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Multiple positive solutions for (n-1, 1)-type semipositone conjugate
boundary value problems of nonlinear fractional differential equations®
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Abstract. In this paper, we consider (n-1, 1)-type conjugate boundary value problem for the nonlinear fractional
differential equation

D§ u(t) + Af(t,u(t)) =0, 0<t<1,A>0,
u(0)=0, 0<j<n-2,
u(1l) =0,

where A is a parameter, o € (n — 1,n] is a real number and n > 3, and D, is the Riemann-Liouville’s fractional
derivative, and f is continuous and semipositone. We give properties of Green’s function of the boundary value
problems, and derive an interval of A such that any A lying in this interval, the semipositone boundary value
problem has multiple positive solutions.
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positive solution; fractional Green’s function; fixed-point theorem.
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1 Introduction

We consider the (n-1, 1)-type conjugate boundary value problem of nonlinear fractional differential equation
involving Riemann-Liouville’s derivative

D§ u(t)+ Af(t,u(t) =0, 0<t<1,A>0,
u(l) =0,

where A is a parameter, o € (n — 1,n] is a real number and n > 3, Df, is the Riemann-Liouville’s fractional
derivative, f: (0,1) x [0, +00) — (—00, +00) is a sign-changing continuous function. As far as we know, there are
few papers which deal with the boundary value problem for nonlinear fractional differential equation.

Because of fractional differential equation’s modeling capabilities in engineering, science, economy, and other
fields, the last few decades has resulted in a rapid development of the theory of fractional differential equation;
see [1]-[7] for a good overview. Within this development, a fair amount of the theory has been devoted to initial
and boundary value problems problems (see [9]-[20]). In most papers, the definition of fractional derivative is the
Riemann-Liouville’s fractional derivative or the Caputo’s fractional derivative. For details see references.

In this paper, we give sufficient conditions for the existence of positive solution of the semipositone boundary
value problems (1.1) for a sufficiently small A > 0 where f may change sign. Our analysis relies on nonlinear
alternative of Leray-Schauder type and Krasnosel’skii’s fixed-point theorems.

*The work was supported by Scientific Research Fund of Heilongjiang Provincial Education Department (No. 11544032).
fCorresponding author: C.J. Yuan, E-mail address: ycj7102@163.com
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2 Preliminaries

For completeness, in this section, we will demonstrate and study the definitions and some fundamental facts of
Riemann-Liouville’s derivatives of fractional order which can be found in [3].

Definition 1.1 [3] The integral

o Y ()] .
10+f(z)r(a)/0 Gopradt ©>0

where o > 0, is called Riemann-Liouville fractional integral of order a.

Definition 1.2 [3] For a function f(z) given in the interval [0, c0), the expression

o I S AN A (1)
D3I = i), e

where n = [a] + 1, [a] denotes the integer part of number «, is called the Riemann-Liouville fractional derivative
of order s.

From the definition of Riemann-Liouville’s derivative, we can obtain the statement.

As examples, for p > —1, we have

(1
DY, ¥ — A+n) oy
Fl+p—a)
giving in particular D§, 4™, m =1,2,3,--- , N, where N is the smallest integer greater than or equal to a.
Lemma 2.1 Let a > 0, then the differential equation
Dg u(t) =0
has solutions u(t) = c1t® 1 + cot® 2 + .- 4+ cpt®™™, ¢; € R, i = 1,,2...,n, as unique solutions, where n is the

smallest integer greater than or equal to o.

As Dg, I§, u = u From the lemma 2.1, we deduce the following statement.
Lemma 2.2 Let a > 0, then
IS DG u(t) = u(t) + ert® '+ eat® 2+ et ",
for some ¢c; € R, i =1,2,...,n, n is the smallest integer greater than or equal to a.

The following a nonlinear alternative of Leray-Schauder type and Krasnosel’skii’s fixed-point theorems, will
play major role in our next analysis.

Theorem 2.3 ([12]) Let X be a Banach space with Q C X be closed and convez. Assume U is a relatively open
subsets of Q with 0 € U, and let S : U — € be a compact, continuous map. Then either

1. S has a fized point in U, or

2. there exists u € OU and v € (0,1), with u = vSu.

Theorem 2.4 ([8]) Let X be a Banach space, and let P C X be a cone in X. Assume Q1,$Qs are open subsets of
X with 0 € Q1 C Oy CQs, and let S : P — P be a completely continuous operator such that, either

1. ||Sw|| < ||Jwl||, w € PN oy, ||Sw| > ||w|, w e PN, or

2. [|Sw| > |lw|, w € PN O, |Sw|| < |w| we PnNo,.

Then S has a fived point in PN (Q2\Q1).
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3 Green’s Function and Its Properties

In this section, we derive the corresponding Green’s function for boundary value problem (1.1), and obtained
some properties of the Green’s function. First of all, we find the Green’s function for boundary-value problem

(1.1).
Lemma 3.1 Let h(t) € C[0,1] be a given function, then the boundary-value problem

D§ u(t)+h(t)=0, 0<t<l,2<n—-1<a<n,

u(0)=0, 0<j<n-2 (3.1)
u(l)=0
has a unique solution
1
u(t) :/ G(t, s)h(s)ds, (3.2)
0
where
1t —s) b —(t—s)*t 0<s<t<1,
G(t,s) = — B 3.3
(¢, ) T(a) {ta—1(1—s)a—1, 0<t<s<l. (3:3)
Here G(t, s) is called the Green’s function of boundary value problem (3.1).
Proof By means of the Lemma2.2, we can reduce (3.1) to an equivalent integral equation
t t —g)o—1
u(t) = c1t® et et — /0 %h(s)ds.
From u(j)(O) =0,0<7<n—-2,wehavec; =0,2 <j <n. Then
bt —s)ot
u(t :cto‘_l—/ (7hsds.
0 =t = [ L)
From u(1) = 0, we have ¢; = 01 (1}2371 h(s)ds. Then, the unique solution of (3.1) is
1 tafl 1— a—1 t _ a 1
u(t):/ ﬁh(s)ds—/( dS—/Gts
0 [(a) 0 I'(a)
Lemma 3.2 The Green’s function G(t,s) defined by (3.3) has the following properties:
(R1) G(t,s) =G(1 —s,1—1), fort,s €]0,1],
(R2) T(a)k(t)q(s) < G(t,s) < (a —1)q(s), fort,s €0,1],
(R3) T(a)k(t)q(s) < G(t,s) < (a —1)k(t), for t,s €[0,1],
where Y ) ( Jo1
te (11—t s(1 —s)*~
k(t) = ————— = 3.4
s T G R (3.4

Proof (R1) From the definition of G(t, s), it is obviously that G(t,s) = G(1 — s,1 — t), for ¢, s € (0, 1).
(R2) For s < t, we have 1 — s > 1 — ¢, then

t—ts

T(@)G(t,s) =t 11 —s)* ' —(t—5)*"! = (a — 1)/t 2 dx

< (a—1)(t —ts)*>((t —ts) — (t — )
= (=Dt (1= 5)* (1~ t)s
< (a—1)s(1 —s)*?

EJQTDE, 2010 No. 36, p. 3



and

D()G(t,s) =t 11 =) —(t —8)* L = (t —ts)* 2t —ts) — (t —5)*2(t — 5)
> (t—ts)* 2(t —ts) — (t —ts)* 2(t — s)

=t*72(1 — 5)*72(1 — t)

>t N1 —t)s(1 — 8)*

= I*(a)k(t)q(s)-

For ¢t < s, since a > 2, we have

D(a)G(t,s) =t 11 — )" ! < (= 1)t* 21 — 5)* !
<(a—Dt 251 —5)* < (a—1)s(1 —s)*7!
— P(a)(a — 1)q(s)

and
D(a)G(t,s) = 71 (1 - ) > 7 (1~ 1)s(1 - )** = T2()k(t)q(s).
Thus T(a)k(t)q(s) < G(t, ) < T(a)(a — 1)a(s), for t,s € (0, 1).
(R3) From (R1) and (R2), we have
T(a)k(D)a(s) < Glt,s) = G- 5,1~ 1) < (@ — Dg(l — 1) = (& — Dk(t).

This is completes the proof.

4 Main Results

We make the following assumptions:

(Hy) f(t,u) € C(]0,1] x [0, +00), (—00, +00)), moreover there exists a function g(t) € L'([0,1], (0, +00)) such
that f(t,u) > —g(t), for any t € (0,1), u € [0, +00).

(HY) f(t,u) € C((0,1) x [0, 400),
g(t) € L*((0,1), (0, 4+00)) such that f(

(Hs) f(t,0) > 0, for any ¢ € [0, 1].

(Hs) There exists [01,02] € (0,1) such that lim min &% — o0,
uT+o0 t€[64,02]

(Hy) 0 < fo g(s)ds < 400 and fo )f(s,y)ds < +oo for any y € [0, R], R > 0 is any constant.
In fact, we only con81der the boundary value problem

(=00, + OO)) may be singular at ¢ = 0,1, moreover there exists a function
t,u) > —g(t), for any t € (0,1), u € [0, +00).

D0+:c( )Jr)\[f(t, [z(t) —v@®)]*)+9(t)] =0, 0<t<l,n—1<a<mn,A>0,

x(l) =0
where
* y(t), y(t) = 0;
AR CTONT0
0, y()<0
and v(t) = A fo s)ds, which is the solution of the boundary value problem

-D§,v(t) =Xg(t), 0<t<ln—1<a<nA>0,
v@(0)=0, 0<j<n-2
v(1) = 0.
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We will show there exists a solution z for the boundary value problem (4.1) with z(t) > v(¢),¢ € [0,1]. If this
is true, then u(t) = x(t) — v(t) is a nonnegative solution (positive on (0, 1)) of the boundary value problem (1.1).
Since for any ¢ € (0,1),

—Dg, u—Dg v =\f(t,u) + g(t)],
we have
—Dg u = Af(t,u).

As a result, we will concentrate our study on the boundary value problem (4.1).

We note that x(t) is a solution of (4.1) if and only if

z(t) = )\/O G(t,s)(f(s,[z(s) —v(s)]*) + g(s))ds, 0<t<1. (4.2)

For our constructions, we shall consider the Banach space £ = C0,1] equipped with standard norm |z| =

max |z(t)],z € X. We define a cone P by
0<t<1

1 —1¢)
P ={ze X|z(t) > ﬁHxH, tef0,1,a € (n—1,n],n>3}.

Lemma 4.1 Assume (Hy) (or (Hj)) is satisfied and define the integral operator T : P — E by
1
Tx(t) = )\/ G(t,s)(f(s,[z(s) —v(s)]") +g(s))ds, 0<t<1l,z€P. (4.3)
0

Then T : P — P is completely continuous.

Proof First, we prove that T': P — P.
Notice from (4.3) and Lemma 3.2 that, for x € P, Tz(t) > 0 on [0,1] and

Tx(t) = A/O G(t,8)(f(s,[2(s) = v(s)]") + g(s))ds
< A/O (@ =1)g(s)(f (s, [x(s) = v(s)]") + g(s))ds,

then | T2 < [y (a = 1)a(s)(f(s. [(s) = v(s)]") + g(s))ds.
On the other hand, we have

Tx(t) = )\/O G(t,8)(f(s, [2(s) = v(s)]") + g(s))ds
> A/ 721 = 1)q(s) (£ (s, [2(s) — v(s)]") + g(s))ds

0
te2(1—t)
a—1

t*72(1 —t)

A/ (@ =1)q(s)(f (s, [x(s) —v(s)]") + g(s))ds
0

Thus, T'(P) C P. In addition, from f is continuous it follows that 7" is continuous.
Next, we show T is uniformly bounded.

Let D C P be bounded, i.e. there exists a positive constant L > 0 such that |ly|| < L, for all y € D. Let

M= max |f(t,y)+e(t)] + 1, then for z € D, from the Lemma 3.1, one has
0<t<1,0<y<L

Ty(t)] < /O |G(t,8)(f(s, [x(s) —v(s)]") + g(s))|ds
< / (o = 1)q(s)(f (s [2(s) —v(s)]") + g(s))|ds
0
<(a— 1)M/O q(s)ds
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Hence, T'(D) is bounded.
Finally, we show T' is equicontinuous.
For all e > 0, each u € P, t1,t5 € [0,1], t1 < to, let

1 T(a)e
2" M«

7 = min{ =

2
we will prove that |Tu(te) — Tu(t1)| < &, when ty — t1 < 7. One has

|Tu(t2 Tu(t1)|

<M/ |G tg, (tl, ))|d8

SM</ (Glta,s) — Gltr,)lds + | |(Gltars) — Gltr,s))lds + / " |(Gltar 5) — Gt ))|ds)

0 t1
09 (= 9 (0= )
< M(/O o) ds
i O Y LR e O R R PR
- / I(a) dot / I(a) *)
e L Y LR T S A R e
< (| ) st [ = [ )
M a—2 ! — 3 a—1 s l a g
< Fag (o= 7 [ (=9 tas 4 205 - 1)
M a—2 ! — s a—1 S a—1
< Fray (0 =i n/o (1= ) ds + 15~ n)
M ! a—1
< gyl [ =9 as s 1)y
< — MO(T] < €.
= I(a)
Thus, we obtain
Tults) — Tu(t)] < % <e.

By means of the Arzela-Ascoli theorem, T : P — P is completely continuous.
If condition (H;) is replaced by (H7), let

o) = A [ Gt )i fo(s) = o)) + g()ds, =2

where
nf{f(ty), f(L0)), 0<t<L;
faltsy) =4 f(t,y), %gtg n-l,
inf{f(t,y), f(2=2L,y)}, B2 <t < 1.

It is easy to see that f¥(¢,y) € C(][0,1] x [0,00)) is bounded and 0 < fn(t, y) < f(t,y),t € (0,1). By repeating the
similar proof above, we get that T;, is a completely continuous operator on P for each n > 2. Furthermore, for any
R >0, set Qr ={u € P : |lu|]| < R}, then T,, converges uniformly to T on 2, as n — oco. In fact, for R > 0 and
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u € Qg, we have

[ Tnu(t) = Tu(t)]

|/Gts s, o(s)

S/ (@ =1)q(s)[fa(s, [2(s) —v(8)]") = (s, [2(s) = v(s)]")|ds
0

v(s)]") = f(s, [2(s) — v(s)]"))ds|

3=

= /0 (@ = Dg(s)[ £ (s, [x(s) —v()]") = f(s, [2(s) = v(s)]")|ds
+ /n_ (a = D)g(s)[ £ (s, [x(s) —v(s)]) = (s, [2(s) — v(s)]")|ds

f(s,y)lds

0<y

s/o (0= V)a(s) max_|fi(s.) —

+/H<a71>q(>max Fi(5.) — Fs,p)lds =0 (n— o).

0<

So we conclude that T}, converges uniformly to T on €2, as n — oo. Thus, T is completely continuous.

The proof is completed.

Theorem 4.2 Suppose that (Hy)-(Hs) hold. Then there exists a constant X > 0 such that, for any 0 < X < X, the

boundary value problem (1.1) has at least one positive solutions.

Proof Fixed § € (0,1), from (Hz), Let 0 < & < 1 be such that

ft,z) > 4df(,0), for 0<t<1, 0<z<e.
Suppose
0<A<—— =2
27 (0)
TR ol .
where f(e) = ogtg%ézgs{f(t’ z)+g(t)} and ¢ = [ (a — 1)g(s)ds. Since
lim (2) = 400
zl0 Z2
and —
fle) _ 1
e < —_
5 2c\’
then exist a Ry € (0,¢) such that B
F(Ro) _ 1
Ro 20)\.

Let z € P and v € (0,
ol = ATl < [ (@~ Do) ot6) — o) + ol

<3 [ (@ = a6 ol6) — o1) + o5
3 [ 0a)_ _ 1762) + o(6)ds

<A / (o — 1)q(s)F(Ro)ds
S AC?(RO)a

1) be such that = vT(z), we claim that ||z|| # Ro. In fact, if ||z||

= Ry, then

(4.4)
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that is _ -
fy) 1 1 _ (o)

Ro C)\ 20)\ RO
which implies that ||z # Ro. Let U = {z € P : ||| < Ro}. By the nonlinear alternative theorem of Leray-

Schauder type, T has a fixed point « € U. Moreover, if we combine (4.3), (4.4) and Ry < &, we obtain

a(t) = A/O G(t,8)[f (s, [2(s) = v(s)]") + g(s)]ds

> )\/O G(t,s)[0f(s,0) + g(s)]ds

)\[5/ G(t,s)f(s,O)ds—i—/O G(t, s)g(s)ds]
> )\/ G(t,s)g

=w(t) for te(0,1).

Let u(t) = x(t) — v(t) > 0. Then (1.1) has a positive solution u and |lu| < ||z]] < Ry < 1.
The proof of the theorem is completed.

Theorem 4.3 Suppose that (Hi) and (Hs)-(Hy) hold. Then there exists a constant \* > 0 such that, for any
0 < X < X, the boundary value problem (1.1) has at least one positive solution.

Proof Let Qy = {z € C[0,1] : ||z|]| < R1}, where Ry = max{l,r} and r = 01 (olia))Zg(s)ds. Choose

A" = min{L, Ry / (a = Da(s)], max_f(s,2) +g(s)ds] '},

0<z<R;

Then for any x € PN 98, then ||z|| = Ry and z(s) — v(s) < x(s) < ||z||, we have
[Tz@®)] < >\/O (@ =1)a(s)[f (s, [2(s) = v(s)]") + g(s)]ds
< >\/0 (@ =1D)a(s)[f (s, [2(s) = v(s)]") + g(s)]ds

<A / (o — Dg(s) max f(s,2) +g(s)]ds

0<z<Ry
< Ry = ||z

This implies
IT2]| < 2], = € P o0,

On the other hand, choose a constant N > 0 such that

AN bo
——— min k:(t)/ s(1 —s)%ds > 1.
2(a—1) 6:<t<6, o,

By the assumptions (Hs), for any ¢ € [0, 0], there exists a constant B > 0 such that
f(t,2)

> N, namely f(t,z)> Nz, for z> B.
z
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Choose Ry = max{R; +1,2\r, —2e=DBE+FD 1 andlet Qp = {x € C[0,1] : ||z]| < R}, then for any = € PNIN,,
0 212, 157D

we have

Y

1
5:1:(1&) >0, te€]0,1].
And then

min {2() ~ v} > min (Lo} > min (C-00

01<t<0, 01<t<0s 6,216, 2(a—1)

Rs , 21129 te (1 —1¢)
1<t<02

= == >B+1>B.
2(a—1) =B

]|}

02
> A min T(a)k(t )/ (s)%x(s)ds

01 <t<05
AN
> s — d
= Ya—1) 020, F / (1= s)lllds
AN
> min  k(t) *(1 — s)%ds||z]]
2(a — 1) 6,<i<0s
> -

|Tx|| > |||,z € PN ONk.

Condition (2) of Krasnoesel’skii’s fixed-point theorem is satisfied. So T has a fixed point  with r < ||z|| < Rs
such that

—Dg x(t) = A(f(s,[z(s) —v(s)]") +9(s)), 0<t<ln—1<a<n,
D0)=0, 0<j<n-2,
z(1) =0.
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Since r < ||z||,

oft) = 0(0) > T ol = A [ Gt s)g(e)ds
TP (T s
> Joll - S [ Eatsas
St 1( )” |- o 1(14)”
- —1
to— 1(1715) o 1(17t)
2 a—1 " a—1 AT
> 7’5&:(};”(1 —\r
>0, te€(0,1).

Let u(t) = z(t) — v(t), then u(t) is a positive solution of the boundary value problem (1.1).
The proof of the theorem is completed.
Remark. In Theorem 4.3, f may be singular at ¢ = 0 and 1.

Since condition (H;) implies condition (H7) and (Hy), and from the proof of Theorem 4.2 and 4.3, we have
immediately the following theorem:

Theorem 4.4 Suppose that (Hy)-(Hs) hold. Then the boundary value problem (1.1) has at least two positive
solutions for A > 0 sufficiently small.

In fact, let 0 < A < min{\, \*}, then the boundary value problem (1.1) has at least two positive solutions u;
and wus.

5 Examples

To illustrate the usefulness of the results, we give some examples.

Example 1. Consider the boundary value problem

D u(t) + Mu®(t) + 7 ;); cos(2mu(t))) =0, 0<t<I,A>0,
uP(0) =0, 0<j<n-2, (5.1)
u(1l) =0,

where a > 1. Then, if A > 0 is sufficiently small, then (5.1) has a positive solutions u with u(¢) > 0 for ¢ € (0, 1).
To see this we will apply Theorem 4.3 with

fltu) =u(t)+ m cos(2mu(t)), ¢g(t) = m

Clearly

T 0 fhw ) Zut(t)> 0, lim H = oo, for e (0,1),u>0.

f(t,O) =

Namely (H?) and (H3)-(Hy) hold. From fo 7115 =Z, set Ry = 2(?@1)”, then Ry > fol G(t, s)g(s)ds, we have

Jo (o= Da(s)[ max f(5,2) +g(s)lds < fy (o= Da(s)(XFrf™)* + —2-7lds

(s—s%)2
< fi (™) +2m)

and \* = min{1, (a71)a(§:)(ff)1+ra(a) }. Now, if A < A*, Theorem 4.3 guarantees that (5.1) has a positive solutions
u with |lul| > 2.
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Example 2. Consider the boundary value problem

D u(t) + Mu(t) — u(t) +2) =0, 0<t<1,A>0,
u(0)=0, 0<j<n-—2, (5.2)
u(l) =

Then, if A > 0 is sufficiently small, then (5.2) has two solutions u; with u;(¢) > 0 for ¢ € (0,1),i =1,2.
To see this we will apply Theorem 4.4 with (here 0 < Ry < 1 < Rz will be chosen below)

0,

Fltu) = w2(t) — gu(t) 12, glt) =4

Clearly

f(t,0)=2>0, f(t,u)—l—g(t)Z%—E > 0, 1T1_Igl f(’;’“):—i—oo, for te€(0,1),

Namely (Hi)-(Hs) hold. Let § = 1 and € = 1, we may have

_ c 1
A= 2¢ (Omax flt,z) +4) ~ 48¢ (5.3)

where ¢ = fol (o — 1)g(s)ds. Now, if A < A, Theorem 4.2 guarantees that (5.2) has a positive solutions u; with
lull < 5
Next, let R; = 5, we have

| 0= a)l max 1s2)+ gelds = [ (0= ate)lg +4as = 5

0<z<R,

and A* = min{1, 1=~ }. Now, if A < A*, Theorem 4.3 guarantees that (5.2) has a positive solutions us with [[ug| > 5.

So, since all the conditions of Theorem 4.4 are satisfied , if A\ < min{\, \*}, Theorem 4.4 guarantees that (5.2)
has two solutions u; with u;(¢) > 0 for t € (0,1),7 =1, 2.

Example 3. Consider the boundary value problem

Dg u(t) + Mu®(t) + cos(2mu(t))) =0, 0<t<1,A>0,
u(0)=0, 0<j<n-2 (5.4)
u(l) =

where a > 1. Then, if A > 0 is sufficiently small, then (5.4) has two solutions u; with u;(¢) > 0 for ¢t € (0,1),i =1,2.

0,

To see this we will apply Theorem 4.4 with

flt,u) = u(t) + cos(2mu(t)), g(t) =2.

Clearly
F(0) =150, f(t,u)+g(t) > u™(t)+1>0, lim L9 — 4oo for te(0,1),

uT+oo w

Namely (H;)-(Hs) hold. By a similar way of example 2, if A > 0 is sufficiently small, Theorem 4.4 guarantees that
(5.4) has two solutions u; with u;(t) > 0 for ¢ € (0,1),7 =1, 2.
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