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Abstract

We investigate extinction properties of solutions for the homogeneous Dirichlet bound-
ary value problem of the nonlocal reaction-diffusion equation u; —dAu+ku? = [, u(x,t) dx
with p,q € (0,1) and k,d > 0. We show that ¢ = p is the critical extinction exponent.
Moreover, the precise decay estimates of solutions before the occurrence of the extinction
are derived.
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1 Introduction and main results

This paper is devoted to the extinction properties of solutions for the following diffusion equa-

tion with nonlocal reaction

up — dAu + kuf = / ul(z,t)de, x€Q, t>0, (1.1)
Q

subject to the initial and boundary value conditions
u(xz,t) =0, x€0Q, t>0, (1.2)

u(z,0) = up(z), =€, (1.3)

where p,q € (0,1), k,d > 0, @ C RY(N > 2) is an bounded domain with smooth boundary
and ug(z) € L>(2) N Wol’2(Q) is a nonzero non-negative function.

Many physical phenomena were formulated into nonlocal mathematical models ([2, 3, 6, 7])
and there are a large number of papers dealing with the reaction-diffusion equations with
nonlocal reactions or nonlocal boundary conditions (see [18, 20, 21, 23] and the references
therein). In particular, M. Wang and Y. Wang [23] studied problem (1.1)—(1.3) for p,q €
[1,+00) and concluded that: the blow-up occurs for large initial data if ¢ > p > 1 while all
solutions exist globally if 1 < g < p; in case of p = ¢, the issue depends on the comparison of
|2| and k. For further studies of problem (1.1)—(1.3) we refer the read to [1, 13, 14, 19, 26]

and the references therein. In all the above works, p,q € [1,+00) was assumed.
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Extinction is the phenomenon whereby the evolution of some nontrivial initial data ug(z)
produces a nontrivial solution u(z,t) in a time interval 0 < ¢ < T and then u(z,t) = 0 for all
(z,t) € Q x [T, 400). It is an important property of solutions for many evolution equations
which have been studied extensively by many researchers. Especially, there are some papers

concerning the extinction for the following semilinear parabolic equation for special cases
ur — dAu + kuP = i, x€Q, t>0, (1.4)

where p € (0,1) and ¢ € (0,1]. In case A = 0, it is well-known that solutions of problem
(1.2)—(1.4) vanishes within a finite time. Evans and Knerr [9] established this for the Cauchy
problem by constructing a suitable comparison function. Fukuda [10] studied problem (1.2)—
(1.4) with A > 0 and ¢ = 1 and concluded that: when A < Aq, the term Awu dominates the
term Au so that solutions of problem (1.2)—(1.4) behave the same as those of (1.2)—(1.4) with
A =0; when A > Ay and [, wop(z)dz > (A — Al)_ﬁ, solutions of problem (1.2)—(1.4) grow
up to infinity as ¢ — oco. Here, \; is the first eigenvalue of —A with zero Dirichlet boundary
condition and ¢(z) > 0 in Q with max ¢(x) = 1 is the eigenfunction corresponding to the
eigenvalue \;. Yan and Mu [24] investigated problem (1.2)—(1.4) with 0 < p < ¢ < 1 and
N > 2(q—p)/(1 —p) and obtained that the non-negative weak solution of problem (1.2)—(1.4)
vanishes in finite time for any initial data provided that k is appropriately large. For papers
concerning the extinction for the porous medium equation or the p-Laplacian equation, we
refer the reader to [8, 11, 12, 15, 16, 22, 25] and the references therein. Recently, the present
author [17] considered the extinction properties of solutions for the homogeneous Dirichlet

boundary value problem of the p-Laplacian equation
uy — div (\Vu]p_ZVu) +pul =X", €, t>0.

But as far as we know, no work is found to deal with the extinction properties of solutions for
problem (1.1)—(1.3) which contains a nonlocal reaction term.

The purpose of the present paper is to investigate the extinction properties of solutions for
the nonlocal reaction-diffusion problem (1.1)—(1.3). Our results below show that ¢ = p is the
critical extinction exponent for the weak solution of problem (1.1)—(1.3): if 0 < p < g < 1, the
non-negative weak solution vanishes in finite time provided that |Q2| is appropriately small or
k is appropriately large; if 0 < g < p < 1, the weak solution cannot vanish in finite time for
any non-negative initial data; if 0 < ¢ = p < 1, the weak solution cannot vanish in finite time
for any non-negative initial data when k < [, 99(x)dz/M? (< |Q), while it vanishes in finite
time for any initial data ug when k& > |Q2|. Here ¢ (z) is the unique positive solution of the
linear elliptic problem

—AyYp=1inQ; Y =0 on 9N (1.5)

and M = max ¥(z). This is quite different from that of local reaction case, in which the first
TE

eigenvalue of the Dirichlet problem plays a role in the critical case (see [8, 12, 15, 22, 25]).
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Moreover, the precise decay estimates of solutions before the occurrence of the extinction will

be derived.

We now state our main results.

Theorem 1 Assume that 0 <p < q < 1.

1) If N < 4(q — p)/[(1 —p)(1 — q)], the non-negative weak solution of problem (1.1)—(1.3)
vanishes in finite time provided that the initial data uy (or |Q|) is appropriately small or k is
appropriately large.

2) If N = 4(q¢ — p)/[(1 — p)(1 — q)], the non-negative weak solution of problem (1.1)—(1.3)
vanishes in finite time for any initial data provided that || is appropriately small or k is
appropriately large.

3) If N > 4(q —p)/[(1 —p)(1 — q)], the non-negative weak solution of problem (1.1)—(1.3)
vanishes in finite time for any initial data provided that || is appropriately small or k is
appropriately large.

Moreover, one has

[u(,t)ll2 < [luoll2 e, tel0,11),

1

_ k (o _ k 2-64
HM@MsKmum%%+aﬁyﬂ”mmﬁm—a%] L teln.Ty),

Ju(,t)]l2 =0, € [T}, +0),

for N <4(q—p)/[(1-p)(1 —q)],

3—q 3—q
e k=102 ki — Q2
1—q | F1L— 3] 2 (=q)diat _ 2L 7194 7
-t <
mm>m_[0mw2-+ i )e ih

1
1—q

, t€]0,Ty),

[u(-,t)[2 =0, t € [T, +00),
for N =4(q—p)/[(1 =p)(1 —q)],

1
_ ks (o ks |2-02
ot < 2—05 (2—62)dsA1t _ t T
a0l < | (ol + 22 ) BT e ),

Hu('vt)”Z =0, te [T?;k7+oo)7

for N > 4(q—p)/[(1—p)(1—q)], where dy, d3, Th, T} and k; (i = 1,2,3) are positive constants
to be given in the proof, a1 > diA1 and

2N(1—p)+4(1 +p)
N1-p)+4

0y = S (1,2).

Remark 1 One can see from the proof below that the restriction N > 4(q—p)/[(1 —p)(1 —q)]
in the case 3) can be extended to N > 2(q — p)/(1 — p). This has been proved in [24] for the

local reaction case.
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Theorem 2 Assume that 0 <p=q < 1.
1) If k > ||, the non-negative weak solution of problem (1.1)—(1.3) vanishes in finite time
for any initial data ug. Moreover, one has

1

_ ka (1_ kqg |1-4
St)|2 < I L S L L tel0,Ty
fute e < | (lully~*+ 5o ) o = te ),

[u(- D)[l2 =0, t € [Ty, +00),
where dy and k4 are positive constants to be given in the proof.
2) If kb < [oi(z)de/M? (< |), then the weak solution of problem (1.1)~(1.3) cannot
vanish in finite time for any non-negative initial data.

8) If k = [o9(x)dx /M9, then the weak solution of problem (1.1)~(1.3) cannot vanish in

finite time for any identically positive initial data.

Theorem 3 Assume that 0 < ¢ < p < 1, then the weak solution of (1.1)—(1.3) cannot vanish

in finite time for any mon-negative initial data.

Remark 2 One can conclude from Theorems 1-3 that ¢ = p is the critical extinction exponent
of solutions for problem (1.1)—(1.3).

The rest of the paper is organized as follows. In Section 2, we will give some preliminary

lemmas. We will prove Theorems 1-3 in Section 3-5.

2 Preliminary

Let ||+ ||, and || - ||1,, denote LP(Q2) and W1P(Q) norms respectively, 1 < p < co. Before proving
our main results, we will give some preliminary lemmas which are of crucial importance in the

proofs. We first give the following comparison principle, which can be proved as in [22, 23, 25].

Lemma 1 Suppose that u(z,t),u(z,t) are a subsolution and a supersolution of problem (1.1)—

)
(1.3) respectively, then u(z,t) <u(z,t) a.e. in Q.

The following inequality problem is often used to derive extinction of solutions (see [22, 25]).

dy

- +ay® <0, t>0; y(0) >0,

where o > 0 is a constant and k € (0,1). Due to the nature of our problem, we would like to
use the following lemmas which are of crucial importance in the proofs of decay estimates.
Lemma 2 [ Let y(t) be a non-negative absolutely continuous function on [0,+00) satisfying

d
oyt + By <0, 12Ty y(Ty) 20, (2.1)
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where o, 3 > 0 are constants and k € (0,1). Then we have decay estimate

1

- o -~ - e 1—k
y(t) < [(y k(To>+B) e X )

y(t) =0, t € [Ty, +00),
where T, = ﬁ In <1 + aylk(TO)>-

Lemma 3 9 Let0 <k <m < 1, y(t) > 0 be a solution of the differential inequality

dy

s ay® + By <yy™, t>0; y(0)=yo>0, (2.2)

where a, B > 0,7 is a positive constant such that v < aylg_m. Then there exist n > 3, such
that
0<y(t) <yoe ™ t>0.

Consider the following ODE problem

d
d—z+ay’“+ﬁy=7ym, t>0; y0)=yo>0; y(t)>0, t>0. (2.3)

Ifa=0,8>0and vy > 0, we can easily derive that the non-constant solution of this problem
is )

y(t) = Kyém - %) e~ (1-m)Bt 4 %] TS0, Vs

If a, 8,7 > 0, we have

Lemma 4 17 Let a,B,7v>0and 0 <m < k < 1. Then there exists at least one non-constant
solution of the ODE problem (2.3).

Proof. It is easy to prove that the following algebraic equation
k _ m
ay” + By =~y

has unique positive solution (denoted by v.).

We first consider the case yo > 0. By considering the sign of y/(t) via y(t) at [0,y.), we
see that: if 0 < yg < y«, then y(¢) is increasing with respect to ¢ > 0; if yo > y., then y(t) is
decreasing with respect to ¢ > 0. Therefore, solution with non-negative initial value yy remains
positive and of course approaches y, as t — +oc.

When yo = 0, we choose a sufficiently small constant ¢ € (0,y,) and consider the following
problem

d
d—i+azk+ﬁz:7zm, t>0; 2(0)=e>0; =2(t)>0, t>0. (2.4)

Then problem (2.4) exists at least one non-constant solution z = z(t) satisfying 2/(t) > 0 for

all t € R. We continue the proof based on the following claim: there is a time tg € (—o00,0),
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such that z(tp) = 0. By setting y(t) = 2(t + o), ¥V t > 0, we get that y(¢) is a non-constant
solution satisfying (2.3).

We now only need to prove the above mentioned claim. Indeed, if it is not true, then
0<z(t) <eforall t € (—00,0). Since 0 <m < k <1 and 2/(¢t) > 0 for all ¢t € R, there is a
t1 € (—00,0) so that az® + Bz < Zz™ for all t € (—o0,ty], Le.,

d
d—j > %zm for all t € (—o0, t1].
Integrating the above inequality on (¢,t1), we get
AT (y) — () > %(1 —m)(t — 1),
which causes a contradiction as ¢t — —oo.

Lemma 5 14l (Gagliardo-Nirenberg) Let 3 > 0, N >p >1,04+1<g¢q, and1 <r < g <

(B+1)Np/(N —p), then for u such that |u|Su € WP(Q), we have
_ 0/(8+1)
lully < Cllall= | ¥ (1) |
P

with 0 = (B+1)(r~ —¢ H)/{N"t —p~ L+ (B+1)r~1}, where C is a constant depending only
on N,p and r.

3 The case 0 < p < q < 1: proof of Theorem 1

Multiplying (1.1) by w and integrating over €2, we have

1d

sl + alval = [ wds [ o) dy - Kl 3.0
Q Q

By Holder inequality, we have

2s—1—¢q

[ wde [ w0y < 05 e, (32
Q Q

where s > 1 to be determined later. we substitute (3.2) into (3.1) to get

1d
2 dt

2s—1—gq
s

lull3 + dlIVul3 =[] [l — Kllull} (3.3)

p+1°

1) For the case N < 4(q —p)/[(1 —p)(1 — q)], we set s =2 in (3.3). By lemma 5, one can
get

—0 [%
lull2 < CL(N, p)lfullp 7 1 Vully (3.4)

where

"= <zﬁ N %> <% - % +1ﬁ>_1 ~2p +]¥)(ir_Np()1 —-p)

EJQTDE, 2010 No. 15, p. 6



0 < p < 1 implies that 0 < #; < 1. It follows from (3.4) and Young’s inequality that

0 1-61)0 0160
[ul|§2 <C1(N,p)®2 )57 W 5202

p+1
(1-61)62/(2—6:06
<C1(N,p)" (21| Vull3 + Clen) Jull 7 00 (3.5)
for e1 > 0 and 03 > 1 to be determined. We choose 65 = W, then 1 < 65 < 2 and
2(1—01)02/(2 — 6162) = p+ 1. Thus, (3.5) becomes
Ci(N,p)~* 2 +1
el < flullpis- (3.6)
Cle1) ( 1) i
We substitute (3.6) into (3.3) to get
1d ké“l kCl(N p) 02 +1
d— _— < |2 EA
g3+ (4= g ) IVl + EEE R g < 1005

We choose €1 small enough such that dy := d — % > 0. Once ¢7 is fixed, we set k1 =

-0
%. Then, by Poincare’s inequality, we get

d _ 3-g
o lull2 + Fllull 97+ didfJully < Q7 [Jullg. (3.7)

Since N < 4(¢ —p)/[(1 —p)(1 — q)], we further have 0 < 2 — 1 < ¢. By Lemma 3, there exists
a1 > di A1, such that
0 < Jlullz < [luoll e, £ >0,

provided that

1 1
ky q—02+1 kCl (N, p)792 q—ba+1
||UOH2 < T 3-4q =\~ = . (3.8)
2] Cle)l =
Furthermore, there exists 77, such that
— 10" Jullg
3—q —a T} q—62+1
>ky — 197" (|lugllz e ) = ky > 0, (3.9)

holds for ¢ € [T}, +00). Therefore, when ¢ € [T}, +00), (3.7) turns to

d 62—1

gllullz + keflully?™ 4 didalull2 < 0. (3.10)
By Lemma 2, we can obtain the desired decay estimate for

% di A\
T} = DA )R 92) (3.11)

1
———In|1+
(2 — Hg)dl)\l ( ko

2) When N =4(q — p)/[(1 — p)(1 — q)], we still choose s =2 in (3.3), and then s — 1 = q.

Thus, (3.7) becomes
d 3—¢g q
lulla + (k= 19072 ) ull§ + didaulls <. (3.12)
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By Lemma 2, we can obtain the desired decay estimate for

1 di A 1-
Ty=——"-——n|l14+ ————|u q , 3.13

2

L —
provided that |Q < k™" = <%) o

3) For the case N > 4(q — p)/[(1 — p)(1 — q)], we back to (3.3). By lemma 5, one can get

lulls < Co(N, p)Jull, 3 [ Vully, (3.14)

I O
p+1 s)\N 2 p+1 s2(p+1)+ N1 —p)]
If N > 2, one further needs p+1 < s < 2N/(N — 2). The choice of s implies that 0 < 03 < 1.
It follows from (3.14) and Young’s inequality that

where

(1-03)(g+1) 03(g+1)
Jull 2 <Co (N, p) [l T 52

<Co(N,p)™ (= Vull3 + Clea) Jull i D/ - (31)

N(g+1)(1-p)
N(1-p)—2(¢—p)’
2(1—-65)(g+1)/[2—05(¢ +1)] = p+ 1. We substitute (3.15) into (3.3) to get

2(g—p)

for e9 > 0 to be determined later. We choose s = then 63 = (TS [(=D) and

1d
2dt

s — 1
Hull2+( — e9Cy(N, p) : ) ||Vu\|§+(k: — C(g9)Co(N, p) ) |7 < 0.

pt1

We choose g2 small enough such that dy := d — 2C2(N, p) * > 0. Once €9 is fixed,

we set ko = C(e2)Ca(N, p) = O(e2)Ca(N, >q+1|9| F5 we get
1d p+1
5 g l1ull3 + e[ Vull3 + (k = ko) lullp 13 < 0. (3.16)

We note (3.6) holds provided that 0 < ¢ < 1 and is independent of the relation of N and
4(q —p)/[(1 = p)(1 — q)]. So, we substitute (3.6) into (3.16) to get

1d (kj — ko)&l 2 (kj — k:O)Cl(N,p)_GQ 0
dy — ——— | ||V 2 <0.
th”uH2 < 2 0(61) > H UH2 + 0(61) HU’HZ —

We recall that 0, = NU_ptilip) o (1,2). We choose ¢; small enough such that d3 :=

N(1-p)+4
d _ (k:—k;())&‘l (k'_k'O)Cl(va)792
2 C(El)

R 0. Once ¢ is fixed, we set k3 = . Thus, we get

d -
Zlullz + Fallully ™" + dg A [lull2 < 0.

By Lemma 2, we can obtain the desired decay estimate for

1 ds)\l 2-0
Ty = ————In|1 2. 3.17
$ = (1 22 ol .17
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4 The case 0 < p=¢q < 1: proof of Theorem 2

In this section, we consider the case 0 <p =¢q < 1.
1) If k£ > ||, we choose s = p+ 1 in (3.3) to get
1
=l + IVl + (s~ 12Dl <. (4.1)
We substitute (3.6) into (4.1) to obtain

(k - |Q|)€1 2 (k - |Q|)Cl(l'3p)_02 02
\v4 < 0.

0(61)
We choose €1 small enough such that dy := d — % > 0. Once ¢7 is fixed, we set ky =
(kf‘m)ccé(lj)v’p )72 Then, by Poincare inequality, we get
d 62—1
gplullz + kaflully®™ + dadafluflz < 0. (4.2)
By Lemma 2, we can obtain the desired decay estimate for
1 dg A 2-0
Tf=————In(l+— 2. 4.3
! = g (1 Tl (1.3

) If k < [qv%(x)dx /M9, we define

Jun
| =
i)

Uz)dr — kM1
g(t) fQ TIZ) dx <1 _ e(lq)]‘ét>:| ’
which satisfies the ODE problem
d f Pi(x)dx — kM4
/ Q q > 0: —

Let v(z,t) = g(t)y(z). Then, we have

—dAv — /qu(x, t) dx + koP
= (O0(z) + dg(t) — g"(t) [ 41 e+ k()"

<G (OM +dg(t) = g7(0) [ 1 dn+ kg ()
=0.
Moreover, v(z,0) = g(0)(x) = 0 < up(z) in 2, and v|q), = 0. Therefore, we have u(z,t) >
v(z,t) > 0in Q x (0,+00); i.e., v(x,t) is a non-extinction subsolution of problem (1.1)—(1.3).
3) For k = [ ¢ (x)dx /M9, let w(x,t) = h(t)(x), where h(t) satisfies the ODE problem

dh d
—ah =0, 120 h(0)=ho > 0.
dt
Then, for any identically positive initial data, we can choose hg sufficiently small such that
hoto(z) < up(x). According to Lemma 1, we get that w(z,t) is a non-extinction subsolution of

problem (1.1)—(1.3).
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5 The case 0 < g < p < 1: proof of Theorem 3

Let z(x,t) = j(t)y(x), where j(t) satisfies the ODE problem

_ fg Yi(z)dx q

y
J S, 120 j(0) =05 j(6) >0, t>0.

d
il p—1,p ;
dt+kM j (t)+Mj(t)

Then, we have
2z — dAz — / 29(x,t) de + k2P
Q
=7 (O6() + (0 = (0 | v do + k(00
<TOM +di(0) - §(0) [ 01dn + kP00
Q
0.

Moreover, z(z,0) = j(0)¢(z) = 0 < up(x) in Q, and v|@yg), = 0. Therefore, we have u(z,t) >
z(z,t) > 0 in  x (0,400) according to Lemma 1, i.e., z(x,t) is a non-extinction subsolution
of problem (1.1)—(1.3).
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