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Abstract. We study the half-linear neutral differential equation

e ()] +e@E@n) =0, 2(t) = x(t) + b(Hx((1)),

where ®(t) = |t|P~2t. We present new oscillation criteria for this equation in case when
o(t(t)) # t(c(t)) and [ r1=7(t)dt < oo, g = p/(p—1), p > 2 is a real number. The
results of this paper complement our previous results in case when the above integral
is divergent and/or the deviations 7, ¢ commute with respect to their composition.
Keywords: half-linear differential equation, delay equation, oscillation criteria, neutral
equation.
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1 Introduction

In this paper we study the second order half-linear neutral differential equation

/

10 ()] +c(@(x(e(1) =0, z(t) = x(t) + b(H)x(x(t), (1.1)

where ®(t) = |t|P~2t, p > 2.

We suppose that the coefficients 7, ¢ and b satisfy the conditions r € C([ty, ), R"), ¢ €
C([to,0),RT), and b € C([ty, ), Ry ), b(t) < by for some by € R and t; € R. Further we
suppose that the deviating arguments are increasing, unbounded and sufficiently smooth, i.e.,
T € C%([ty, ), R), T'(t) > 0, lim;_,e T(t) = 00, 0 € C'([to, ), R), ¢ (t) > 0, lim;_,0 o (t) = 00.
Finally, by 4 we mean the conjugate number to p, g = pf i

By the solution of (1.1) we understand any differentiable function x(¢) which does not
identically equal zero eventually, such that r(t)®(z/(t)) is differentiable and (1.1) holds for
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large t. Equation (1.1) is said to be oscillatory if it does not have a solution which is eventually
positive or negative (i.e., it does not have a zero for large t).

The criteria presented in this paper are derived using the so called comparison method
which is based on comparison of the studied neutral second order equation with a certain
linear first order delay or advanced differential equation or inequality. The method has been
frequently used in oscillation theory of the second order neutral equations, see e.g. [2-6,8-11]
and the references therein. In most of the papers equation (1.1) has been studied under the
condition

/ T A(1)dE = oo, (1.2)

The reason is that in this case the eventually positive solutions of (1.1) behave such that the
corresponding function z is increasing (more precisely, all eventually positive solutions satisfy
condition (2.1)) in contrast to the case when the above integral is convergent and the func-
tion z associated to an eventually positive solution can be either increasing or decreasing, see
Lemma 2.1 below. Note that in the commutative case

o(t(t)) = t(c(t)) (1.3)

some oscillation criteria for (1.1) have been obtained using the comparison method under the
condition

/Oo r17(t)dt < oo, (1.4)

see [6,10]. Comparing results of those papers, in [6] we have used a refined version of the
comparison method, which enabled us to obtain better oscillation criteria then those in [10].
This improved method has been then adjusted for the non-commutative case in [8], where we
studied (1.1) under the condition (1.2). Note also that this kind of improvement has been used
for the first time in our paper [7], where equation (1.1) has been studied using the Riccati
method.

In this paper we study the complementary case — we study equation (1.1) under condition
(1.4) and we suppose that the condition on commutativity (1.3) is broken. This means that we
extend the present results in two directions — we extend results from [6] to non-commutative
case and, at the same time, we extend results from [8] to the case when (1.4) holds. We use the
above mentioned refinement of the comparison method, which is based on introducing new
parameters in estimates and inequalities which are then used in the proofs of the oscillation
criteria, see £ in Lemma 2.2 and Lemma 2.3 and also ¢ in (1.5) below and compare with the
method used e.g. in [5,10], where ¢ = % and ¢ = 1.

As a main result of this paper we prove a version of the following statement from [8],
where we replace condition (1.2) by condition (1.4).

Define

Q(t, @) := min{c(c (1)), pe(o ™ (z(1)))}- (1.5)

Theorem A. Suppose that (c=1(t))" > o9 > 0, T'(t) > 1w > 0 and condition (1.2) holds. Let
@ be an arbitrary positive real number and n(t) < t be a smooth increasing function which satisfies
limy ;00 7 (t) = o0 and one of the following conditions be satisfied:

(i) o(n(t)) < t(t) < tand

1 f T 7](t) " ] d p—ld 1 b (P q—] P*l
im i t, - t>—|(1 - , (1.6
it [ Qle) (/ﬁ P9 s) ) a1 0<T0) 1.6)



Oscillation criteria for neutral half-linear equations 3

(i) o(y(t)) <t <T(t)and

. T 4, = 1 o\ .
11&1;& (1) Q(t, ) </t1 r (s)ds) dt > e 1+ by (T0> . @17

Then equation (1.1) does not have an eventually positive solution, i.e., is oscillatory.

The paper is organized as follows. In the next section we present the preliminary results,
Section 3 contains the main results, i.e., oscillation criteria for (1.1) and in the last section we
show how the obtained results can be applied to the Euler-type equation.

2 Preliminary statements

In this section we present some preliminary results which are used in the proofs of the main
results. Note that every inequality is assumed to be valid eventually, if not stated explicitly
otherwise.

The following lemma can be found e.g. in [6].

Lemma 2.1. Let (1.4) hold. If x(t) is an eventually positive solution of (1.1), then the corresponding
function z(t) = x(t) + b(t)x(t(t)) satisfies either

/

2()>0, Z()>0, (r(H(Z(1)) <0 2.1)

or
/

2(t) >0, Z(t) <0, (r(t)q>(z/(t))) <0 2.2)
eventually.
The next two lemmas can be found in [8].

Lemma 2.2. Let e € (0,1). Then
EPD(x) + (1—¢)* FD(y) > P(x +y).
Lemma 2.3. For o« > 0 we have

i (&7 4 t1-077) = (140
e€(0,

The last statement of this section is a criterion for the first order advanced inequality which
appears in the proofs of our main results and is compared with (1.1). The proof can be found
in [1, Lemma 2.2.10].

Lemma 2.4. Let g(t) > 0, o(t) > t and

o(t)
lim inf q(s)ds > %.

t—o0 t

Then the inequality
y'(t) —qt)y(e(t) = 0

has no eventually positive solution.
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3 Oscillation criteria

In the following statement we give sufficient conditions for nonexistence of eventually positive
solutions satisfying (2.2).

Theorem 3.1. Suppose that (c=1(t)) > oy > 0, T'(t) > 1 > 0 and condition (1.4) holds. Let
¢ be an arbitrary positive real number and {(t) > t be a smooth increasing function satisfying
lim;_,0 {(t) = o0 and one of the following conditions be satisfied:

(i) T(t) < t < o(g(t)) and

) o p-1 1 e Pl
lim inf Q(t, ¢) (/g r q(s)ds) dt > oo 1+ bo () , (31

T—oo JT T

(ii) t < T(t) <o(g(t)) and

-1 p—1

o (E(T))) s p-1 1 71
lim inf t, / 14 d) dt> — (140 <(”> . (62
iminé [ Q) ([ 1(e)ds >WO< +bo (2 62)

Then equation (1.1) does not have an eventually positive solution such that z'(t) < 0.

Proof. By contradiction, suppose that x is an eventually positive solution of (1.1) satisfying
condition (2.2). Shifting equation (1.1) from ¢ to o~ !(t) and ¢~ (7(t)), respectively, and using
conditions (¢~ 1(t))’ > 0p > 0, T(t) > 19 > 0, we obtain the following inequalities:

; [”(5 71(’5))@(2/(0 71(’5)))]/ c(o *1(t))CD(x(t)) <0, (3.3)
0

UIT {r(gfl(r(t)))q)(z’(jfl(T(t))))]/ C(U*1<T(t)))cb(x(r(t))) <0. (3.4)
0to

Denote w(t) = r(t)®P(z'(t)) and take the linear combination of inequalities (3.3) and (3.4) with
the coefficients ¢2~7 and bg_l(p(l —¢)277, where ¢ € (0,1). Then

2-p b (1 —e)2 P
[8W(0'_1(t)) + 0 (/)( 5)
00 00To

W(U‘l(f(f)))]
+ & Pe(o (1) D(x (1) + b (1 &) Fe(o (x(1)))D(x(x (1) < 0

and consequently, using the definition of Q(t, ¢) and Lemma 2.2 we have

/

w(e(z(t))| +Q(t @)@(2(t)) < 0.

2—p p—1 _ \2—p
[€W<01<t>>+”° vl
0o J0To

Next, since {(t) > t and since z is decreasing, we obtain

/

+Q(L@)@(2(¢(1)) <0 (35)

—w(e () + w(o ™ (1(t)))

gp bgilqo(l —e)>F
o) 00T

Since w is decreasing, we have from definition of w:

Z(s) < @ (r(t)Z (H)r'79(s) fors >t
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Integrating this inequality from f to T, letting T — oo and since z(T) > 0 we obtain

—2(8) < D (r(1)Z (1) /t " 19(s)ds.

Shifting ¢ to {(t), we have

o0

—2(Z(1)) < @7H(r(E(1))Z'(E(1)) /C(t) r'=7(s)ds. (3.6)

Combining inequalities (3.5) and (3.6) and using the notation u(f) = —w(t), we obtain

er b (1 —e)2

—u(c () +

(o)) 00T

u(ff‘l(f(t)))]

o -1
—Q(t, 9) ( /g_(t)rlq(s)ds>p w(Z(D) >0. (3.7)

Denote )
er bgi p(1—e)> P
(1) = (o () +

u(e™!(z(1)). (38)

Now we distinguish cases (i) and (ii) of the theorem.
Suppose that (i) holds. Since 7(t) < t and ¢ and u are increasing, we have u(c~!(7(t))) <
u(c=1(t)). Hence, from (3.8)

]/(t) < <€2—p n bg_1§0(1 _8)2_p> M(O'fl(t)).

0o 00To

Replacing ¢ with o({(t)) in the last inequality we obtain

Yo Q1)) < (5” L

0o 0070

> u(g(t)). (39)

Substituting u({(t)) from (3.9) to (3.7) we find that u is a positive solution of the inequality

[ee]

-1 p=1 1 2
v - Q) </§<t)rlq(s)ds>p % <€2p+b0 p(1—¢)7

L)

-1
) y(o(Z(t)) = 0. (3.10)

On the other hand, since ¢({(t)) > t, condition (3.1), Lemma 2.3 and Lemma 2.4 imply that
(3.10) has no positive solution. We have a contradiction. Statement (i) is proved.
Suppose that (ii) holds. Since 7(t) > t, we have u(¢~!(7(t))) > u(c~1(t)). Hence

y(t) < (p LU0 ””) u(o (2 (1))).

(%)) ooTo
Replacing t with 771(¢({(t))) in the last inequality we obtain

e2-p bgil(p(l —g)?p

y(T7He(E(1))) < ( +

oo 0Ty

) u(g(t)) (3.11)
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and substituting u({(t)) from (3.11) to (3.7) we find that u is a positive solution of the inequal-
ity

o0 -1 p—1 AR -1
V(1) —Qlt ) (/g )rl-%s)ds)p o (ez-ubo P ~c) p) y(r (@) > 0.

(t T
(3.12)
Since T~ !(c(Z(t))) > t, by Lemma 2.3, Lemma 2.4 and condition (3.2) we have contradiction
with the existence a positive solution of (3.12). Statement (ii) is proved. O

Remark 3.2. The proof of Theorem 3.1 is based on comparing equation (1.1) with first order
inequalities (3.10) and (3.12) and then the particular criterion from Lemma 2.4 is applied to this
first order inequalities to obtain conditions (3.1) and (3.2). The statement can be formulated
as a more general comparison result as follows.

(i) If 7(t) < t and (3.10) does not have an eventually positive solution, then (1.1) does not
have an eventually positive solution such that z'(¢) < 0.

(ii) If 7(t) > t and (3.12) does not have an eventually positive solution, then (1.1) does not
have an eventually positive solution such that z'(¢) < 0.

Note that if (1.2) holds, then all eventually positive solutions of (1.1) satisfy condition (2.1)
from Lemma 2.1, see, e.g. [8, Lemma 3]. This is used in the proof of Theorem A and it is the
only reason, why condition (1.2) is used in Theorem A. This means that under the conditions
of Theorem A, where we replace condition (1.2) by condition (1.4), equation (1.1) does not have
an eventually positive solution such that z’(¢) > 0. Hence, combining Lemma 2.1, Theorem A
and Theorem 3.1 and the fact that equation (1.1) is homogeneous (from which it follows that
if it does not have an eventually positive solution, it also does not have an eventually negative
solution), we can formulate the following oscillation criterion.

Theorem 3.3. Suppose that (c71(t))' > 0o > 0, T (t) > 19 > 0 and condition (1.4) holds. Let ¢ be
an arbitrary positive real number, n1(t) < t and {(t) > t be smooth increasing functions which satisfy
limy_ye0 77 () = 00, limy_yoo {(t) = oo and one of the following conditions be satisfied:

(i) o(n(t)) < t(t) <t < o(f(t)) and both conditions (1.6), (3.1) hold.
(it) o(n(t)) <t < t(t) < o(L(t)) and both conditions (1.7), (3.2) hold.

Then equation (1.1) is oscillatory.

4 Euler-type equation

In the following we apply the results to the Euler-type equation of the form

[ro(1)] + Leet) =0, =(t) = x(t) + b(Hx(x(1)), @.1)

where o (t) = At + Ay, T(t) = Azt + Ay, the coefficients Ay, Ay, A3, A4 are real numbers such
that A; > 0, A3 > 0 and b(t) < by.
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If « < p—1, then condition (1.2) holds for this equation and, as a consequence of Theo-
rem A, we have proved in [8] that (4.1) oscillates if
-1
(14820 VTN @1 —g) - 1)

—a—11., min{1,A3}
emax(A )Pt in 55

v >

4

where | = {A € (0,1] : AqA < min{1,A3}} and either
MA<A; <1 withAy <0if A3=1

or
MA<TI<A; withAgy >0if A3 =1.
If « > p — 1, then condition (1.4) holds and we obtain the following result.
Corollary 4.1. Let b(t) < by, « > p — 1 and put o(t) = Mt + Ay, T(t) = Azt + Ag, where Ay, Ay,

A3, Ay are real numbers such that Ay > 0, A3 > 0. Put [ = {A > 1: MA > max{1,A3}} and
suppose that either

A3 <1< )\1)_\ with Ay <0 Zf)\g =1 (42)
or
1< A3 < MA with Ay > 0if A = 1. 4.3)
If
-1
(148020 VTN (g —1) - 1)
> i , (4.4)

then equation (4.1) is oscillatory.

Proof. We apply Theorem 3.3 with (t) = At, A € (0,1] and {(t) = At, A > 1. First we deal
with the case z/(t) < 0, i.e., we apply Theorem 3.1. Since ¢({(t)) = AAt+ Ay, we have the
following conditions on 7 and o

A3t + Ay <t < AMAt+ Ay in case (i)
or
t < Ast+Ag < AjAt+ Ay in case (ii),

i.e., conditions (4.2), (4.3). Both this conditions give AqA > max{1, A3} and note that the case
MA = max{1, A3} is excluded because of the logarithmic term in (4.4). Condition (4.4) implies
that there exist A € J and & > 0 such that e < A3 and

—a\g—1 p-1 _
<1+bo<(A3J§é)p> ) (a(g—1)—1)""

¥ > — - (1 + 8), (4.5)
e(MA)P=2=1In ma)z\{ll)t)b}

where

5 € if p—a>0
—e if p—a <O.
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We have r(t) = %, c(t) = 55, T (1) = A;\4’ (7_1(1‘) = A)‘Z Hence we take 19 = A3, 09 = M‘
Consequently, c(c71(t)) = 'y(tﬂz)pf c(o11( (A3t+A4 ) ®, hence
C(O-_l(t)) = (As+ )\4 + )\2()\3 — 1) e < (/\ + 5)}7*04
(e Te((@) ~ \™7 =1 -

for sufficiently large t. We take ¢ = (A3 + 6)?~* and from (1.5) we have Q(¢t, ¢) = (2
Next,

Q(t, ¢) (/;) qu(s)d5>pl <t - A2> ( ds>p |
B <t - Az) (“
= yAy “ArT ( = 1 ) <

"1

t

- 1 1
p—ayp—1l-u -
> A <a<q—1>—1> T

for sufficiently large t. The left-hand side of (3.1) satisfies then

L eEm) ® p-1
lim inf Q(t, ) </§ r q(s)ds) dt

T—o0 T (t)

[al q)+1](p-1)

5

._\
'Gv
‘G
,_\

s 1 Pt -
p—a3p—l—u minf 1 _
>aA A (tx(q—l) _1> 1+811]rg10r01 [In(AMAT + Az) —InT]|
1
S 7V L ’ L In(A17).
! a(g—1)—1 1+e

Similarly, since T~ (¢ (Z(T))) = MHT;M, the left-hand side of (3.2) satisfies

T Ho(E(T)))

a(g(T 00 p—1
lim inf Q(t, @) </g( : rl_"(s)ds> dt
t

T—oo JT

as 1 Pt MAT + Ay — A
pP—a3p—1—-ua s 1 2 4)
>yA] A <tx(q myyp 1) T+e h&lolgf [ln < P ) In T}

. 1 Pl MA
— AP ¥ 1 In (222
™ («x(q—l)—l) T+ “<A3>

Conditions (3.1) and (3.2) together with (4.2) and (4.3) give
Cas 1 P MA
p—« p_l_a 1
A A (zx(q—l)—l) 1—|—sln (max{l,/\g,})

p—u g-1 p-1
/\1<1+b <<A3+a> > ) ,
A3

which is equivalent with (4.5). Since (4.5) is guaranteed by (4.4), we have proved that under
the conditions of the corollary, equation (4.1) does not have an eventually positive solution
such that z/(t) < 0. Finally, we show that the conditions of the corollary are sufficient also for
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oscillation, since conditions (1.6) and (1.7) hold for any function 7 (t) = At, A € (0,1] such that
AMA < min{1, A3}. Indeed, we have

ot ([ r-riopas)”

i

B A \P YA x(1-) p—1
(7))
_ M e 1 P a(1-q)+1 w(1—g)+1 p-1
_ry<t—/\2> (a(q—l)—l) (tl - (A1) )
p-1 pa a(q-1)-1\ P!
R Z ot pp (1 1 (b
a(g—1)—1 t—Ap At
p—1
p—u p—].—l’é 1 a—p 1
> M h (a(q—l)—l) g 1+¢

for sufficiently large t. Hence, since AqA < A3,

T n(t) p1
li%n inf Q(t, ¢) </ rl"(s)ds) dt
fq

= Jr (e (n(T)))
-1
p—u pflfa 1 P 1 1
>tk <oc(q—1)—1> l+ea—p+1

o x—p+1
x lim inf (T”“P“ - <)‘1AT A2 )‘4> ) = oo,

T—o0 A3

i.e., condition (1.6) holds. Similarly, since AjA < 1,

T n(t) 1
lim inf Qt, ) ( / rl_”/(s)ds> dt
t

T=oo Jo(y(T))

Capio 1 Pl 1
Ap atp 1—a
~rhh a(g—1)—1 l+ea—p+1
x lim inf (TH“ — (MAT + AZ)HH) — oo,
T—o0
i.e., condition (1.7) holds.
O
Remark 4.2. Denote _
- - MA
— p—a—1 1
F(A) :== (MA) In max (1, e}

By a direct computation we find that this function has a local maximum at

and the value of F at this local maximum is

(max{1,A3})P—*1
e(a —p+1)

F()_\max) ==
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Since ] = {A > 1: A4A > max{1,A3}}, we have

F(Amax) i

AeT F(1) i

max F(A) = {

Consequently, condition (4.4) can be written in the form

-1
(10008 ) @(g-1)-1) " (wpt1)
(max{1,Az})P—2-1

1
if  mexilAstersi >

vT>Fi= -
(1-‘1—170/\?77“71)([771)) (ﬂ(q_l)_l)p7] . max{1,A3} ﬁ
/\p,“,11 Y if TE 4 S 1.
e n max{1,A3}

From this condition we can see, that e.g. [6, Example 19] can be obtained as a special case of
Corollary 4.1.
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