), ¢ € (0,g— (m—1)) such that
q

3791 Tl 1 = W“ \

(4.1)

Ta-6 |,),k ‘
2r<q—m+1><w+;€>1g,§< Dt e

and for every bounded subset D C E, x(F(t,D)) < B(t)x(D) for a.e. t € ], where x is the
Hausdorff measure of noncompactness in E.

(Hg) There is a positive number r such that

0Q(r) <r (4.2)

for 6in (3.1).
Then the problem (1.2) has a solution.

Proof. In view of (Hs) and [27, Theorems 1.3.1 and 1.3.5] for every x € C(], E), the multifunc-
tion t — F(t,x(t)) has a measurable selection and by (Hs) this selection belongs to S}(. ()"

So, we can define a multifunction R : C(],E) — 2€UE) as follows: For any x € C(J,E), a
function y € R(x) if and only if
y=N(f),

where f € 511:(.,}6(.)) and NV : C(J,E) — C(J,E) is defined as (3.2) with z = f. According to
(He) and Corollary 2.10, any fixed point for R is a solutions for (1.2). So, our aim is to prove
that the multivalued function R satisfies the assumptions of Lemma 2.14. Denote D = B,. It
is clear since the values of F are convex, the values of R are convex also.

Step 1. R(D) C D.
Let x € D and y € R(x). Then, by using the same arguments in Step 2 of the proof of
Theorem 3.1, we can show that, for any ¢t € |

1y () llcg ey < 00(r). (4.3)
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This inequality with (4.2) imply ||y||ec < 7.

Step 2. R(D) is a equicontinuous set in C(J, E).

Lety € R(D) and t1,t € ], (1 < t). Then there is x € D with y € R(x). By using the same
arguments in Step 3 of the proof of Theorem 3.1 with (Hg), and recalling the definition of R,
there is f € S1 x()) such that

ly(tz) - (t1)||—||N(f) N ()]
Qm[ (162 =) = (= )1 ps)ds + [ (22— 51 p(s)ds

f

1) | rjtr1—
m |’Y]+ T Ti+1-k

— i (k—1)!

[T e(T)(5 1 — 1), te.

Then, the right hand side does not depend on x and uniformly tends to zero when t, — t;.

Step 3. The implication (2.22) holds with xo = 0.

Let Z C D, Z = conv({xo} UR(Z)), Z = C with C C Z countable. We claim that Z is
relatively compact. Since C is countable and since C C Z = conv({xp} UR(Z)), we can find a
countable set H = {y, : n > 1} C R(Z) with C C conv({xo} U H). Then, for any n > 1, there
exists x,, € Z with y,, € R(x,,). This means that there is f, € S}:(.,xn(')) such that y,, = N(f,).
From Z C C C conv ({xo} U H) we find that x(Z(t)) < x(C(t)) < x(H(t)), t € J. Observe
that, by (Hg), for every natural number n, ||f,(s)| < ¢(s) Q(r) a.e. Then, by using (Hs) and
the properties of the measure of noncompactness, one has for ¢t € | (see [9,21,32])

1 gt )
X(Z(t>)§r(q)/< t=)1 ({fuls) > 1})ds

[y (1) 7 (4.4)

v ! q—j—1
zkz Gt b (T xals) s = 1))

Observe that, since Z C C C conv ({xo} U H), then from Step 2, Z is equicontinuous. More-
over, according to condition (Hy) for a.e. t € ],

X({fu(t) :n 2 1}) < B(E)x({xa(t) :n = 1}) < B(OX(Z(H) < B(H)xc(r,E)(Z)
So, we find from (4.4) that

Xcgp)(Z) = T?éa]XX(ZU)) < Ixc(,)(2).

This inequality with (4.1) imply that Z is relatively compact.

Step 4. R maps compact sets into relatively compact sets.

Let G be a compact subset of D. From Step 2, R(G) is equicontinuous. Let {y,}sen, be a
sequence in R(G). Then, there is a sequence {x, },en in G such that y, € R(x,). This means
that

N (fn) (4.5)
for f, € Sllf(-,x,1(~))‘ Arguing as above, one obtains from (4.5), for t € |

Xn(®) 2 19) < s [ (=9 el Ufuls) 2 13

Lo Ut

I e [T =) = 1))
(4.6)
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Now, since G is compact in C(J, E), then for t € ], the subset G(t) is relatively compact in E.
Therefore, x({x,(t) :n > 1}) =0, t € J. Hence, by (Hy) we get for a.e. t € ],

x({fu(t) :n = 1}) < B(E)x({xa(t) :n >1}) = 0.
This with (4.6) imply
XHyn(t) :n>1}) =0, forallte].
This together with the equicontinuity of {yn : n > 1}, we conclude, from the Ascoli-Arzela

theorem, the set {y, : n > 1} is relatively compact. Then, the sequence {y,},en has a
convergent subsequence. This shows that R(G) is relatively compact.

Step 5. The graph R is closed.
Let {x, }nen be a sequence in D with x, — x in D and let y, € R(x,) with y, — v in C(J, E).
We have to show that y € R(x). Then, for any n > 1, there is f, € S%(_ () such that

= N (fa). 47)

Observe that for every n > 1 and for a.e. t € |

1£D1 < oOQ (Ixalleqe)) < @(HQ0).

This show that the set {f, : n > 1} is integral bounded. In addition, the set {f,,(f) : n > 1}
is relatively compact for a.e. t € ] because of assumption (H7) both with the convergence of

{xu}nen imply that
XU (0> 13) < X(F( {50 ()52 11)) < B0 () > 1)) =0,

Hence, the sequence {f,},eN is semi compact, hence, it is weakly compact in L(J,E) (see,
[27, Proposition 4.2.1]). So, without loss of generality we can assume that f, converges weakly
to a function f € L!(J,R"). From Mazur’s lemma, for every natural number j there is a
natural number ko(j) > j and a sequence of nonnegative real numbers Ajx, k = j, ..., ko(j)

such that ZI;‘):]. Ajx = 1 and the sequence of convex combinations z; = ZI;‘):]. Ak foo ] 21
converges strongly to f in L!(J,R*) as j — co. Then we get for a.e. t € |

ﬂ{zk k>j} C ﬂconv{ U F(t,xk(t))} .

i>1 i>1 k >j

Since F is upper semicontinuous with convex and compact values, using [44, Lemma 2.6], we
conclude that f(t) € F(t,x(t)), for a.e. t € J. Note that, by (Hg) for every t € J, s € (0,t] and
every n > 1

H(t - s)“’lzn(s)H < |t—s* 1 g(s)Qr) € L((0,8,RY), a=qg—(m—1),...,q. (48)

Next taking v, = Zi(’z(z) Auk Yk Then by (4.7)

(j+1) Ti+1-k

7,(t) = z,(t) — ~ Z Z 7" [ iz, (T, tel. 4.9)

But y,(t) — y(t) and z,(t) — f(t). Therefore, by passing to the limit as n — oo in (4.9) we
obtain, from the Lebesgue dominated convergence theorem (see (4.8)), that y = N (f), i.e.,
y € R(x).

As a result of the Steps 1 — 5 the multivalued R satisfies all assumptions of Lemma 2.14.
Then, R has a fixed point which is a mild solution of (1.2). The proof is completed. O
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Now we present our second result for the problem (1.2).

Theorem 4.2. Let m € N, m > 2and g € (m —1,m). Let F : | x E — Py (E) be a multifunction.
We suppose the following assumptions.

(Hy) Forevery x € E, t — F(t,x) is measurable.

(Hio) There is a function ¢ € L#(J,E), o € (0,q — (m — 1)) such that for every x,y € E

h(E(tx), E(ty)) <c)llx—y|  forae tc],

where h is the Hausdorff metric, and

sup{||x| : x € F(t,0)} <¢(t) forae te].

Then the problem (1.2) has a solution provided that

3ri-1  a-lm= j+1 (]+1)’
T w2 ; E el rey
qi ) | (4.10)
T9-7 m f)/k
+ 2(qg —m+ 1) (15 m“ 7y Z —1)! HQHL%(],]IH) <L

Proof. According to (Hy), (Hyp) and [27, Theorems 1.1.9, 1.3.1 and 1.3.5] for every x € C(J, E),
the multifunction + — F(t,x()) has an integrable selection. So, we can define a multifunction
R:C(J,E) — 2€UE) as in Theorem 4.1. Now, we show that R satisfies the assumptions of the
theorem of Covitz and Nadler [13]. The proof will be given in two steps.

Step 1. The values of R are nonempty and closed.

Since 511:(,, () is nonempty, the values of R are nonempty. In order to prove the values of R are
closed, let x € C(J,E) and {u, }seN be a sequence in R(x) such that u, — u in C(J,E). Then,
according to the definition of R there is a sequence { f, }nen in S}:(_ () such that u, = N (fy).
Now, let t € ] be a fixed. In view of (Hyg), for every n > 1, and for a.e. t € |

IE(t,x)[| = h (F(t, x(t)),{0}) < h (F(t x(t)), F(£,0)) + 1 (F(t,0),{0})
<@l +¢(t) < (O + lIxllcgp))-
Then, for every n > 1, and for a.e. t € ], || fu(t)]| < ¢(¢)(1 + ||x[[c(j,£))- This show that the set

{fu : n > 1} is integrably bounded. Arguing as in Step 5 in the proof of Theorem 4.1, we can
show that u € R(x).

(4.11)

Step 2. R is a contraction.
Let z1,z2 € C(J,E) and y; € R(z1). Then, thereis f € S}(.Zl(.)) such that

y1=N(f). (4.12)

Consider a multifunction Z : | — 2F defined by Z(t) = {u € E : ||f(t) —u| < ¢(t)||z1(t) —
z5(t)||}. For each t € J, Z(t) N F(t, zz( )) is nonempty. Indeed, let t € J. From (Hjg), we have
h(F(t,z2(t)), F(t,z1(t))) < ¢(t)||z1(¢) — z2(t)||- Hence, there exists u; € F(t,z(t)) such that

lur = FOI < ¢(B)]]z1(8) = z2(8)]
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Moreover, since the functions ¢, z1,z,f, are measurable ([10, Proposition 111.4], [27, Corollary
1.3.1]) the multifunction V : + — Z(t) N F(t,z1(t)) is measurable. Then there is h € S}(_ZZ(_))
such that fora.e. t € |

[h(t) = F(ON < c(B)l|z1(8) = z2()]]- (4.13)

Let us define

yo = N(h). (4.14)

Obviously 1, € R(zz). Furthermore, following the proof of Step 2 of Theorem 3.1, we get from
(4.12)—(4.14) and Holder’s inequality

[y1(t) =2 (Dl < cllzs — z2llcgry, €],

by interchanging the role of y, and y; we obtain
h(R(z1), R(z2)) < cl|lz1 — 22l )

Therefore, the multivalued function R is a contraction due to the condition (4.10).
Thus, by the theorem of Covitz and Nadler [13], R has a fixed point which is a solution for
(1.2). The proof is finished. O]

4.2 Nonconvex case

Now we give an existence result for (1.2) when the values of F are not necessarily convex.
This result extend [2, Theorem 4.2] to infinite dimensional spaces.

Theorem 4.3. Let m € N, m > 2 and q € (m — 1,m). Assume that the condition (Hy) and the
following condition are satisfied:

(Hy1) F: ] x E — Py(E) is a multifunction such that

(i) F(t,x) has a measurable graph and for almost t € J, x — F(t,x) is lower semicontinuous.

(ii) There exists a function p € Lz (J,RY), o € (0,q — (m — 1)) such that for any x € E
|F(t,x)|| < p(t) forae te].

Then, the problem (1.2) has a solution.

Proof. Consider the multivalued Nemitsky operator N : C(],E) — 2L'(LE) defined by

N(x) = S}y = {f € L'(JLE) : f(t) € E(t,x(1))) forae.t€ J}.

We prove that N has a continuous selection. To achieve this aim, we show that N satisfies
the assumptions of [8, Theorem 3]. That is, N is Ls.c. and possessing a nonempty closed
decomposable value. Since F has closed values, S} is closed. Because F is integrably bounded,
SL is nonempty (see [22, Theorem 3.2]). It is easy to see that, SL is decomposable (see [22,
Theorem 3.1]). To check the lower semicontinuity of N, we need to show that, for every
u € LY(J,E), x — d(u,N(x)) is upper semicontinuous. This is equivalent to show that for any
A > 0, the set
uy={x € C(J,E) : d(u,N(x)) > A}
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is closed. For this purpose, let {x, },en € u, and assume that x, — x in C(J, E). Then, for all
t €], x,(t) = x(t) in E. Note that from [22, Theorem 2.2] we have

T
A N(x) = inf [l —olsgp) = inf / () — o(t) | dt

veNt) ! (4.15)
— / inf ||u(t) — o(f)||dt = / d (u(t), E(t, xn (1)) dt.
JO veN(xy) JO
Therefore,
A< nh_r)rgo supd(u,N(x,)) = nh_r)%o sup/ F(t, x,(t))dt. (4.16)
Observe that, as a result of the Fatou lemma, we have
Jii{)\osup/ F(t, x,(t)))dt < ; nlgrolosupd (1), F(t, x,(t))) dt.

Thus (4.16) gives us
A< hm supd (u(t), F(t, x,(t))) dt.

0 n—oo

On the other hand, by virtue of (Hi1)(i), the function z — d(u(t), F(t,z)) is u.s.c. Then the last
inequality with (4.15) imply

b
A g/o d(u(t), F(t, x(t))dt = d(u,N(x)).

This proves that u, is closed. By applying Theorem of Bressan—-Colombo [8, Theorem 3], there
is a continuous map Z : C(J,E) — L'(J,E) such that Z(x) € N(x), for every x € C(J,E).
Then, Z(x)(s) € F(s,x(s)) a.e. for s € J. Now consider a map 7 : C(J,E) — C(J,E) defined
by

(x) = N(Z(x)). (4.17)
Our aim now is to prove that the function 7t satisfies the assumptions of Monch’s fixed point
theorem. Arguing as in (3.3) we can show that, by using (Hi1)(ii), for any x € C(J,E), we
have ||7t(x)|lc(e) <Y for

L L = W a R e
Y = [[pllgre) 2F(q)+ ) Z kzi(k_l)‘

m |y
g 1)!||pHL%(],1R+).

Let D = By. Then (D) C D. Also, arguing as in the proof of Theorem 4.1, we can show
that 77 is continuous and satisfies (2.22). So, as result of the Monch fixed point theorem, there
is x € C(J,E) such that x = 7(x). Since p € Le(J,RT) and 0 < 0 < q— (m —1), by
Corollary 2.10, the function x is a solution for (1.2). The proof is completed. O

(14r)T77°
2T(g — m+ 1) (21—

5 Applications to fractional lattice inclusions

In this section, we apply the above abstract results to a model of fractional differential inclu-
sions on lattices with local neighborhood interactions represented by

‘Dixn(t) € fult, xu1(t), xa(t), xa11(t)), n€Z ae on], (5.1)
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where g € (m—1,m), m € N, m > 2, f, : ] x R> — 2R be specified latter and x, € R with
lim, 40 X, = 0. We are looking for forced localized solutions of (5.1). We are motivated
by [14,15,31,37], where countable systems of ODEs are studied. Here we study countable
systems of fractional differential inclusions.

Set E = cg = {x = {¥u}nez : ¥n € R, lim; ;100 ¥, = 0} with the norm ||x|| = sup,,., [x4].
Then E is a separable Banach space. The following two examples will illustrate the feasibility
of our assumptions in the above theorems.

Example 5.1. Let f, : ] x R? — 2R be multifunctions defined by

cos 7t

W + [—a2xy, A2Xy) + A3Xy—1 + A4Xp 41

fi’l(t/ xn—l/xi’llxl’l-‘rl) =m
for any n € Z where a;, i = 1,2,3,4 are constants. Then we define F : | x E — 2E as
F(t,x) = {fu(t, Xn—1,%n, Xns1) } ez, and the condition (Hs) is easily verified. Note T = 1.
Next, for (t,x) € | x E, we have

IE(t, %) = sup{[ly]l - y € F(£,x)} <3A([[x[| +1),

for A = max{|a;| : i = 1,2,3,4}, so the condition (Hg) is satisfied with ¢(t) = 3A and
Q(z) = z+1fort € Jand z € R". Now lett € J, x,y € E and u € F(t,x). Then
U, = alcﬁii’f + Auxpy + a3xy_1 + asXyi1, |An| < |az|, n € Z. Taking v = {alcﬁf‘i’{t + Auyn +
a3Yn—1 + AsYnt1}nez € F(t,y), we get

d(u, F(t,y)) < [lu —o| <3A[x —yl|.

This yields that
sup d(u,P(t,y)) < 3A||x _yH

ueF(t,x)
Similarly, we can show that

sup d(v,F(t,x)) <3Alx—y|.
veF(t,y)

Therefore,
h(F(t,x), F(t,y)) < 3Alx—yl,

where I denotes the standard Hausdorff distance. So by [27, Corollary 2.2.1, p. 47], for every
bounded subset D C E, x(F(t,D)) < B(t)x(D), for a.e. t € J, with B(t) = 3A for t € J. By
assuming

= Iv]“ | 1 mo ™2
— + A< (52
I'(q) ; I'(q ; (q m+1)<%) k; (k—1)! 3

for some ¢ € (0,9 — (m — 1)), then (Hy) and (Hg) are satisfied, since also 6 < 1. Finally,
applying Theorem 4.1, the problem (5.1) has a 1-antiperiodic solution.

Example 5.2. Let f, : ] R3 — 2R be multifunctions defined as:

fu(t, Xn—1,Xn, Xn41) = [—02Xn, A2Xy] + A3Xy_1 + AsXy11

when t € [0,1), and f,(t, Xy_1, X, Xus1) = [ — m TZTflt'al T;’lsff] when t € [,1] forany n € Z

and a;, i = 1,2,3,4 are constants. Then we define F : | x E — 2F as F(t,x) = {fu(t, Xn) }nezs
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and the condition (Hy) is easily verified. Note T = 1. Clearly ||F(t,0)| = 0 for t € [0,1)
and ||F(t,0)|| < || for t € [},1]. By arguing as in the previous example we can show that
h(F(t,x),F(t,y)) < 3max{|ay|, |as|, |as|}||x — y||. Hence the condition (Hyo) is satisfied with
¢(t) = 3A. By assuming (5.2), then (4.10) is satisfied. Finally, applying Theorem 4.2 the

problem (5.1) has a 1-antiperiodic solution.
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