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1 Introduction

The paper is concerned with integrodifferential equations with unbounded operator coeffi-
cients in a Hilbert space. The main part (d?u/dt> + A%u) of the equation under consideration
is an abstract hyperbolic-type equation disturbed by terms involving Volterra operators. These
equations can be looked upon as an abstract form of the Gurtin-Pipkin equation describing
thermal phenomena and heat transfer in materials with memory or wave propagation in vis-
coelastic media. A complete analysis and abundant examples of such equations in Banach
and Hilbert spaces can be found in [1-3,8-11,23].
Consider the following class of second-order abstract models

d2u

t
T + A%u + ku — /0 K(t —s)A%u(s)ds = f(t), te Ry, (1.1)

u(+0) = o,  uM(+0) = g1, (1.2)

where A is a positive self-adjoint operator with domain dom(A) C H, H is a Hilbert space,
and @o, @1, f(t) will be described later. The variable 6 is a real number in [0,1], k is a non-
negative constant and K is the kernel associated with the equation (1.1) (the Gurtin-Pipkin
equation). This type of equations appear in various branches of mechanics and physics, for
instance, in heat transfer with finite propagation speed [4], theory of viscoelastic media [2],
kinetic theory of gases [5], and thermal systems with memory [24].
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In heat theory and theory of viscoelastic media, the kernel K is determined empirically.
Properties of heat conduction with memory were studied, for example, in [15] with a smooth
function as a kernel. In [6], the solutions of control problems with compactly supported
boundary control and distributed control were studied.

In theory of viscoelasticity, a kernel K is also determined empirically. The curves thus
obtained are often approximated by a finite sum of exponentials in the form:

N
K(t) = ) ceexp(—yt).
k=1

Equations with structure and properties that are similar to the Gurtin-Pipkin equations also
appear in the kinetic theory of gases. In this theory the equations of a solid medium are
derived from the laws of pairwise interactions of molecules. A series of momentum equations
can be derived from the Boltzmann equation. Here, the momenta represented by coordi-
nates and velocities with respect to velocity variables with certain weights are average of the
distribution function for gas molecules in thermal equilibrium. In particular, the ordinary
components of the Navier-Stokes equations represented by velocity, pressure, and density
can be represented as momenta in a series of momentum equations.

Phenomena like isotropic materials and ionized atmosphere can also be modeled by the
Gurtin-Pipkin equation. For example, system (1.1)=(1.2) represents an isotropic viscoelastic
model if § = 1/2, k = 0 and A?u = —pAu — (A + u)V(divu), where y and A are the Lame
coefficients. Similarly, system (1.1)—(1.2) represents a model of ionized atmosphere if 6 = 0,
k > 0 and A? = —A (for more details, see [13,14]). Since the operators A? and A are both
positive self-adjoint operators, the operator A? is used instead of A.

We want to make it clear that we do not study stability of solutions of abstract inte-
grodifferential equation (1.1). We consider important to mention some results obtained in
[3,12-14], because in the papers [16,17,19] were obtained some results associated with asymp-
totic behavior of solutions for system (1.1)—(1.2) when 6 € [0,1], k = 0. Results related to
asymptotic behavior of solutions for systems with memory, for different 6 € [0,1], were ex-
tensively studied in recent years (see [3,12-14] and the references given therein). In [12], for
instance, Mufioz Rivera and co-authors showed that the solutions for system (1.1)—(1.2) with
6 € [0,1/2) and k = 0 decay polynomially as t — +oo, even if the kernel K decays exponen-
tially. Fabrizio and Lazzari in [3], assuming the exponential decay of kernel K, § = 1/2 and
k = 0, proved the exponential decay of the solutions for system (1.1)—(1.2). In [13], for the case
k > 0 and 0 = 0, Mufioz Rivera and co-authors showed that for the ionized atmosphere the
dissipation produced by the conductivity kernel alone is not enough to produce an exponen-
tial decay of the solution of an integrodifferential equation. In [14], for the case k = 0 and
6 = 1/2, Mufoz Rivera and Maria Naso proved that the solution of model (1.1)—(1.2) decays
exponentially to zero if so does the kernel K.

Vlasov and co-authors [18-20] also studied model (1.1)—(1.2) for the case 6 = 1 and
k = 0. They established the correct solvability of initial boundary value problems in weighted
Sobolev space on the positive semi-axis and examined spectral properties of the operator-
valued function L(A) = A2l 4+ k 4+ A2 — K(A)A%, where K(A) is the Laplace transform of
K(t). The generalization of aforementioned results was obtained in the recent paper [21]. On
the base of spectral analysis of operator function L(A) Vlasov and Rautian [22] obtained the
representation of solutions of model (1.1)—(1.2).

In the present work we obtain the correct solvability of system (1.1)—(1.2) in the cases k = 0
and 6 € [0,1]. The correct solvability of initial boundary problems for the specified equations
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is established in weighted Sobolev spaces on a positive semi-axis. Spectral properties of the
operator-valued function L(A) corresponding to system (1.2) for the cases 6 € [0,1] and k = 0
were obtained in [16,17].

The paper is divided into four sections. Section 1 gives a brief introduction to the subject
matter and describes applications of the Gurtin-Pipkin equation. The main results on the
correct solvability for the case 6 € [0,1] and k = 0 are formulated in the Section 2. The proof
of these results are given in Section 3. Section 4 contains a comment concerning the spectra of
operator-valued function L(A).

Throughout the paper, the expression a < b will mean that a < Cb, C > 0, and a ~ b will
be used to write thata < b < a.

2 Correct solvability

Let H be a separable Hilbert space and let A be a self-adjoint positive operator in H with
compact inverse. We associate the domain dom(AF) of the operator Af, B > 0, with a Hilbert
space Hy by introducing on dom(AF) the norm | - |3 = || AP - ||, which is equivalent to the
graph norm of the operator AP. We denote by {e,}*_, the orthonormal basis formed by the
eigenvectors of A corresponding to its eigenvalues a, such that Ae, = a,e,, n € IN. The
eigenvalues a, are arranged in increasing order and counted according to multiplicity; that is,
O<amy<ap<---<ag,<---,wherea, — coasn — +oo.

We denote by W} (R, A") the Sobolev space consisting of vector-functions on the semi-
axis Ry = (0,00) with values in H; this space will be equipped with the norm

) 1/2
el 0 = ([T (WO + AR a) L o

For a complete description of the space ng(]RJr, A™) and some of its properties we refer to
the monograph [7, Chapter I]. For 7 = 0 we write W}(R, A") = W}(R, A"). This space is
endowed with the norm

00 1/2
b, = ([ (OO + 4o 1) )

For n = 0, set Wgﬁ(]RJF,AO) = Ly, (R4, H), where L, (R, H) denotes the space of measur-
able vector functions with values in H, equipped with the norm

) 1/2
llisaean = ([ e 2 IsORa) =0

Let us consider the following system on the semi-axis Ry = (0, c0):

d2 t
H§+A%_AK0—@M%@%=fm, 0 € [0,1], @1)

u(+0) = @0,  uM(+0) = g1. (2.2)

It is assumed that the vector-valued function A>~?f(t) belongs to L, (R+, H) for some pg > 0,
and the scalar function K(t) admits the representation K(t) = Y%, cje” "', where ¢; > 0,
Yji+1>79j > 0,j €N, j = +oo (j = +00). Moreover, we assume that

[e]

a) Y L<i, b) ) ¢ < +oo.
=17 =1
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Note that if a) holds, then K € L1 (IR ) and [|K||,(g,) < 1. If 2) and b) are both satisfied, then
the kernel K belongs to Sobolev space W] (R).

Definition 2.1. A vector-valued function u is called a strong solution of system (2.1)—(2.2) if, for
some y >0, u € WZZ/V(JRJF, Az) satisfies the equation (2.1) almost everywhere on the semi-axis
R, and u also satisfies the initial condition (2.2).

In [19, Theorem 1] it was shown the existence of a strong solution # and system (2.1)—(2.2)
for 6 = 1 was proved to be correctly solvable. In the present paper we establish the correct
solvability of system (2.1)-(2.2) for 8 € [0,1]. The result obtained here is more general than
that of [19, Theorem 1], although both results coincide for 6 = 1.

Theorem 2.2. Suppose that, for all 6 € [0, 1] and for some pg > 0, A2~ f(t) belongs to Ly (R, H).

1) If conditions a) and b) both hold, and @9 € Hy, ¢1 € Hy for all 0 € [0,1] then there is a
© > po such that for any v > p, system (2.1)~(2.2) has a unique solution in the Sobolev space
W3, (R, A%) and this solution satisfies the estimate

lellwz, (v, ,02) < 4 (HAZ_GfH%M(m,H) + [|A%@ol|1 + HA(PIHH) , (2.3)
where the constant d is independent of the vector-valued function f and the vectors o, ¢1.

2) If condition a) is satisfied, but condition b) does not hold (i.e., K(t) € Wi (IR+)) and ¢o € Hag,
@1 € Hyqg for all 6 € (0,1] then there is a p > pg such that for any vy > p system (2.1)-(2.2) has
a unique solution in Sobolev space W22,7(1R+, A?) and this solution satisfies the estimate

||uHW22/7(1R+,A2) <d (||A279f||%m(11<+,H) + [|AZ o | + ||A1+6(P1||H> , (2.4)
where the constant d is independent of the vector-valued function f and the vectors o, ¢1.

From Theorem 2.2 we obtain the correct solvability of system (2.1)-(2.2) in the Sobolev
space W2((0,T), A%), for every T > 0, where the space W2((0,T), A?) is equipped with the
norm

T 1/2
Ilhwgcom = ( ) (I + 1A% ) dr)

Corollary 2.3. Suppose that, for all 6 € [0,1] and for some py > 0, A2~ f(t) belongs to Ly o, (R+, H).

1) If condition 1) of Theorem 2.2 is satisfied, then for an arbitrary T > O the following estimate of the
solution u is valid

lullwz((,1),22) < &V<||A2_9f||%2,7(112+,m + (| A%gollx + ||A§01||H> , (2.5)

where the constant d is independent of the vector-valued function f and the vectors ¢g, @1.

2) If condition 2) of Theorem 2.2 is satisfied, then for an arbitrary T > O the following estimate of the
solution u is valid

lullwz((0,1),42) < j(HAz_efH%M(m,H) + 1A% gol|r + HAHG%HH) , (2.6)

where the constant d is independent of the vector-valued function f and the vectors @o, @1.
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3 Proof of Theorem 2.2

In the case of homogeneous initial conditions ¢9 = ¢; = 0 we need to establish the correct
solvability of the Cauchy problem for hyperbolic equations through the Laplace transform.
We give here some well-known facts that will be used later.

Definition 3.1. The Hardy space Hy(ReA > v, H) is the class of holomorphic (or analytic)
functions f(A) on the right half-plane {A € C : ReA > 4 > 0} values in H. The space
H(Re A > v, H) is endowed with the norm

1/2
. +oo , _
171t e 10y = ( sup [ F e+ i)l dy) <o, (A=x-+iy).

ReA>qy v —

Let us formulate a well-known Paley—Wiener theorem about the Hardy space
Hy(ReA > v, H).

Theorem 3.2 (Paley—Wiener).

1. The space Hy(Re A > v, H) coincides with the set of vector-valued functions (Laplace transforms),
which admit the representation

A

f(A e Mf(t) dt, (3.1)

==k
where f(t) € Ly, (Ry,H),A € C,ReA >y >0.

2. For any f(A) € Ha(ReA > v, H) there is exactly one representation of the form (3.1), where
f(t) € Ly, (R4, H). Moreover, the following inversion formula holds:

f) = ——= [ " ia+ine iy, teR., 320
F

3. For f(A) € Hy(Re A > 7, H) and f(t) € Lo, (R, H) as in (3.1), the following relation holds:
—+o0

[FO s mersiny = sup |1 f(e+iy) |y
Re A>vy

= /0 e F(O I3t = 1F DI, -

Proof. We begin with the proof of Theorem 2.2 in the case of homogeneous initial conditions
¢o = ¢1 = 0. We note that the Laplace transform 7i(\) of any strong solution of equation (2.1)
with the initial condition (2.2) has the form

a(A) =L (A)f(A), (3.2)

where the operator-valued function L(A) is the symbol of equation (2.1), which can be repre-
sented as

L(A) = A2T + A2 = K(A) A% .= A% + A% — (Z

A¥, 0 <6<1. (3.3)
oAt 7k>

Here the operator I is the identity operator in the Hilbert space H.
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If we can prove that the vector-valued function of equation (3.2) is such that A%4(A) and
A?1(A) both belong to the Hardy space Hp(ReA > v, H) for some ¢ > pp > 0, then by the
Paley-Wiener theorem we will be able to prove that A?u(t) and d?u(t)/dt* both belong to
Ly, (R4, H), which would imply that u(t) € WZZIW(IRJF,Az). Then, the solvability of system
(2.1)=(2.2) in the Sobolev space WZZ, LRy, A?) will be established.

With that idea in our mind, let us consider the projection #,(A) of the vector-valued func-
tion 71(A) on the one-dimensional subspace spanned by the vector e,:

0, (A) = €, (M) fu(A), (3.4)

where f,(A) = (

—
R
>
=
Q
=]
Q.

L a2, 2 20 oocik
(1) = (LN ew en) = X+ @ — (,EAW)'

The restriction of A%4(A) to the one-dimensional space spanned by e, has the form

24 a58n (1)

(A%0(N),en) ()’ 0<6<1, (3.5)
where §,(A) is the nth coordinate of the vector function (1) = A2?f(A). According to the
hypotheses of Theorem 2.2, the vector-valued function g(t) = A2~%f(t) belongs to the space
Ly, (R4, H). Consequently, the Laplace transform ¢(A) of the function g(t) belongs to Hardy
space Hy(Re A > po, H).

In order to prove that A%i(A) belongs to Hy(ReA > <, H), it is enough to establish the
estimate

0
sup n ' < const, forall 6 € [0,1], (3.6)
ReA>q g" (A)
nelN

which is uniform with respect to A(Re A > ) and n € N.
For that purpose, we consider the function m,(A) = % We estimate this function from

below by means of its real and imaginary parts:

X2 —y? 1 (¢ alr+m)
Rem;,(A) = +1—-—— ——— |, A=x+1y,
(A) a2 200 <k_21 (x4 702 + 12 Yy

_y .y (G
Imm,(A) = P + 2(1-0) (Z (X+’Yk)2+y2>‘

n an k=1

First, we seek a lower bound for |[Imm,(A)| with |y| > x, where x > v > p; > 0:

\Imm ()\)’ > 2X|y| 1 - Ck > Z’sz—f—ko(’Y)“%H
" a; |y|ai(179) k=1 <1+ﬁ)2+1 lylaz ’
Iyl
where ko () = m Hence, for |y| > x with x > 7 > p; > 0 we have
K2

1 1 ly| 1
< < < :
(M| ai[Tmmu (M) 2992 +ko(V)ai’  af\/27 - ko(7)

(3.7)
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Second, we estimate |[Rem,(A)| from below with |y| < x, where x > v > p; > 0. For fixed
€ it is possible to find a N = N(e¢) such that

[ee]

D P S I S ) (3.8)
N YT SR e 2

In turn for the finite sum Y, it is possible to find a p* > 0 such that for x > p* >0,

Ck
X4k

N
<€
i 3.9
; + Vk ) 39)
Hence from (3.8) and (3.9) we obtain the following inequality
2 e, x>p">0. (3.10)

+’Yk

We know that the sequence {a,}?> ; is such that a4, — oo when n — oo and the eigenvalues
a, are arranged in increasing order Hence we can choose a sufficiently small € > 0 such that

€< a%(l_e) /2. Consequently for x > p* > 0 the following inequality holds

0 o(x+ Vk) Y1 x+'yk d 1
< 3.11
1912 (x+ 702+ 92 200 ; +’Yk (3.11)
It follows that
1 d Cr ad 1
Rem,(A)| > (1 — > |1 =
’ n( )| ai(l,g)kg;x_}_,yk ‘ 1 0) ; +’)’k 2
Therefore, for |y| < x, with x > p = max(po, p1,p*) > 0, we have
1 1 1 2
< < <= (3.12)
[6a(A)] — af [Remy (A)] a2 (1 S a;
X+'Yk
From estimates (3.7) and (3.12) we obtain
0
i i
, >x>7>p1 20,
LW =V kY !
it } 2 < 2 lyl <x, x>p>0
én ()\) a%_e a%_er ]/ 4 p .
Therefore, for v > max{pj, p} we have
0
a, 2
sup < , forall@ e [0,1]. (3.13)
ly(A) ‘ : ) 2-6
ReA>y | n min ( 29 -ko(y), a3 )
Remark 3.3. Estimate (3.13) implies that
sup HAQ )H < const. (3.14)

Re A>y
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The Hardy space Hx(Re A > v, H) is invariant with respect to multiplication of functions

of the form %, since they are analytic and bounded in view of (3.13). Consequently, ¢(A) =

(A
A% %f(A) € Hy(Re A > v, H) implies that A%i(1) belongs to Hy(Re A > -y, H).
Let us establish the estimate for the norm of the vector-valued function AZu(t) €
Ly (R, H). From (3.2) it follows that
A%0(A) = ALY (M) f(A) = APL7LH(A) A28 F (). (3.15)

This function can be represented in the form

_y a
k=1 gk(/\)

ﬂi_efk()\)ek

According to the hypothesis of Theorem 2.2, the vector-valued function A%>~%f(t) belongs to
Ly, (R4, H). Therefore, by the Paley-Wiener theorem, A2~¢ f(A) € Hy(Re A > po, H) and

1477 F gy ) = 1A Flltme oty
0

By (3.13) and Paley-Wiener theorem, the following relations hold for y > p:

1A2u(D)IIZ, ) = 1A e sy, iy = [A'LTH (A A2 F My Reas )

But
Joo 00 a@ 2
AL A0 f 17 = su E-ai P f(M)] | d
|| f||H2(Re)L>'y,H) ReAE'y e I<:Z:1 gk()\) k f( ) Y
2 +00
a0
< su k_| . su / 0 f(N) (3.16)
ReAE’y Ek()\) Re)\g'y_oo <l§‘ f ‘ y
keIN
2 |
< su k AZ_GA
> REAEV fk(/\) || f( )||H2 (ReA>v,H)
keIN
< dj|| A0 ||%M(1R+,H)f
where
aj
di = su .
' Ry | (M)
keIN

This shows that A%u(t) belongs to Ly, (R4, H), for v > g, and the following inequality

1A%y, ) < i (1420 F Dy, ) (3.17)

holds.
Now let us prove that A%# also belongs to Ha(Re A > v, H). We set

~ Ck
K(A) = .
(A) k;AJer
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Note that for Re A > v we can write the identity operator I as
[=ALY(A) + (1 - IZ(A)A—2<1—9>> A2L7Y(A).
Hence, for Re A > 7y, we obtain
fa) =221 )f( )+ ( < >Af2“*”).A?L*4<A>f<A>
= A2 ( >) APLY(A) A0 F(0). (3.18)

Here, A2 ?f(A) € Hy(Re A > v, H) and SUPRe A~ |[A’L71(A)]| < const. From (3.18) it follows
that

/\

~

20(0) = f(A) — (1 - K(A)A*ZU*@)) ALY (M) AR (M), (3.19)

Therefore, the function A%#,,(A) can be represented in the form

- K(A) al
2, _ _ (1= n_s
iy (A) = fu(A) (1 ai(19)> En()t)g"(/\)' (3.20)
From the assumptions imposed on the sequences {ci}5>; and {7k }i~;, we have that the func-
tion K(A) is analytic and bounded on the right half-plane Re A > 0. From the inequality (3.11)
for x > p and for all n € IN we have

K(p)
2(1-6)

1—

N W

< (3.21)

a

Since the vector-function A27%f(t) € Ly, (R4, H), it follows that its Laplace transform
A27%f(A) belongs to Hardy space Hy(Re A > 7, H). It implies that

+Oo 2~ . .
1A% F IR, (Re A s 1) = Sup [ HAHf(x +iy)|fdy < +o0, A =x+iy.
ReA>y

Hence we obtain the following relation

1A%~ efHHz (ReA>v,H) — SUP (Z a5 fu(x + iy)| ) dy

Re A>vy
nelN

> sup 4> 9)/ (Zlfn x+iy)| )dy

ReA>vy
nelN

2(2-6 oo 4 .
=a;%" sup £ (x + iy) [3dy
ReA>y /=

,9 N
= a7 F ), (Rens - (3.22)

For that reason, f(A) € Hy(ReA > v, H) and f(t) € Ly, (R+, H). Now, taking into account
(3.13) and (3.22) we obtain the following estimate:

A | o
—r - su 5, (M) |2dy < +oo.
amﬁ>kﬁng(”y

nelN

1
sup / A%, (A)Pdy < sup (2(29) +4
ReA>7 Reﬁﬁ a,
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Therefore A, (A) € Hy(ReA > 7,C) and L u,(t) € Ly, (R, C).
By (3.13) and Paley—Wiener theorem we have

2
= [A%a(A)[13,

d2
—su(t)
H dt> Lo, (R, H)

F) — (1= RA)A21-0) 48110y 420 F ()|
Ho

1 aa _ na
< mllz‘l2 FMIBy, +4IALTH M) AP (M) |13,

1
2

1 . a? . (3.23)
< —— AT P Q)3 +4 su k A2 £(A)]|2
e 147 F MR +4 sup |7 5| 1450
kelN
2
< | +2 sup % A% F ()5
aiie ReA>y Ek(/\> 2

kelN
< d%||A2_9f||%2,7(R+,H)’

where H; := Hy(ReA > o, H) and dp = (az%g +2d1). Hence, ;—;u(t) € Ly, (R4, H) and the
inequality !

holds. Accordingly, combining estimates (3.17) and (3.24), we come to the desired inequality

(6 g ) < @ (142 Flea ey ) (325)

where the constant d is independent of f. Consequently, this implies that the equation (2.1)
has a solution u(t), which belongs to Sobolev space W§’7(R+, A?).
Now, let us prove that the solution u(t) satisfies the initial conditions u(+0) = 0 and
M =
u\(+0) = 0.

d2
E”(t)

< d, ([|AZf]) (3.24)
Ly (R4, H) ( f LZ:’Y(R+/H)>

Remark 3.4. If p(A) € Hy(ReA > v,C), then for any # > < there is a sequence {7 }>; such
that limy_, 77x = +o0 and

U
lim/ |@(x £iny)|dx = 0.
g

k—oc0

Proof. Indeed, for any 1 > < and 7, > 0, we have

Tk Ul o\ N[ e o
([ oGt in)Pax)dy < [7( [ lpleinoPdy) dx < +oo.
= \J ¥ —c0

Therefore, for any # > 0 there is a sequence {1}z, such that its limit tends to 4-co as k — o
and

1
lim/ lp(x £ ing)[Pdx = 0.
7

k—00

Now it remains to use the Cauchy inequality. O
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The above argument shows that u(t) € L, (R4, H), which implies that #1(A) belongs to
space Hy(ReA > v, H) and i1,(A) belongs to Hy(ReA > v, C). Let us prove, moreover, that
AMiy(A) € Hy(ReA > ,C). Indeed, since A%#l,(A) belongs to Hardy space Ha(Re A > 7,C),
we have

+o0
(R Re A
sup | |(ReA+iy)i,(ReA +iy)[*dy = sup T I(Re A + iy) un( e +iy)?
Re)\>'y Re)\>'y Re)\ y
nelN WEN

1
< — sup /\/\zun (A)Pdy < +oo.

’)’Re)\>'y
nelN
By the Paley—Wiener theorem,
1 1k y+ifk
1y (+0) = —— lim / i (x + iy)dy = Fnlklinoo / 1, (A)dA
—Mk — Uk
7+i17k
ﬁ)(11)(+0) rnlkgnoo/(eriy)ﬁn(eriy)dy— Fﬂ%gnoo / Al (A)dA.
Mk — ]k

Since the functions 1, (40) and a )(+O) are analytic functions on the right half-plane Re A >

v > 0, it follows from Cauchy’s theorem that, for any # > v,

Y+in —in n+in URRL
/ (M)A = (/ —/ +/ )ﬁn(/\)d/\
Y—inx — iy Y+ink =ik

1 1
_/ . x—ziyk)dx—/ un(x+li7k)dx+l/ k in(n + iy)dy,
Y Mk

ik H—ink 1+ink n+ink
/ Al (A)dA = < / - / + / >Aﬁn()\)d)\
Y—ink Y—in Y+ink n—ink

Ui Ui
= / (x — ing) iy (x — iy )dx — / (x + ing) iy (x + iy ) dx
¥ ¥

and

[ L .
+1/W (7 4 iy) i (1 + iy)dy.
— Mk

According to Remark 3.4 and the fact that A%i1, (1) € Hy(Re A > 7, C) we have
U
lim / [0, (x £ i) |*dx = 0,

k—oc0 a%

U
lim / |(x % i)y (x £ i) |2dx = 0.

k—o0 a%

Thus, for n > v,

+o0 24 .
i, (+0)] < C1 lim ]un(17+1y)|dy G / (7 +iy) ”n(’7+1y)‘d

T (1 +1y)?
too 1/2 teo d 1/2
< wratr i) (|7 )
<G </_w |7+ iy)"an(y +iy) |"dy o 1)

1

< 7 (3.26)
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+ i) (7 +
2 (+0)] < & Jim /!n+1y)un(n+zy)!dy C /‘ 1 + i) i (1 ty)‘ y

n+iy
Tk
s ‘ ‘ 12 / heo g 1/2
<G (/oo |(f7+ly)2ﬁn(17+zy)!2dy> (/w Py fyz)
1
S (3.27)

Here, C; := \/szn From inequalities (3.26) and (3.27) it follows that u(+0) = 0 and u(Y) (+0) =
0as#y — +oo.
Finally, let us prove that the solution u(t) satisfies the equation (2.1). By Paley—Wiener

theorem,
7 Y+in

— : -1 N\ £ (v+iy)t £ At
u(t) =G lim [ L= (y+iy)f(r +iy)e dy = ngrfw L7 (M) f(A)eMdA,

- Zip

where C; := ﬁ Consequently, we get

d2
) = f,,liﬂf.‘m / et

A%u(t) =

2ZL7H ) f(A)eMda, (3.28)

lim / T 2L (W) P )eMdA, 3.29
i [T L)) 629

t Y+in o

26, Ck 26 7 At

O/K §) A%y (s)ds — cﬂgrfw / (Z/\+7k>A LT f(V)eMdr.  (3.30)
-]

From (3.28)—(3.30) it follows that u(t) satisfies equation (2.1).
Let us turn to the proof of Theorem 2.2 in the case of nonhomogeneous initial conditions.
For system (2.1)—(2.2) we define u(t) by means of

u(t) := cos(At)po + A~ sin(At) @1 + w(t).

Then for the function w(t) we obtain the following system

d2 t
Saw(t) + A%(t) - /0 K(t —s)A%®w(s)ds = fi(t), teR,,

w(+0) = wM(40) =0,
where fi(t) = () — h(t) and
h(t) = /O "K(t — 5)A% (cos(As)go + A~ sin(As) g1 ) ds, (3.31)
A0 (1) = /0 "K(t— ) (AM cos(As) g + A0 sin(As)(pl) ds. (3.32)

Let us prove that the vector-valued function f; (¢) satisfies the hypotheses of Theorem 2.2 with
homogeneous initial conditions. Indeed,

142 )yt < A2 F Ol ity + 142 By
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Now, it remains to estimate the norm ||A2=%h(t)|| Ly, (R, H)-
1. Suppose that condition b) holds. A direct integration shows that

t
/ e =5) cos(As)ds = (A% +73I) - {7e{cos(At) —e ™I} + Asin(At)}, (3.33)
0

t
/ e (=) gin(As)ds = (A% +921) ! {A{e ] — cos(At)} + v sin(At) } . (3.34)
0

In what follows we will use the following argument.

Remark 3.5. The following inequality holds
1|2 _ _
|22 7| S atla b (3.35)

Proof. Indeed, note that for any vector v € H, ||v||g = 1, the following relations are valid:

o]

-1 2 o
H(A2+fy,31) UHH=Z(EI%+7;< 042 < Zan'rk ) oal* = 72 A 0l

n=1 n=1
where v, = (v,¢,). The above inequality implies (3.35), because the operator A is self-adjoint
and -y is positive. O

Using (3.31), (3.33), (3.34), (3.35) and inequalities | cos(At)|| < 1, ||sin(Af)|| < 1, we
readily obtain the following result:

t
o Yk(t=s) {A2+9 cos(At)pg + AT Sin(At)(Pl} ds

1A% Rh(B)| s,y = || 2 c
Loy
Ry A?*0 Ly {cos(At) —e ™} + Asin(At)} (po} .
2,y
Ry,AY O LA{e ™ — cos(At)} + yrsin(At)} ¢ .
2y
= cos(an R AT g0+ [le R AT g
[:2,7 ‘c2l’Y
+ Hsin(At)RvA“" o+ He’”*kthA”Q )
+ "cos(At)RvA2+9g01‘ + Hsin(At)Rv'ykA”Gq)l‘
,Czﬁ [:2,7
d —1
Z Ck,)/k,)/ lA 1A2+9 Z (A2 T 7%1) A3+9€00
k=1 H = H

Z A2 + ,)/21 A2+9¢1 Z Ck’Yk’)/]:lA_lAl+9(/)l
k=1

H

<2)a (1A goll + 14°p1 1), (3.36)
k=1

H

where R, := Y22, ¢ (A% + ’y%I)*l and Lo, := L, (R4, H).
Thus, from (3.25) and the last estimate (3.36), we get

||wHW22,7(]R+,H) < dHA%elequ(m,H)

<d (142 (O ley, ) + 1A olli + [ A1) . 337)
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The estimate of
[o()lwz, (x4 == lcos(ADqullwg e, ae) + 1A~ sin(AD g1z (s, 42

is immediate. Indeed,

I cos(Agolfiy . = [ €2 (142 cos(AD)golly + [ 4% cos(At) gl ) d
0

<2 / e (|| A2qy||%) dt < —||A2(po||H, (3.38)
0
|4 sin(AD @1y a0 = [ €27 (| Asin(At)gu [ + | Asin(At)g1 ) d
0

<2 [ (lApilfy) de <l Agulf (339
0

This means that ¢y € dom(A?) = H, and ¢; € dom(A) = H;. Now the first estimate of
Theorem 2.2 follows from (3.37) and (3.38)—(3.39),

1 ()lwz, iy < 4 (1A F Oy e + 1 A200lm + [ Agilla)

where the constant d is independent of the vector-valued function f and the vectors ¢o, ¢1.
2. Suppose now that condition b) does not hold. Then a) and (3.31) imply that

t o0
HAZ*Bh(t) H£27 = H/ Z Cke*’Yk(f*S) {A2+9 cos(As)po + Ao Sin(AS)(pl} ds
' 0 k=1

Loy

[ee]

—= & (142 ol + | A% g ),

—_

where £, := Ly, (R4, H).
Therefore, for all 6 € [0, 1] we have

lwllwz, . m) < | A fill gy, (r, )

< d (|42 F (1) |1y, ) + 114 gollis + | A 1|11
Consequently, the second estimate of Theorem 2.2 is as follows,
() llwz, () < d <HA279f(t)HLM(]R+,H) + | A gy + HA”G%HH) ,

where the constant d is independent of the vector-valued function f and the vectors ¢o, ¢1. O

4 Comments

In the papers [16,17] the structure of spectra of operator-valued function L(A) was studied.
By spectrum ¢(L) = C \ p(L) of operator-valued function L(A), where p(L) is the resolvent
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set of L(A), we understand as the closure of the union of the sets of zeroes of the function

0p(A) = A2+ a2 (ai(lff?) Yy )LJCrk’Yk)’ ie.,

T(L) = (U qAni) U (US4 Ax),

where {A,,}7_; and {A;; }52 are the real zeroes and complex-conjugate zeroes, respectively,
of function ¢,(A). It is important to underline that the spectrum ¢(L) of operator-valued
function L(A) is contained in the left half-plane, if both conditions a) and a; > 1 are satisfied.
Indeed, the function ¢(A) = A2, where A = x + iy, maps the upper right quadrant ¢/, :=
{A € C:0 < arg(A) < m/2} onto the upper half-plane ImA > 0. In turn, the function

p(A) = a®( - a0+ Yoe1 Aikvk) maps the angle ¢,/, into lower half-plane ImA < 0.
Thus the equation ¢(A) = ¢(A), which is equivalent to the equation ¢,(A) = 0, has no
solutions within the angle ¢, ,,. Since the function ¢,(A) has real coefficients, the non-real
zeroes are complex-conjugate zeroes of ¢,(A). Therefore, the equation ¢,(A) = 0 has no
zeroes within the lower right quadrant ¢_,,, := {A € C: —7m/2 < arg(A) < 0}. Itis
also clear that the equation ¢@(x) = (x) has no solutions lying on the semi-axis (0, +c0),
under the assumption that a; > 1. Consequently, the equation ¢(A) = ¢(A) has no solutions
for such A on which ReA > 0. We note also that on the imaginary axis and at the origin
(0,0) of the complex plane C there are no points of the spectrum ¢(L) of operator-valued
function L(A). In fact, for y # 0, Im £, (iy) = y( Loy yzjfﬂrz)afﬁ # 0. For x = y = 0, we have
Re ¢, (0) = a2? (ai(l_e) — Y1 o) > 0 under the assumpti(;n that a; > 1.

As a result of the aforementioned, the analysis about the stability of solutions for system
(2.1)-(2.2) becomes an important subject. But in this paper we have focused only on correct

solvability of system (2.1)—(2.2).
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