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HIGHER ORDER MULTI-POINT BOUNDARY VALUE PROBLEMS
WITH SIGN-CHANGING NONLINEARITIES AND
NONHOMOGENEOUS BOUNDARY CONDITIONS

J. R. GRAEF, L. KONG, Q. KONG, AND J. S. W. WONG

ABSTRACT. We study classes of nth order boundary value problems consisting of an
equation having a sign-changing nonlinearity f(¢,z) together with several different
sets of nonhomogeneous multi-point boundary conditions. Criteria are established
for the existence of nontrivial solutions, positive solutions, and negative solutions
of the problems under consideration. Conditions are determined by the behavior
of f(t,xz)/x near 0 and +0o when compared to the smallest positive characteristic
values of some associated linear integral operators. This work improves and extends
a number of recent results in the literature on this topic. The results are illustrated
with examples.

1. INTRODUCTION

Throughout this paper, let m > 1 be an integer, and for any x = (z1,...,Zm),

Y= (Y1, Ym) € R™, we write T = Y ", |z;] and (z,y) = > ", z;y;. Let
a=(ar,...,00m), B=51,...,0mn), v=1,--.,7m) € RY,
and
§= (&, 6m) € (0,)7

be fixed, where R, = [0,00) and &, i =1,...,m, satisfy 0 < & < & < ... <&, < 1.
To clarify our notation, we wish to point out that while u(¢) is a scalar valued function,
u(€) = (u(&),...,u(&n)) is a vector. In this paper, we are concerned with the

existence of nontrivial solutions of boundary value problems (BVPs) consisting of the

scalar nth order differential equation
u® +g(t)f(t,u) =0, t € (0,1), (1.1)

and one of the three nonhomogeneous multi-point boundary conditions (BCs)
u®(0) = (o, uD(€)) + N\;, i =0,...,n— 3,
ul™=D(0) = (8, u" V(&) = Ao, (1.2)
w2 (1) = (y, ul"2(E)) + N,
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u®(0) = (o, u (€)Y + N\;, i =0,...,n— 3,
u(n72)(0) = <ﬁ7 u("=?) (€)> + An—2, (13)

L u™ D (1) = (7, u" (&) + Ao,
and ' A
(u®(0) = (o, u(€)) + N, i =0,...,n—3,

ul=2(0) = (8,u"2(€)) + A2, (1.4)
(w2 (1) = (7, u"2 () + A,
where n > 2 is an integer, f : [0,1] x R — R and ¢ : (0,1) — R, are continuous,

g # 0 on any subinterval of (0,1), \; € Ry, and u®(§) = (u?(&),...,u?(&,)) for

i=0,...,n—1. By a nontrivial solution of BVP (1.1), (1.2), we mean a function
uwe C"10,1] N C™(0,1) such that u(t) # 0 on (0,1), u(t) satisfies Eq. (1.1) and BC
(1.2). If u(t) > 0 on (0,1), then u(t) is a positive solution. Similar definitions also
apply for BVPs (1.1), (1.3) and (1.1), (1.4) as well as for negative solutions of these
problems.

We remark that in case n = 2, the first equations in BCs (1.2), (1.3), and (1.4)
vanish, and BVPs (1.1), (1.2) and (1.1), (1.3) and (1.1), (1.4) now reduce to the

second order BVPs consisting of the equation

u" +g(t)f(t,u) =0, t € (0,1), (1.5)
one of the BCs
u'(0) = (B,'(§)) — Ao, u(l) = (v, u(§)) + A, (1.6)
u(0) = (B,u(§)) + Ao, W' (1) = (v, u'(§)) + A, (L.7)
and
u(0) = (B, u(§)) + Ao, u(l) = {y,u(§)) + A1 (1.8)

When f is positone (i.e., f > 0), existence of solutions of the above second order
BVPs, or some of their variations, has been extensively investigated in recent years.
For instance, papers [10, 21, 22, 23, 25, 26, 29, 41, 42] studied BVPs with one-
parameter BCs and [13, 14, 15, 16, 17] studied BVPs with two—parameter BCs. In
particular, for one-parameter problems, Ma [25] studied BVP (1.5), (1.8) with m =1
and = A\p = 0. Under certain assumptions, he showed that there exists A} > 0 such
that BVP (1.5), (1.8) has at least one positive solution for 0 < A; < A} and has no
positive solution for A\; > Aj; later, Sun et al. [29] proved similar results for BVP

(1.5), (1.6) with 8 = (0,...,0) and \g = 0; Kwong and Wong [21] further significantly
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improved the results in [29] and also constructed a counterexample to point out
that one of the main results in [29] is actually false; Zhang and Sun [41] recently
obtained results, similar to those in [25], for BVP (1.5), (1.7) with Ay = 0. Paper [21]
does contain some optimal existence criteria. As for the second order two—parameter
problems, Kong and Kong [13, 14, 15, 16] studied BVPs (1.5), (1.6) and (1.5), (1.8)
with A\g, A\; € R and established many existence, nonexistence, and multiplicity results
for positive solutions of the problems. Moreover, under some conditions, they proved
that there exists a continuous curve I' separating the (Ao, A;)—plane into two disjoint
connected regions A¥ and AY with T' C A¥ such that BVPs (1.5), (1.6) and (1.5),
(1.8) have at least two solutions for (A\g, A;) € AF \ T, have at least one solution for
(Ao, A1) € T, and have no solution for (Mg, A\;) € AY. The uniqueness of positive
solutions and the dependence of positive solutions on the parameters Ay and \; are
investigated in [17] for BVP (1.5), (1.8). Recently, higher order positone BVPs with
nonhomogeneous BCs have also been studied in the literature, for example, in [7, 8,
18, 19, 20, 28, 31, 32, 37]. In particular, paper [20] studied BVPs (1.1), (1.2) and
(1.1), (1.3) and proved several optimal existence criteria for positive solutions of these
problems under the assumption that f is nonnegative. In the present paper, we allow
f to change sign.

However, very little has been done in the literature on BVPs with nonhomogeneous
BCs when the nonlinearities are sign—changing functions. As far as we know, the
only work to tackle this situation is the recent paper [6], where BVP (1.5), (1.8) is
considered with m = 2, § = (/41,0), and v = (0,72), and where sufficient conditions
for the existence of nontrivial solutions are obtained. Motivated partially by the recent
papers [6, 12, 18, 20, 24|, here we will derive several new criteria for the existence
of nontrivial solutions, positive solutions, and negative solutions of BVPs (1.1), (1.2)
and (1.1), (1.3) and (1.1), (1.4) when the nonlinear term f is a sign-changing function
and not necessarily bounded from below. The proof uses topological degree theory
together with a comparison between the behavior of the quotient f(¢,x)/x for x near
0 and fo0o and the smallest positive characteristic values (given by (3.1) below) of
some related linear operators L, L, and L (defined by (2.31)-(2.33) in Section 2).
These characteristic values are known to exist by the Krein-Rutman theorem. Our
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results extend and improve many recent works on BVPs with nonhomogeneous BCs,
especially those in papers [6, 10, 13, 14, 15, 16, 18, 19, 20, 25, 29, 41, 42]. We
believe that our results are new even for homogeneous problems, i.e., when \; = 0,
i=0,...,n—1,in BCs (1.2), (1.3), and (1.4). For other studies on optimal existence
criteria on BVPs with homogeneous BCs, we refer the reader to [2, 3, 11, 27, 30, 33,
34, 35, 36, 38, 40] and the references therein. In particular, Webb and Infante [35]
studied some higher order problems and obtained sharp results for the existence of
one positive solution. They gave some non-existence results as well. The nonlocal
boundary conditions in [35] are different from the ones studied here. Webb and Infante
were mainly concerned with homogeneous boundary conditions but nonhomogeneous
boundary conditions were also treated.

We assume the following condition holds throughout without further mention:
Ho0<a<l 0<B8<1, 0<¥y<1, and folg(s)ds<oo.
The rest of this paper is organized as follows. Section 2 contains some preliminary

lemmas, Sections 3 contains the main results of this paper and several examples, and

the proofs of the main results are presented in Section 4.

2. PRELIMINARY RESULTS

In this section, we present some preliminary results that will be used in the state-
ments and the proofs of the main results. In the rest of this paper, the bold 0 stands
for the zero element in any given Banach space. We refer the reader to [9, Lemma

2.5.1] for the proof of the following well known lemma.

Lemma 2.1. Let Q) be a bounded open set in a real Banach space X with 0 € Q0 and
T:Q — X be compact. If

Tu# 1tu  forallue dQ and 7 > 1,
then the Leray-Schauder degree
deg(I —T,9Q,0) = 1.

Let (X, ||-]|) be a real Banach space and L : X — X be a linear operator. We recall

that A is an eigenvalue of L with a corresponding eigenfunction ¢ if ¢ is nontrivial
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and Ly = Ap. The reciprocals of eigenvalues are called the characteristic values of
L. Recall also that a cone P in X is called a total cone if X = P — P.
The following Krein-Rutman theorem can be found in either [1, Theorem 19.2] or

(39, Proposition 7.26].

Lemma 2.2. Assume that P is a total cone in a real Banach space X. Let L : X — X
be a compact linear operator with L(P) C P and the spectral radius, r1,, of L satisfy

rp, > 0. Then ry, is an eigenvalue of L with an eigenfunction in P.

Let X* be the dual space of X, P be a total cone in X, and P* be the dual cone
of P, ie.,
P ={le X" : l(u) >0 for all u € P}.
Let L,M : X — X be two linear compact operators such that L(P) C P and
M (P) C P. If their spectral radii r;, and ry; are positive, then by Lemma 2.2, there
exist ¢, op € P\ {0} such that

Loy =rrer, and Moy = ryen. (2.1)
Assume there exists h € P*\ {0} such that
L*h = ryh, (2.2)
where L* is the dual operator of L. Choose § > 0 and define
P(h,0)={u€ P : h(u) > d||ul|}. (2.3)

Then, P(h,d) is a cone in X.

In the following, Lemma 2.3 is a generalization of [12, Theorem 2.1] and it is proved
in [24, Lemma 2.5] for the case when L and M are two specific linear operators, but
the proof there also works for any general linear operators L and M satisfying (2.1)
and (2.2). Lemma 2.4 generalizes [4, Lemma 3.5] and it is proved in [5, Lemma 2.5].
From here on, for any R > 0, let B(0, R) = {u € X : ||u|| < R} be the open ball of
X centered at 0 with radius R.

Lemma 2.3. Assume that the following conditions hold:

(A1) There exist o, par € P\{0} and h € P*\{0} such that (2.1) and (2.2) hold

and L(P) C P(h,6);
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(A2) H : X — P is a continuous operator and satisfies

Il

llull—o0 | |u]|

(A3) F : X — X is a bounded continuous operator and there exists ug € X such

that Fu+ Hu +ug € P for allu € X;
(A4) There exist vg € X and € > 0 such that

LFu>ry}(1+e)Lu— LHu—v, forallu€ X.
Let T'= LF'. Then there exists R > 0 such that the Leray-Schauder degree
deg(I — T, B(0, R),0) = 0.

Lemma 2.4. Assume that (A1) and the following conditions hold:

(A2)* H : X — P is a continuous operator and satisfies

| Hul]
llull—0 | [u]|

0;

(A3)* F: X — X is a bounded continuous operator and there exists 11 > 0 such

that
Fu+Hue P forallue X with ||u|| < r;

(A4)* There exist € > 0 and ro > 0 such that

LFu>ry} (1 +e)Lu  for allu € X with ||u|| < ry.

Let T = LF. Then there exists 0 < R < min{ry,rs} such that the Leray-Schauder

degree
deg(I — T, B(0,R),0) = 0.
Now let
]-_57 O<t§5§17
G(t,s) =
1—-t, 0<s<t<1,
~ t, 0<t<s<lI,
G(t,s) =
s, 0<s<t<,
and
. t(l—s), 0<t<s<l1,
G(t,s) =
s(1—t), 0<s<t<1,
EJQ

(2.4)

(2.5)

(2.6)
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Then, it is well known that G(t, s) is the Green’s function of the BVP
—u" =0 on (0,1), «'(0) =wu(l) =0,

G(t, s) is the Green’s function of the BVP
—u" =0 on (0,1), u(0) =1u'(1) =0,

and G(t, s) is the Green’s function of the BVP
—u”" =0 on (0,1), u(0) =u(l)=0.

Recall that the characteristic function y on an interval I is given by
0 1, tel,
X =0, t¢r
In the sequel, we write
G(&, s) = (G(&,8),...,G(&m, 9)),
X[O,ﬂ(s) = (X[0,£1](5)7 ce 7X[0,£m](8))7

and for any v € C[0, 1], we let

v(§) = (W), v(Em)) -

We also use some other similar notations that will be clear from the context and will

not be listed here.

Define
m,5) = QXA ),
s 0 GED) 10,8 = (=T xpg(s)
R T T
e 8.GES) (8.8 + (- Bl e ()
N Sy Y T R
t.s) = G, 8)+%[(1—B)<%@(§,8)>— (1= 5)(3.C(E, 5))]
+%[<1 — (1, EN(B, G(E, 5)) + (B, ) (7, G(E, )],

where

p=Q0=0)1-(v8)+10-7){8¢ >0.

(2.10)

(2.11)
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Fori=1,...,n—1, define K;(t,s), K;(t,s), and K;(t, s) recursively as follows

Ku(t,s) = Ho(t, s), Kilt, s) /Hlm)m (rs)dr, i =2, -1, (212)

Ki(t,s) = Hy(t, s i(t, ) /HltT 1(r,8)dr, i=2,...,n—1,
and
A A A 1 A
Kl(t, 8) = Ho(t, 8), Kl(t, 8) = / Hl(t, T)Kz;l(’?', S)dT, 1= 2, Lo, — 1.
0
Remark 2.1. It is easy to see that, for i = 1,...,n — 1, K;(t,s) > 0, K(t,s) > 0,
Ki(t,s) > 0fort,s €[0,1], and K,(t,s) > 0, K;(t,s) > 0, K;(t,s) > 0 for t,s € (0,1).
The following lemma provides the equivalent integral forms for some BVPs.
Lemma 2.5. Let k € L(0,1) N C(0,1). Then we have the following:
(a) The function u(t) is a solution of the BVP consisting of the equation
u™ 4+ k(t) =0, t € (0,1), (2.13)

and the BC
u@(0) = (a,u?(€)), i =0,...,n— 3,
u=D(0) = (8, u"1(€)),
u™2(1) = (v, ul"=2(¢)),

_ /0 UKo (b $)k(s)ds.

(b) The function u(t) is a solution of the BVP consisting of Eq. (2.13) and the

if and only if

BC ‘ 4
u(0) = (e, u<z><£>>, i=0,...,n—3
u=2(0) = (8, u"2(€)),
uH(1) = <%u<" D)),

if and only if

_ /0 "R (b 5 k(s)ds,

(¢) The function u(t) is a solution of the BVP consisting of Eq. (2.13) and the

BC
u®(0) = (,u(€)), i =0,...,n -3,

ul*=2(0) = (8,ul*2(€)),

u2)(1) = (y,u"2(¢)),
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if and only if
u(t) = / Ko 1(t,s)k(s)ds.
0

Parts (a) and (b) of Lemma 2.5 were proved in [20, Lemma 2.2], and part (c) can
be proved similarly. We omit the proof of part (c) of the lemma.
Lemma 2.6 below obtains some useful estimates for K,_i(t,s), K,_1(t,s), and

K, 1(t, s).

Lemma 2.6. We have the following:

(a) The function K, _1(t,s) satisfies

p)(1—s) < K, 1(t,s) <v(l—s) fort,se[0,1], (2.14)
where
1_t+71£’%§>’ n=2
p(t) = } _ (2.15)
S 7- (1)
/O‘W(l—T—i—?)dT, 77,23,
and
_ (1 1- (1,6 \1-&u+8 1
() T T @
(b) The function K,_1(t,s) satisfies
fi(t)s < K,_1(t,s) < s fort,sel0,1],
where
t+ iﬁ’ %), n=2,
lt) = - (2.17)
e (8,6)
/0 (=3 <T+1_B>d7', n >3,
and
(1 (@Q+1—B)&+7 1
(Tt asma) A 219

(¢) The function K,_(t,s) satisfies

[(t)s(1 —s) < Knq(t,s) <ps(1—s) fort,sel0,1],
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where

t(1 —t) + min {a,b}, n=2
fi(t) = { /Ot (t(n_j);)'s (7-(1 — 7) + min {a, l;}) dr, n >3,
and
U= (1 + max {é, d}) {a —15)"_2’

with

aziur—W@»x@al—@>+w@x%a1—@»

6:%KLJﬁ%@ODW£@—O%MW—W£DW£O—®%

é:#@—@@ﬁ+@@m,

dzgu—B+W@mv+@—w@WI

and p is defined by (2.11).

Proof. We first prove part (a). From (2.4), it is clear that
(1-t)(1—3s) <G(t,s) < (1—s) fort,sel0,1].

Then, from (2.8), it is easy to see that

Hau@z(1—oa—s)#”f¥2@>2(1—t+71f29)a-$)
and
Ho(t,s) < 1—s+ %(1 —5)+ a 1__3;:1’?7)6)([0757”](5)
- s 11— <’Ya§> 7 s
= =19+ a —3)(1—7)@([0’&"]( )
1 1— <77£> —g e S
< (T rnts ) 0+ )

for t,s € [0,1]. For s € [0,&,,], since

1-s+8Y B
( 1_5)"u—g2za

we see that (1 — s+ 3)/(1 — s) is nondecreasing on [0, £,,], and so

1—5+B< 1—&,+0
1—s = 1-=¢&,

for s € [0,&].

(2.19)

(2.20)

(2.21)

(2.22)
(2.23)

(2.24)

(2.25)

(2.26)
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This in turn implies

1— s+ Bxpea(s) =1—s+3< %(1 —s) for s €[0,&n].
Note that )
L= s+ Do (o) = 1-5 < 1220 5) forse (61
Then, _m
1—6m+ 0

1= s+ Bxoen(s) S —y g —(1—9) forse(01]

Combing the above inequality with (2.26) yields

1 1— (v, €) )1—§m+3
H =
92 (5 T mim) T
When n = 2, note from (2.12) that K,_;(t,s) = Hy(t, s), and by (2.15) and (2.16),
1 _ 7_<77£> _ 1 1_<77£> 1_£m+B
pe)=tmte oy ”_(1—7+(1—B>(1—7)) I=&n
Then, (2.14) follows from (2.25) and (2.27).

Now we assume that n > 3. For ¢, s € [0, 1], from (2.7),

(1-s). (2.27)

o
< H(t < 1=
Xp.4(s) < Hi(t,s) < 1—a+ —a

Then, from (2.12), (2.25), (2.27), (2.28), it follows that
t ~ —
Ks(t, s) 2/ (1—T+M) dr (1 —3s)
0

-7

(2.28)

and

1 1_<7a§> 1_€m+ﬁ 1
< (5 g o) Toe TR0

Combining the above inequalities with (2.12) and (2.28), we see that

Kt s) > /Ot/ov(1—7+%’g@)d7dv(1—s)
_ /Ot(t—T)(l—T+71;fY%£>)dT(l—s)

and

1 1_<7a§> )1_€m+3 1 1—8).

Ks(t’s)§<1—7+(l—ﬁ)(l—ﬁ) 1—¢, (1—5)2<

An induction argument easily shows that

t _ ~\n—3 =~ _
Kotz [T (1o T o s —aa - )
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and

anl(tu 8) S

( L 1-009 )1—fm+3 1 1—s)

= ) 16 Gar

= v(l-ys)

for t,s € [0,1]. Thus, (2.14) holds. This prove part (a).
Next, we show part (b). From (2.5), we have

ts <G(t,s) <s fort,se]0,1].

Then, from (2.9), it is easy to see that

: (8,G(E; 5)) BOY .

1-0
and

Ho(t,s) < s+ e + - —W)VX[&’”(S)
_ 1 B+ G .
B 1-— B + (1 _B)(l _ W)WX[&J}( )
1 (3,6)+1—0 - )
(1 3 T u=-p)- 7)> (5 +TX1e1,11(5)) (2.29)

for t,s € [0,1]. Note that (s +7)/s is nonincreasing on [£;, 1]. Then,
Y o SE] for s €

1.
S — gl [617 ]
Thus,
_ _ +7
s +7X[£1,1](8) =s+7< £1£ 75 for s € [£1, 1].
1
Since
_ +7
S+ X (s) = 5 < 515 fys for s € [0,&),
1
we have
1+7

S+ FX[e 1 () < s for s €10,1].

&1
Then, from (2.29),

- 1 1-3 5
Hy(t, s) < ( _ B8~ _ﬁ) ST,
1-3 (1-801-7)/ &
The rest of the proof is similar to the latter part of the one used in showing (2.14),

and hence is omitted.
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Finally, we prove part (c¢). From (2.6), we have
t(1—1t)s(1—s) < G(t,s) < s(1—s) fort selo,1].

Let @, b, ¢, and d be defined by (2.21)~(2.24), and define

p(t) = %[(I—B)W,G(&s))—(1—7)<5,G*(§,s)>]
%[(1 — (L E)(B, GE ) + (B.6) (v, G(E. 9))).

Then,

is(1—s) = %[(1 B E(L— ) + (B ) E(1— E))]s(1 — 5)
1

< p(0) = ;[(1 — (1,€))(B,G(&, 9)) + (B,6)(1. G(&, 5))]
< %Kl 0T+ (B, Es(1 — 5)
= ¢s(1—s)

and

bs(1—s) = %[(1—B+<ﬁ,§)>)(%§(1—§)>+(7—<%€>)<ﬁ,§(1—€)>]5(1—5)

IN

p(1) = %[(1 — B+ (B CE ) + (T — (1. E){B, GIE )

%{(1 B (BONT+ (T — (1, E)Bls(1— )
= ds(1—s),

IN

as(1—s) <p(0) <és(l—s) and bs(1—s) <p(1) <ds(l—s).

Moreover, from (2.10), we see that Ho(t,s) = G(t,s) + p(t). Thus,

A~

Ho(t,s) > (1 —1)s(1 = s) +min{p(0), p(1)}

t(1 —t)s(1 — ) + min{a, b}s(1 — s)

<t(1 ) + min{a, zs}) s(1— s)
EJQTDE, 2010 No. 28, p. 13
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and

A~

Ho(t,s) < s(1—s)+max{p(0),p(1)}
< 5(1—s) +max{é, d}s(1 — s)

= (1 + max{¢, d}) s(1—s).
The rest of the proof is similar to the latter part of the one used in showing (2.14),

and hence is omitted. This completes the proof of the lemma. O

In the remainder of the paper, let X = 0, 1] be the Banach space of continuous

functions equipped with the norm ||u|| = max;c(o,1 |u(t)|. Define a cone P in X by
P={ueX : u(t)>0onl0,1]}. (2.30)

Let the linear operators L, M, L, M, i, M : X — X be defined by

Lu(t):/O K, 1(t,s)g(s)u(s)ds, Mu(t):/o K 1(s,t)g(s)u(s)ds, (2.31)

Lu(t):/o K, 1(t, s)g(s)u(s)ds, Mu(t):/ K, 1(s,t)g(s)u(s)ds,  (2.32)

0
and

iu(t):/o Ko 1(t,8)g(s)u(s)ds, Mu(t):/o Ko_1(s,t)g(s)u(s)ds. (2.33)

Remark 2.2. When g = 1, and the pair L and M are considered as operators in
the space L?(0,1), then L and M are adjoints of each other, so rz and rj; would be
equal. Since the function g is present, they are not adjoints of each other. However,
for g as in this paper, as can be seen from Proposition 5.1 in the Appendix, the proof
of which is provided by J. R. L. Webb, we do have that r; and r); are equal. Similar

statements hold for the other pairs of operators as well.

From here on, let rr, rar, 77, 737, 7, and 7y, be the spectral radii of L, M, L, M,
L, and M, respectively. The next lemma provides some information about the above

operators.

~

Lemma 2.7. The operators L, M, IN/, M, I:, M map P into P and are compact. More-

over, we have

(a) 7 > 0 and rp, is an eigenvalue of L with an eigenfunction ¢ € P;
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(b) rar > 0 and ryy is an eigenvalue of M with an eigenfunction oy € P;
(¢) r; > 0 and r; is an eigenvalue of L with an eigenfunction v € P;
(d) 77 > 0 and ry; is an eigenvalue of M with an eigenfunction vy € P;
(e) r; >0 and r; is an eigenvalue ofi with an eigenfunction p; € P;
(f)

f) vy > 0 and ry, is an eigenvalue ofM with an eigenfunction ¢ € P.

The proof of the compactness and cone invariance for these operators is standard.
By virtue of Lemma 2.2, part (a) was proved in [20, Lemma 2.6] and parts (b)—(f)

can be proved essentially by the same way. We omit the proof of the lemma.

3. MAIN RESULTS

For convenience, we will use the following notations.

t t
fo = liminf min i ,:1:)’ fo = liminf min /( ’x),
z—0t t€0,1] x z—0  t€[0,1] T
t t
foo = lim inf min f( ’x), f% = liminf min f(t,z)
xz—00 t€[0,1] x |z|—o0 te[0,1] x
t t
Fy = lim sup max t,2) . F = limsup max t,2)
z—0  t€[0,1] xr |z|— 00 te[0,1] xr

Let rar, v37, Ty, oM, @g7, and @y be given as in Lemma 2.7. Define
1 1 1
- o= d o= 3.1
pa = par = s and sy = (3.1)
Clearly, pys is the smallest positive characteristic value of M and satisfies ¢y =

My Similar statements hold for p,; and g ;.

We need the following assumptions.
(H1) There exist three nonnegative functions a,b € C|0, 1] and ¢ € C(R) such that
c¢(x) is even and nondecreasing on R, ,
ft,z) > —a(t) = b(t)e(x) forall (¢,z)€[0,1] x R, (3.2)
and

lim =~ = 0. (3.3)
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(H2) There exist a constant r € (0,1) and two nonnegative functions d € C]0, 1]

and e € C'(R) such that e is even and nondecreasing on R*,

f(t,z) > —d(t)e(x) forall (t,x) € [0,1] x [—r,0], (3.4)
and
glci_% @ =0. (3.5)

(H3) xf(t,x) >0 for (t,z) € [0,1] x R.

Remark 3.1. Here, we want to emphasize that, in (H1), we assume that f(¢,x) is
bounded from below by —a(t) — b(t)e(x) for all (¢,z) € [0,1] x R; however in (H2),
we only require that f(¢,z) is bounded from below by —d(t)e(x) for ¢t € [0,1] and z
in a small left-neighborhood of 0.

We first state our existence results for BVP (1.1), (1.2).

Theorem 3.1. Assume that (H1) holds and Fy < pipr < foo- Then, for (X, ..., A1)
€ R™ with 3200 \; sufficiently small, BVP (1.1), (1.2) has at least one nontrivial

solution.

Theorem 3.2. Assume that (H2) holds and Fy, < pp < fo. Then, for (X, ..., An-1)
€ R} with SN sufficiently small, BVP (1.1), (1.2) has at least one nontrivial

solution.

Theorem 3.3. Assume that (H3) holds, Fy < py < fZ, and \; =0 fori=0,...,n—
1. Then BVP (1.1), (1.2) has at least one positive solution and one negative solution.

Theorem 3.4. Assume that (H3) holds, Foo < pp < f§, and \; = 0 for i =
0,...,n—1. Then BVP (1.1), (1.2) has at least one positive solution and one negative

solution.

Remark 3.2. If the nonlinear term f(t, z) is separable, say f(t,z) = fi(t) fa(x), then
conditions such as py < foo and pps < fo imply that fi(¢) > 0 on [0, 1]. However,
the function g(¢) in Eq. (1.1) may have zeros on (0, 1).

We now present some applications of the above theorems. To this end, let
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1
A=— and B=—r = , (3.6)
v Jo (1= 5)g(s)ds 1 fy (1= s)g(s)u(s)ds
where yi(t) and v are defined by (2.15) and (2.16), respectively, and p = mingeg, g,) p1(2)

with 0 < 6; < 0y < 1 being fixed constants.

The following corollaries are immediate consequences of Theorems 3.1-3.4.

Corollary 3.1. Assume that (H1) holds and Fy/A < 1 < fo/B. Then the conclusion
of Theorem 3.1 holds.

Corollary 3.2. Assume that (H2) holds and F/A < 1 < fo/B. Then the conclusion
of Theorem 3.2 holds.

Corollary 3.3. Assume that (H3) holds, Fy/A < 1 < fX /B, and \; = 0 for i =
0,...,n—1. Then the conclusion of Theorem 3.3 holds.

Corollary 3.4. Assume that (H3) holds, Fo/A < 1 < f§/B, and \; = 0 for i =
0,...,n—1. Then the conclusion of Theorem 3.4 holds.

Replacing pp by py; and py, gives the following results for BVPs (1.1), (1.3)
and (1.1), (1.4), respectively, that are analogous to Theorems 3.1-3.4 and Corollary
3.1-3.4 for BVP (1.1), (1.2).

Theorem 3.5. Assume that (H1) holds and Fy < piy; < foo- Then, for (X, ..., An-1)
€ R} with SN sufficiently small, BVP (1.1), (1.3) has at least one nontrivial

solution.

Theorem 3.6. Assume that (H2) holds and Fs < py; < fo. Then, for (Ao, ..., A1)
€ R™ with 3.0 \; sufficiently small, BVP (1.1), (1.3) has at least one nontrivial

solution.

Theorem 3.7. Assume that (H3) holds, Fy < uy < fi, and \; =0 fori=0,...,n—
1. Then BVP (1.1), (1.3) has at least one positive solution and one negative solution.

Theorem 3.8. Assume that (H3) holds, Foo < py < f§, and \; = 0 for i =
0,...,n—1. Then BVP (1.1), (1.3) has at least one positive solution and one negative

solution.
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Let
1 - v

—— and = — - ,
v [, sg(s)ds i Jy sg(s)ii(s)ds
where fi(t) and 7 are defined by (2.17) and (2.18), respectively, and i = mineg, g,) fi(?)

A= (3.7)

with 0 < 6; < 0y < 1 being fixed constants.

Corollary 3.5. Assume that (H1) holds and Fy/A < 1 < f/B. Then the conclusion
of Theorem 3.5 holds.

Corollary 3.6. Assume that (H2) holds and Fx /A < 1 < fo/B. Then the conclusion
of Theorem 3.6 holds.

Corollary 3.7. Assume that (H3) holds, Fy/A < 1 < f£/B, and \; = 0 for i =
0,...,n—1. Then the conclusion of Theorem 3.7 holds.

Corollary 3.8. Assume that (H3) holds, F.oJA < 1 < fi/B, and \; = 0 for i =
0,...,n—1. Then the conclusion of Theorem 3.8 holds.

Theorem 3.9. Assume that (H1) holds and Fy < puy; < foo. Then, for (Ao, ..., A1)
€ R? with 3200 N sufficiently small, BVP (1.1), (1.4) has at least one nontrivial

solution.

Theorem 3.10. Assume that (H2) holds and Fro < py; < fo. Then, for (X, ..., An_1)
€ R with Z;:ol i sufficiently small, BVP (1.1), (1.4) has at least one nontrivial

solution.

Theorem 3.11. Assume that (H3) holds, Fy < puy < fi, and \; = 0 for i =
0,...,n—1. Then BVP (1.1), (1.4) has at least one positive solution and one negative

solution.

Theorem 3.12. Assume that (H3) holds, Fo < py < fi, and \; = 0 for i =
0,...,n—1. Then BVP (1.1), (1.4) has at least one positive solution and one negative

solution.

Let
~ 1 A~ ’
A=— and B=— R (3.8)
b T s(1— s)g(s)ds i JT 51— 5)g()is)ds
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where /i(t) and  are defined by (2.19) and (2.20), respectively, and ji = minyefg, g,) fi(t)
with 0 < 0; < 65 < 1 being fixed constants.

Corollary 3.9. Assume that (H1) holds and Fy/A < 1 < fs/B. Then the conclusion
of Theorem 3.9 holds.

Corollary 3.10. Assume that (H2) holds and FyJA < 1 < fo/B. Then the conclu-
sion of Theorem 3.10 holds.

Corollary 3.11. Assume that (H3) holds, Fy/A < 1 < f=/B, and \; = 0 for
1=0,...,n—1. Then the conclusion of Theorem 3.11 holds.

Corollary 3.12. Assume that (H3) holds, Fx/A < 1 < fi/B, and N\; = 0 for
1=0,...,n—1. Then the conclusion of Theorem 3.12 holds.

Although not explicitly discussed in this paper since we ask that m > 1, it is
interesting to examine our results in the case of two-point boundary conditions, that
is, if « = f =~ = 0. All theorems and corollaries stated in this section remain valid
in this case. Notice that the quantities & and &, do not affect the values in (2.16)
and (2.18).

Remark 3.3. We wish to point out that the optimal existence results given in this
section, Theorems 3.1-3.12, are all related to the smallest positive characteristic values
of the operators M, M, and M as given by (3.1). In [20], the authors proved optimal
existence results for positive solutions of BVPs (1.1), (1.2) and (1.1), (1.3), in terms of
the smallest positive characteristic values of the operators L and L as defined by (2.31)
and (2.32). In that paper it was assumed that f was nonnegative. Other optimal type
results for existence of positive solutions under different types of boundary conditions

from the ones used in this paper can be found in [2, 35, 38].

Remark 3.4. In this paper, we do not study the multiplicity and nonexistence of
solutions of the problems under consideration. Since this paper is somewhat long, we
will leave such investigations to future work. Other papers investigating these kinds

of questions for different boundary conditions include [34, 38].
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Remark 3.5. In Theorems 3.1 and 3.2 (as well as Theorems 3.5, 3.6, 3.9, 3.10), we
have the requirement that Z;‘:_(]l A; be sufficiently small. It is worth mentioning that
this “smallness” can be estimated. For example, for n =2, m = 3, 3 = (,0), and

v = (0,72), this was described in the paper [6] (see [6, Remark 3.2 and Example 3.2]).
We conclude this section with several examples.

Example 3.1. In equations (1.1) and (1.2),let m=1,n=3, a=F=v=§=1/2,
g(t)=1on[0,1],
fta) = { S ai(t)at, ) ) x € [—1,00),
’ S (=1 ai(t) = b(t)|z]" + b(t), x € (—o0,—1),
where k > 1 is an integer, a;, b € C[0, 1] with 0 < ||a1|| < 1/10 and a,(t) > 0 on [0, 1],
and 0 < k < 1. Then, for (A, ..., A\, 1) € R? with 37 \; sufficiently small, BVP

(3.9)

(1.1), (1.2) has at least one nontrivial solution.

To see this, we first note that f € C(]0,1] x R) and assumption (H) is satisfied.
Let

k
a(t) =Y la(O] +1B(t)],  b(t) = ()], and c(x) = |a]".
Then, it is easy to sze:e1 that (H1) holds.
From (3.6) with ¢; = 1/4 and 0, = 3/4, and by a simple calculation, we have
A=1/10 and B =3072/11.

Moreover, (3.9) implies that
f(t,x)

T

1 t
:||a1||<ﬁ and  fo = liminf min f(t.7)

Fy = lim sup max
r—0o0 t€[0,1] x

xz—0 te [071}

= Q.

Hence, Fy/A <1 < fo/B. The conclusion then follows from Corollary 3.1.

Example 3.2. In equations (1.1)-(1.4), let m > 1 and n > 2 be any integers,
E=(&,.-,&n) € (0,)"with 0 < & < ... <&n < 1, a, B, v € RT with 0 < @,
B, < 1. Also let g : (0,1) — R, be continuous, g # 0 on any subinterval of (0,1),
fol g(s)ds < oo, and
—16t2 + 13 + (|z|/? — 2)2'/3, 2 < —4,
flt,x) =< —t?2* + 3|z| + 1, —4 <z <0, (3.10)

1 —tzl/?, x> 0.
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Then, for (Ao, ..., \p—1) € R} with E?:_()l A; sufficiently small, we have
(i) BVP (1.1), (1.2

(ii) BVP (1.1), (1.3
(ili) BVP (1.1), (1.4

)

) has at least one nontrivial solution.
) has at least one nontrivial solution.
)

has at least one nontrivial solution.

To see this, we first note that f € C(]0,1] x R) and assumption (H) is satisfied.
Now with d(t) = ¢* and e(z) = 22, from (3.10), we see that (3.4) and (3.5) hold
for any r € (0,1), and so (H2) holds. Moreover, from (3.10), we have f; = co and
F,, = 0. Thus,

Foo < < fo, Foo <pyy < fo, and Fo <ppy < fo,
where fipr, pyy, and py, are defined in (3.1). The conclusions (i), (ii), and (iii) then

follow from Theorems 3.2, 3.6, and 3.10, respectively.

Example 3.3. In equations (1.1)—(1.4), let m > 1 and n > 2 be any integers, \; =0
fori=0,....n—1,&=(&,....&n) € (0, )" with 0 < & < ... <§&n < 1, a, 5,
v € R} with 0 <@, 3,7 < 1. Also let f(t,r) = 2° and g(t) = t~*/2. Then, we have
(i) BVP (1.1), (1.2) has at least one positive solution and one negative solution.
(ii) BVP (1.1), (1.3) has at least one positive solution and one negative solution.

(iii) BVP (1.1), (1.4) has at least one positive solution and one negative solution.

To see this, we first note that assumptions (H) and (H3) are satisfied. Moreover,

we have Fy = 0 and f3 = oco. Thus,
FO<MM<fc>>koa F0<M]\;[<f:oa and F0<MM<f§oa
where fiar, f1y;, and py; are defined in (3.1). The conclusions (i), (ii), and (iii) then

follow from Theorems 3.3, 3.7, and 3.11, respectively.

Additional examples may also be readily given to illustrate the other results. We
leave the details to the interested reader.
4. PROOFS OF THE MAIN RESULTS
Let ¢(t) be the unique solution of the BVP

uW'=0, te(0,1),
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u'(0) = (B,u/(§)) =1, u(1) = (v,u(§)),
and let ¥ (t) be the unique solution of the BVP

W' =0, te(0,1),

u'(0) = (B,u/(€)), u(l) = (v, u(§)) + 1.

Then,
_ ot 1- () _ 1
o(t) = N —B+ 1- 317 and Y(t) = = on [0, 1].
Let ¢(t) be the unique solution of the BVP
u'=0, te(0,1),
u(0) = (B, u(§)), v'(1) = (y,u'(§)) + 1,
and let ¢)(¢) be the unique solution of the BVP
u'=0, te(0,1),
u(0) = (B, u(§)) +1, v'(1) = {y,(S))-
Then, we have
7 _ l <ﬁ7€> 7 .
P(t) = 1_7—1— 0= 51— and Y(t) = =3 on [0, 1].

Similarly, let gZ;(t) be the unique solution of the BVP
u'=0, te(0,1),
u(0) = (B, u()), u(l) = (v, u(§)) +1,
and let (t) be the unique solution of the BVP
u'=0, te(0,1),

u(0) = (B, u(§)) + 1, u(1) = (v, u(§)).

Then, we have
o(t) = %[(1 “B)t+(5.6)] and (1) = %[@ C Dt (1 (1.6)] on [0,1].

Clearly, o(t), ¥(t), d(t), (t), ¢(t), and (t) are nonnegative on [0, 1].
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Let Ji(t,s) = Hi(t,s), where Hy(t,s) is defined by (2.7). If n > 4, then we

recursively define
1
Tt ) :/ Hy(t ) Je(r,8)dr, k=2, m—2.
0

We now define several functions y;(t), 9;(t), and g;(t), ¢ = 0,...,n — 1, as follows:

when n = 2, let

yo(t) = o(t) and (1) = (1), (4.1)

and when n > 3, let

yo(t) = % elt) = - ia/o Ju(t,$)ds, k=1,....n—3, (4.2)
yn72<t) :/0 Jn72<t7 8)¢<5)d57 (43)
Yo r (1) = / T a(t, $)0(s)ds, (1.4)
and
gk<t> :yk<t), /{ZZO, ,n—3,
Un—2(t) = /0 Jn_a(t, s)qg(s)ds,
G (1) = / Jalt, $)0(s)ds,
and

Jo_a(t,8)d(s)ds,

1 A~

i Jn—a(t, $)(s)ds.

Clearly, y;(t) > 0, g;(t) > 0, and g;(t) > 0 for t € [0,1] and i = 0,...,n — 1.

gn72<t) =

S— S—

?)n—l (t) =

The following lemma gives some properties of y;(t), 7;(t), and ;(¢) when n > 3.

Lemma 4.1. Assume that n > 3. Then, we have the following:
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(a)

For any k € {0,...,n—3}, ye(t) is the unique solution of the BVP consisting
of the equation
u™ =0, t € (0,1), (4.5)

and the BC

u®(0) = (o, u®(&)) + 1,

u@(0) = (a,u?(€)), i=0,...,n—3, i £k,

ul=(0) = (B,u"V(€)),

ul (1) = (y, a2 (),
and y,—2(t) is the unique solution of the BVP consisting of Eq. (4.5) and the

BC , ,
ul(0) = (o, u(¢)), i =0,...,n =3,

W D(0) = (5, uV(E) — 1,

ul" (1) = (y,u" (),
and y,—1(t) is the unique solution of the BVP consisting of Eq. (4.5) and the

BC , ,
ul(0) = (o, u(¢)), i =0,....,n—3,

ul*=D(0) = (8, ul"D(€)),
ul (1) = (7, a2 (€)) + 1.
For any k € {0,...,n—3}, gx(t) is the unique solution of the BVP consisting
of Eq. (4.5) and the BC
u(0) = (a, uM(€)) + 1,
u®(0) = (o, u®(¢)), i=0,....,.n—3, i #k,
ul"=2(0) = (8,u"2(€)),
ul=D(1) = (y,u"" V()
and §n_o(t) is the unique solution of the BVP consisting of Eq. (4.5) and the

BC ‘ ‘
u(0) = (o, u?(€)), i=0,...,n—3,

ul2(0) = (B, u"D(€)) + 1,
) 1) =

u" (1) = (y,uV(€)),
and §n_1(t) is the unique solution of the BVP consisting of Eq. (4.5) and the

BC
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(¢) For any k € {0,...,n—3}, g(t) is the unique solution of the BVP consisting
of Eq. (4.5) and the BC
u®(0) = (a, uM(€)) + 1,
u®(0) = (o, u®(¢)), i=0,....,.n—3, i #k,
ul=2(0) = (8,u"2(€)),
ul=A(1) = (y,u"2()),
and Un_o(t) is the unique solution of the BVP consisting of Eq. (4.5) and the

BC ' '
ul(0) = (o, u(¢)), i =0,...,n =3,

u"=2(0) = (B, u""2(€)) + 1,
w2 (1) = (v, w2 (),
and Un_1(t) is the unique solution of the BVP consisting of Eq. (4.5) and the

BC ‘ ‘
u(0) = (a,u?(¢)), i=0,...,n—3,

um=2(0) = (3, u-2(&)),
ur=D(1) = (y,u2(€)) + 1,

Parts (a) and (b) of Lemma 4.1 were proved in [20, Lemma 2.4], and part (c) can

) =
) =

be proved similarly. We omit the proof of part (c) of the lemma.
For any A = (Ao,..., Ap—1) € R%, let

u(t) = v(t) + z_: Ai(t), t € [0,1]. (4.6)

Here, the reader is reminded that y;(t), ¢ = 0,...,n —1, are defined by (4.1) if n = 2,
and are given by (4.2)—(4.4) if n > 3. Then, by Lemma 4.1 (a), BVP (1.1), (1.2) is

equivalent to the BVP consisting of the equation

o™ 4 g(t)f (t, v+ "z_: )\iyi(t)> , t€(0,1), (4.7)

and the homogeneous BC
v@(0) = (o, vD(€)), i =0,...,n—3,
v0=(0) = (8,07 D(€)), (4.8)
v (1) = (v, 072 (€)).

Moreover, if v(t) is a solution of BVP (4.7), (4.8), then u(t) given by (4.6) is a solution

of BVP (1.1), (1.2).
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Let P, L, and M be defined as in (2.30) and (2.31). By Lemma 2.7, L and M map
P into P and are compact. Define operators F)\,T : X — X by

Fyo(t) <t U+Z)\,y, ) (4.9)
and
Tu(t) = LE\v(t) / K,_1(t,8)g(s)F\v(s)ds, (4.10)

where K,,_; is defined by (2.12) with ¢ = n—1. Then, F) is bounded, and a standard
argument shows that 7' is compact. Moreover, by Lemma 2.5 (a), a solution of BVP

(4.7), (4.8) is equivalent to a fixed point of T"in X.

Proof of Theorem 3.1. We first verify that conditions (A1)-(A4) of Lemma 2.3 are
satisfied. By Lemma 2.7 (a) and (b), there exist ¢r,pn € P\ {0} such that (2.1)
holds. To show (2.2), we let

h(v) :/0 em(t)gt)v(t)dt, ve X. (4.11)

Then h € P*\ {0}, and from (2.1) and (2.31),

(Lh)(v) = h(Lv) = / orr(Dg(t) Lu(t)dt

_ /O a9 ( /O Ko s)g(s)v(s)ds) dt
_ /0 " a()0(s) ( /O Ko s)g(t)cpM(t)dt) ds

- / 9(5)0(5) Moppr(s)ds

0

— TM/(; g(s)’U(S)QpM(S)dSZTMh(U)a

i.e., h satisfies (2.2).
From the fact that ¢y = py Mo, (2.31), and (3.1),

rason(s / Ko (t, 5)g(t) o (£)dt. (4.12)
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Then, by Lemma 2.6 (a) (see (2.14)), we have
rupuls) = (1=9) [ uOaOpua

_ (1 / (B9 oar(t)dt ) v(1 — )

)
> (2 [ uostonto) Kot
0

= 0K, 1(t,s) fort,sel0,1], (4.13)

where p(t) and v are defined by (2.15) and (2.16), and

v

=1 / H()g(E)par(B)dt.

To see that 6 > 0, first note that wu(t) > 0 on (0,1) and v > 0. If 6 = 0, then
g(t)en(t) =0 on (0,1). Since ry, > 0, this implies @y (t) = 0 by (4.12), which is a
contradiction.

Let P(h,0) be defined by (2.3). For any v € P and t € [0, 1], from (2.31), (4.11),
and (4.13), it follows that

h(Lv) = ryh(v) = 'r’M/ om(s)g(s)v(s)ds

> 5/0 K, 1(t,8)g(s)v(s)ds
= dLou(t).

Hence, h(Lv) > 6||Lv||, i.e., L(P) C P(h,¢). Therefore, (A1) of Lemma 2.3 holds.
Let A= (Xo,..., A1) € R? and

n—1
Hyv(t) = be (\v(t)\ +> AzH@/zH)
i=0
for v € X, where b = maxyeo1] b(t). Since c is nondecreasing on R*, we have
n—1
Hyw(t) < be (HUH + Z)\iHyZ-H) for all v € P and t € [0, 1].
i=0

Then, from the fact that c¢ is even, it follows that

n—1
Hyw(t) < be <||v|| + Z)\i||y,~||> for all v € X and t € [0,1].
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Thus,

n—1

||Hyvl| < be <||UH + Z)\iHyiH) for all v € X.

i=0
From (3.3), we see that
Hyv
i ||||?j||||
Thus, (A2) of Lemma 2.3 holds with H = H,.

Let F\ be defined by (4.9), and wuo(t) = a(t). Then, from (H1), we have Fyv +
Hyv 4+ ug € P for all v € X. Hence, (A3) of Lemma 2.3 holds with F' = F) and
H = H,.

Since foo > fiar, there exist € > 0 and N > 0 such that

=0 foranyve X.

flt,x) > puy(1+e)x for (¢,2) € [0,1] x [N, 00).
In view of (3.2), we see that there exists ( > 0 large enough so that
ft,2) > pp(1+e)x —be(z) — ¢ for (t,2) €[0,1] x R.

From (3.1) and (4.9), we have
Fyot) > pu(l+e) (v(t) + z_: )\iyi(t)> — be (v(t) + z_: )\iyi(t)> —C

> (1 +e(t) = be (\v(t)\ + ni A@-||y@-H> —¢
= ry(L+ew(t) — Hw(t) ¢ Efr all v € X,
Thus,
LFEw(t) > ry} (1 +e)Lv(t) — LHyw(t) — L¢  for all v € X.

Therefor, (A4) of Lemma 2.3 holds with F' = F, H = H), and vy = L(.
We have verified that all the conditions of Lemma 2.3 hold, so there exists R; > 0
such that

deg(I — T, B(0, Ry),0) = 0. (4.14)

Next, since Fy < ppy, there exist 0 < ¢ < 1 and 0 < Ry < R; such that

|f(t,z)| < pp(1 —q)|z| for (t,z) € [0,1] X [-2R2, 2Rs). (4.15)
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In what follows, let A = (Ao, ..., An—1) € R} be small enough so that

n—1
> Xillyil| < R (4.16)
=0

and

1
Cy = pun(l—q) (Z)\ ||y,||> trél[(zﬁ(]/o K,_1(t,s)g(s)ds < qRs. (4.17)

We claim that

Tv# Tv forallv e dB(0,Ry) and 7 > 1. (4.18)

If this is not the case, then there exist v € dB(0, Ry) and 7 > 1 such that Tv = 7o.
It follows that v = 570, where § = 1/7. Clearly, 5 € (0,1]. From (4.9), (4.15), and
(4.16), we have

[Exo@)] < pa(1—q)

)+ Z)\Zyl
< pm(l—q) (Iv(t)| + Z&HyiH) : (4.19)

Assume Ry = ||0|| = |0(¢)| for some t € [0, 1]. Then, from (2.31), (3.1), (4.10), (4.17),
and (4.19), we obtain

Ry = [o(d)| = 3To(7) < / K1 (F,))g(s) | Fo(s)lds

< 1—q/Kn1ts < +ZAI|@/ZII> s
_ 1—q/Kn1ts §)|o(s)|ds

+uu(l —q) (Z Az‘||yz‘||> / Kp1(t, s)g(s)ds
< (1= q)Llv(@)| + Cr =1y (1 = q) LRy + C1.
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Consequently,
h(Ry) < 73 (1 —q)h(LRy) + h(C))

= 1y (1= @) (L"h)(Ra) + h(CY)

= 13/ (1 = q@)rah(Ry) + h(Ch)

= (1= @h(Ry) + h(Ch).
Thus,

(Cy — qR2)R(1) > 0.
Since h(1) > 0, we have C; > qR,. But this contradicts (4.17). Thus, (4.18) holds.
Now, Lemma 2.1 implies
deg(I — T, B(0, R),0) = 1. (4.20)

By the additivity property of the Leray-Schauder degree, (4.14), and (4.20), we have

deg(I — T, B(0, Ry) \ B(0, Ry)) = —1.

Then, from the solution property of the Leray-Schauder degree, T has at least one

fixed point v in B(0, R;)\ B(0, Ry), which is a solution of BVP (4.7), (4.8). Therefore,
we have shown that, for A = (Ao, ..., \p—1) € R} satisfying (4.16) and (4.17), BVP
(4.7), (4.8) has at least one solution v(t) satisfying ||v|| > Rs. Thus, for each A =
Aoy -+ An1) € R? with 3270\ sufficiently small, BVP (1.1), (1.2) has at least one
solution u(t) = v(t) + 3.1y Awi(t) satisfying

n—1 n—1
el = (o]l = > Millwill > Ra = > Aillwil| > 0.
i=0 i=0
This completes the proof of the theorem. O

Proof of Theorem 3.2. We first verify that conditions (A1) and (A2)*—(A4)* of Lemma
2.4 are satisfied. As in the proof of Theorem 3.1, there exist ¢, on € P\ {0} and
h € P*\ {0} defined by (4.11) such that (A1) holds.

From the fact that e is even and nondecreasing on R™, it is easy to see that
e(v(t)) <e(]lv]]) forallve X and ¢t € [0,1].

Thus,

lle()|| < e(]|v]]) forallve X.
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This, together with (3.5), implies that

lim lle(v)]]
lell=0  |[v]]

Let Ho(t) = de(v(t)) for v € X, where d = maxc[o 1 d(t). Then, (A2)* of Lemma 2.4
holds.
Since fo > par, there exist € > 0 and 0 < (; < 1 such that

=0 foranywve X.

ft, ) > (1 + ez =ry(1+ex>0 for (t,x) €[0,1] x [0,2¢]. (4.21)

Let A = (Ao, ..., A1) € R} be small enough so that

n—1
d Aillull <G (4.22)
=0

and F) be defined by (4.9). Then, from (4.21), we have

Fyo(t) > par(1+€) <v(t) + Z )\z‘?/z‘(t)>
> uy(1+ev(t) =ry (1+e)u(t) foralve P with [|v]| < ¢ (4.23)

Let r be given in (H2). Now, in view of (3.4) and (4.23), we see that (A3)* of Lemma
2.4 holds with F' = F and r; = min{r, (1 }.
From (3.5), there exists 0 < (5 < min{r, (;} such that

—e(x) >d 'ryf(14+ ez for x € [~(,0].
Then, from (3.4),
ft,2) >dt)d 'ryf(1+ ez >ry (1 +e)x for (t,z) €[0,1] x [~(,0].  (4.24)

From (4.21) and (4.24), it is easy to see that

n—1
Fyo(t) > (1 + €) (v(t) +) )\iyl-(t)>
> (14 e)v(t) =ryf (1 + e)v(ztz)O for all v € X with |[v]] < (s,
which clearly implies that
LFw(t) > ryf (1 +e)Lo(t) for all v € X with |[ul| < G.

Hence, (A4)* of Lemma 2.4 holds with F' = F\ and ry = (5.
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We have verified that all the conditions of Lemma 2.4 hold, so there exists Rz > 0
such that

deg(I — T, B(0, R3),0) = 0. (4.25)
Next, since F, < ppr, there exist 0 < z < 1 and R > Rj3 such that
[t 2)] < par(1 = 2)|o| = 73 (1= 2)|=| for (¢, |2]) € [0,1] x (R,00).  (4.26)

Let

Cy = M1 - 2) (Z)‘H%H) max/ K, 1(t,s)g(s)ds

+ max |f(t,x |max/ K, 1(t,s)g(s)ds. (4.27)
te[o,l],|m|<R telo,1

Then 0 < Cy < co. Choose Ry large enough so that
Ry > max{R, 2z 'Cy}. (4.28)
We claim that
Tv# Ttv forallve dB(0,R,) and 7 > 1. (4.29)

If this is not the case, then there exist v € 0B(0, R,) and 7 > 1 such that Tv = 70. It
follows that v = 5T, where 5 = 1/7. Clearly, § € (0,1]. Assume R, = ||3|| = |0(¢)|
for some ¢ € [0,1]. Let

Jo(0) = [0,1]\ Ji(0),

and

+ Z)\iyi(t)', Ry fortel0,1].
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Then, from (2.31), (4.10), (4.26), and (4.27), it follows that
Ry = |o()| = s|To(?)|

< / Koy 1 (F, $)g(s)| Fxt(s)|ds
= [ Ko Belds+ [ Koi(Es)gs) Bol)lds
J1(9) J2(D)
n—1
(1 — z)/ K, 1(t,8)g(s)|v(s) +Z)\iyi(s) ds
J1(9) i=0

+/JQ(U Kn_1(t,s)g(s)|Fap(v(s))|ds

IA

IA

1—z/Kn1ts 9)|5(s)|ds
+ry (1= 2) (Z >\i|lyi|l>/0 Kn-1(t, s)g(s)ds

/ s (T, $)9(5)| Fap(o(s)) | ds
< (1 =2) L)+ Cy =73/ (1 — 2) LRy + Cs.

Hence, for h defined by (4.11), we have

h(Ry)

IN

i (1= 2)h(LRy) + h(Cs)

= 73/ (1= 2)(L*h)(Ry) + h(Cy)

= 7y (1= 2)ryh(Ry) + h(Cy)

= (1 —2)h(R4) + h(Cy),
which implies

(zRy — C2)h(1) < 0.
In view of the fact that (1) > 0, it follows that Ry < 27'Cy. This contradicts (4.28)
and so (4.29) holds. By Lemma 2.1, we have
deg(I — T, B(0,R,),0) = 1. (4.30)

By the additivity property of the Leray-Schauder degree, (4.25), and (4.30), we obtain

deg(I =T, B(0, Ry) \ B(0, R3)) = 1.
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Thus, from the solution property of the Leray-Schauder degree, T" has at least one
fixed point v in B(0, R4)\ B(0, Rs), which is a solution of BVP (4.7), (4.8). Therefore,
we have shown that, for A = (Ao, ..., A\,—1) € R satisfying (4.22), BVP (4.7), (4.8)
has at least one solution v(t) satisfying ||v|| > R3. Thus, for each A = (XAg,..., \p_1) €
R? with 327" \; sufficiently small, BVP (1.1), (1.2) has at least one solution u(t) =

v(t) + Z;:Ol \iyi(t) satisfying

n—1 n—1
ull = [Jol] = > Millgill = Rs =Y Nillwil| > 0.
i=0 i=0
This completes the proof of the theorem. O

Proof of Theorem 3.3. For (t,z) € [0,1] x R, let

ft.x), x>0,
hlt) = { —f(tx), x<0. (4.31)

In virtue of (H3), we see that f; : [0,1] xR — R is continuous and nonnegative. Then,
(H1) with f = f; is trivially satisfied. Moreover, from Fy < pup < fZ, it follows that
Fio < py < fi,00, Where

fl(tax)

t
and  f1 0 = liminf min A ,x)'
x

x—o00 t€[0,1] x

F o = lim sup max
z—0 t€[0,1]

Thus, by Theorem 3.1, we know that the BVP consisting of the equation
u™ +g(t) fi(t,u) =0, t € (0,1),

and BC (1.2) has at least one nontrivial solution wu;(¢). By Lemma 2.5 (a), we have

un(t) = / Ko a1, 9)9(5) f1 (5,11 (5))ds.

Then, by Remark 2.1, u;(t) > 0 on (0,1). Therefore, from (4.31), fi(t,u(t)) =
f(t,u(t)), and so uy(t) is a positive solution of BVP (1.1), (1.2).
For (t,z) € [0,1] x R, let

_f<t7 —I), x> 07

fat, @) = { f(t,—x), x < 0. (432)

In virtue of (H3), we see that f; : [0,1] xR — R is continuous and nonnegative. Then,

(H1) with f = f, is trivially satisfied. Moreover, from Fy < ppr < fZ, it follows that
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Fyo < piyr < fa,00, where

fZ(tax)

and  fy oo = liminf min fz(t,x)_

F, ¢ = lim sup max
r—00 t€[0,1] x

z—0 t€[071]

Thus, as above, we know that the BVP consisting of the equation
u™ +g(t) fot,u) = 0, t € (0,1),
and BC (1.2) has at least one solution v(t) satisfying v(¢) > 0 on (0,1) and
00) = [ B0, 5)005) ol o).
Then, from (4.32),
~ut) = [ Ky (t,9)g(3) (s, —v(s))ds.

Therefore, us(t) := —v(t) is a negative solution of BVP (1.1), (1.2), and the theorem
is proved. O

Using Theorem 3.2, Theorem 3.4 can be proved by similar ideas as those given in

the proof of Theorem 3.3. We omit the details here.

Lemma 4.2. Let pp, pyy, and py, be given in (3.1). Then we have the following:

(a) A< puy < B, where A and B are defined in (3.6).
(b) A<y < B, where A and B are defined in (3.7).
(c) A< py < B, where A and B are defined in (3.8).

Proof. We first prove part (a). Let ¢a be given as in Lemma 2.7 (b). Then,

em(t) = MM/O K, 1(t,8)g(s)pm(s)ds for t € [0,1].

By Lemma 2.6 (a), we have

onlt) < o [ (1= 5)g()ou(s)is on 0.1 (13)

and
onlt) psatt) [ (1= Jals)u(s)ds on [0.1] (1.34)

Thus,
on®) > ~p(@)llal - on [0.1]. (1.3
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From (4.33), we have

or () < marvllon / (1- $)g(s)ds on [0,1].

Hence,
1
> = A.
par = l/fol(l —s)g(s)ds

From (4.34) and (4.35), we see that

eut) = Zuu®lienl] | (1= g(s)n(s)ds

1 1
> S lloll [ (1= 9)g(sIn(s)ds tor t€ (61,6
0

Hence,

/~LM< v :B

Ty (1= s)g(s)u(s)ds

This proves part (a).
By Lemma 2.6 (b) and (c), and a similar argument as above, parts (b) and (c¢) can

be proved. This completes the proof of the lemma. O

Proof of Corollary 3.1. The conclusion follows readily from Theorem 3.1 and Lemma

4.1 (a). O

Proof of Corollary 3.2. The conclusion follows readily from Theorem 3.2 and Lemma
4.1 (a). O
Proof of Corollary 3.3. The conclusion follows readily from Theorem 3.3 and Lemma

4.1 (a). O

Proof of Corollary 3.4. The conclusion follows readily from Theorem 3.4 and Lemma

4.1 (a). O

Finally, we remark that, by virtue of Lemma 2.5 (b) and (c), Lemma 4.1 (b) and
(c), and Lemma 4.2 (b) and (c), Theorems 3.5-3.12 and Corollaries 3.5-3.12 can be
proved by techniques similar to those in the proofs of Theorems 3.1-3.4 and Corollaries

3.1-3.4. To avoid redundancy and save space, we omit the details.
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APPENDIX: EQUALITY OF TWO EIGENVALUES

The authors wish to thank professor Jeff R. L. Webb for the following proof.

Let P be the cone of non-negative functions in C0, 1],
P={ueC[0,1]:u(t) >0,t €[0,1]}.

We consider linear operators defined by

Lu(t):/ C(t,s)g(s)u(s) ds, Mu(t):/ C(s,t)g(s)u(s)ds,
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where C'(t,s) > 0 for almost all ¢, s € [0, 1] together with some implicit conditions that
ensure that L, M are well defined bounded linear operators on C|0, 1]. For example,

we might ask that C' be continuous and ¢ belong to L.

Proposition 5.1. Let g € L'(0,1) be such that g(s) > 0 for almost all s € [0,1].
Suppose that L and M are well defined bounded linear operators on C[0,1] and that

A and Ay are positive ergenvalues of L, and M with respective eigenfunctions ¢, ¥

in P\ {0}. Suppose that fol g(s)p(s)Y(s)ds > 0. Then A, = Ay
Proof. We have

)\L<p(t):/0 C(t,s)g(s)p(s)ds and )\Md}(t):/o C(s,t)g(s)w(s) ds.

Then, for almost every ¢ € (0, 1),

ALg(t)p(t)(t) = /O gD ()T, 5)g(s)¢p(s) ds.

Integrating over [0, 1] gives

where changing the order of integration is justified by Tonelli’s theorem since

/Og(t)so(t)@/)(t)dtéllwll ||¢||/Og(t)dt<00-

As fol g(t)e(t)(t) dt > 0, this proves A, = /. O

Remark 5.1. The argument here is similar to one used in [38]. In the proof, L and
M do not need to be compact operators, but they are compact if G is continuous and
g € L'. Compactness is useful so that the Krein-Rutman theorem can be applied to

assert that r, and r); are positive eigenvalues with eigenfunctions in P\ {0}.

Remark 5.2. The positivity condition fol g(t)e(t)y(t)dt > 0 is satisfied if there is
a subinterval [to,?;] such that o(t)y(t) > 0 for ¢ € [ty,t;] and g is positive almost

everywhere on [tg,t1], say ¢ is continuous on (0,1) and g # 0 on any subinterval of
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(0,1). Under quite general conditions, it is known that ¢(t) > 0 for ¢t € [to, 1] for
an arbitrarily chosen [tg,t1] in (0,1) (see, for example, [36]), and then [ty, ;] can be

chosen so that () (t) > 0 for t € [to, t1].
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