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Some stability and boundedness conditions for non-autonomous

differential equations with deviating arguments
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Abstract

In this article, the author studies the stability and boundedness of solutions for the

non-autonomous third order differential equation with a deviating argument, r:

2"(t) + a(t)x” (t) + b(t)gr (¢ (t = 7)) + g2 (2'(1)) + h(z(t — 7))
=p(t,x(t),z(t —r),2'(t), 2" (t — 1), 2" (¢)),
where r > 0 is a constant. Sufficient conditions are obtained; a stability result in the

literature is improved and extended to the preceding equation for the case p(t, z(t), x(t —

r), @' (t),2'(t—r),2”(t)) = 0, and a new boundedness result is also established for the case

p(t,x(t),x(t —r), 2 (t), 2’ (t —r), 2" (t)) # 0.

1 Introduction

In 1968, Ponzo [10] considered the following nonlinear third order differential equation without

a deviating argument:

2" (t) + a(t)z” (t) + b(t)x'(t) + cx(t) = 0.

For the preceding equation, he constructed a positive definite Liapunov function with negative

semi-definite time derivative. This established the stability of the null solution.

In this paper, instead of the preceding equation, we consider the following non-autonomous
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third order differential equation with a deviating argument, r :

2 (t) + a(t)x” (t) + b(t)gr (z'(t — 7)) + g2(2'()) + h(z(t — 1))
= p(t, :C(t), x(t - T)’ x,(t)’ x,(t - T)’ :C”(t)),

which is equivalent to the system:

x'(t) = y(t),

y'(t) = 2(t),

2'(t) = —a(t)z(t) — b(t)g1 (y(t)) — h(x(t)) + b(t)t f 91 (y(s))z(s)ds @)
—g2(y(t)) +t_ft W (x(s))y(s)ds + p(t, z(t), z(t — ), y(t),y(t —r),2(1)),

where r is a positive constant; the functions a, b, g1, g2, h and p depend only on the arguments
displayed explicitly and the primes in Eq. (1) denote differentiation with respect to t € R =
[0,00). The functions a, b, g1, g2, h and p are assumed to be continuous for their all respective
arguments on R, RT, R, R, N and RT x N2, respectively. Assume also that the derivatives
a'(t) = La(t), V'(t) = £b(t), () = Lh(z) and g](y) = %gl (y) exist and are continuous;
throughout the paper z(¢), y(t) and z(t) are abbreviated as z, y and z, respectively. Finally,
the existence and uniqueness of solutions of Eq. (1) are assumed and all solutions considered

are supposed to be real valued.

The motivation of this paper has come by the result of Ponzo [10, Theorem 2]. Our
purpose here is to extend and improve the result established by Ponzo [10, Theorem 2] to
the preceding non-autonomous differential equation with the deviating argument r for the
asymptotic stability of null solution and the boundedness of all solutions, whenever p = 0
and p # 0 in Eq.(1), respectively.

At the same time, it is worth mentioning that one can recognize that by now many
significant theoretical results dealt with the stability and boundedness of solutions of nonlinear

differential equations of third order without delay:

2" (t) + ar2” () + axx’ (t) + azx(t) = p(t, z(t),2'(t), 2" (t)),
in which a1, as and az are not necessarily constants. In particular, one can refer to the
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book of Reissig et al. [11] as a survey and the papers of Ezeilo [4,5], Ezeilo and Tejumola
[6], Ponzo [10], Swick [14], Tung [16, 17, 18, 21], Tung and Ates [27] and the references
cited in these works for some publications performed on the topic. Besides, with respect our
observation from the literature, it can be seen some papers on the stability and boundedness
of solutions of nonlinear differential equations of third order with delay (see, for example,
the papers of Afuwape and Omeike [2], Omeike [9], Sadek [12], Sinha [13], Tejumola and
Tchegnani [15], Tung ([19, 20], [22-26]), Zhu [28]) and the references thereof).

It should be noted that, to the best of our knowledge, we did not find any work based on
the result of Ponzo [10, Theorem 2] in the literature. That is to say that, this work is the first
attempt carrying the result of Ponzo [10, Theorem 2] to certain non-autonomous differential
equations with deviating arguments. The assumptions will be established here are different

from that in the papers mentioned above.

2 Main Results

Let p(t,z,z(t — r),y,y(t — r),z) = 0. We establish the following theorem
Theorem 1. In addition to the basic assumptions imposed on the functions a(t), b(t),
g1, g2 and h appearing in Eq. (1), we assume that there are positive constants a, «, 3, by, bo,
B, ¢, ¢; and L such that the following conditions hold:
(i) a(t) > 2a4+a, B >b(t) > 3,
91(0) = 2(0) = h(0) = 0,

0<ecp <h(z)<e af—c>0,

91353/) > by > 1, 92—353/) > bo, (y #0) and ¢} (y)| < L.

(ii) [ab(t) — ] y? > 27 taa' (t)y? + V(¢ fg1

Then the null solution of Eq. (1) is stable, pr0v1ded

. { abs 2a }
r < min )

a(BL+2c¢)4+¢ BL2+a)+c
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Proof. To prove Theorem 1, we define a Lyapunov functional V (¢, x¢, y¢, 2¢) :

2V (t, e, ye, 2) =2°+2ayz+2b(t) fo g1(n)dn+2 [ 92(n d77+aa( )y*+2h(x)y

3
+2a [§ h(g)d§+>\1_f t{ y2(9)d0dg+)\2_f Hft 22(0)dbds, &

where A1 and A9 are some positive constants which will be specified later in the proof.

Now, from the assumptions glz(/y) >0 >1, 92—3(;4) >by, (y#0),and 0 < ¢; < h(x) < ¢, it
follows that
(t) J¢ g1 (m)dn=2b(t) [ L pdn > Bbry? > By?,
2f0 g2(n)dn= 2fy 2y > byy?,
=2 fo §)dé < 2¢ fo

The preceding inequalities lead to the following:

2V (t,x,ye ) = (2+ay)® + By + 67 h(2)]* + 20 [§ h(E)dE — 5h*(x)

0 t 0 t
+hoy? 4+ [ [ Y2(0)dOds+)e [ [ 22(0)dds
—r t+s —r t+s

> (2 + ay)? + Bly + B h(@)]? + 2 [T h(E)dE — % bf h(€)de

0 t 0 t
oo+ [ [ y2(0)dbds+Xe [ [ 2%(0)dOds.
—r t+s —r t+s

Now, it is clear

20 [ h(€)de — %

O%H

hE)de =26 (af - o) Of he)de
> 171 — c)a?
Hence

2V (t, wp, ye,2e) = (24 ay)? + Bly + B ()] + 27 1 B HaB — ¢)x? + bay?

0 ¢ 0t
+X1 [ [ y2(0)dbds+Xe [ [ 2%(0)dOds.
—r t+s —r t+s

The preceding inequality allows the existence of some positive constants D; , (i = 1, 2, 3),
such that

V(t,zt,y1, 2) > D12* + Day? + D32 > Dy(a* + y* + 27), (4)

0 ¢ 0 ¢
where Dy = min{Dy, Da, D3}, since [ [ y?(0)dfds > 0and [ [ 22(0)dfds > 0.
—r t+s —r t+s
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Now, along a trajectory of (2) we find

LV (s ynz) =— [abt)g(y)y™ + aga(y)y™ — I (z) — 27 ad/(1)] 2 +b’(t)zgl(n)dn
—[a(t) — a] 22 + 2b(t) ft g1 (y(s)z(s)ds + z j B (z(s))y(s)ds

t—r t—r
t
+ayb(t) [ gi( s)ds + ay f B (z(s))y(s)ds
t—r

t
+AyPr — A fy )ds + Ao2?r — Ao [ 22(s)ds.

t—r t—r

()
In view of the assumptions of Theorem 1 and the inequality 2 |mn| < m? + n2, we find the

following inequalities:
y
[ab(t)gr(y)y ™" + aga(y)y~ — W(z) — 27 ad ()] y? = V(1) [ gr(n)dn
0
> [ablb(t)+abg—c—2*1aa( ] y? = (t fgl
> [ab(t) — ] y? — 27 ad (t)y? — b/ (¢ fgl Ydn + aboy?
> a62y27

la(t) — a] 22 > (a +a)2?,

() [ glul)a(s)ds < Sors? 4 2 [ 2y
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The substituting of the preceding inequalities into (5) gives
%V(t,xt,yt, zt) < —% [aby — (aBL + ac + 2\)r]y? — %abez
—az? — 120 — (BL + ¢+ 2)))r] 22

+ 271 + a)e — M| j y2(s)ds

t—r

+[27'(1+ @)BL - )\Q]ft

t—r
Let \; (Ha)c and Ay = % . Hence we can write
LV (t, 2,91, 20) < —%[aby — (aBL + ac+ 2X\1)r] y? — Labey?
—az? — 120 — (BL + ¢+ 2\o)r] 22

Now, the last inequality implies

d
Ev(t Tey Ypy 2t) < — A3 y* — Mg 22

for some positive constants A3 and A4, provided

) { abs 20 }
r < min .

a(BL+2c)+c¢ BL(2+a)+c
This completes the proof of Theorem 1 (see also Burton [3], Hale [7], Krasovskii [8]).
For the case p(t,z,z(t — r),y,y(t — r),z) # 0, we establish the following theorem.

Theorem 2. Suppose that assumptions (i)-(ii) of Theorem 1 and the following condition

hold:

p(t, 2, 2(t = 7),y,y(t —7),2)| < q(t),

where ¢ € L'(0,00). Then, there exists a finite positive constant K such that the solution

x(t) of Eq. (1) defined by the initial functions

2(t) = ¢(t), 2 (t) = ¢/ (t), 2" (t) = ¢ (1)

satisfies

z(t)] < K, |2/ (t)] < K, |2"(t)] < K
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for all t > to , where ¢ € C?([tg — r,t0], ) , provided

< mi aby 2
r < min )
a(L +2¢)+c¢ BL2+a)+c
Proof. It is clear that under the assumptions of Theorem 2, the time derivative of

functional V (¢, z¢, yt, 2¢) satisfies the following:

d
Ev(tawtayh zt) S _)\3 y2 - )‘4 22 + (Cky + Z)p(t,x,x(t - T)ayay(t - T)7 Z)

Hence

d
21V Gz g 20) < Ds(lyl + |2)a(?), (6)

where D5 = max{1, a}.

In view of the inequalitiy |m| < 1+ m? | it follows from (6) that

d
@V(t,l“t,ytazt) < Ds5(2+y* +2%) q(t). (7)
By (4) and (7), we get that

AV (t,x,y0,2) < D5(2+ D7V (t e, ye, 2))q(t)
= 2D5q(t) + D5D4_1V(t7 Tt, Yt, Zt)q(t)

Integrating the preceding inequality from 0 to ¢, using the assumption ¢ € L'(0,00) and the

Gronwall-Reid-Bellman inequality, (see Ahmad and Rama Mohana Rao [1]), it follows that
¢
V(ta Tty Yt Zt) S V(O, Zo, Yo, ZO) + 2D5A + D5D21 f V(S’ TsyYs, ZS)Q(S)dS
0
¢
< A{V(0, z0, Y0, 20) + 2D5A} exp <D5D41 fq(s)ds) (8)
0

= {V(0,20,y0,20) + 2Ds A} exp(DsD; ' A) = K < o0,

oo
where K > 0 is a constant, K1 = {V (0,20, 0, 20) +2D5 A} exp(Ds Dt A), and A = [ ¢(s)ds.
0

Thus, we have from (4) and (8) that
12 + y2 + 22 S D4_1V(t7xt7yt7 Zt) S K7
where K = KlDZI.
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This fact completes the proof of Theorem 2.

Example. Consider nonlinear delay differential equation of third order:

")+ {11+ 1+ )" () +2(1 + e D/ (t —r) + 42 (t) + x(t —7) (©)

— 4
T 142422 (6) a2 (t—r)+a 2 () +a 2 (t—r)+a2 ()

Delay differential Eq. (9) may be expressed as the following system:

¥ =y
y =z
2 = {114+ 14+) e —20+e )y —4y—=z
¢ ¢
+2(14+e ) [ z(s)ds+ [ y(s)ds
t—r t—r
I 4

1+82+x24+22(t—r)+y2+y2(t—r)+22°

Clearly, Eq. (9) is special case of Eq. (1), and we have the following:
() =114+ —— >11=2x5+1
alt) = _ _
1+12 = ’

a=>H,a=1,

1
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=2 ",c=1,
2t
/ o t>
) =G 20
1
/

p(t,x,x(t - T),y,y(t - T)’ Z)

_ 4 4
= TP ) TP )T = T — q(t).

In view of the above discussion, it follows that

ab(t) = cly? = [4+5e P = = [ | 42— e 2

Yy
= 2d'(t)y* + b/ (t) [ g(n)dn,

0
o o
4
q(s)ds = mds =271 < 00,
0 0

that is, ¢ € L'(0, 00) and

< mi ab 2a ) 4 10 4

r < min =ming —,— p = —.
a(BL+2c)+c¢ BL(2+a)+c 31729 31

Thus all the assumptions of Theorems 1 and 2 hold. This shows that the null solution of Eq.

(9) is stable and all solutions of the same equation are bounded, when p(t, z, z(t — r)y, y(t —

r),z) = 0 and # 0, respectively.
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