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Abstract. It is well known that the linear differential equation x(t) + p(t)x(t —7(t)) =0
with continuous delay 7: [tg —r,00) — (0,7], 7 > 0, tg € R, and p: [tg,o0) — (0,00) has
a positive solution on [fy, 00) if an explicit criterion of the integral type

|
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holds for all t € [ty,00). In this paper new integral explicit criteria, which essentially
supplement related results in the literature are established. For example, if, for t €
[tp,o0) and a fixed u € (0,1), the integral inequality

t 1 ut’
ds < —
~/t71'/2 pls)ds < 2e + 96t3e

holds, then there exists a t; > ty and a positive solution x = x(t) on [t}, c0). Examples
illustrating the effectiveness of the results are given.
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1 Introduction

The purpose of the paper is to derive explicit integral criteria for the existence of eventually
positive solutions to the equation

#(t) + p(Dx(t— (1) =0, (1.1)
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with t > tp € R, in terms of inequalities of the integral of the coefficient p (without loss
of generality, we will assume ty sufficiently large throughout the paper to ensure that the
performed computations are well-defined) where p: [tp, 00) — (0, ) is a continuous function.
We will also assume, that the delay 7(t) is continuous, positive and bounded on [ty — r, o) by
a constant 7, i.e., T(t) < r. Next, define the set Ry := [0, 00).

A solution to (1.1) is defined as follows: a continuous function x: [t* — r,00) — R is called
a solution of (1.1) corresponding to t* € [tp, o) if x is differentiable on [t*,00) (the derivative
at t* is regarded as the right-hand derivative) and satisfies (1.1) for all + > t*. A solution
of (1.1) corresponding to t* is called oscillatory if it has arbitrarily large zeros. Otherwise,
it is called non-oscillatory. A non-oscillatory solution x of (1.1) corresponding to t* is called
positive (negative) if x(¢) > 0 (x(t) < 0) on [t* — 1, 00). A solution x of (1.1) corresponding to
t* is called eventually positive (eventually negative) if there exists t** > t* such that x(¢) > 0
(x(t) < 0) on [t**, 00).

Repeated interest in studying the existence of positive solutions of delay differential equa-
tions and their systems can be observed recently (we refer, e.g., to the monograph [1] and the
papers [3,4,7,9,18,21,25,30,33-35,37,40] and to the references therein). Classical results can
be found, e.g., in monographs [2,24,26,28] and further results, e.g., in papers [10,11,13-16,19,
20,23,27,29].

Equation (1.1) often serves, due to its simple form, as an equation prototype for testing and
comparing new results. But equation (1.1) itself has interesting applications as well. It is, for
example, well-known in number theory that what is called the Dickman—de Bruijn function
(we refer to [36,38] and to the references therein) is a positive solution of the initial problem

x(t)-l-%x(t—l)zo, E>1 ifx(t) =1, te [0,1].

In [22, p. 226] equation (1.1), in the case of the coefficient and the delay in (1.1) being constant,
p(t)=p>0and t(t) =7 >0, ie.

x(t) +px(t—1) =0, t >ty (1.2)

models the amount of salt (expressed by a positive solution) in the brine in a tank diluted by
fresh water. The same equation is used in an example of water temperature regulation by a
showering person in [32, p. 74]. A well-known example of type (1.1) equation

X(t) + 2t x(t—1) =0

with a solution x(t) = e~ illustrates the fact that linear equations with delay can have positive
solutions decreasing for t — oo to zero faster than an arbitrary exponential function e ! where
a > 0 (see, e.g. [31, p. 97]).

It is well-known that either there exists an eventually positive solution of (1.1) or every
solution of (1.1) is oscillatory. In the literature, by a critical case of the coefficient p in (1.1)
is usually understood a boundary for p separating, in a sense, both the above mentioned
asymptotically different qualitative cases of behavior of solutions to (1.1). We can give an
explanation in the case of equation (1.2). In such a case, it is easy to show that there exists
a positive solution if pt < 1/e and that all solutions oscillate if pt > 1/e, the value 1/e is
called the critical value.

In the paper, we develop some new explicit integral criteria related to the well-known
classical sharp integral criterion
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for the existence of eventually positive solutions to (1.1) on [ty, o0) (we refer, e.g., to [1, Corol-
lary 2.15.], [2, Corollary 2.2.15.], [24, Corollary 2.2.1.], [28, Theorem 3.3.1.] and [29, Theo-
rem 3]).

Now we give a short overview of known results stating the existence of a positive solution
to (1.1).

1.1 Implicit criterion

The following well-known implicit criterion (with conditions adapted for (1.1)) on the exis-
tence of positive solutions is often cited in the literature.

Theorem 1.1. Equation (1.1) has a positive solution with respect to to if and only if there exists
a continuous function A(t) on [ty — r,00) such that A(t) > 0 for t > to and

At) = p(Heli=0?@8 sy (1.4)

This criterion can be found, e.g., in [27, Theorem 1, Assertion 7 and Corollary 2.1] and also
in [1,2] and [24, Theorem 2.1.4.]. Inequality (1.4) is of considerable importance since it often
plays a crucial role in the process of deriving explicit criteria of positivity.

1.2 Explicit criteria

Some results cited below are formulated explicitly in terms of inequalities for the coefficient
p or in terms of integrals containing p. These results deal with the critical case and are sharp
(non-improvable) in various senses (often explained in the original papers). E.g., positive
solutions might not exist if the cited inequalities are subject to certain small perturbations.

In some of the inequalities below appears what is called the iterated logarithm. We define
iterated logarithms of k-th order as

Ing t := lnln...ln/t, k>1, t>exp, ,1, Ingt:=t
k
and the iterated exponential

exp,t:= (exp(exp(...expt))), exp,t: =t exp_;t:=0
k

is used to determine the domain of the iterated logarithm.

1.2.1 Point-wise criteria
In [23] it is assumed that p(t) = 1/e +a(t), T(t) = 1 and fo = 1. Then, the equation
1
x(t) + (e + a(t)) x(t—1)=0 (1.5)

has a positive solution if
a(t) < 1/(8et?) (1.6)

for all sufficiently large t [23, Theorem 3]. This result is improved in [20] as follows. If

1 1
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for all sufficiently large t, then (1.5) has a positive solution. A further generalization is given
in [10], where it is proved that, for the existence of a positive solution to (1.1) if 7(¢) = r the
inequality

(1) < 1 r r r n " r
P - 8e(tlntln2t‘ : -h’lk t)2

= : 1.
or T Bel2 T 8e(tInt)? + 8e(tIntIny t)2 (18)

for t — oo and an integer k > 0 is sufficient. Obviously, criterion (1.3) is not applicable in
the cases where the coefficient of the equation considered satisfies the inequalities described
by (1.6)—(1.8).

Assuming t — T(t) > to — T(to) if t > tp and

t 1
—d¢ <1, t — oo,
/t—ra) () 6=

in [17], it is proved that, for the existence of an eventually positive solution of (1.1), it is
sufficient if an integer k > 0 exists such that

lim 7(t) - <1lntln2t---lnkt> =0

t—o0

and
1 T(t) T(t)
p(t) < et(t) + 8et?  8e(tInt)?

T(t)

8e(tIntlngt---Ingt)?’

+ot

Moreover, in [3], it is showed that, if (1.8) holds and 0 < 7(t) < r for t — oo, then (1.1) has
an eventually positive solution. We finish this short overview by including a general result
published in [3]. Let 1/7(t) be a locally integrable function and

lim (£ — 7(t)) = e, /: r(lg)d‘:: 00,

If there exists a § € (0, 0) such that

t 1
—dF<s,  t>t
/t—ru) @%= =

and, for a fixed integer k > 0,

p(t) < ! + 0 + 0
edt(t)  8et(t)g*(t)  8et(t)(q(t)Ing(t))?
0
8et(t)(q(t)Ing(t)Ing g(t) - - - Ing q(t))?

where

10 = [ g

then there exists an eventually positive solution of (1.1).
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1.2.2 Integral criteria

Note, that the choice A(t) = ep(t) in (1.4) turns this inequality into (1.3). The ideas how
to utilize implicit criterion (1.4) to get new explicit integral criteria are brought from the
papers [4] and [12]. A small modification of (1.4), transforming

A(t) :==ep(t) e @® (1.9)
with w := A7, i=0,1,..., where A} are special functions defined as

T TO T

2t ' 2tInt ' 2tIntlngt | ' 2tIntlngf---In;t

led to substantial progress in developing new positivity criteria. Theorem 4 in [12] states the
following

Theorem 1.2. Let us assume that, for a fixed i € {0,1, ...}, the inequality

/tt p(s)e ) ds < ! [1 = Ai(t)]

—t(t) e

holds for t € [tg, 00). Then there exists a positive solution x = x(t) of (1.1) on [t, 00). Moreover,

t
x(t) < exp (—e/ p(s)e () ds)
to

fort e [to,oo).

In particular, [12] demonstrates that Theorem 1.2 covers criteria (1.6)—(1.8).

2 New explicit integral criteria
Substituting (1.9) into (1.4), where w: [fp —r,00) — R is a general function, results in the
following statement (see [12, Theorem 3]).
Theorem 2.1. Let w: [tg — r,00) — R be a locally integrable function such that
f 1
[ e s < [1-w() @1)
t—1(t) e

for t € [ty,00). Then there exists a positive solution x = x(t) of (1.1) on [tp, o0) satisfying the
inequality

x(t) < exp <—e /t p(s)e <) ds) (2.2)

fo
for t € [t, ).
Theorem 2.1 is used in the proof of the following theorem.
Theorem 2.2. Let w: [ty —r,00) — R be a nonincreasing locally integrable function and let
0: [to, 00] — [0,1] be a function. If
o—w(t=0(D)T(1)) /
t—1(t)

for t € [to, 00), then there exists a positive solution x = x(t) of (1.1) on [t, ).

t=6(t)7(t) p(s) ds 4 e /t p(s) ds < % 11— w(t)] (2.3)

—0(t)()
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Proof. For the left-hand side £ of inequality (2.1), we get

t t—0(t)() t
L= p(s)e () ds = / p(s)e “6) ds + p(s)e () ds
t—1(t) t—1(t) t—0(t)T(t)

t
< e-w(t=6()T(t) / ds &+ e—w(®) / ds.
=€ t—1(t) pls)ds+e t—e(t)r(t)p(s) °

F—0(t)T(t)

Now, obviously, an estimate of the right-hand side R of inequality (2.1), utilizing (2.3), is

t—0(t)7(t) t
R = 1 1—w(t)] > e w(t=0()T(1) / p(s)ds+ e @) / p(s)ds
e P— t6(t)(t)

-t
> / p(s)e ) ds = L.
t—1(t)

Inequality (2.1) holds and from Theorem 2.1 the proof of Theorem 2.2 is complete. O

Now we use Theorem 2.2 to get an easily verifiable explicit criterion.

Theorem 2.3. Let
T(t) < T(t - 7(t)/2) < Mr(t) .4

forall t >ty > 0 and a constant M. If there exists a function a: [ty,00) — Ry such that

t—1(t)/2 d 1 t d 1 ”s
< — 1), < — t .
jw)p@s_%+w> A?WJ@S oo +a(t) 2.5

for t € [to,00) and a constant u € (0,1) such that

p(T(t—(t)/2) +T°(t))
< 00 .
Dé(t) < 1925 , t e [t(), ), (2.6)
then there exists a tj; € [to, c0) and a positive solution x = x(t) of (1.1) on [t], o).

Proof. In (2.3), put w(t) = 7(t)/(2t) (in accordance with recommendation (1.9) for i = 0) and
6(t) = 1/2. Then, (2.3) equals

L) 1= e TU=T(0/2)/QU—(0)/2) / T ) ds
t—1(t)

B t 1 T(t)
T(t)/(Zt)/ ds < Ry := - [1 - ] . 7
te NS o | @7

Obviously, due to the boundedness of 7(t),

. T(t—1(t)/2) _T(t)
m=—wne - m— =0 2.8)
and in view of (2.4),
T(t— (1) /2) = O(t(t)). 2.9)

Combining both properties (2.8), (2.9) we have
™ (t—1(t)/2) _0 <Tm(t)) , ™ (t—1(t)/2) _0 (T’”(t)> (2.10)

ts ts
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for positive integers m and s. Due to (2.8)—(2.10), it is possible to asymptotically decompose
both exponential functions in (2.7). For the first one, we get

o T(t=T(1)/2)/ (2(t=7(1) /2))

2t 412 8t3
201 _ 204 _ 3(t — 4
2(t 8;@)/2) Tt TS(Q/Z)T(t)_éT(t 8;<t>/2>+o(ftgf>> 2.11)

and, for the second one, we derive

—1(t £ T(t) 1 T(t) 2 1 T(t) 3 T4(t)
2 3 4
=1- Tz(:) * T8t(2t) N 18(:3) +o <Ttit)> ' 2.12)

Then, utilizing (2.5), (2.11) and (2.12), we can estimate the left-hand side £; of (2.7),
r (1 T(t—7(t)/2) T(t—7(t)/2)t(t) T(t—T(t)/2)7T2(t)
1= _

2t 412 813

2 (t—1(t)/2)  TA(t—7T(t)/2)T(t) 1T3(t—1(t)/2)
8t2 813 6 8t3

L0 <Ti§t))> /tt;:;)/zp(s) 4

+ <1 - Tz(? + T;(zt) _ Z;(f? +0 (Tiiﬂ)) /t;(t)/zp(s)ds

< (1 Ct(t=t()/2) t(t—z(H)/2)T(t) T(t-— T(t)/2)T%(t)

2t 442 8t3

T(t—T(t)/2)  T—t)/2)t(t) 1Tt —7(t)/2)
812 813 6 813

‘o0 <T4tff)>> (218 +1x(t))
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+ <1 - TZ(:) + T;g) - 138(;) +0 <T4tff)>) (;e +zx(t)>

1 t(t—1(t)/2) +7(t) N 2 (t —7(t)/2) + T2(t) — 27(t — T(t) /2)T(¢)

e 4te 16t2%e

—61(t —7(t)/2)T%(t) + 672(t — T(t)/2)T(t) — T2(t — T(t)/2) — T3(¢)
+ 96t3e

+a(h) <2+o <(tt)>) 10 (ig”) .

|

So, we have

< 1 t(t—1()/2)+1(t) N 2 (t —7(t)/2) + T2(t) — 2T(t — T(t) /2)T(¢)

e 4te 16t%e
—61(t —7(t)/2)T%(t) + 672(t — T(t)/2)T(t) — T2 (t — T(t)/2) — T3(¢)
i 96t3e
+2a(t) 4+ 0 <“(t):(t)> +0 (Tiﬁ”) . 2.13)

Then, for £1 < R4,

1 7(t—7(t)/2) +1(t) N 2 (t —7(t)/2) + T2(t) — 27(t — T(t) /2)T(¢)

e 4te 16t2e

—61(t —7(t)/2)T%(t) + 6T%(t — T(t)/2)T(t) — T2 (t — T(t)/2) — T3(t)
+ 96t3e

a0 (12) o) <1 )

or

T(t) —t(t—7(t)/2) n (t(t—1(t)/2) — T(t))? n —6tT(t—t(t)/2)T(t)(T(t) — T(t — T(t)/2)

dte 161% 9613
RUTD 0 o (MY o (<10)
() - Titt; () /2) <1 LTl - T(it— (1)/2) 6t - ;Z)Z/z)r(t)>
B G T(;)6/t32) NP AT (W) +0 (Tiff)) <0 (2.14)

is sufficient. From (2.4), we have —7(t — 7(t)/2) + T(t) < 0. As the delay 7 is bounded,
(assuming t( sufficiently large),

() — Tt — 7(£)/2) (1 LT =Tt =T()/2) 6Tt —T(t)/ 2)T(t)> <o. (2.15)

4te 4t B 2412
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Finally, utilizing (2.4), (2.6) and (2.15), we conclude that (2.14) will be satisfied if
3(p_ 3 4
BT R0 ) 4o (M) 4o (U0

9613 B

(1= (Pt =1(1)/2) +T(1)) a(t)T(t) (1)
= - - 96t3e +O< t >+O< t >

A=) (@t —1(t)/2) +T(1)) ((t—1(t)/2) + T (H)T(t) (1)
_ u)(t 96:3(3 T +O(T T 2 T T >+O(Tt4)
< 0.

Since 1 — u > 0, the last inequality is valid and £; < R;. Without loss of generality, assume
that above inequalities are valid on [tj;, 00) where t{ > t is sufficiently large. Inequality (2.3)
holds on [t§, c0), Theorem 2.2 is applicable, and a positive solution x = x(t) of (1.1) on [t}, c0)
exists. ]

A minor modification in the proof of Theorem 2.3 gives the following statement.

Theorem 2.4. Let
T(t) < t(t—1(t)/2) < Mt(t) (2.16)

forall t > tg and a constant M and
t-1()/2 1 ‘ 1
[ PO S B0, [ p(s)ds < ook B
fort € [ty, 00), where B: [ty,00) — R.. If, moreover, there exists a y € (0,1) such that
(x(t = 7(0)/2) = (1)) o)
8te

then there exists a t§ € [to, 00) and a positive solution x = x(t) of (1.1) on [t], 00).

Bty <k

Proof. Modifying inequality (2.14) (where « is replaced by ) in the proof of Theorem 2.3, we
get
T(t) —T(t —7(t)/2) <1 n T(t) —t(t—7(t)/2) 6T(t— T(t)/2)r(t)>

4te 4t 2412
3(p 3 4
BT gy 4o (BT 4 o (20
T(t) — Tt —7(t)/2) T(H) —t(t—7(t)/2) 6T(t—T(t)/2)T(t)
= ate <1 THrt af N 2412 )

(- T(;)6/t§) +3(t) o <(T(t - T(t)/tZQ) - T(t))r(t)> L0 <T4t§t)> <0. (218)

It is easy to see that the asymptotically leading terms in (2.18) are
T(t) — T(t —7(t)/2) T =T(t)/2)+ (1)
4te 9613

because all the remaining terms are asymptotically smaller than the first or the second one.
Since 1 — u > 0, inequality (2.18) is valid and £; < R;. Further, we can proceed as in the
proof of Theorem 2.3. O

(1—u) and
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Remark 2.5. Comparing inequality (2.6) in Theorem 2.3 with inequality (2.17) in Theorem 2.4,
we conclude that these theorems are independent. Let us illustrate this remark by two ex-
amples with different delays (and note that neither point-wise criteria mentioned in 1.2.1 nor
integral criterion (1.3) are applicable).

Example 2.6. Let o > 0 and 7(t) = e~'. Then,
(t—1(t)/2) = e (=72
and inequality (2.4) turns into inequality
1< ee"/2 <M,
which holds with M := \/e. Theorem 2.3 is applicable if « satisfies inequality (2.6), i.e.,

]A(T3(t —1(t)/2) + T3(1)) y(e—s(t—e*‘/z) +e73) ye*3t(e3 e /2 1)
< = — . .
alt) < 1928% 1928% 1928% (2.19)
Inequality (2.16) in Theorem 2.4 holds as well. Theorem 2.4 is applicable if B satisfies inequal-

ity (2.17), i.e.,

(t) p(r(t—t(t)/2) —7(t)  ple /D —et)  pet(ec/2-1)
Pl = 8te N 8te - Ste
! —2t
- % <1 N %e_t(l +o(1)) - 1) =B (1+0(1)). (2.20)

Comparing estimates (2.19) and (2.20), we conclude that (2.20) is less restrictive and therefore
Theorem 2.4 is preferable.

Example 2.7. Let o > 0 and 7(t) = 1+ e~'. Then,
T(t—1(t)/2) =1+ (t-(1+e)/2)
and inequality (2.4) turns into inequality
1< (14ee2) (14e7) T < M,

which holds with M := 1 + e. Theorem 2.3 is applicable if a satisfies inequality (2.6), i.e.,

at) < ey(TB(t —7()/2) + T(1)) _ u((1+ e_(t_(1+e7f)/2))3 +((14eh)?)
- 1921% 1928%
_ p#(2+0(1))
T 19283 (2.21)

Inequality (2.16) in Theorem 2.4 holds as well. Theorem 2.4 is applicable if B satisfies inequal-
ity (2.17), i.e.

) < BT T(0/2) () _ 1+ (-0 e
P o 8te o 8te
Veft(e(lJre’t)/Z) _ 1)

= . 2.22
8te ( )

Comparing estimates (2.21) and (2.22), we conclude that (2.21) is less restrictive and therefore
Theorem 2.3 is preferable.
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3 Further positivity criteria

In this part, some further positivity criteria are derived. First we generalize Theorem 2.2 in
the case that the interval [t — 7(t),t] is divided by several points.

Theorem 3.1. Let w: [tg —1,00) — R be a nonincreasing locally integrable function, let 6;: [ty, 0] —
[0,1], i = 1,2,...,n — 1 be functions satisfying inequalities 61(t) > 62(t) > --- > 6,_1(t) and let
the inequality

a—w(t=6i(t)T(1)) /t_el(t)w)p(s)d5+e—w(t—ez(t)r(t)) /t_GZ(t)T(t)p(s)ds
t—1(t) t—01(t)T(t)
b g ettt | O ) ds
0,2 (£)T(F)
(t) : d 1 1 3.1
—w <21 —wlt .
e /t—en_1<t>r<t)p(s> T e[ i) &0

hold for t € [ty, 00). Then there exists a positive solution x = x(t) of (1.1) on [ty, o).

Proof. In the proof, we apply Theorem 2.1 again. For the left-hand side £ of inequality (2.1)
we get, using (3.1),
t

. s — [THIO g gy [0
B t—T(t)p 5/ °= /t—r(t) pls)e ’ )

t_en—l(t)T(t) ( ) t ( )
Ce —w(s d —w(s d
- +/t—enz<t>r(t) pls)e o t—en_la)r(t)p (5)e ’

< a0 [ e
t—1(t)

p(s)e ) ds

t—0,(t)T(t)
p(s> dS + efw(t792(t)1—(t)) / 2 p(s) ds
t=01(t)7(t)
t

ds +e @ / ds.
pls)ds e t—en_1<t>r<t)p(s) ’

N a—w(t=0,1()T(t) /t—6n1(t)T(t)
t_enfz(t)"f(t)

By (3.1), an estimate of the right-hand side R of inequality (2.1) is

R = [~ w(t)]
o =010 / OO ) ds + e-wlt-ea O / RO ds
- t—7(t) t=01(t)T(t)
t_enfl(t)r(t) t
e w(t=O ()T(1) / ds & e—w(®) / d
frote t=0y—2(t)T(t) ple)dste t=0,1()7(#) ple)ds

t

> / p(s)e Gl ds = L,
t—t(t)
inequality (2.1) holds, and from Theorem 2.1 the proof of Theorem 3.1 is complete. O

Now we use Theorem 3.1 to get an easily verifiable explicit criterion when the interval
[t —T,t], t > tp is divided into n subintervals. It is necessary to underline that it is assumed
that n > 2, i.e. Theorem 3.2 below cannot be reduced to Theorem 2.3 and both theorems are
independent. It is a surprising fact that the proof of Theorem 3.2 is even simpler than that of
proof of Theorem 2.3 (because the terms of the third order of accuracy in the asymptotic de-
composition are not necessary) and, simultaneously, the function a satisfies an estimation (3.3)
below which is weaker than (2.6) in Theorem 2.3.
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Theorem 3.2. Let n > 2 be an integer and
T(t—((n—i)/m)t(t)) <t(t—((n—i+1)/n)Tt(t)) < Mt(t) (3.2)

forallt >ty >0andi=1,...,n,and a constant M. If

t—((n—i)/n)T(t)
/ p(s)ds < - + a(t)
t—((n—i+1)/n)T(t) ne

fort € [ty,00),i=1,...,n wherew: [ty,00) — Ry and there exist a y € (0,1) such that
p(n —2)7T%(t))
then there exists a t§ € [ty, 00) and a positive solution x = x(t) of (1.1) on [t], o).

Proof. Put in (3.1) w(t) = t(t)/(2t) and 6;(t) = (n—1i)/n, i = 1,...,n. Then, (3.1) equals
(below by L] and R] the left-hand and the right-hand sides of (3.1) are denoted)

. —t(t=((n—=1)/n)t(t)) (n=1)/n)7(t)
L] = exp< 20— ((n=1)/n)t(t) >/ S p(s)ds

o (TTE=((n=2)/m)T(t)\ -2/
e p( 2(t = ((n—2)/n)(t)) >/—(<n—1>/n>r<t> pls)d

—r(t = ((n—m)/m)r(t)\ (/)
+ -+ exp < =) /n)t)) > /t((nn+1)/n)r(t) p(s)ds

o —1(t— ((n—i)/n)t(t))\ [t ((r=0)/m)(t)
= 2o (50 (o)) o p(e)ds

—((n—i+1)/n)t(t)
< R; ;:1[ _T(*)] (64)

Obviously, due to the boundedness of (t),

)

. T(t—=((n—1)/n)T(t)) .
tlgxgo F= (=0 /m)T() =0, i=1,...,n, (3.5)
due to (3.2)
T(t— ((n—i)/n)T(t)) = O(7(t)), i=1,...,n—1 (3.6)

and, combining both properties (3.5), (3.6), we have

ot ((n—i)/m)T(t) | (T"() Ot~ ((n— i) /m)T(t) _  (T(E)
F ‘O( F ) (t— ((n—)/n)T(D) ‘O< T ) G2

for positive integers m and sand i = 1,...,n — 1. By (3.5)—(3.7), it is possible to asymptotically
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decompose exponential functions in (3.4). This is the next step. Fori =1,..., n, we get

(T (= i) /m)T(h)
¢ P< 2(t— ((n—i)/n)t(t)) )

_ = ((n—i)/n)z(t ))+1<T(t—((”—i)/”)T
2t = ((n=i)/m)(t)) 2 \2(t = ((n—i)/n)7(

1o %T(t —((n—i)/m)(t)) (1 + ”;”(tt) 440 <Tt§t)>>
L= (=) (4o (M) 4o (P0)

2 412 Tt 13
_ = ((n=0)/m)r(t)) (n—i)r(t—((n—i)/n)T(t))T(t)
2t 2nt?
n 2 (t — ((n8—t2i)/n)”f(t)) L0 (Ti&)t)) ‘ (3.8)

Then, utilizing (3.3) and (3.8) we can estimate the left-hand side of (3.4),

— t=((n—i)/n)T(t)
Zexp( (((n ;)/1;)(())))/ s

(n—i+1)/n)t(t)

t))
) (o)

(
N —t(t—((n—1)/n)t(
F ( (n=0)/n)c(t

n t
< Lo 50— (= /m)
5 T(t—((n—i)/m)T(t)) (n—i)r(t—((n—i)/n)T(t))T(t)
= 1; (1_ 2t 2nt2
204 g 3
LG ) (1)

+a(t) <n+O (@)) 40 (T?;gf))

-]
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or

Y <_4(n —i)e(t = ((n— i) /m)T(8))T(t) + nT(t = (n—i)/ ”)T(t))>

8n2et?

ety +0 (M) o <T3“>> <0 59

t3

is sufficient. Let us transform the second sum in (3.9). We get

Yo = g Yo (12— ((n = i)/m)e(t)) — 4(n — e()e(t — ((n — ) /m)(t)))
i=1

= gnzletz é (” (T(t) — T(t — ((n — i) /n)T(t)))* — nT2(t)

+(2n—4(n = )Tt~ (1 —i)/n)T(1))

= [we take into account a reduction in the sum if i = n and i = n — 1]

n—l n(n —2)t?
= e L1 ()~ 0= (tn = i)y - R
n—1 1

— L e (2n = 4)T(B)T(t — ((n = i) /m) (b))

i=1

n—1 nin — 2
= e L 1 (500 =t = (tn =iy nye(e)) = M
[1/2] 1

- ; gepz 2 — 4)T(t) [t(t = ((n —i)/n)T(t)) — T(t = (i/n)T(t))]
where |- | is the floor function. Since, by (3.2),

T(t = ((n—i)/m)t(t)) —w(t = (i/n)7(t)) = 0,

we have
1 n(n —2)t%(t)

Lo < g Lo () = ¥(e (= iy /mye(e))? - "
and (3.9) will hold if
ni T(t) —T(t — ((n—i)/n)T(t))

= 2net
n—1 n- i
* et L (e = et = (0= )/me(0))* - e

+nn(t)+0 (20H) 40 (T?’(f)) <0

t3



Explicit integral criteria for positive solutions 15

or if

T Tt —T(t = ((n—i)/m)T(t)) (1 L) — (= ((n - i)/n)T(f))>

2net 4t

=1

_ (=2 +na(t)+0 <“(t):(t)) +0 (T3(t)> < 0. (3.10)

8net? 3
Now we apply inequality (3.3). Then, inequality (3.10) will hold if
”Z_l T(t) —(t — ((n —1)/m)z(t)) (1 L) — (= ((n - i)/n)T(f))>

2net 4t

i=1

(n=2)(1—W(t) <T3(f)

Snet? 13

) < 0. (3.11)
Since, by (3.2),
T(t) —t(t—((n—1i)/n)T(t)) <0, i=1,...,n—1,
inequality (3.11) will be valid if
OB R) (D0 020 0R0 (1o (T o, g

8net? 13 8net? t

We have n > 2 and p € (0,1) so that the last inequality is obvious and £ < R on [}, ),
where t; > ty is sufficiently large. Inequality (3.1) holds, Theorem 3.1 is applicable, and
a positive solution x = x(f) of (1.1) on [t;, c0) exists. O

Remark 3.3. Let us note that if delay 7(f) is a non increasing function, condition (3.2) holds.
As noted above, Theorems 2.3, 3.2 are independent. The reason why Theorem 3.2 does not
cover the case considered by Theorem 2.3 is the following. In the proof of Theorem 3.2, the
crucial term determining the sign of the final estimate is

(n—2)7(t)
8net?

If n = 2 (which is not allowed in Theorem 3.2), this term disappears and the sign will be
determined by expressions of order higher than 7%(t)/t?>. Such an approach and detailed
analysis is carried out in the proof of Theorem 2.3.

A minor modification in the proof of Theorem 3.2 results in the following statement.
Theorem 3.4. Let n > 2 be an integer and
T(t—((n—i)/n)t(t)) <t(t—((n—i4+1)/n)T(t)) < MT(t) (3.13)

forallt >ty >0andi=1,...,n,and a constant M. If

t=((n—=i)/n)z(t) 1
s)ds < — + B(t
/t((ni+l)/n)r(t) p( ) T ne ﬁ( )

fort € [tg,00),i=1,...,n, where B: [ty,0) — Ry and there exist a y € (0,1) such that

B() < "i plalt—((n—D/mr(t) —=) ¢ ty, o), (3.14)
i=1

2nte

then there exists a t§ € [to, c0) and a positive solution x = x(t) of (1.1) on [t§, c0).
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Proof. Repeating the proof of Theorem 3.2, we get inequality (3.10) (where « is replaced by pB),
ie.

”i () —w(t = ((n —i)/n)T(t)) (1 L T — (= ((n —i)/n)T(t))>

— 2net 4t
i=1

8net? t 3

ST ey 40 (ﬁ(m(t)> +0 <T3<t>) <0. (3.15)
Utilizing (3.14), inequality (3.15) will hold if

Ef(t) —t(t = ((n=i)/m)T(t)) <(1—V) L) -t - ((”—i)/”)T(t)))

= 2net 4t
(n —2)7%(t)
- 8net?
Lt —((n—1i)/n)T -7
o (( 1t — (( )t/2 )T(t) (1)) r(t)) +O<T3tgt)> o @16

Asymptotic analysis of all the terms on the left-hand side of (3.16) leads to a conclusion that
its sign is determined by the sum of two negative terms (recall that 1 — y > 0)

) —t(t—((n—1i)/n)T n—2)t
-y () =7t = ((n=i)/m)T(t)) _ (n=2)7T*(t)

2net 8net?

,..
Il
—_

because all the remaining terms are of an asymptotically higher order than at least one these
two negative terms. Further, we can proceed as in the proof of Theorem 3.2. O

Remark 3.5. Comparing Theorem 3.4 with Theorem 2.4, we see that the latter is not a par-
ticular case of Theorem 3.4 due to the same reason as described in Remark 3.3. Moreover, a
comparison between Theorem 3.4 and Theorem 3.2 can be made in much the same way as
between Theorem 2.4 and Theorem 2.3 (see Remark 2.5 where Example 2.6 and Example 2.7
were utilized) using suitable examples.

4 Concluding remarks and open problems

For a constant delay 7(t) = 7, modifying slightly the proof of Theorem 2.3 and the proof of
Theorem 3.2, we get the following theorems respectively:

Theorem 4.1. Let

t 1
/t’r/2 p(s)ds < 7t a(t) (4.1)

for t € [ty, 00), where w: [ty, 00) — R If, moreover, there exists a u € (0,1) such that

ut

< AR
() < gepe

(4.2)

then there exists a t;; € [to, 00) and a positive solution x = x(t) of (1.1) on [t, o).
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Proof. From (4.1) we get
t—t/2 1
/ p(s)ds < —+a(t—1/2)
t

—7 2e

and (4.2) yields
3

3
UT UT 1
—1/2) < = — .
“(t=7/2) < e 7y — 96 T © <t4>
With this modification against the original proof of Theorem 2.3, we can repeat it (with small
changes) up to inequality (2.13) which equals

c, 31—2;—4g;e+a(t—r/z) <1+o(1>> Fa(h <1+o<1>> +O<t14>

e 2te 488 t 2t
ie., if
(1—pu)t 1
BB © H)s 0
The last inequality holds for all ¢ € [t, co) where t] is sufficiently large. O

Theorem 4.2. Let n > 2 be an integer and

t 1
s)ds < — +aft 4.3
| peds < raln) @3
for t € [ty, 00), where a: [tg,00) — R. If, moreover, there exists a y € (0,1) such that
u(n —2)t?
Dl(t) S W, t c [to, OO), (44)
then there exists a t}; € [ty, 00) and a positive solution x = x(t) of (1.1) on [t], o).

Proof. From (4.3), we get

/t_((”—i)/”)f (s)ds < : (t=((n—i)/n)7) =1
s)ds < — +a(t—((n—1)/n)71), i=1,...,n
t—((n—i+1)/n)t P ne

and (4.4) yields

u(n—2)t? ‘u(n—2)72+0<1>.

a(t=((n=i)/m)7) < 8n?(t— ((n—i)/n)t)%e T 8n2tle 3

With this modification against the original proof of Theorem 3.2, we can repeat it without
changes up to formula (3.11), which coincides (in the case of a constant delay) with (3.12). [

Utilizing equation (1.1) with a constant delay 7(¢) = 7, it is easy to demonstrate the mutual
independence of criteria (1.3), (4.1) and (4.3).
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Remark 4.3. It is easy to see that the criterion of positivity (4.1) is independent of the classical
criterion (1.3). To show this, assume that (4.1) holds with a positive function « satisfying (4.2).
Then,

t t—1/2 t 1 1
/t p(s)ds = / p(s)ds + pls)ds < < +alt—T/2) +a(t) £ -

-T t—7 t—1/2
and the classical criterion (1.3) does not hold.

The independence of criteria (4.1) and (4.3) is demonstrated in the following example.

Example 4.4. Consider the equation
; 1 . b _t -
x(t) + <Te+£smTt+e )x(t—r) =0 (4.5)

with p(t) = 1/te +esin(671/7)t + e where 0 < ¢ < 1/te. Criterion (4.3) is applicable with
n = 3 since

t 1 et 6t 1| t
ds = — — | = - e — t
/t—r/S pls)ds 3¢ 6 [ 7 S} /3 € 3T 3e T #(t)
where
a(t):=e! (er/?’ = 1) .
Let us show that « satisfies inequality (4.4), i.e., that
t /3 VTZ
- — <
e (e 1) = 7012 ’ te [tOI OO)
or X
et < He t € [ty, o) (4.6)

—72(e™/3—-1)e’
holds for a € (0,1) and a positive t,. Let u be fixed. Since

et = 2o /272 < 16e 2 /2, t € (0,00)

inequality (4.6) will be valid if simultaneously
—t/2 pe’t?

d t>0.
=16 72 —1)e

e

Then (4.4) holds if

2
uet
t 2In—u"——, 0
0> max{ n 1152 (eT/3 ) }

and, by Theorem 4.2, equation (4.5) has a positive solution on [t;, o) where t§ > tg is suffi-
ciently large. However, criterion (4.1) is not applicable. Indeed,

t 1 et 6 11
/t—T/Z p(s)ds = % + P [— cos Ts]

st 1
et = qa),
t—e/2 ‘t T/2 2¢

where
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and, for a sequence
t=t =1(142k)/6, k=0,1,... 4.7)

we have

a(ty) := g—; +ek (eT/z — 1)

and limy_,. a(tx) = e7/(37) # 0.
We will finish this discussion by verifying the fact that the original criterion (1.3) is not
applicable either. Indeed,

t 1 1
/t p(s)ds=~-+e'(e"—1) > - (4.8)

—T e e
for every t € [tg, o).

Let us formulate some open problems for future research. Although, in the paper, we
provided several new explicit integral criteria for the existence of a positive solution x = x(t)
of (1.1) and we demonstrated that our criteria are independent of the previously known re-
sults, unfortunately, our approach could not, in its present form, improve the classical crite-
rion (1.3). Moreover, it is well-known that the equation

x(t)+<1+8;2> x(t—7) =0

Te
has a positive solution (by, e.g., criterion (1.8)), and all solutions of the equation

1 T

X(t) + (Te+8et2> x(t—1) =0,

where v > 1 oscillate (e.g., by [10, Theorem 12]). For n > 1, we have

f 1 T 1 T 1
—+—|ds=-+-—— —= .
/t_f <Te+8esz> i e+8et2+o<t3>
The result of this computation suggests the best possible expected form of an estimate of the

integral of coefficient in (1.1). Based on our results we can formulate, e.g., the following open
problem.

Open Problem 1. Prove or disprove the following conjecture. Let 7(t) = T and

[ psrds < L +ath

—T

for t € [ty, o) where a: [tg,00) — Ry. If, moreover, there exists a constant i € (0, 1] such that

2
T
a(t) < &, t€ [ty 00),

then there exists a t € [tp, o) and a positive solution x = x(t) of equation
x(t)+p(t)x(t—1) =0

on [t;,00).
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Similarly, tracing carefully the present results, open problems connected with Theorems
2.3,2.4,3.2 and 3.4 can be formulated in the case of a variable delay.

In the paper we also pointed out the difference between Theorem 2.3 and Theorem 3.2. A
question arises, how the method used can be improved to get a better estimate of the function
« in Theorem 2.3. Therefore, the following problem described below is another challenge for
future investigation.

Open Problem 2. Prove or disprove the following conjecture. Let
T(t) < t(t—7(t)/2) < M1(t)

for all t > tg > 0 and a constant M. If

t—t(t)/2 ds < 1 t ds < 1
il t), < — t
/t_w) pls)ds < o +a(t) /t_w)/zp@ s < oo+ a(h)

for t € [ty,00) where a: [tp,c0) — R and there exists a u € (0, 1] such that

at) < A0

>~ 16et2 ’ t e [to,OO),

then there exists a t§ € [tg,00) and a positive solution x = x(t) of (1.1) on [t;, o).

When solving Open Problem 2, perhaps another scheme of the division of interval
[t — 7(t),t] should be developed, different from the one used in the paper.
The following open problem was suggested by an anonymous referee.

Open Problem 3. Is it possible to generalize the results of Theorems 4.1 and 4.2 if the expres-
sions 7/2 and t/n in (4.1) and (4.3) are replaced by dT with 6 € (0,1)? Is, e.g., the following
conjecture true? Let
t
/ p(s)ds < 2 +a(t)
t—6T e

for t € [ty, c0) where a: [tp,00) — R.. If, moreover, there exists a 4 € Ry such that

a(t) < tﬁz

then there exists a t§ € [to,00) and a positive solution x = x(¢) of (1.1) on [t], o).

In Theorems 2.3, 2.4, 3.2, and 3.4, inequalities (2.4), (2.16), (3.2), and (3.13) were used.
These inequalities are valid if delay is nonincreasing (the case of inequalities (2.4), (3.2)) or
decreasing (such possibility is admitted in all four inequalities). The last but not least task
is whether similar results on the existence of positive solutions can be derived if the delay is
nondecreasing or increasing. Finally, we refer to papers [5,6,8,39] where similar problems of
the behavior of solutions of delayed equations are treated.
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