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Abstract. We consider the parabolic system u; — Au = w'vP, vy — Av = ulv® in
Q x (0,00), complemented by the homogeneous Dirichlet boundary conditions and
the initial conditions (u,v)(-,0) = (1, vg) in O, where Q) is a smooth bounded domain
in RN and u, v € L*(Q)) are nonnegative functions. We find conditions on p,q,7,s
guaranteeing a priori estimates of nonnegative classical global solutions. More pre-
cisely every such solution is bounded by a constant depending on suitable norm of the
initial data. Our proofs are based on bootstrap in weighted Lebesgue spaces, universal
estimates of auxiliary functions and estimates of the Dirichlet heat kernel.
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1 Introduction

Superlinear parabolic problems represent important mathematical models for various phe-
nomena occurring in physics, chemistry or biology. Therefore such problems have been in-
tensively studied by many authors. Beside solving the question of existence, uniqueness,
regularity etc. significant effort has been made to obtain a priori estimates of solutions. A
priori estimates are important in the study of global solutions (i.e. solutions which exist for
all positive times) or blow-up solutions (i.e. solutions whose L*-norm becomes unbounded
in finite time); superlinear parabolic problems may possess both of these types of solutions.
Uniform a priori estimates also play a crucial role in the study of so-called threshold solutions,
i.e. solutions lying on the borderline between global existence and blow-up.

Stationary solutions of parabolic problems are particular global solutions and their a priori
estimates are of independent interest since they can be used to prove the existence and/or
multiplicity of steady states, for example. The proofs of such estimates are usually much easier
than the proofs of estimates of time-dependent solutions. On the other hand, the methods of
the proofs of a priori estimates of stationary solutions can often be modified to yield a priori
estimates of global time-dependent solutions.
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In this paper we study global classical positive solutions of the model problem

uy — Au = u'oP, (x,t) € O x (0,00),

v — Av = ulv®, (x,t) € QO x (0,00),
u(x,t) =o(x,t) =0, (xt) €9Qx(0,00), (1.1)
u(x,0) = up(x), x e,
v(x,0) = vp(x), x e, )

where p,q,7,5 > 0 and

Q C RY is smooth and bounded, uy, vy € L*(Q)) are nonnegative. (1.2)

In this case, sufficient conditions on the exponents p, g, 7, s guaranteeing a priori estimates and
existence of positive stationary solutions have been obtained in [3,13,16-19]. In particular,
the conditions in [10] are valid for a large class of so-called very weak solutions, and they are
optimal in this class. We find sufficient conditions on the exponents guaranteeing uniform a
priori estimates of global classical solutions. Our method is in some sense similar to that used
in [10] (both methods are based on bootstrap in weighted Lebesgue spaces and estimates of
auxiliary functions of the form u?v!~%; the idea of using such auxiliary functions for elliptic
systems seems to go back to a paper [12]) but our proofs are much more involved. In partic-
ular, we have to use precise estimates of the Dirichlet heat semigroup and several additional
ad-hoc arguments. These difficulties cause that our sufficient conditions are quite technical
and probably not optimal. On the other hand, our results are new and our approach is also
new in the parabolic setting: Although the bootstrap in weighted Lebesgue spaces has been
used many times in the case of superlinear elliptic problems (see the references in [10], for
example), it has not yet been used to prove a priori estimates of global solutions of super-
linear parabolic problems. In fact, the known methods for obtaining such estimates always
require some special structure of the problem and cannot be used for system (1.1) in general.
In addition, our method is quite robust: It can also be used if the problem is perturbed or if
we replace the Dirichlet boundary conditions by the Neumann ones, for example.

Next we present our main results concerning problem (1.1). Beside (1.2), we will further
assume that

p.q,1,s > 0; if g = 0 then either r > 1 ors <1, (1.3)
and we denote by || - ||1 5 the norm in the weighted Lebesgue space L!(Q); dist(x,9Q) dx).
Theorem 1.1. Assume (1.2), (1.3) and pq > (r — 1)(s — 1). Assume also that either

r>1 >0 —l—r<M S+ 2 r-1 <N+3
o P2RF N+1’ N+tlptr—1 N+1

or

2 N+3
<1 E—— .
r<l, O<P<N+1’ S<N+1

Let (u,v) be a global solution of problem (1.1). Then there exists C = C(p,q,t,s,Q, |[1o]eo, ||00]|0)
such that

[u(®)lleo + lo(O)]l0 <C, £ =0.
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Theorem 1.2. Assume (1.2), (1.3) and either max{r,s} > 1or pg > (r —1)(s — 1). Assume also

N-+3 2
p>1, p+r<m, s <1, (p+r)(p—N+1>+r<1

0cg< 177 (1 N—1§
2 - .
P — A N +1

Let (u,v) be a global solution of problem (1.1). Then, given T > 0, there exists C = C(p,q,71,5,Q, T,
|u(T) 1,6, ||0(T)||1,6) such that

[u(t)lleo + [o(D) oo <C, E= . (14)

and

The constant C may explode if T — 0%, and is bounded for ||u(7)||1s, ||0(T)]|1,5 bounded.

One of the main applications of uniform a priori estimates of global positive solutions
of (1.1) is the proof of global existence and boundedness of threshold solutions lying on the
borderline between global existence and blow-up. Let us mention that our conditions on
p,q,7,s from Theorems 1.1 and 1.2 guarantee that both global and blow-up solutions (hence
also threshold solutions) of (1.1) exist; see [1,14]. See also [2,15,20] for other results on blow-up
of positive solutions of (1.1).

As already mentioned, our approach is quite robust. It can also be used, for example, for
the following problem with Neumann boundary conditions

uy — Au = u"vP — Au, (x,t) € Q% (0,00), )

v — Av = u7v® — Ao, (x,t) € QA x(0,00),

uy(x,t) =vy(x,t) =0, (x,t) € 9Q x (0,00), (1.5)
u(x,0) = up(x), x €Q),
v(x,0) = vp(x), x e,

where (), p,q,7,s and ug, v are as above, A > 0 and v is the outer unit normal on the boundary
0Q). The terms —Au, —Av with A > 0 are needed in (1.5), since otherwise (1.5) cannot admit
both global and blow-up positive solutions. Let us also note that in this case one has to work
in standard (and not weighted) Lebesgue spaces and that the restrictions on the exponents
p,q,7,s are less severe than in the case of Dirichlet boundary conditions: roughly speaking,
one can replace N with N — 1 in those restrictions (in particular, the condition p +r < %ﬁ
becomes p +r < MF2 in this case). As other particular application of our method, we present
the following theorem.

Theorem 1.3. Consider problem

uy — Au = uv — byu, (x,t) € A x (0,00), )

v — Av = bou, (x,t) € QA x(0,00),
u(x,t) =v(x,t) =0, (x,t) €9Q x (0,00), (1.6)
u(x,0) = up(x), xeQ,
v(x,0) = vp(x), x e, )

where Q) is a bounded domain with smooth boundary, N < 2, by > 0, by > 0 and up,vg € L®(Q).
Then there exists C = C(Q, by, by) such that

limsup ([|u(t) oo + [[0(t)[le0) < C

t—o0

for every global nonnegative solution (u,v) of problem (1.6).



4 J. Pacuta

More detailed proofs of Theorems 1.1-1.3 can be found in [9].

If r =5 =0and p,q > 1, then a very easy argument in [6] yields a universal estimate
of ||u(t)||1s, ||o(T)|l1,s for all T > 0, hence Theorem 1.2 guarantees estimate (1.4) with C =
C(p,q,Q, 7). The same estimate was obtained in [6] under the assumption p,q € (1, %jﬁ’)
which is different from that in Theorem 1.2 (we do not require g < %—ﬁ, for example). Of
course, if r = s = 0, then one could also use different methods for obtaining a priori estimates,
e.g. the parabolic Liouville theorems in [5] together with scaling and doubling arguments to
prove qualitative universal estimates. The main advantage of our results and proofs is the fact

that we do not need the assumption r = s = 0.

2 Preliminaries

We introduce some notation we will use frequently. Denote 6(x) = dist(x,9Q)) for x € Q,
and for 1 < p < oo define the weighted Lebesgue spaces L] = LI(Q) := LF(Q;6(x) dx). If

1 < p < oo, then the norm in L} is defined by ||ul|,s = (fQ lu(x)|Pé(x) dx) P Recall that
LY = L®(;6(x) dx) with HMHOO,(; = ||u]|o. We will use the notation || - ||, for the norm in
LP(Q)) for p € [1,00), as well.

Let Ay be the first eigenvalue of the problem

—Ap=Ap, x€EQ,
=0, x € 0Q),

and ¢; to be the corresponding positive eigenfunction satisfying ||¢1||» = 1. There holds
C(O)(x) < g1(x) < C'(O)d(x) forallx € Q. (2.1)
Therefore the norm |[ull,e, = ([q |u(x)[P1(x dx) is equivalent to the norm ||u||,s in

LL(Q) for 1 < p < oo
Let (u,v) be a solution of system (1.1). Then (u, v) solves the system of integral equations

t !/ t !/
u(t) = euq —|—/ eS8yl (s') ds!,  o(t) = oy —|—/ e85 (s ds’ (2.2)
0 0
where t > 0 and ('),

we recall some basic properties of the semigroup (etA)t>O, which we will use often. The
corresponding proofs can be found e.g. in [6]. -

is the Dirichlet heat semigroup in ). In the following lemma

Lemma 2.1. Let Q) be arbitrary bounded domain.
(i) If ¢ € LY(QY), ¢ > 0, then e'®¢p > 0.
(i) [|ell1,p = e[ pll1,q, for t 20, ¢ € L(€D).
(iii) If p € (1,00], then ||e"®¢||, s < C(Q)e~M1t||p|l s for t >0, ¢ € LE(QY).
(iv) Let Q) be of the class C?. For 1 < p < g < oo, there exists constant C = C(Q) such that, for all
¢ € LE(Q), it holds

_N+1(1_ 1
le¢l,s < C@t 2 G gll,a >0,
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Assertions (iii) and (iv) from Lemma 2.1 for 1 < p < g < oo, t > 0and € € (0,1) imply

If we multiply the equations in (2.2) by ¢ and integrate on (), then assertions (i) and (ii)
from Lemma 2.1 imply

(D) llg = e fluollng,  No(D)llg, = e [l20llg,- 23)
We will also use the following estimate of the semigroup (e*) ;>0; see e.g. [11].

Lemma 2.2. Let Q) be smooth bounded domain. For every f € LL(Q), f > 0, there holds
(e )(x) = C(O3)lIfll1e, x €Q,

where the constant C may be arbitrarily small if t — 07T, and is positive for t bounded.

Let (u,v) be a solution of system (1.5). Then (u,v) solves the system of integral equa-
tions similar to (2.2) with el instead of €', where efl := e~ M, t > 0 is the semigroup
corresponding to operator L := A — A with homogeneous Neumann boundary condition and
(efan) 1>0 18 the Neumann heat semigroup in (). For the Neumann semigroup, estimates sim-
ilar to those from Lemma 2.1 are true; see [4,8]. One can also obtain inequalities similar to
(2.3) with ¢; replaced by 1 and A; replaced by A.

In the following we will use the notation from [10]. We set

A [ar,a5) N (0,1) if pg> (r—1)(s—1) or min{r,s} <1,
"\ Jas,a] N (0,1) ifpg<(r—1)(s—1)andr,s>1,

where

-1 . q .
4y im p;rfl ifr>1, h e AT ifs>1,
0 ifr <1, 1 ifs <1.

Note that the set A is nonempty provided there holds

if p =0, then eithers >1orr <1, (2.4)
if g = 0, then either r > 1 ors < 1. '
The following lemma is an adaptation of [10, Lemma 7] to systems (1.1) and (1.5):

Lemma 2.3. Assume p,q,7,s > 0, pq # (1 —r)(1 —s) and (2.4). For given a € A, there exists
k > 0and C = C(p,q,1,s,a) such that any global nonnegative solution of (1.1) satisfies

(w0 ) — A(u"0' ™) > Fy(u,v) > C(u0' )%, t € (0,0), (2.5)
where
Fo(u,0) := au 0 (u; — Au) + (1 — a)uv (v — Av)
= qu' TP (1 — ) u 57, t e (0,00).
Similarly, for any global nonnegative solution of (1.5), there holds
(w0 =) — AU ™) + A(u0 ) > C(u0' ), t € (0,00). (2.6)

If
max{r,s} >1 or pg>(r—1)(s—1), (2.7)

then x > 1.
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Let (u,v) be a global nonnegative solution of system (1.1). Denote w = w(t) :=
Jqu0'%(t)¢1 dx. The following estimates are based on ideas from [7]. Let a € A and
condition (2.7) be true (then x > 1). Then due to Lemma 2.3 and due to Jensen’s inequality, it
holds

wy + Mw > C/ u™o(1=0%(t)p; dx > Cw®, te (0,00), (2.8)
0

where C = C(Q), p,q,1,5,a) is independent of w. Since w is global and satisfies the inequality
(2.8) for all t > 0, it holds

1
xk—1
w(t) = / u'v () gy dx < <)(L:1> forallt > 0and a € A. (2.9)
0
Lemma 2.3 also implies
wi(s") + Mw(s') > C/ w TPt (N ey dx,  s' € (0,00). (2.10)
0

Multiplying inequality (2.10) by e

0 <w < C, we deduce that

, integrating on interval [0, t] with respect to s’ and using

t /
/ e Milt=s )/ u TPt () gy dx ds’ < C. (2.11)
0 0
Since there holds e=*1(!=5') > e=A1f for s’ € [0, ], the ineqality (2.11) implies
t
/ / u TP (N gy dx ds’ < CeMf < C, (2.12)
0 Jo
where C' = C'(Q), p,q,7,5,a,t).
Let (1,v) be a global nonnegative solution of system (1.5). Since (u,v) satisfies homo-
geneous Neumann boundary conditions, so does #”v!~* and hence Green’s formula implies

Ja A(uv'=%(t)) dx =0 for t > 0 and a € A. We obtain estimates similar to (2.9), (2.11), (2.12)
with @1, A1 replaced by 1, A, respectively, in (2.9), (2.11), (2.12) if (2.7) is true.

3 Proofs of Theorems 1.1-1.3

In the following proofs, every constant may depend on ), p, g, 7, s, however we do not denote
this dependence. The constants may vary from step to step.
ForO0<p < NLH, r <1 denote

K: [1,’?) — RU {co},

(M(l;;zrl\ll)(i\gﬂﬁw Me |1 (p+1)2(N+1)
~ o p+ +1)— 7 7
K(M) = oo, M e (p+1)2(N+1), ij-1> ) 3.1)

k: [1,p:1> — R,

M(p+r)
M—-(M-1)(p+1)

k(M) =
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Forr>1, p+r< %ﬁ’ denote

K [1 p”) — RU {oo},

"pr—1
M(p+r)(N+1) Me 1 (p+r)(N+1)
° Me 2 'p+r71) (3.2)
K {1,*’”) R,
p+r—1
M(p+r)
K'(M) = .
(M) M—-—(M-1)(p+r)
Observe that .
K(M) > max{M,k(M)} forall M e [1, PZ}-) , (3.3)
since p < NLH and
!/ / p +r
K'(M) > kK'(M) > M forall Me{l'pntr—l)' (34)

since p +r < Y53,

Lemma 3.1. Let p+r < %—ﬁ’, p > 0 and conditions (2.4), (2.7) be true. Let (u,v) be a global

nonnegative solution of problem (1.1).

(i) Assumer > 1. Then for v € [p+r,00] and T > 0, there exists C = C(p, q,7,s,Q, T) such that

sup [|u(s") 5,5 < Clluollye-
s'€[0,T]

(i) Assumer >1, pg> (r—1)(s—1)orr <1, p < 5. Then for v € [max{1,p+r}, ¥5}),
there exists C = C(p,q,r,s,Q) such that

sup [|u(s')lly,s < C(1+ [Juolly,s), T >0.
s'€[0,T]

(iii) Assumer < 1, p < NLH Then for v € [max{1l,p+r},o0] and T > 0, there exists C =

C(p,q,1,5,Q,T) such that

sup |[u(s) ||y, < C(1+ [fuo]l,0)-
s'e€[0,T]

Remark 3.2. In the assertion (i) of Lemma 3.1, the constant C is bounded for T bounded.

Proof. Let v € [max{l,p+r},§3), a € Aand ¢ € (0 1— = a) Denote x := (P;:)#,

For T > 0,t € [0, T] we estimate

N+1

[u()l4,s < C [Huo\lyﬁ/ (e =) ( _ )= (3 uro () |15 ds’]
<C [|M0Hw+/ / [ GOl S/)ur_"vp(s’)] [fu*(s")p1 dx ds’]]
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where f = f(s') 1= e~ Melt=") (¢ — s’)fy(lf%). Now, using Holder’s inequality we obtain

! / /%
ot ([ 305) ™ ([ r= )

where g = g(s) := e M=) ||y +a-TpP+1=a(s") || 5. We use (2.11) to estimate

[u(®)]l4s < C

[u(t)]l16 < C

K
_A—a
luo ||, + I7HT- < sup Hu(s/)||,y,5> ] (3.5)

s'€[0,T]

pt+l-a

N+1 1
where I = I(t) := ot et S)(t—s/)_%(l— = 4o
We prove that the function I is finite in [0, o), i.e. due to our assumptions on p, g, 1, s, there

holds N1 .
+ p+1l—a
2 (1 7> 1o <! (30)

for some a € A.
In fact, in the following proof we will choose

r—1

= m in case (1), (37)
r—1 . r—1 . .
a > ——— sufficiently close to ———— in case (ii) for r > 1, (3.8)
p+r—1 p+r—1
a >0 sufficiently small in case (iii) or (ii) forr < 1.  (3.9)

The choice (3.8) is possible, since due to the assumptions pg > (r —1)(s —1) and p > 0,
we have a € A. If a is defined by (3.7) or (3.8) then X217 is close to p + r and condition

p+r< %ﬁ’ 1mp11es the inequality (3.6). If a is defined by (3.9), then *—= is close to p + 1
and condition p < 75 +1 implies the inequality (3.6). Note that the functlon I is bounded by a
constant independent of T.
First we prove (ii). In the estimate (3.5) we choose a defined by (3.8), if r > 1, or by (3.9), if
r < 1. In both cases we have x < 1, hence the assertion (ii) follows from Young’s inequality.
Assertion (iii) for ¢y € [max{l, p+r}, %—ﬁ) follows from assertion (ii).
To prove (i) for ¢y € [p +7, %ﬁ’ ) we choose a defined by (3.7) in estimate (3.5). Then x =1

and the assertion (i) for v € [p +7, %—ﬁ) and T small enough follows from the estimate (3.5).

The assertion (i) for y € [p+7, %—ﬁ) actually holds for every T > 0.

Now we prove the assertion (i) for ¢ € [%—ﬁ,oo]. Fix K € [%—ﬁ,oo). Then there exists

M e [1, Mﬂ} such that K'(M) > K > k = k(M) (where functions K’, k' are defined by
(3.2)). For t € [0, T| and a defined by (3.7) we estimate

t N
u(t)|xs < C [Huoum +/0 (t—s) " G0 |uroP (') ms ds’} . (3.10)

Observe that M < ’H; 2, since M < (p“)(NH) < P (the last inequality is true due to the

p+r—1
assumption p +r < %—ﬁ). Hence Holder’s inequality yields

1

1470 (5 s = (/Q {uPMTi iva< >} { M (g )] ¢1 dx)M

_P -
< </ u7+a—1vp+1—a(s/)g0l dx) p+l-a </ uk(s/)(pl dx> M(p+1—a) /
¢ QO

(3.11)
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due to our choice of a. We use (3.11) and Holder’s inequality to obtain

since k = 7;?;7)5 MBI
/ ' ! 1 1 / / pﬁ]]*a
) ls < € [molles +  sup [l ) ([ [ o ohparas )™
s'€[0,T] 0 /0

where

t Ntl/1 1)\ptl-a %
J=](t) = (/0 (t—s) "2 (k)" ds’) _

N+1 (

Ly pite g

M K
k < K, we can

Notice that « is equal to 1. Observe that I is finite on [0, ), since
This follows from the definition (3.2) of function K’ and our choice of K Since

use (2.12) to obtain

[uollk,s + C(T) sup Hu(S')IIK,a]-

|u(t)|lxks < C
s'€(0,T)

This estimate implies the assertion (i) with ¢y € [%—ﬁ, oo) for T small, hence this assertion is

actually true for every T > 0.
If M e ((p+r)§N+1), pfﬁil), then we can choose K = oo and k € (k'(M), o).
The proof of the assertion (iii) for v € [%—ﬁ, oo] is similar to the proof of the assertion (i)
N3 o0]. One would use (3.1), (3.3) instead of (3.2), (3.4). O

for Y S [m,
Lemma 3.3. Let p+r1 < %—ﬁ, p > 0 and conditions (2.4), (2.7) be true. Let (u,v) be a global

nonnegative solution of problem (1.1).

(i) Assume r > 1. Then for v € (1, ﬁpw)} and T > 0, there exists C = C(p,q,1,5,Q, T) such

that .
| 186l d8' < Cllu(Ds

(ii) Assume r < 1, p+r > 1. Then for v € (1,2 (p+y)] and T > 0, there exists C =

C(p,q,1,5,Q,T) such that
T !/ /
/0 [1(s)|4,6 ds” < C(1+ [[u(T)|l1,6)-

N+1)

If p+r <1, then this estimate is true for v € [1, 37)-
Proof. We define exponent v = (p g The conditions 1 < p+r < %ﬁ’ imply p+r <9 <

M. For T > 0and t € (0, T] we estimate

CNBI(1_1Y,
) < € 175 0D ol [ 0= )75 0D furor )l s as'.

Integrating this estimate on interval [0, T] with respect to t and using Fubini’s theorem we

obtain
(3.12)

[ T@s dr < 0D Nunlsot [ o)l o'

Note that 2 <1 — ) < 1, since vy < {H.
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As in the proof of Lemma 3.1 we use (3.11) with M =1,k = p + r to obtain

T p+r g %
[ s dr < €l e ([ laeigies) ] e

Notice that W = 1. We use the interpolation inequality

r—(p+r) +r F(ptr—1)

(15 < sl llucs )|| , €[0T

and Young’s inequality to deduce
p
( sup |[|u(s’) ||1,5> /
s€[0,T]

1%“. Using this estimate we are ready to prove the assertions of the Lemma.

[ e ae < e ||

r=(p+r)
-1
First we prove the assertion (i). If r > 1, then we choose a =
B = 1. Finally, we use (2.3) to obtain the assertion (i).
To prove the assertion (ii) for p +r > 1, we choose arbitrary a € A in the definition of j,

hence B < 1. One can use Young’s inequality to obtain the assertion.

where 8 =

5 H 7 in the definition of B, hence

If p+r <1, then for v € [1,%) we obtain estimate similar to (3.13) a then we use
Young's inequality. The proof of Lemma 3.3 is complete. O

In Lemma 3.4 we will use the following notation. For r > 1 denote

K : [1 p-l-r1> — RU {oo},

4 p + r _
M(N+1) N41 (3.14)
Ky = § e ME L),
0o, M e [N;l pﬁﬂ) :

Lemma 3.4. Let p+r < %—ﬁ, p > 0 and conditions (2.4), (2.7) be true. Let (u,v) be a global

nonnegative solution of problem (1.1).

(i) Assumer > 1. Then for T > 0, there exists C = C(p,q,1,s,Q, T) such that

T
[ (") s 4 < Cllales

for K{(M) > K >k=k(M), Me [1, Y] IfM e (MH, piil), then we can take K = oo.

(ii) Assumer <1, NLH > p. Then for T > 0, there exists C = C(p, q,t,5,Q, T) such that

T
[ (") s ds” < C(1+ o maxan i o

or Ko(M) > K >k >k(M), k>1, Mec [1, N1, f M € (N1 PEY then we can take
= 2 2 P
K = oo,
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Proof. We choose a as follows

r—1 .
a= m for part (i), (3.15)
a > 0 sufficiently close to 0 for part (ii). (3.16)

We only prove (i), since the proof of (ii) is similar. Observe that 3! < pﬁr and K{(M) >

K'(M) for every M € [1, p_’ﬁil) due to conditions 1 < p+r < N+3 (see the definition (3.2) of
functions K’, k" and the definition (3.14) of K{)). Hence (3.4) implies
Ky(M) > K(M)>M forall Me |1,—P 17 ). (3.17)
"p+r—1

Let Kj(M) > K > k =K (M), M € [1,%], T > 0and t € (0,T]. Then, there holds

NH (L — %) < 1. Asin the proof of Lemma 3.3 we obtain

N+1

[ s dt < €Tt 2GR [Juollags + [ o ()laes o]

Using Lemma 3.1 (i), (3.11) and similar arguments as in the proof of Lemma 3.1 (with a is
defined by (3.15)) we have

T
/0 ()]s dt < C(T) (lluollass + lluollks) < C(T)lluollks, (3.18)
since k > M.
If M e (MH, pzjil)’ then in previous estimates, we can choose K = o0 and k'(M) < k <
co. Hence we proved (i). O

Lemma 3.5. Let p+7r < %—ﬁ, p > 0 and conditions (2.4), (2.7) be true. Let (u,v) be a global

nonnegative solution of problem (1.1).

(i) Assume r > 1. Then for every T > 0, there exists C = C(p,q,1,s,Q, T) such that

[u(t)lleo < Cllu(t)[[15
for every t > T.

(ii)) Assumer <1,p < NLH Then for every T > 0, there exists C = C(p,q,1,s,Q, T) such that

[u(t)leo < C(1+ [[e(t)[|1,6)
for every t > T.
Remark 3.6. The constant C from both assertions of Lemma 3.5 may explode if T — 0.

Proof. We prove only (i). Let v = %. Conditions 1 < p+r < %i? imply p+r <y < {H.
Fix1> 1 >0 and let t > 0 be arbitrary. Note that there exists T’ € [t + t,27 + t] such that
|u(T) |46 = TO Tiiojt |u(s)[|,,s ds’. Obviously, this 7/ may depend on f and u. Note that

219+t € [T/, 7' + 1]. We use Lemma 3.3 (i) and Lemma 3.1 (i) to obtain

sup Jlu(s")[ly,5 < Cllu(r )Hw<C/ (") [ly,6 ds” < Cllu(210 + t)ll1,5

s'e[t, T +1)
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where C = C(19) is independent of 7’. Finally, above estimates imply
(270 +)[ly,5 < C(w0)[[4(270 + 1) [1,5-

Now fix I € N,I > 1 and K, k such that Kj(M) > K > k = k'(M), M € (1, 2] (see the
definition (3.2), (3.14) of function k’, K, respectively). This choice is possible due to inequality
(3.17). As in the previous part of the proof we obtain

[u((I+ )10 + 1) ko < C(w0) [u(lT0 + )| s- (3.19)
If we choose p+r > My > N“ , then in (3.19), we can take K = o0 and some co > k >
k' (Mp). Now we apply bootstrap argument on (3.19) to finish the proof. O

Corollary 3.7. Assume p +r < %—ﬁ’, N%rl > p > 0and let conditions (2.4), (2.7) be true. If r > 1,
then assume also pg > (1 —r)(1 —s). Let (u,v) be a global nonnegative solution of problem (1.1).
Then there exists C = C(p,q,71,s,Q) such that

sup [Ju(s") oo < C(1+ [lug|eo)- (3.20)
s'€[0,00)
Proof. This follows from Lemma 3.5 (i), Lemma 3.1 (i) (if » > 1) or Lemma 3.5 (ii), Lemma 3.1
(iii) (if » < 1) and Lemma 3.1 (ii). O
Lemma 3.8. Assume p+r < YB3, 25 > p > 0,5 < Y8, (24) and (2.7). If r > 1, then assume
also pq > (1 —r)(1—s). Let (u,v) be a global nonnegative solution of problem (1.1). Then for T > 0,
there exists C = C(p, q,7,5,Q, ||uol|co, ||[00llco, sup ||0(s")|]1,6) such that
s'€[0,T]

sup |[v(s)]le <C, T >0.
s/€[0,T]
Proof. Due to Corollary 3.7 we can write u(x,t) < C(||ug|l) for (x,t) € Q2 x [0,00) (note that
the constant C in (3.20) is independent of T). Then v satisfies

— Av < C(||lup||eo) 0%,  (x,£) € Q x [0, 00),

where s < %ﬁ’

Assume s > 1. We choose arbitrary 7 such that 5= < 7 < ¥*7. Note that ;== < {1,
since s < N+3 For fixed T > 0 and t € [0, T] we estlmate

lo(t)||4,6 < C(||luol|eo) [HZJOH%g—f—/ eil\Tl(tfs/)(t_S/)J—Zﬂ(lf%) /QUS(S/)Gﬁl dux ds/]
0
] (3.21)

Cllluolleo, loollee) |1+ sup [lo(s")%s

s’'e[0,T]

As in the proof of Lemma 3.3 we use the interpolation inequality and Young’s inequality to

obtain
y=s 2(s=1)

2(s=1)
lo)IEs < ol 15 lo(s) 175" < Cello() 15 7 + elfos") 17,

where 6 € (0,1). Due to our choice of -y there holds Er 1) < 1, hence there exists 6 € (0,1)

such that (77(5—_1% = 1. Choosing ¢ sufficiently small yields

N+1
sup [[0(s") 1.5 < C(luoles ool sup [Jo(s")]I1), 7€<1fN_1>- (3:22)
s'€[0,T] s'e[0,T]
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For 0 < s <1 the assertion (3.22) follows from estimates analogous to (3.21). To finish the
proof ( i.e. to prove (3.22) for y = o0) we now use obvious bootstrap argument. O

Proof of Theorem 1.1. We only deal with case s > 1, since case s < 1 can be done easily by
using Corollary 3.7 and Young's inequality. For 7 € [0,1 — a) denote y(17) := 7 = €(n) =

+a)(s—1+1) :
(q”)s#. The assumption s > 1 guarantees that ¢(7) > 0 for all 4 € (0,1 — a).

In the following proof we will choose

_or—=1
Cop+r—1
a >0 sufficiently small in case r < 1. (3.24)

incaser >1, (3.23)

If a is defined by (3 23),, then the condition pqg > (r—1)(s — 1) implies €(0) < g and the

condition s + 27 N3 4 (0) < }+3. Hence
N +3
V<l < g &) <4 (3.25)

for > 0 sufficiently small. If a is chosen by (3.24), then there holds (3.25) for small # > 0.
The choice (3.24) of a may vary from step to step.
Now we choose 7 such that in the both cases (3.23) and (3.24) there holds (3.25) and for

the rest of the proof denote 7' := (), ¢ :=¢€(n). For t € [0,T] and € € <O, %) we estimate
lo(t)||ys <C [HUo”y(s—i—/ f/ u oo ud—e (s 1 dx ds’] ,

_ _1 _—y N+ (g 1 /
where f = f(s') :==e¢ Al(l 'r’+€>(t S)(t —9) ? (1 W’). The term u97¢ can be estimated by a
constant depending on ||ug|| due to Corollary 3.7. Since s > 1 and # € (0,1 —a), we have
0 < 5— 1+17

< 1. Thus the following Holder’s inequality is true

1
7

[ N e dr < ([ oo dx)l”l' (277 )gr ax)”

This estimate and Hélder’s inequality then imply the boundedness of sup,,co 7 [[0(s") |15 by
constant depending on |[ug||«, ||V0]|cc. Hence the assertion follows with help of Corollary 3.7
and Lemma 3.8. O

Lemma 39. Let p > 1, p+1r < %—ﬁ and conditions (2.4), (2.7) be true. Let (u,v) be a global

nonnegative solution of problem (1.1). Moreover assume
(p+r) 2 +r<1 (3.26)
PrO\PT N+ ' ‘

Then for y € (p +7, ) there exists C = C(p,q,1,s,Q) such that

N+1

||1/l(t)||%5 <C (1 + ||M()||%5) fort > 0.
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Proof. We choose

1 _
€ (p +r,§) : (3.27)
P— N+

This choice is possible due to the assumption (3.26). Let 2 € A. We introduce the following
exponents a1, a, a3 satisfying conditions

aq,00,63 >0, a1+ap+az3=1, (3.28)
1—-a)ay+(p+1—a)ar =p, (3.29)
r+y(p-1) . r+y(p—1)
— L <y ——, ap sufficiently close to ————=. (3.30)
p-(1-r "2 prr Y 1p—(1-7)

o, . . +7(p—1)
The condition v > p + r implies rwz (’i_r) <

- +1 It is easy to check that there exist aq, a2, a3
such that the conditions (3.28)—(3.30) are true, if a is sufficiently small.
We define exponent
k=r—any — (r+a—1)a.

For a small, there holds 0 < x < 1. Fore € (0,1 —ay), T > 0,t € [0, T| we estimate

t !
lu(t)],s <C [HuoH%(g —|—/ o~ M(aate)(t—s )(t _5/)_%(1_%)Hurvp(s/)Hl,& ds’] '
0

The equality (3.29), Holder’s inequality and the estimate (2.9) imply

K

||”TUP(3/)||1,5:/Q [u”vl_”]al {ur”_lvpﬂ_“(s')rz [u%(s/)r@’ o1 dx

1%} X a3
<C </ T R C TN dx> (/ u (s') gy dx>
0 0
Now we prove
for a small. Due to the equality (3.29), a1 + (p + 1)az is close to p and so y(1 + pay — p) is close
to v(1 — a; — ap) = ya3. The condition ay > rﬂ((p_l; implies r + a(1 —r) < (1 + pay — p),

hence w < . Thus we proved (3.31) for a small.

The 1nequahty (3.31), Holder’s inequality and (2.11) then yield

A ONf1(q_ 1) 1 1
() 5 < € |Iallys + sup [l ([ P50 o)~ 00 a) l

s'€[0,T]

We prove that for some a; close to ;;7(( g there holds

N+1 1\ 1
—— (1—7) T <L (3.32)

FOE gi s),ufficiently close to :;z((’ijg, is (1— %) s “YP*S*T)
18 Y Do< N%rl, hence the inequality (3.32) is true. Then Young’s inequality concludes the

proof. O

. Our choice of ¢ implies
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Lemma 3.10. Let p > 1, p+7r < %ﬁ’ and conditions (2.4), (2.7) be true. Let (u,v) be a global

nonnegative solution of problem (1.1). Then there holds

! N+1
/o [u()lly,s dt < C A+ [[u(T)]l1e) forn' € {L N—l) ,

where C = C(p,q,1,5,Q,T).

Proof. We choose (; 7y < 7Y < %H We introduce the following exponents a1, ay, a3 satisfy-
ing conditions (3. 28) (3.29) witha € A and

, JE— J—
rerp=1) o lor v (3.33)

Yp—(1-r) 2—r ~ p4+1

iti / r+7(p=1) lr P
Note that the condition " > m implies Tp—(i=r) < Tr cand p+r > 1implies ;= < ST

Observe that there exist a1, &, a3 such that the conditions (3.28), (3.29) and (3.33) are true ifa
is small.
Leta € Aand x = r —awn; — (r +a — 1)az. Due to the condition (3.28) and equality

wob(s') = [uo' = (s")]" [t tortiza(sh)]™ [u% (s")]"™, estimate analogous to (3.12) (with 7

replaced by 7') Holder’s inequality, (2.9) and (2.12) yield

T T a2 . a3
[ 1)t <[l + | [ rorar] | [ i) ax] o]
T _K 1*12(2
SC[Huolhw(/o Ju)IEF o ]
a3

where f = f(s') := u T 1oPT174(s’). Observe that the inequality ay > % implies
4 <7 (cf. the proof of inequality (3.31)) and &, < =L implies 5, < 1. Hence Jensen’s and
Young’s inequalities imply the assertion of the Lemma. O
Lemma 3.11. Let p > 1, p+7r < %—ﬁ’, s < 1 and condition (2.7) be true. Let (u,v) be a global
nonnegative solution of problem (1.1). Moreover assume (3.26) and

1-— N-1

0<g< : (1—N 1s> (3.34)
— N7 T

Then for T > 0, there exists C = C(p,q,1,5,Q, T, ||u(7) |16, [|[0(T)|]1,5) such that

N+1
1) lles + [o(8) ks < C fork [1N_1) i>

Remark 3.12. The constant C from Lemma 3.11 may explode if T — 07, and is bounded for
[1(T) 1.6, [l0(T)[|1,5 bounded.

Proof. We use Lemmas 3.9 and 3.10 and arguments as in the proof of Lemma 3.5 to obtain

sup lu(s")[|1,6 < C(7) (1 + [[u(T)[[1,6) < Co (3.35)
s'e[t,t+T]

fort€(0,1), T>0, 1< 9 < —F
N+1

step, but always depends on parameters in brackets. The constant C(7) in (3.35) may explode
if T — 0. We prove the following assertion

sup [|o(s)[lks < Co (1 + [[o(T)[lks), T =0 (3.36)
s'e[t,T+T]

and Cy = Co(7, ||u(7)|]1,6)- Co may vary from step to
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for k < ¥t close to ¥, For T > 0,T > 0,t € [0, T] we estimate
T+t
lo(t+8)]lks < C [||v(r)||k,5+ / f/Qu”/US(s’)(pl dx ds’l , (3.37)
JT

where f = f(s') := e_)\Tl(T—l-t—s’)(T—}— t— s/)_¥(l_%). Assume s € (0,1) and lets’ € [T, T+ TJ.
We use Holder’s inequality to obtain

0 1-6
0% ()1 dx < [ ul d)</159’d>, 3.38
/qumqol r< ([ ub)erax) ([ o6 dr 338)
where § = 1— ¢ € (0,1 — X+{s). Due to the assumption (3.34) for k < Y%} sufficiently close
N H there holds g < w, hence
P=w+
1—
g <0 (3.39)
P— N1

Thus there exists some ¢ > g satisfying the condition (3.27) and we can use (3.35) and (3.38)
to estimate

lo(t+8)[lks < Co

lo(T)llks +  sup HM(S’)Hi,a]-

s'e[t,T+T]

Now we use Young's inequality and the assertion (3.36) follows.
If s =1, then from (3.37) we deduce

Tt /
[o(t+t)|[ks < C {HU(T)H](/(;—}—/ e_%(”t_s)(r-yt_s’)*NT(lﬁ) y
T
ad—a; T, = 119 1Oae 1-¢-0 /
x/@{uv (S)] [ (S)} [vl 9(5)} (pldxds},

wherea € Aand 0 < e < ¢ <1 for ¢ such that 0 :=0(¢') =1—¢ — %_”)g/ € (0,1) (this

is possible, if k > 1). Hence there holds (7187%)8 < k. Note that 5%

N+1

=

1 sufficiently close to NEL, there holds

since 4 > 0. Due to the assumpt1on (3.34) for k < N1

q<¢ hence I < -1
P—N71 (€) N+1
satisfying the condition (3.27). We can use (2.9) and (3.35) and obvious arguments to fmlsh

the proof of (3.36) for s = 1.
The proof of the assertion (3.36) for s = 0 is obvious.
We prove

£Z€

for € suff1c1ently small. Thus there exists some y > 2

™+T
[ let®)lks dt < CT,Co) (1+ ol + T)lh) .40

for k € [1,8+1). As in the proof of Lemma 3.3 we estimate

+T T+t
[ oot < = 0D ol + [ [ o) as]
T T @)

where T > 0,T >0,t € (t,T+7]. Lets € (0,1]. We apply Holder’s inequality (3.38) with
6 =1 — 2. There holds (3.39) for k < {1 close to {11 and there exists v > 7 satisfying (3.27).
Thus due to (3.35) and the definition of 9 we have

T+T 17[\,7(7
[ el at < QT2 0D faos+ [ o)l 0]
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If s € (0,1), then Young’s inequality and (2.3) yield the assertion (3.40). If s = 1, then (2.3)
implies the assertion (3.40) for T sufficiently small. Assertion (3.40) is then true for every
T > 0 fixed (with help of (2.3)).

If s = 0, then the proof of assertion (3.40) is obvious.

Combining (3.36) and (3.40) (using arguments as in the proof of Lemma 3.5) we obtain

sup [o(s")[lks < Co(1+[lo(T)ll16) < Ca, (3.41)
s'e[t,T+T]

where k € [1,¥£1) and C; = Ci (7, ||u(T) |16, [|o(T) ||l1,6)- Using arguments from previous part
of the proof, one can prove estimates similar to (3.36), (3.40), (3.41) with v, Cy replaced by
u, Cq, respectively. Note that always r < 1 due to our assumptions on p,r. The constant C;
then may vary in such estimates, but always depends on 7, ||u(7) |15 and ||o(7)||1,s- O

Proof of Theorem 1.2. Denote Cop = Co(7, ||u(7)||1,5,||v(7)|]1,5)- Co may vary from step to step,
but always depends on parameters in brackets. Let T > 0, T > 0. Assume that there holds

N+1

sup |u(s)|[ks+ sup |[o(s))||xs < Co, for somek € <N—1 — &, oo) , (342

s'e[t,7+T] s'e[t,7+T]

where gy > 0 is sufficiently small. In Lemma 3.11 we proved (3.42) for k & [1, %) . For

the whole proof we choose M = #, M’ = min {k, q%} For k chosen in (3.42), it holds

M, M’ > 1, since max{p +r,q+s} < ¥*;. This is true, since

1—7) (1 - M= 1 -1 1
q—i—s<( )( 2N+1)+s§zt1<1—N s>—|—s:N+

P~ N1

If » > 0, then we use Holder’s inequality and (3.42) to obtain

1
M
( [ WMo (s g, dx) < u(s) Ik slo(") 2 s < Co.

for s’ € [t,T+T]. Let r > 0. Denote f := - (1 — 1). For 1 < K < oo satisfying B < 1 and
t € [0, T] we estimate

T+t ﬁ
(e lles < C {luDlles+ [ 7 ([ o) ax) " as|
T

where f = f(s') := =3 (TH=s) (T +t—s')7P. In particular, we can take

K<ki(M):={ ML -2 Me[L5),
1(M) == "
, M g

if M < % and K = o for M > % Hence we have

sup  lu(s) ks < Co(1+ [lu(T)|k0)-
s'e[t,t+T]

For ky (M) > K > M, t € (1,7 + T| we estimate

L7 Itoles dr < ) [ln@lass+ [ (f w06 dx>A14 dt].
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Hence we obtain

7 0l < €T, Co) (14 () ) < CT, o) (14 (),

since k > M. Finally, we get sup,,c, . 7 [[u(s)[[ks < Co for ky (M) > K > M. Similarly, we
get supycir o7y [[0(s") ks < Co for ky (M') > K> M'. From these estimates we deduce that

sup [lu(s')llks+ sup [lo(s')llks < Co
s'e[t,t+T] s'e[t,T+T]

for all K < kq (W) =: ky(k). Note that ky (k) = oo for k > (max{p+r"12+s})(N+l) and we

can take K = oo for k > (max{p+r,qz+s})(N+1)

. To finish the proof we use bootstrap argument. [J

Corollary 3.13. Let p,q,1,s be as in Theorem 1.2 withr = s = 0 and p,q > 1, pq > 1. Then for
every T > 0, there exists C = C(Q), p,q, T) such that

[l + lo(B)lle <C, =7
for every global nonnegative solution (u,v) of problem (1.1). The constant C may explode if T — 0.

Proof. 1t suffices to prove
[u() e+ [lo(t) s <C, t>0, (3.43)

since we can then use Theorem 1.2. Estimate (3.43) was for p,q > 1 proven in [6, Proposi-
tion 4.1]. Let p = 1 and g > 1. From (2.2) we obtain |[u(1)|1s > fol e~ M1-9)||p(s)||,s ds. This
inequality along with (2.3) imply

()]s = e Mool (3.44)
On the other hand, Lemma 2.2 with (2.9) imply
u(2) = Collu(M)|l1e,  0(2) = Collo(1)]l1,s-

Let a € A. The estimate (2.9) yields [[u(1)|{ ;[|v(1) H%;” < C. Finally, using (2.3) and (3.44) we
have ||vg][15 < C. Using (2.2), Jensen’s inequality and (2.3) we estimate

1
C= oMo = [ e M0ut(s) 1 ds > Clluol]

This proves the estimate (3.43) forp =1,g9 > 1. O

Proof of Theorem 1.3. We prove Theorem 1.3 for b; = 0. One can easily modify this proof (and
also the proof of Theorem 1.2) for system (1.6) with b; > 0. The constants in this proof may
depend on (), by, however we will not emphasize this dependence. Observe that for problem
(1.6), it holds A = (0,1), since r = p = g = 1 and s = 0 (in sense of the problem (1.1)). Let
s’ > 0. Lemma 2.3 implies

/ u'v! (g dx < C, ac(0,1). (3.45)
Q
Thus there holds

t /
/ e M(t=s )/ (uaUZfa(sl) + u1+“U*“(S/)> @1 dx ds’ <C (3.46)
0 Q
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. . 2+ 2 (2-a)a 2+a—a® _ (2-a)a _ — -
for a € (0,1). We use inequality u> = [uzv 2 } [u ThoT 2 | < Sutp?Te 4 Ly lhagya

to deduce .
/0 e’/\l(l’s/)/nu%(s')q)l dx ds’ < Cy, (3.47)

where C; is independent of u. The constants C;, i € IN will be fixed during the proof (where
Ci, i > 1 will appear below).
Now we prove that there exists ¢y > 0 possibly depending on v, such that

4
< — . .
[ oto)gr dx < FbaCy (3.48)

To prove (3.48) we multiply the second equation in (1.6) by ¢; and integrate on Q) x (0,1).
Thus using (3.47) we have

/ goldx—i—)xl// goldxds—bz// "1 dx ds’ —l—/vogoldx
(3.49)

< b +/ vo¢1 dx.
0

Denote C; := fQ 0)¢q dx. If there holds C; < 41 b,C4, then (3.48) is true with tg = 0. If there
A
holds G, > & szl, then necessarily fQ (t1)gq dx < %Cz for some t; € (0,1). Indeed, if

Jov(t)r dx > A = Cz for all t € (0,1), then (3.49) implies a contradiction. In n-th such step

we obtain R R
1+ 5 145
t
/QU( n) @1 dx < A1+1Cn+1< <A1+l> @)

for some t, € (t,-1,t,—1+ 1) if

Gy, Cs,..., Cn+1 > )Tbgcl (3.50)
1

Hence there exists 19 = 19(Cz) such that (3.48) is true with ¢y = t,, provided there holds (3.50)
with n replaced by ny.
Fort>0,a€ (0,1),e € (0,a) v € [1, {*1) and t from (3.48) we estimate

Tto+t
lo(1+to+ )]s <C {(t + 1) Pllo(to) l1.s +/ e~ Mflet1=a) (=P /O u(s') gy dx ds’] ,
to

where f = f(t,s) =1+tg+t—s and p = XH (1 %) Holder’s inequality

/Qu(s’)q)l dx < </Q u' (s gy dx>a </Q ul T (s gy dx)

and (3.45) yield

I+to+t 1-a
lo(1+to+t)],s <C [HU(tO)Hm +/ ’ e’)‘lsff’ﬁ <eA1f/ ult(s") gy dx) ds’] )
to Q

1—a

For a < 1 close to 1 we have g < 1. Finally, using Holder’s inequality, (3.48) and (3.46) we

have |[v(t),,s < C, t > T' for some T' = T'(v) and 7 € [1, ¥£}). The estimate (3.47) implies
lu(¥')|l1s < C for some t' € (T',T' +1). Finally, we obtain |[u(t)|1s + |[[o()|1s < C and
we use Theorem 1.2 (where u, p,r is interchanged with v, g, s, respectively) to conclude the

proof. O
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