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Abstract. Some conjugacy criteria are given for the equation
(Iu'|*sgnu’) + p(t)|ul* sgnu =0,

where p: R — R is a locally integrable function and @« > 0, which generalise and
supplement results known in the existing literature. Illustrative examples justifying
applicability of the main results are given, as well. The results obtained are new even
for linear differential equations, i.e., if « = 1.

Keywords: second-order half-linear equation, conjugacy, oscillation.

2010 Mathematics Subject Classification: 34C10.

1 Introduction
On the real axis, we consider the equation
(| |*sgnu’) + p(#)|ul* sgnu =0, (1.1)

where p: R — R is a locally integrable function and & > 0.

A function u: I — R is said to be a solution to equation (1.1) on the interval I C R, if it is
continuously differentiable on I, |u/|* sgnu’ is absolutely continuous on every compact subin-
terval of I, and u satisfies equality (1.1) almost everywhere on I. In [8, Lemma 2.1], Mirzov
proved that every solution to equation (1.1) is extendable to the whole real axis. Therefore,
speaking about a solution to equation (1.1), we assume that it is defined on R. Moreover, for
any a € R, the initial value problem

(lu'|* sgnu’) + p()|ul* sgnu = 0; u(a) =0, u'(a) =0

has only the solution u = 0 (see [8, Lemma 1.1]). Hence, a solution u to equation (1.1) is said
to be non-trivial, if u # 0 on R.
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Definition 1.1. We say that equation (1.1) is conjugate on R if it has a non-trivial solution with
at least two zeros, and disconjugate on IR otherwise.

It is clear that in the case « = 1, equation (1.1) reduces to the linear equation
u” + p(t)u = 0. (1.2)

As it is mentioned in [2], a history of the problem of conjugacy of (1.2) began in the paper
by Hawking and Penrose [6]. In [10], Tipler presented an interesting relevance of the study
of conjugacy of (1.2) to the general relativity and improved Hawking-Penrose’s criterion,
showing that (1.2) is conjugate on R if the inequality

t
lghlgf j p(s)ds >0 (1.3)
T—r—00

holds. Later, Pefia [9] proved that the same condition is sufficient also for the conjugacy of

half-linear equation (1.1).

The study of conjugacy of (1.1) on R is closely related to the question of oscillation of
(1.1) on the whole real axis. It is known that Sturm’s separation theorem holds for equation
(1.1) (see [8, Theorem 1.1]). Therefore, if equation (1.1) possesses a non-trivial solution with
a sequence of zeros tending to +oo (resp. —o0), then any other its non-trivial solution has also
a sequence of zeros tending to +oo (resp. —o).

Definition 1.2. Equation (1.1) is said to be oscillatory in the neighbourhood of +oco (resp. in the
neighbourhood of —oo) if every its non-trivial solution has a sequence of zeros tending to +oo
(resp. to —oo). We say that equation (1.1) is oscillatory on R if it is oscillatory in the neighbour-
hood of either +co or —co, and non-oscillatory on R otherwise.

Clearly, if equation (1.1) is oscillatory on IR, then it is conjugate on R, as well. It is well
known that oscillations of (1.1) in the neighbourhood of +co (resp. —0) can be described by
means of behaviour of the Hartman-Wintner type expression

i ([ @) as (14

in the neighbourhood of +oo (resp. —o0), see [7, Theorem 12.3]. However, expression (1.4)
is very useful also in the study of conjugacy of (1.1) on R. In particular, efficient conjugacy
and disconjugacy criteria for linear equation (1.2) formulated by means of expression (1.4) are
given in [2]. Abd-Alla and Abu-Risha [1] observed that for the study of conjugacy on whole
real axis, it is more convenient to consider a Hartman—-Wintner type expression in a certain
symmetric form, where all values of the function p are involved simultaneously. They proved
in [1], among other things, that equation (1.1) with a continuous p is conjugate on R provided
that p # 0 and

lim inf Ot (/ p(é’)dé’) ds >0, (1.5)

t—4oco _s

which obviously improves Pefia’s criterion (1.3). In the present paper, we generalise and sup-
plement criterion (1.5) (see Theorems 2.1 and 2.3 below), and we establish further statements,
which can be applied in the cases not covered by Theorems 2.1 and 2.3 (see Subsections 2.1
and 2.2). Moreover, we provide illustrative examples justifying the meaningfulness of the re-
sults obtained (see Section 3). In Sections 4 and 5, we establish auxiliary statements and prove
the main results in detail.
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2 Main results

For any v < 1, we put

1—v t 1 s
c(t;v) == (1+t)1—V/o T (/sp(g)d§> ds fort>0. 2.1)

We start with a Hartman-Wintner type result, which guarantees that equation (1.1) is oscilla-
tory on R (not only conjugate).

Theorem 2.1. Let v < 1 be such that either

tETooc(t;v) = +oo, (2.2)
or
— oo < liminfe(t;v) < limsupc(t;v). (2.3)
t—+oc0 f—3+o00

Then equation (1.1) is oscillatory on R and consequently, conjugate on R.
Remark 2.2. Using integration by parts, it is easy to verify that for any vy,1, < 1, we have

1—1/2
1—1/1

_ 1_ t 1
c(t;v) + 270 V2 / ( c(s;v1)ds fort >0,
0

t; =
c(t;v2) 1-v (1402 fy 1+s)

whence we get the following assertions.

(i) There exists a finite lim;_, o c(t;12) if and only if there exists a finite lim;_, o c(t;11), in
which case both limits are equal.

(ii) If vp > vy, then

liminfc(t;v) > liminfc(t;vy), li c(t; 1) <l c(t;1).
iminfe(f;vz) > iminfe(f;v1) ltriligop( 2) < lfﬂiip( 1)

In view of Remark 2.2 (i), Theorem 2.1 cannot be applied, in particular, if the function
¢(-;1—a) has a finite limit as t — +o0. The following statement provides a conjugacy criterion
covering this case.

Theorem 2.3. Let p # 0 and
0< lim ¢(£1—a) < oo. (24)

t—+o0

Then equation (1.1) is conjugate on R.
Theorems 2.1 and 2.3 yield

Corollary 2.4. Let p # 0and v < 1 be such that

lglﬁ(r)lofc(t;v) > —00 (2.5)
and
limsupc(t;v) > 0. (2.6)
t—+o00

Then equation (1.1) is conjugate on R.
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Corollary 2.4 generalises several conjugacy criteria known in the existing literature. In par-
ticular, [4, Theorem 2.2] can be derived from Corollary 2.4. Moreover, conjugacy criterion (1.5)
given in [1, Theorem 2.2] follows immediately from Corollary 2.4 with v := 0. Corollary 2.4
also yields the following half-linear extension of [2, Theorem 1].

Corollary 2.5. Let p # 0 and the function

M:t»—>‘1ﬂ/0t (/Osp(é')dé')ds

lim M(t)+ Lim M(t) >0, 2.7)

t—+o00 t——o00

have finite limits as t — Foo. If

then equation (1.1) is conjugate on R.

According to the above said, we conclude that neither of Theorems 2.1 and 2.3 can be
applied in the following two cases:

tgrilooc(t;l —a) =:c(+00) €] — 00,0] (2.8)
and
1}g1+1£10fc(t;1/) = —oo foreveryv < 1. (2.9)

In Subsections 2.1 and 2.2 below, we provide some conjugacy criteria in both cases (2.8)
and (2.9). It is worthwhile mentioning here that the results obtained therein are new even for
linear equation (1.2), i.e., if &« = 1.

2.1 The case (2.8)

In the first statement, we require that the function ¢(-;1 — «) is at some point far enough from
its limit ¢(+c0).

Theorem 2.6. Let (2.8) hold and
(141" IV a \'
sup {ln(l y [c(400) —c(bE1—a)]:t>0p >2 itz . (2.10)
Then equation (1.1) is conjugate on R.

Remark 2.7. It follows from the proof of Theorem 2.6, Proposition 4.8, and Lemma 4.12 that
if (2.10) is replaced by

. 14+ t)® 1+«
htriilop 151(1+)t) [c(400) —c(t;1—a)] >2 (1 _T_ zx) , (2.11)

then we can claim in Theorem 2.6 that equation (1.1) is even oscillatory on IR.

Now we put

Qu(t) == (1+:)1+a [c(—i—oo) - /_tt p(s)ds] fort >0 (2.12)

and

1 ! 14+«
Hao(t) = ?/_t(1+ Is)) % p(s)ds for ¢ > 0. (2.13)
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Theorem 2.8. Let (2.8) hold and

sup {Q,X(t) L H () i t > o} > 2. (2.14)
Then equation (1.1) is conjugate on R.

Remark 2.9. It follows from the proof of Theorem 2.8, Proposition 4.8, and Lemma 4.13 that if

lim sup (Qa(t) + H,X(t)) > 2,

t—s-+oo

then we can claim in Theorem 2.8 that equation (1.1) is even oscillatory on IR.

2.2 The case (2.9)

First observe that, in condition (2.9), the assumption that liminf; , ;. ¢(f;v) = —oco for every
v < 1is, in fact, not too restrictive. Indeed, let liminf;,  c(t;v1) = —oo for some 11 < 1.
Then Remark 2.2(i) yields that for any v < 1, the function ¢(-;v) does not possesses any
finite limit. Consequently, if there exists v, < 1 such that liminf; , c(t;12) > —oo, then
equation (1.1) is oscillatory on IR as follows from Theorem 2.1.

Proposition 2.10. Let condition (2.9) hold and there exist a number x > « such that

1 ot
lim sup —

L
t——+o0

(t—1s])*p(s)ds > —oo. (2.15)

Then equation (1.1) is oscillatory on R and consequently, conjugate on R.

Finally, we provide a statement which can be applied in the case, when condition (2.9)
holds, but (2.15) is violated for every x > «, i.e,,

t
lim 1/ (t—1s])*p(s)ds = —co for every x > a
—t

(it may happen as it is shown in Example 3.6).

Theorem 2.11. Let there exist a number k¥ > « such that

sup{w/_t(t—]s]) p(s)s.t>0}>K_“<1+a) . (2.16)
Then equation (1.1) is conjugate on R.

Remark 2.12. Observe that Theorem 2.11 does not require assumption (2.9), it is a general
statement applicable without regard to behaviour of the function c(-;v).

3 Illustrative examples

In this section, we give three illustrative examples justifying meaningfulness of Theorems 2.1
and 2.3, as well as results presented in Subsections 2.1 and 2.2. In Example 3.1, Theorem 2.1 is
applied (see Proposition 3.2) to get oscillation of a given equation. For an equation constructed
in Example 3.3 with m := 0, Theorem 2.1 cannot be applied but Theorem 2.3 yields its conju-
gacy (see Proposition 3.4). Further, Example 3.3 with m := 1 and Example 3.6 justify mean-
ingfulness of results stated in Subsections 2.1 and 2.2. Namely, in Example 3.3 with m := 1,
Theorem 2.6 is applied (see Proposition 3.5) and Example 3.6 gives an example of equation
(1.1) for which Proposition 2.10 (resp. Theorem 2.11) can be used (see Proposition 3.7, resp.
Proposition 3.8) in the case, when o < 1 (resp. « > 1).
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Example 3.1. Let p: R — R be a locally integrable function such that
p(t) + p(—t) = 2sin(2t) + 2(1 + t) cos(2t) forae. t >0, (3.1)

e.g.,
p(t) :=sin(2|t]) + (1 + |t|) cos(2t) fort € R.

Then it is clear that t
/ p(s)ds = sin*t + (1 +t)sin(2t) fort >0

—t

and

/Ot </S P(C)d§> ds=(1+1¢) sin’t fort > 0.

—S

Therefore, we have c(t;0) = sin?t for t > 0, which leads to

liminfc(t;,0) =0, limsupc(t;0) = 1.

t—+o0 f—3+o00
Consequently, Theorem 2.1 with v := 0 yields the following statement.

Proposition 3.2. Equation (1.1) with p satisfying (3.1) is oscillatory on R and consequently, conjugate
on R.

Example 3.3. Put

22 fort € [0,1],
f(t) =< 6t> —29t> + 44t — 19 fort € [1,2],
1 for t € [2,+oo].

Let m € {0,1} and p: R — R be a locally integrable function such that
p() +p(—t) = (=) [2f () + (1 + 1)f"(H)] forae.t >0, (3:2)

e.g.
6[t| +2 fort €] —1,1],

p(t) == (=1)" {362 —69t| +15 forte]—2,—1]U[L,2[,

(ﬁ)lﬂ ﬁ'gﬂi fort €] — oo, —2] U [2, +00].

Then it is clear that

ftP(S)dS = (—1)m[f(f)+(1+t)f/(t)] (—1)m%(1+t)f(t) fort >0,

whence we get

c(t;1—a)=(=1)" [ocf(t) - m /Ot(l +5)* " 1f(s)ds| fort>0. (3.3)
Consequently, we have
lim ¢(t1—wa) = (-1)" (34)

t—+oco

and thus, Theorem 2.1 cannot be applied.
However, if m = 0, Theorem 2.3 yields the following statement.
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Proposition 3.4. Let m = 0. Then equation (1.1) with p satisfying relation (3.2) is conjugate on RR.

Now assume that m = 1. It follows from (3.4) that neither of Theorems 2.1 and 2.3 can be
applied. Put

0t) = m [ —1+af(t) — m /Ot(l —i—s)"‘lf(s)ds] for t > 0.
Observe that ) ,
0t) = lnu(cl_—f—t) [3"‘ — 04/0 (1+ s)"‘lf(s)ds] fort > 2

and thus, we have
(14+1)*
im ——/—
t—-+co In(1 4 1)

i.e., condition (2.11) is violated. On the other hand, we have

{—1—c(t;1—zx)} =0,

Al a(a—1) 1 a—1,2
E(l)_m__1+2a_2’"—1/()(1+5) s°ds
> 2 150 A
il + 20 — (o — )/0 s s]
20T a(7 — )
_lr12__1+ 3 ]
Therefore, if « < 7 and
3 In2 a \1T
a(7 — ) [2”‘—1 <1—|—rx> +1] <1 (3.5)

(for example, if & € [%, %] ), then

sup{M[—l—c(t;l—a)] :t>0} >2<1—T—¢x)1+“'

Consequently, Theorem 2.6 yields the following statement.

Proposition 3.5. Let m = 1 and « < 7 be such that condition (3.5) holds. Then equation (1.1) with p
satisfying (3.2) is conjugate on R.

We conclude this example by the following remark. As we have mentioned above, con-
dition (2.11) is not fulfilled. Therefore, we cannot claim in Proposition 3.5 that equation (1.1)
with p satisfying (3.2) is oscillatory on R (see Remark 2.7).

Example 3.6. Let p: R — R be a locally integrable function such that

p(t) + p(—t) = —12(t — 1) sin’t

3.6
—12(t — m)?sin(2t) — 4(t — )3 cos(2t) for a.e. t >0, (3.6)

e.g.,
p(t) := —6(|t| — ) sin®t — 6(|t| — 7)*sin(2|t|) — 2(|t| — 1) cos(2t) fort € R,

Then it is clear that

t
/ p(s)ds = —6(t — m)?sin®t — 2(t — 7r)*sin(2t) for t > 0
—t
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and

/Ot </s P(C)d§> ds = —2(t — m)®sin®t fort > 0.

Therefore, for any v < 1 we get

/ot(1+15)" (/ssp(g)d5> ds = /ot (1+15)v [/Os </:P(§)d§) dq]/ds

o 2t-n)? ., T (=8
= — DL sin t+21//0 W sin“s ds
b (e )3
—21// % sin?sds for t > 7,
- (1—|—S) +v
which yields that
L 2=v(t=n)® L, 2vl—v) [T (m—s)® |,
c(bv) = T+t sin“ t + (1+t)1"/0 EDET sin“s ds
v(l—v) [t (s—m)3 .,
_ > TT.
(1%_1})1_]//7T (15 5)i sin“sds fort >
We first show that
lgmjnfc(t;v) =—oc0 forv<l1. (3.7)
—+0o0

(i) Letv € [0,1]. Then

_ _ 3 _ T _o\3
liminfc(t;v) < liminf <—2(1 v)(t =) sin® t + 2v(1—v) / ((7‘( s) sin’s ds)
0

£ +o0 t—>-+oo 1+t (14 t)t-v 1+s)ltv
2(1—v)(t—m)®
= — limsup (A=v)t=m) sin?t = —oo.
t—-+o00 1+t

(ii) Let v < 0. Then it follows from Remark 2.2 (ii) that

liminfe(t;v) < liminf ¢(¢;0) = —oo.
t—-+oo t—+o0

Consequently, condition (3.7) holds and thus, neither of Theorems 2.1 and 2.3 can be
applied. For any ¥ > & we put

0(t;x) = 1

t
s / (t - ‘SDKP(S)dS fort > 0.

—t
Observe that
t s !
(1) = 1/ (t—s) (/ p(g)dg) ds — #c(t;o) for t >0
0 —s
whence we get

_ )3
limsup £(t;1) = lim sup <_2(t71) sin’ t> =0.

t—+oo t—-+oo t

Therefore, Proposition 2.10 with « := 1 yields the following proposition.
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Proposition 3.7. Let « €]0,1[. Then equation (1.1) with p satisfying relation (3.6) is oscillatory on

R and consequently, conjugate on R.

Now we show that
lim ¢(t;x) = —oo forx > 1.

t—+oo

(a) Letx €]1,2]. Then

i) = [ (6o ([ plorae) o

- "("tk_ D /Ot(t—s)"_z [/OS (/:P(C)ow) dn} ds

2%(k—1) [t 27
< —K<1;2)/ (s—n)3sinzsds+LZT fort > m.

7T

However, by direct calculation, one can verify that

t _ )4 3
/ (s — )3 sin?sds > (t=m)” _ (t=7) fort >
n 8 2

and thus, we have

3

Ck(k=1) (t=m)° 27T

L) < 1 2

(t—m—4)+ for t > .

Consequently,
lim {(t;x) = —oo forx €]1,2].

t—+oo

((£:2) = tzz/ot UOS (/_’%@)d@) dry} ds fort>0.

Let M > 0 be arbitrary. In view of (3.9), there exists ty > 7t such that

Observe that

((t;2) < —M fort > t.

(b) Let x €]2,3]. Then, using previous calculations and (3.10), one gets

(k) = "("t; D) /Ot(t _5)r2 (5226(5;2))/ds

_ Kk - 2151( —-2) /Ot(t _ 5)*3520(5; 2)ds

< _ Mx(x —2:2(K —2) /t:(t _ oisis
g o [T as

< Mx(x —31!)(1( —2) N Mx(x —31!)(K ~2) (?)3
k(x—1)(x —2)

to
2 .
2(t—to)? /0 s°|€(s;2)|ds  for t > tg,

(3.8)

(3.10)
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which yields that

limsup /(t;x) < —M Kk = 1)'(1( =2) .
t—+o0 3!

Since M > 0 was arbitrary, from the latter inequality we get

lim /(t;x) = —oc0 for k €]2,3]. (3.11)

t—+00

(c) Let x €|n—1,n|, where n € {4,5,...}. Then, using previous calculations and (3.10), one
gets

Uhx) < — Mre(x _2:2(1( —2) /t:(t —5)"3s%ds

k(k—1)(k—2)
213

t
/052|€(s;2)|ds for t > to.
0

If we integrate by parts the first term on the right-hand side of the latter inequality, for
any t > ty we obtain

t
((tx) < —M<K>n/ (t—s) 5" lds
n)tc Ji,
n—1

L () (8) D v

(VAN

|
2~ N =
S A
=N @

213

m=3
) () () YD [

whence we get

i
+MZ (K <t°>m+K(K_1)(K_2) /Otoszlﬁ(S;Z)ldS

limsup £(t;x) < —M<Z>

t—-+oco

Since M > 0 was arbitrary, from the latter inequality we get

lim 4(t;x) = —oo for x > 3. (3.12)

t—+o00

Therefore, it follows from (3.9), (3.11), and (3.12) that condition (3.8) holds and thus, Propo-
sition 2.10 cannot be applied if « > 1.
On the other hand, we have

(1) = 2L s [ [ < /W,y p@)dg) dﬂ} «

_ 20(a+1)

7T
s /0 (71 — 5)**2sin%sds.
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Assuming « > 1, the latter integral can be estimated from below as follows

T T
2/ (11 — 5)* "2 sin%sds = / (7 —5)*"2(1 — cos(2s))ds
0 0

a+3 4

+ a(e + 12(“ +2) /On(n —5)* 1sin(2s)ds

7.[zx+3 (0(+2)7T'X+1

a3 4

B zx(oc+1;(oc+2) /On(rc—s)"‘lds

n* [87% —2(a 4+ 2)(a + 3)t — (a + 1) (a +2)(a + 3)]

8(a+3)

Hence, for any a > 1, we have

t
sup {1 /_t (t— |s|)1+“p(s)ds ot > 0} > (1 +a)

a(a+ 1)1

513 [87(3_2(0¢+2)(¢x+3)7r— (a+1)(u¢+z)(a+3)]

Therefore, if « > 1 and

16(a +3)

W+2(“+2><“+3)”+(“+1)(“+2)(0¢+3)§8n3 (3.13)

(for example, if x € [1, %] ), then

t
sup {1 /ﬂ((t — st p(s)ds : t > 0} > 2.

Consequently, Theorem 2.11 with x := 1 + « yields the following statement.

Proposition 3.8. Let « > 1 be such that condition (3.13) holds. Then equation (1.1) with p satisfying
(3.6) is conjugate on R.
4 Auxiliary statements

Lemma 4.1 ([5, Theorem 16]). If r > 1 then

a+b\" _a"+0b
< > 0.
< > ) <— fora,b>0

Lemma 4.2 ([3, Lemma 3.1]). Let « > 0 and w > 0. Then

w

1+a
wlz| —alz| = < (M

1+a
> forz e R.
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Lemma 4.3. Let a € R, T > a, and uy, uy be solutions to equation (1.1) satisfying the inequalities

u1(t) >0, up(t) >0 fortelar] (4.1)
and
uy(a) =uz(a),  wuy(a) > us(a). (42)
Then
uy(t) > up(t) fort € la, 7). (4.3)

Proof. Assume on the contrary that inequality (4.3) is violated. Then there exist a9 € [a, T[ and
ay € Jag, T[ such that

u(t) < up(t) fort €lag,aq| (4.4)
and
(75} (ﬂo) = Uy (ﬂo). (45)
It is clear that
u(ag) < ub(ap). (4.6)

Put .

_ [ (B)]" sgnug (1)
ug (t)

Then the functions o7y, 0, are absolutely continuous on every compact subinterval of [a, T[ and

it follows from (1.1) that

oy () : fort € [a, 7], k € {1,2}.

ol(t) = —p(t) — alop(t)| '« forae. t € [a,T[, k=1,2. (4.7)
Let
w(t) :=oy(t) —oa(t) fort € [a, 1]
and
@(t) := f(o1(t),02(t)) fort e fa,1[,
where

(4.8)

Flxy) = {x“y(xw —ly|") forxy€R, x £y,

—(14 a)|x|+ sgnx forx,yeR, x =1y.

It is not difficult to verify that f: R? — R is a continuous function and thus, the function @ is
continuous on [a, T[. It follows from (4.7) that

w'(t) = ¢(t)w(t) forae. t e [a, 1] (4.9)
Moreover, in view of (4.2), (4.5), and (4.6), we get
w(a) >0, w(ag) <0. (4.10)

Therefore, conditions (4.9) and (4.10) yields that w(t) = 0 for t € [a,7[. Consequently, we
have o (t) = 02(t) for t € [a, T[ which yields that

W) )
ur(t)  ua(t)

fort € [a,T].

Since u1(a) = up(a), the integration of the latter equality over the interval [a, t] leads to the
relation uq (f) = uy(t) for t € [a, T that contradicts (4.4). O
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Analysis similar to that in the proof of Lemma 4.3 shows that the following statement
holds.

Lemma 4.4. Let a € R, T < a, and uy, up be solutions to equation (1.1) satisfying the inequalities
u1(t) >0, up(t) >0 forte]r,a

and
ur(a) =uz(a),  uj(a) < us(a).
Then
uy(t) > uy(t) fort € t,al.

Lemma 4.5. Let equation (1.1) be disconjugate on R. Then for any a € R and b > a, there exists
a solution u to equation (1.1) such that

u(t)sgn(t—a) >0 fort e R\{a}, u(a)=0, u(b)=1
(resp. u(t)sgn(t—b) <0 fort € R\ {b}, u(a)=1, u(b)= o). (1D
Proof. Let a € R and b > a be arbitrary and w be a solution to equation (1.1) satisfying the
initial conditions

w(a) =0, w'(a)=1 (resp. w(b) =0, w'(b)= —1).
Since equation (1.1) is disconjugate on IR, we have

w(t)sgn(t—a) >0 forte R\ {a}
(resp. w(t)sgn(t—b) <0 forte R\ {b})

Therefore, the function u defined by the formula

_ w(t) _ w(t)
u(t) = () fort € R <resp. u(t) == 0(a) fort e ]R)
is a solution to equation (1.1) satisfying desired conditions (4.11). O

Proposition 4.6. If equation (1.1) is disconjugate on R, then it has a solution u such that
u(t) >0 fortelR. (4.12)

Proof. Assume that equation (1.1) is disconjugate on R. By virtue of Lemma 4.5, for any
n € IN, there are solutions u,, z, to equation (1.1) such that

uy(—n) =0, u,(0)=1, z,(0)=1, z,(n)=0, (4.13)
uy(t)sgn(t+mn) >0 forte R\ {—n}, (4.14)
zy(t)sgn(t —n) <0 forte R\ {n}. (4.15)

We first show that
u,(0) > z,(0) for n,k € N. (4.16)
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Indeed, assuming u;,(0) < z;(0) for some 7,k € IN, it follows from Lemma 4.3 that u,(t) <
zi(t) for t € [0, k]. Consequently, we get u, (k) < zx(k) = 0, which contradicts (4.14). Similarly,
using Lemma 4.4, one can show that

u,(0) < up(0) formkeN, n> k. (4.17)
Inequalities (4.16) and (4.17) immediately yield that
|ul,(0)| <cy fornmeN, (4.18)

where ¢ := |u}(0)| + |2}(0)|. Moreover, taking inequalities (4.16) and (4.17) into account, it
follows from Lemmas 4.3 and 4.4 that

uy(t) > u(t) fort € [—k,0], n,k € N, n >k, (4.19)
un(t) <u(t) fort>0, n,keN, n >k, (4.20)
uy(t) > z(t) fort e [0,k], n,k €N, (4.21)
un(t) < zi(t) fort e [—n,0], n,k € N. (4.22)
In particular, we have
0<u,(t) <w(t) fort>-n, neNN, (4.23)
where
t) fort>
wl(t) = uy(t) fort >0,
z1(t) fort <O.
Now we put
hy(t) == |uj,(t)|*sgnu,(t) fort e R, n € N. (4.24)
In view of (4.18) and (4.23), from (1.1) we get
t
|y () — hp(s)] < ‘/ \p(@)\w“(@)d@‘ fors,t € [-n,+oo[, n € N (4.25)
and ,
)] < Ia0)] | [ o)t )| < g0) fore=—nmeN, @20
0
where

t
@(t) :==ch+ / Ip(s)|w*(s)ds| fort> —n, n € N.
0

Moreover, by virtue of (4.26) equality (4.24) yields that

t 1
) =) = | [T O] s €]
’ 4.27)
< ‘/t |g0(§')|;d§" fors,t € [—n,+co[, n € N.

Therefore, it follows from estimates (4.23), (4.25), (4.26), and (4.27) that the sequences
{u,} ! and {h,} /2 are uniformly bounded and equicontinuous on every compact subinter-
val of R. Consequently, by virtue of the Arzela—Ascoli lemma, we can assume without loss of
generality that

lim wu,(t) =u(t), lim h,(t) =h(t) uniformlyin’RR, (4.28)

n—+00 n—4-00

“It means uniformly on every compact subinterval of IR.
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where 1, h: R — R are continuous functions.
Now we show that u is a solution to equation (1.1). Indeed, (1.1) yields that

hy(t) = h,(0) — /Ot p(s)|un(s)|* sgnu,(s)ds fort € R, n € N.

Letting n — +oc0 in the latter equality and taking (4.28) into account, one gets

t
h(t) = h(0) — / p(s)|u(s)|* sgnu(s)ds fort € R.
0
Consequently, the function & is absolutely continuous on every compact subinterval of R and
W(t)=—p(t)|u(t)|*sgnu(t) forae.teR. (4.29)

On the other hand, it follows from (4.24) that
Un(£) = 1(0) + /Ot i (5)|* sgnhn(s)ds fort € R, n € N.
Letting n — o0 in the latter equality and taking (4.28) into account, one gets
u(t) = u(0) + /Ot \h(s)ﬁ sgnh(s)ds fort € R.
Therefore, the function u is continuously differentiable on R and
u'(t) = |h(t)| sgnh(t) fort € R,

which yields that
h(t) = |u'(t)|*sgnu'(t) forte R. (4.30)
However, it means that the function |u'|*sgnu’ is absolutely continuous on every compact
subinterval of R (because h has this property) and, in view of (4.29) and (4.30), u is a solution
to equation (1.1).
It remains to show that the function u is positive. Letting n — +o0 in inequalities (4.19),
(4.21) and taking (4.28) into account, we get

u(t) > u(t) fort e [—k,0], ke N,

u(t) > zx(t) fort e [0,k], k € N. (#3D

Since the functions uy and z satisfy (4.14) and (4.15), inequalities (4.31) guarantee that desired
condition (4.12) is fulfilled. O

Proposition 4.7. Let p # 0 and equation (1.1) be disconjugate on R. Then the equation

(|v’|"‘sgnv')/ + %(p(t) + p(—t))|v|*sgnv =0 (4.32)

possesses a solution v such that
v(0) =1, v'(0) =0, (4.33)
v(t) >0 fort>0, (4.34)
v'(to) #0 for some ty > 0. (4.35)
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Proof. Let u be a positive solution to equation (1.1) whose existence follows from Proposi-
tion 4.6. Put

o) = L[ ORI WO O] pcn

It is clear that the function ¢ is absolutely continuous on every compact subinterval of .
Hence, in view of (1.1), we get

1epy (L w'(—t) |
B N
| e o (4.37)
® w (1) M\ ® w'(=5) "\ *
:__E(p(”.+p(—¢))——§ [( "0 ) *’( u(—t) ) ]

for a.e. t € R. Therefore, Lemma 4.1 with r := &T"‘ yields that

o

u'(t)

u(t)
< —=(p(t) +p(—t)) — alo(t)|'+* forae. teR.

o'(t) < —

(0 +p(-) |5 (

> ] (4.38)

On the other hand, problem (4.32), (4.33) has a solution v on the interval [0, +oo[. Put

— N~

N

v(t) :=v(—t) fort <O0. (4.39)

Then it is clear that the function v is a solution to equation (4.32) on R satisfying conditions
(4.33).

Now we show that v satisfies also inequality (4.34). Indeed, assume on the contrary that
(4.34) is violated. Then, by virtue of (4.33) and (4.39), there exists ty > 0 such that

v(t) >0 forte]—tyty], v(—ty)) =0, v(th)=0. (4.40)

Since for any t* € R, the problem

(|o'|* sgno’) + %(p(t) +p(—1))|v|*sgnv=0; o(t") =0, V'(t*) =0 (4.41)

has only the trivial solution (see [8, Lemma 1.1]), we have
UI(—to) >0, Ul(to) < 0. (4.42)

Let

(1)|* sgn o/ (¢
o(t) i PO gm0 (D)
v (t)
It is clear that the function ¢ is absolutely continuous on each compact subinterval of | — fg, to| .
Hence, in view of (4.32), we get

fOI‘tE] —to,to[.

() = —%(p(t) 4 p(—1)) —alo()]'s* forae. t € [~to, to]. (4.43)

Moreover, (4.40) and (4.42) imply

lim o(t) = +oo, lim o(t) = —o0. (4.44)

t——to+ t—to—
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Therefore, there exists t; € | — tg, fp[ such that
Q(t) > O'(t) for t E]tl,to[, Q(tl) :O'(tl) (445)

Put
w(t) :==o(t) —o(t) forte [t,to]
and
¢(t) == f(o(t),a(t)) forte [t tol,
where the function f is defined by formula (4.8). It is not difficult to verify that f: R> — R

is a continuous function and thus, the function ¢ is continuous on [t, {o[. In view of (4.45), it
follows from (4.38) and (4.43) that

w'(t) < (t)w(t) forae. t e [t,to], w(ty) =0.

Consequently, we get w(t) < 0 for t € [t1,tp[, which is in a contradiction with (4.45).
It remains to show that the solution v satisfies condition (4.35). Assume on the contrary
that v/(t) = 0 for t > 0. Then equation (4.32) immediately yields that

p(t)+p(—t) =0 forae. teR (4.46)
and thus, from inequality (4.38) we get
o' (1) < —alo(t)| = forae. t€R. (4.47)

It is clear that ¢ # 0 because otherwise it follows from (4.37) and (4.46) that u’ = 0 on R,
which together with (4.12) leads to the contradiction p = 0. Since o(t) = —o(—t) for t € R,
inequality (4.47) yields that there exists t, < 0 such that

o(t) >0 fort <t (4.48)

Integrating inequality (4.47) over the interval [t, t;] and taking (4.48) into account, one gets

0 (k) >0 w(th)—0 k() >t—t fort<t,

2=

ie.,

for t < t5.

1
0x (k) < ;
.

Passing to the limit t — —oo in the latter inequality, we obtain ¢'/*(t;) < 0 which is in
a contradiction with inequality (4.48). O

Proposition 4.8. If equation (1.1) is non-oscillatory on R, then equation (4.32) is not oscillatory in
the neighbourhood of +-oo.

Proof. Assume that equation (1.1) is non-oscillatory on R. Then there exists a solution u to
equation (1.1) such that u(t) # 0 for |¢t| > t, with t, > 0. Put
(1o L[IW(0) sgnu'(t) _ |u'(—0) sgnul(—1)
e =3 ut (1) ut(—t)

fort > t,.

It is clear that the function g is absolutely continuous on every compact subinterval of [t,, +oo[.
Steps analogous to those in the proof of Proposition 4.7 shows that

o (t) < —%(p(t) 4 (=) —afo(t)]E forae. t >t (4.49)
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Assume on the contrary that equation (4.32) is oscillatory in the neighbourhood of +co.
Then there exist a solution v to equation (4.32), a > t,, and to > a such that

v(t) >0 fort€la,tp[, wv(a)=0, ov(th) =0. (4.50)

Since for any t* € R, problem (4.41) has only the trivial solution (see [8, Lemma 1.1]), we have

v'(a) >0, v'(ty) < 0. (4.51)

- ) o O sgn ()
' vt (t)

It is clear that the function ¢ is absolutely continuous on every compact subinterval of |a, fo|
and, in view of (4.32), we get

for t €a, tol.

1 «
o'(1) = =5 (p(t) + p(=1) - alo(t)] '+ forae. t € [a, to]. (4.52)
Moreover, (4.50) and (4.51) imply
tlirgl+ o(t) = +oo, tgrtgli o(t) = —oo. (4.53)

Therefore, there exists t; € ]a, to[ such that (4.45) holds. However, analogously to the proof of
Proposition 4.7 we show that o(t) — o(t) < 0 for t € [t;,to[, which is in a contradiction with
(4.45). O

Lemma 4.9. Let § > 0, k > «, and v be a solution to equation (4.32) such that

o(t) #0 fort>t, (4.54)
with t, > 0. If
. 1 t 5 :B K
hgilopw/_t (14 £)F — (1+ [s])P]"p(s)ds > —e, (4.55)
then oo
/t lo(s)| 5 ds < +oo, (4.56)
where 0 0
o) (¢
o(t) :== () sgn (D fort > t,. (4.57)

Proof. The function g is absolutely continuous on every compact subinterval of [t,, +oco[ and,
in view of (4.32), relation (4.57) yields that

ol () = —%(p(t) + (=) —alo()]'* forae. t >t (4.58)

Put
f(t,s):=(1+t)f —(1+5)P fort>s>t, (4.59)

Then it follows from equality (4.58) that

[ Frse©ds = — 3 [ £ (pls) + p(=s)ds
v v (4.60)

t +a
—(x/f"(t,s)|g(s)|1Tds for t > ty.
ty
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Observe that for any t > t, and > 0,
the function s +— f¢(t,s) is absolutely continuous on [t,, ]

and thus, we obtain
[ Fr (0,510 (s =~ talte) +xB [ £ (49)(1 49 o(s)ds
for t > t,. Therefore, from equality (4.60) we get
[ 5(,5) (p(5) + p(=s)
=27t tolts) — [ f0,5)lo(s)| ¥ s

t
+ f;c—l—a(t’s)(l +S)(l+a¢)(ﬂ—1)
ty

x [—zwu T 5) 0B 4, 5)0(s) — | (1 + 5)* 0B £ 5)o(s)| | ds
for t > t, which, by virtue of Lemma 4.2, yields that
t ty
| e lshp(e)ds <2t alt) + [ £ Is]p(s)ds
b La
—a [ fA(t9)les)] "+ ds (w61)
ZK:B e K—1—a (I4a)(p-1)
+(1+a> /tvf (t,s)(1+5s) ds
for t > t,. Now observe that
1 K
mf (t,tp)0(ty) < lo(ty)| fort >t,, (4.62)
1 o o
(T L F5(t, 15 p(s)ds < L p(s)|ds for t > t,, (4.63)
and , ( )
1 K—1—a (1+a)(p—1) 1+6)™"
m . f (t,S)(l +S) ds S m for t 2 t‘U/ (464)
because:
e If B <1, then
1 b - 1
K o p—1
a0% ) f (t,5)(1+s) 15 5) P ds
1 t -1 _
< ds [ ————[(1+1)Pf - (1+5)P" "‘)
< i e o (G aopl0 0 -0
1 1
< fort > t,.

T (k=) (14 t)
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e If B > 1, then

(e J A ORI (R
a(p=1) ot B -
S(lgi)t)"ﬁ L & <(K—1¢)l3[(1+t)ﬁ_(l+s)ﬁ]’( )

1 1
< >ty
N CEP RS fort > t,

o= 1= (1) |

Then, by using relations (4.62), (4.63), and (4.64), from inequality (4.61) we get

Put

fort > s> t,.

At 0% jt),{ﬁ /ttf"(t,ISI)p(s)ds < —w/ttF(t,s)lg(s)st+5(tv) (4.65)

v

for t > t,, where

t 1+a
3(ty) :=2|o(to)| + /—tv [p(s)|ds + (12:(_‘[1) (x _10‘)13 (1 —f-ltv)“ ‘

Assume on the contrary that inequality (4.56) is violated, i.e.,

o0 14a
| 1o ds = 4. (4.66)

It is clear that for any T > t,, we have

t +a T «
/ F(t,5)|o(s)] "+ ds zF(t,T)/ lo(s)|5ds fort >t
ty ty

and thus,
T Lt T Lta
liminf [ F(t,s)|o(s)| « ds 2/ lo(s)| = ds for T > t.
ty ty

t—+o00
Since we suppose that equality (4.66) is satisfied, the last relation guarantees that

) t Lia
lim [ F(t,s)|o(s)| = ds = +oo.

=00 Jt,

Consequently, inequality (4.65) yields

im
t—+o0

1 t
gy | LS Dp(s)ds = e
which, in view of notation (4.59), contradicts assumption (4.55). O

Lemma 4.10. Let v be a solution to equation (4.32) fulfilling relation (4.54) with t, > 0 and inequality
(4.56) hold, where the function ¢ is defined by formula (4.57). Then the function c(- ;1 — ) has a finite
limit

c(+00) := lim c(t;1—«a). (4.67)

t—+0c0
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Moreover, the equalities

1 t too 1+a
/ p(s)ds +zx/ lo(s)| = ds fort>t, (4.68)
—t t

=)
—~
—
~—
I
N
[
N |

and
1+a

ty +o0
c(+o00) =20(ty) + /t p(s)ds — Za/t lo(s)| = ds (4.69)
are satisfied.

Proof. The function g is absolutely continuous on every compact subinterval of [t,, +-oo[ and,
in view of (4.32), relation (4.57) yields that equality (4.58) holds, whence we obtain

t

o(t) = o(ty) — % (p(s) + p(—s))ds — uc/t: \Q(s)\%ds for t > t,.

v

Therefore,

—+o0

o(t) =6(ty) — % /t p(s)ds + zx/t ]Q(s)]%ds fort > t,, (4.70)

—t

where
14w

1 rto o0
5(ty) = g(tv)+§/7t p(s)ds—tx/t lo(s)| 5 ds. @.71)

Now it follows from equality (4.70) that
f 1 s _25(t) N N
/tv(l%—s)l”‘</—sp<§)d§>ds_w[(1+t) (1+ to)"]

t 1 +oo 1+a
+2u /t Areie (/s |e(§)|*d§) ds (4.72)

! 1
2 t, W@(S)ds for t > t,.

Observe that for any T > t,, we have

[ arars (T e@rae) o< [ e ([ o a ) o

too 1+a

t 1 1t
+/[ (]_—I—S)l_“dSL |Q(S)| « ds

: /t (1+15)1 (/:oo !Q(C)Wc@) ds

(1+t)0{ /+oo 14w
T

- o(s)]'+"ds

for t > 1. Therefore,

n© t ]. +oo 1+a +oo 1+a
i T < Ta
imsop e [ ([ le@1 e ) ds < [ o) 7 as

for T > t, and thus, we have

. 0 t 1 +oo 1+a
dim ot [ ([ le@1 e ) as—o. 473)
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Furthermore, by using Holder’s inequality, we get

f 1
o (A sye 2%

<[ t<1+s>“*1|e<s>|ds

<([a+or d) (/f s |”ds)“

1

<(@) asof ([T |Q<5st>ﬁa

for t > t, which yields that

o t 1
i =0. 4.74
tEIJPoo (1+t)» /t (1+s)lx 0(s)ds =0 (4.74)

Consequently, by virtue of relations (4.73) and (4.74), from equality (4.72) we obtain

tLiToo (1 40_( £ /t: (1 —1—15)1—“ (/55 p(C)dC) ds = 26(ty).

Therefore, in view of (2.1) and (4.71), the function ¢(- ;1 — «) has a finite limit (4.67) and c(+4o0)
satisfies (4.69). To finish the proof it is sufficient to mention that desired equality (4.68) now
follows from (4.70), (4.71), and the above-proved equality (4.69). O

Lemma 4.11. Let v < 1. If inequality (2.5) holds, then there exists k > « such that

t—+o00

t
hminf(1+t1)x(1—u) /_t [(1+ O — (1 + \s,)lfv]KMs)ds > —o0. (4.75)

Proof. Let n € IN be such that n > max{1,a}. Using integration by parts, one gets

<1+t1><> [+ = ) p)ds
- <1+t1><1> /ot [+ = (1 +5)7]"(p(s) + p(—s))ds
= m /Ot [(1 + t)l—v —(1+ S)l—u]ﬂfl q j ol </SS p(é)dé) ds
_n(n-1)(1—-v) 2 c(s;v)

t
1-v 1-vn—
- 5 t>0.
T HT | la+n—a+om T ot ds fort>
Assume that inequality (2.5) holds. Then there exist A € R and tp > 0 such that
c(t,v) > A fort>t.

Then we have

(1+t1)”<1—v) /_tt [+ = A+ )T p(s)ds
= n(gli))n(}l__y;j) /Oto (A48 = (1+5)7]" 2Wd (4.76)

— — t n— d
+An(g+1))n((llv;/)/o [+ = (1 45)"] 2(1+Ss)zv1




On conjugacy of second-order half-linear differential equations 23

for t > ty. It is clear that

1 fo n—c(s;v)— A
’(1+t)”(1‘”)/0 (T80 = (1+3s)"] 2(§+S))zv—1ds

_ 1 /to L (Lt V1772 0(s5;v) — A e
T (1+1)20-v) Jo 1+t (14s)2v-1

1 o fe(s;v) — Al
< for t >
= (1 4¢t)20-v) /0 (1+4s)2-1 ds fort > fo
and thus,
n(n—1)(1—v) rb 1—v 1_pn—2c(s;v) —A |
t—1>r-l:loo (1 + t)n(l—v) /0 [(1 + t) (1 + 5) ] W ds = 0.
On the other hand,
: 2 d
— 1-v _ 1—vn 275
(n 1)/O [(1+1) (145)'7] T

ds
(1 4 S)lfm(lfv)

_ (= 1)('”'1'@1)_! m+1) /Ot [(1+H7Y = (1 4s) V] "

nlp—1)---(n—0+1)

- Y - [(1+t)1’”—1]n_f fort>0, m=2,...,n,
(=2 :
which yields that
nn—-1)(1-v) /t 1-v 1_yn—2 ds
T S A G Y o

B 1 in(n_l)(n—€+l) |:1_ 1 :|n_£
B (14 1)20-v) &= (1 + ) (=2 (-v) (14 t)1-v

for t > 0 (note that we set Y}_, = 0). Consequently, from inequality (4.76) we get

L. 1 f 1— 1—y1h
v v >
l}mﬁgf A7 7 /,t [(A+H)"Y—=Q+][s])"7] p(s)ds > A

and thus, desired condition (4.75) holds with x := n. O

Lemma 4.12. Let the function c(-;1 — «) have a finite limit (4.67) and v be a solution to equation
(4.32) fulfilling relation (4.54) with t, > 0. Then

(1+8)*[c(400) —c(t;1 —a)]
« 1+« 14+t
§2<1+a> R 477)

' U/((::)) + /t; p(s)ds —c(ty; 1 — w)

sgn

1+t,)" 2| ——
+(+U)[v v

fort > t,.
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Proof. Define the function ¢ by formula (4.57). It follows from Lemma 4.11 with v :=1 -«
that there exists x > a such that condition (4.55) holds with B := a. Therefore, Lemma 4.9
yields that inequality (4.56) is satisfied and thus, by virtue of Lemma 4.10, we obtain equalities
(4.68) and (4.69).

Multiplying equality (4.68) by (1 + t)*~! and integrating it from ¢, to t, one gets

/:(1 +5)* lo(s)ds = ( th)a [c(+00) — (1 — )]
— (1;?’)“ [c(400) — c(ty; 1 —a)] (4.78)

s [t (o) o) as

for t > t,. Observe that

/t:(l Fs)et (/s+°° |Q(§)‘ng> 4 Zt)a /t+oo o) s

o —+o0 "
SRS o) s

14

1t N 1ta
+ E/ (1+5)%o(s)| 5" ds for t > by,
ty
Therefore, by virtue of (4.69) and Lemma 4.2, from (4.78) we get

(1+6)*[c(+00) —c(t;1—a)]

= (1+1t,)" {c(+00) —c(ty; 1 —a) + 20 /t:roo |Q(s)|ﬁ“ds]

+oo 1+a

—2a(1 4+ t)"‘/t lo(s)] "+ ds

1 o o 1ta
+2 11 {oc(l%—s) o(s) —a|(1+s)%(s)| = }ds
ty
< (14t)" [ZQ(tv) + /t p(s)ds —c(ty; 1 — zx)]
1+a
o 14+t
>
+2<1—|—0¢> ln1+tv fort > t,
and thus, in view of (4.57), inequality (4.77) holds for t > t,. O

Lemma 4.13. Let the function c(-;1 — «) have a finite limit (4.67) and v be a solution to equation
(4.32) fulfilling relation (4.54) with t, > 0. Then

() as nvl(tv)
o(to) | "8 o(ty)

ty
—|—/ (1+ |s]) " p(s)ds — ZtU] fort > t,,
—ty

Qa(t) + Ha(t) <2+ % |:2(1 + tv)l—HX

(4.79)

where the functions Q, and H, are defined by formulae (2.12) and (2.13), respectively.
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Proof. Define the function ¢ by formula (4.57). It is clear that the function ¢ is absolutely
continuous on every compact subinterval of [f,, +oco[ and, in view of (4.32), relation (4.57)
yields that equality (4.58) holds. It follows from Lemma 4.11 with v := 1 — « that there exists
x > a such that condition (4.55) holds with 8 := a. Therefore, Lemma 4.9 yields that inequality
(4.56) is satistied and thus, by virtue of Lemma 4.10, we obtain equality (4.68).
Equality (4.68) yields that
t
20(t) > c(+00) — L p(s)ds = W Qu(t) fort > ty. (4.80)
On the other hand, multiplying equality (4.58) by (1 + )!™ and integrating it from t, to
t, one gets

Jassgods = = 5 [(1+9"(p(o) + pl-s))ds

—oc/ (1+)o(s)|5°ds  for ¢ > fo.
ty

Consequently, we have

(10700 — (14 1) Fo(t) — (1+8) [ (1+9)%e(s)ds

= 5 [ Al ps)ds / (1+ [s])1*p(s)ds

—oc/ (14 5)*|o(s)|¥ds fort > t,
ty

which, by virtue of Lemma 4.2, yields that

Hat) = [ () p()ds

_ 2+t o)

t

+% t: [<1+DC)(1+5)“Q<S)_a’(l_f_s)ag(s)‘lT} ds

1 200 o) + [ e p(s)as]

A o (1)

t t

IN

ty
+ % [2(1 + o) 0(t,) +/ (1+ |s|)1+"‘p(s)ds] for t > t.
—ty

Therefore, in view of (4.57) and (4.80), inequality (4.79) holds. O

5 Proofs of main results

Proof of Theorem 2.1. Assume on the contrary that equation (1.1) is non-oscillatory on R. Then
it follows from Proposition 4.8 that there exists a solution v to equation (4.32) satisfying con-
dition (4.54) with t, > 0. Define the function ¢ by formula (4.57). It is clear that in both
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cases (2.2) and (2.3), inequality (2.5) holds. Therefore, Lemma 4.11 yields that there exists
x > a such that condition (4.55) is fulfilled with B := 1 — v and thus, from Lemma 4.9 we get
inequality (4.56). Hence, by virtue of Lemma 4.10, the function ¢(-;1 — «) has a finite limit
(4.67). Consequently, it follows from Remark 2.2 (i) that the function c(-;v) has a finite limit
as t — +o0, which contradicts both conditions (2.2) and (2.3). O

Proof of Theorem 2.3. Assume on the contrary that equation (1.1) is disconjugate on R. Then
it follows from Proposition 4.7 that there exists a solution v to equation (4.32) fulfilling con-
ditions (4.33), (4.34), and (4.35). Put t, := 0 and define the function ¢ by formula (4.57). In
view of assumption (2.4), Lemma 4.11 with v := 1 — « yields that there exists x > a such
that condition (4.55) holds with B := & and thus, from Lemma 4.9 we get inequality (4.56).
Therefore, by virtue of (4.33), (4.34), and Lemma 4.10, the function ¢(-;1 — «) has a finite limit

. too Lta
lim ¢(K1—a) = —20(/ lo(s)| = ds. (5.1)
0

t—-+oo

Since the solution v satisfies condition (4.35), we have ¢ # 0 on [0, +oo[. Consequently, it
follows from (5.1) that lim;_, yo c(t;1 — &) < 0, which contradicts assumption (2.4). O

Proof of Corollary 2.4. 1t is clear that either (2.2) holds, or (2.3) is satisfied, or the function c(-; v)
has a finite non-negative limit as t — +oo. Therefore, the assertion of the corollary follows
from Theorems 2.1, 2.3 and Remark 2.2 (i). O

Proof of Corollary 2.5. 1t is easy to see that

ctt0) = 1 [ ([Tr@ae) as+ oy [ ([ vl as
t

t

1+t
Therefore,
lim ¢(t;0) = lim M(t)+ lim M(t) >0
t—+oo t—+o00 f——o0
and thus, the assertion of the corollary follows from Corollary 2.4 with v := 0. O

Proof of Theorem 2.6. Assume on the contrary that equation (1.1) is disconjugate on R. Ob-
serve that, in view of assumption (2.8), we have p # 0. It follows from Proposition 4.7 that
there exists a solution v to equation (4.32) fulfilling conditions (4.33) and (4.54) with ¢, := 0.
Therefore, in view of (4.33), Lemma 4.12 yields that

o
1+a

1+«
(1+8)*[c(4o0) —c(h;1—a)] <2 ( ) In(1+¢t) fort>0,

which contradicts assumption (2.10). O

Proof of Theorem 2.8. Assume on the contrary that equation (1.1) is disconjugate on R. Ob-
serve that, in view of assumption (2.8), we have p # 0. It follows from Proposition 4.7 that
there exists a solution v to equation (4.32) fulfilling conditions (4.33) and (4.54) with ¢, := 0.
Therefore, in view of (4.33), Lemma 4.13 yields that

Qu(t) + Hy(t) <2 fort >0,

which contradicts assumption (2.14). O
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Proof of Proposition 2.10. Assume on the contrary that equation (1.1) is non-oscillatory on IR.
Then it follows from Proposition 4.8 that there exists a solution v to equation (4.32) fulfilling
condition (4.54) with t, > 0. Assumption (2.15) yields that condition (4.55) is satisfied with
B := 1 and thus, from Lemma 4.9 we get inequality (4.56), where the function ¢ is defined
by formula (4.57). Therefore, Lemma 4.10 guarantees that the function c(-;1 — «) has a finite
limit (4.67), which is in a contradiction with assumption (2.9). O

Proof of Theorem 2.11. Assume on the contrary that equation (1.1) is disconjugate on R. Ob-
serve that, in view of assumption (2.16), we have p # 0. It follows from Proposition 4.7 that
there exists a solution v to equation (4.32) fulfilling conditions (4.33) and (4.34). Put

/ t ® / t
o(t) :== [ (H)]" sgn v/ (¢) for t > 0.
v (t)
It is clear that the function g is absolutely continuous on every compact subinterval of [0, +o0]
and, in view of (4.32), we get

1 1ta
¢'(t) = =5 (p(t) + p(=1)) —alo(t)] = forae t>0.
It follows from the latter inequality that

[t=sreas= =3 [ t-lshpo)as

" 5 (5:2)
—a/(%ﬁYM@MTHSfmtEO
0
Moreover, in view of (4.33), we have
t t
/ (t—19)0(s)ds = K/ (t—s)1o(s)ds fort>0.
0 0
Therefore, by virtue of Lemma 4.2, equality (5.2) yields that
1+wa
/ (t—|s])*p(s)ds = 2/ yr-a-t [—K(t —s)%o(s) —a|(t —s)%0(s) | ds
K 1+a ¢ .
< 2 _ K—o—
< <1 - {X> /0 (t—s) ds
14+a
= 2 < K ) = fort >0,
K—a \1+a
which is in a contradiction with assumption (2.16). O

6 Concluding remark

All results presented in Section 2 can be easily generalised for the equation
(r()|u'|*sgnu’) + p(#)|ul* sgnu =0

with a positive function r, continuous on R and such that

0 ds +oo ds
—_—_— —_— . 1
/700 ri/a(s) oo /o rl/a(s) e 6D

However, the case, when condition (6.1) is violated, deserves a further investigation because
it is related to the question of conjugacy of equation (1.1) either on a finite interval or on
a half-line.
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