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Abstract. This paper is concerned with the existence and asymptotic behavior of solu-
tions of the Cauchy problem for an abstract model for vertical vibrations of a viscous
beam in Banach spaces. First is obtained a local solution of the problem by using the
method of successive approximations, a characterization of the derivative of the non-
linear term of the equation defined in a Banach space and the Ascoli-Arzela theorem.
Then the global solution is found by the method of prolongation of solutions. The
exponential decay of solutions is derived by considering a Lyapunov functional.

Keywords: beam equation, global solution, asymptotic behavior.
2010 Mathematics Subject Classification: 35105, 35B40.

1 Introduction

The small transverse vibrations due to flexion of an extensible beam, of length L, whose ends
are held at fixed distance apart can be described by the following equation

mo+m1/0L <a”g’;t)>2dx] <_82L5(;‘2't)> —0, (1.1)

where 0 < x < L and t > 0. Here u(x,t) denotes the displacement of the point x of the beam
at the instant t and o, mp and m; are positive constants. The nonlinear term indicates the
change in the tension of the beam due to its extensibility. Equation (1.1) was introduced by
Woinowsky-Krieger [28].

Equation (1.1) with ¢ = 0 describes the small transverse vibrations of an elastic stretched
string of length L. This equation was introduced by Kirchhoff [16]. Analyzing the same
phenomenon, Carrier [7] obtained the following model:

u(x,t) + [mo + ml/OL ]u(x,t)]zdx} <_82u(x,t)> =0. (1.2)

ox?

o*u(x, t)
dx*

u"(x,t)+o +
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Let () C R" be a bounded open set of R”. A generalization of (1.1) and (1.2) is the
following equation:

u’(x,t) +o(—A)%u(x, [mo —I—ml/ [(— (x, )P dx| (—Au(x,t)) =0, (1.3)

wherex € ), t >0and 0 < a <1.
An abstract formulation for a mixed problem of equation (1.3) is the following:

W (t) + o A%u(t) + M(JA*u(t)|?) Au(t) =0  inH, t>0

u(0) = u®, u'(0) = ul, (14

where M({) is a smooth function satisfying M(&) > my > 0, A is an unbounded self-adjoint
operator of a real separable Hilbert space H with A coercive and A~! compact. Here ¢ and «
are real numbers such thatc > 0and 0 < a < 1.

The existence of a global solution of (1.4) was obtained by Medeiros [22]. The decay of
solution with a dissipation in the equation of (1.4) was studied by [3-5,9,25].

There are many papers that analyze the equation (1.4) with ¢ = 0. Among of then we
can mention [2,6,8,10,11,19,21,23,26]. In Medeiros et al. [24] there are an extensive list of
references on problem (1.4) when o = 0.

In the above papers the Faedo-Galerkin method is used. The study of hyperbolic problems
using the theory of semigroups can be seen in J. A. Goldstein [13] and [12] for the linear and
nonlinear case, respectively.

In Izaguirre et al. [14] is formulated problem (1.4), with ¢ = 0, in the context of Banach
space. More precisely, they consider the problem

Bu"(£) + M(|[u(t)|[b)Au(t) =0  in V', £>0

1.5
u(0) = u°, u'(0) = ul, u® £ 0, (9

where V is a real separable Hilbert space with dual V’; A,B : V — V' are two positive linear
symmetric operators with A~! and B~! not neccessarily compact; W is a real Banach space
such that V is continuously embedded in W and B is a real number with p > 1. They obtain
a local solution for (1.5).

Also, with the introduction of the damping éBu/(t),d > 0, in the equation of (1.5), Izaguirre
et al. [15] obtain a global solution and exponential decay of the energy for (1.5).

Considering B = I and introducing the expression F(u) + (1 + a ||u||?) Au’ in the problem
(1.5), where F is an operator and « > 0, B > 2, Araruna and Carvalho [1] studied the existence
of the global solution, uniqueness and exponential decay.

Motivated by (1.4) and (1.5), we formulate the following problem:

w () + M(|u()5)Au(t) + A%u(t) =0 in V', £>0

1.6
u(0) = u®, u'(0) = ul. (0

Note that the nonlinear term M (Hu||2 )Au of (1.4) is a particular case of the nonlinear

term M (Hu||ﬁ )Au of (1.6) since the H11bert space D(A") is a particular case of the Banach
space W. Thus (1.6) generalizes (1.4).

The results of [22] are obtained in the framework of Hilbert spaces and under the hypoth-
esis A~ a compact operator. We want to work in the framework of Banach spaces and where
A~1is not necessarily compact, therefore the results of [22] do not apply in our case.
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In our approach, we need to obtain two a priori estimates but we cannot differentiate two
times with respect to ¢ the term ||u(t) ||ﬁ , B > 1. To overcome this difficulty we introduce a
strong dissipation in equation (1.6), more precisely, we consider

u”(t)-l—M(Hu(t)Hg\,)Au(t)+A2u(t)+[1+K(t)‘Agu(t)‘ﬁ]Au’(t)zO, t>0 )

u(0) = u°, u'(0) = ul,

where M and K are functions satisfying suitable conditions.

It is possible to solve problem (1.6) with a weak internal dissipation du’, 6 > 0, but in
this case we obtain only solutions under the condition that the initial data belong to a ball
whose radius depends on 4. We are interested in obtaining global solutions of (1.6) without
restrictions on the norms of the initial data. For this purpose, we consider the dissipation
of (1.7).

The objective of this paper is to investigate the existence and asymptotic behavior of so-
lutions of problem (1.7). The plan is as follows: first, with general functions M(¢) and K(t),
we obtain a local solution of (1.7). Then for particular M(¢) and K(t) increasing in t, we
get a global solution of (1.7). Finally, with K(t) = K positive constant and particular M(t,¢)
with M(t,¢) decreasing in f, we derive a global solution of (1.7). This last solution decays
exponentially in ¢.

To obtain a solution of (1.7), we proceed in the following way. First, by the successive ap-
proximation method, the characterization of the derivative of the nonlinear term M (||u(t) Hev)
and the Ascoli-Arzela theorem, we obtain a local solution of (1.7). Then by the method of pro-
longation of solutions, we deduce the existence of a global solutions of (1.7). The exponential
decay of the energy is derived by considering a Lyapunov functional (see V. Komornik and
E. Zuazua [17] and V. Komornik [18]). In the last section, we give some examples.

2 Notations and results

Let V and H be two real Hilbert spaces whose scalar product and norm are represented,
respectively, by ((u,v)), ||u|| and (u,v), |u|. Here H is separable.
Let us represent by A the unbounded self-adjoint operator of H defined by the triplet
{V,H;((u,v))}. We have
(Au,u) = yolul?,

Vu € D(A), where 1 is a positive constant (see Lions [20]).
We consider the following hypotheses:

V is densely and continuously embedded in H, (2.1)

W is a real Banach space with dual W' strictly convex,
D (A) is continuously embedded in W. (2.3)
Consider the functions M(¢) and K(t) satisfying
M e C! ([0,00)), M(&) > mo >0, V¢ >0 (mp constant) (2.4)

and
K e L. (0,00) and K(t) > 0, a.e. in (0,0). (2.5)

Under the above considerations, we have the following result.
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Theorem 2.1 (Local solution). Assume hypotheses (2.1)—(2.5). Consider a real number p with p > 1
and . ,
u’ € D(A2), ul' € D(A?). (2.6)

Then for Ty = %ﬁ‘z) > 0, where Ny will be defined in (2.15), there exists a unique function u :
[0, To] — R in the class

u € L2(0, To; D(A?))
u' € L(0, To; D(A?)) N L2(0, Ty; D(A?)) 2.7)
" € L®(0, To; D(A2)),

satisfying

N|—

p
'’ + M(|Ju)|b) Au + A%u + [1+K)Agu’ ]Au’ =0, inL®(0,Ty;D(A2))

(P1)
u(0) = u°, u'(0) = ul.

Remark 2.2. By hypotheses (2.1) and (2.3), we obtain, respectively, two positive constants k
and k; such that

lu| < ko llul|, YueV (2.8)
and
ullw < k1 llullpay - Vu e D (A). (2.9)
Remark 2.3. Let 8; > 6>, > 0 be real numbers. Then D(Ael) is continuously embedded in
D(A?%) and
2 1 2
‘A% < e |A%[,  VueD(Ah), (2.10)
70( 1—02)

Remark 2.4. As a consequence of (2.9) and (2.10), we obtain the following:

lulw <kallull, 3, Vue D(A?), (2.11)
5

el < ks flull, 43, Yu € D(A2), (212)

Jullw < ka [[ullpaz) Vu € D(A?), (2.13)

where k;, i = 2,3,4, are positive constants.
In what follows, we introduce the real number Ty > 0 mentioned in Theorem 2.1. In fact,
consider u° and u! satisfying hypothesis (2.6). Take a real number N? > 0 such that

2
< N7 (2.14)

bl [ ([0, ) |42+ |42

Consider also the constant
N; = BRiykE NP, (2.15)
where R = max; e [0,(ksN?] |IM'(¢)| and k; and k3 were defined in Remark 2.4. Then Tj is given
by
mo(In2)
Ny

0<Ty= (2.16)
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In order to obtain the global solution of (1.7), we introduce the following hypotheses:
M(E) =mo+m¢é,  V&>0, (2.17)

where m( and my are constants such that my > 0 and m; > 0 and
1
K € L2, (0,00) with K(t) > 0 a.e. in (0,00) and z € L' (0,00). (2.18)

Also we consider the exponent 2 instead S in the last term of the equation. For the justifica-
tion, see Remark 3.6.

Theorem 2.5 (Global solution). Assume hypotheses (2.1)—(2.3), (2.17) and (2.18). Consider B a real
number with B > 1 and
1’ € D(A?),  u'e D(A?).
Then there exists a unique function u : (0,00) — R in the class
1 € L®(0,00; D(A?))
i’ € L®(0,00; D(A2)) N L2(0, 00; D(A?)) (2.19)
u" € L*(0,00; D(A2)),

N—

satisfying

N—=

' + M(|Ju)|b) Au + A%u + [1 +K (A%u

2
ﬁ] Aw =0, inL.(0,00; D(A}))

(P2)
u(0) =u’, ' (0)=u.
The asymptotic behavior of solutions of (1.7) is obtained under the following hypothesis:
M(t, &) = mo+ my ()¢, (2.20)
where

mgy > 0 (mo constant);

1
my(t) = —, z(t) >0, my(t) < my, t >0 (my constant);

z(t)
z € C1([0,00)), 2/(t) > Co > 0, |m'(t)| < C1,t > 0(Co and C; constants);
mi € Ll(0,00).

The energy associated to problem (P2) with the above M(t,¢) is the following:

E(t) = [ (0 + Mt ulfy) [Au()P + [Adu],  we>0 (2.21)

Theorem 2.6 (Decay of the energy). Assume hypotheses (2.1)—(2.3) and (2.20). Consider real num-
bers B, Kwith p > 2, K > ﬁzgki(lf)ﬁ > 0and
° € D(A?),  u' e D(A?).
Then there exists a unique function u in the class (2.19), u solution of (P2) with M(t,{) given by
(2.20) and K(t) is the function constant K. Furthermore, there exists a positive constant Ty such that
E(t) <3E(0)exp(—3wt),  Vt>0. (2.22)

Note that k; was defined in (2.9) and k7 denotes the immersion constant of D(A%) into

D(A), see Remark 2.3.

Remark 2.7. To obtain the uniqueness of solutions of the above theorem it suffices to consider
K a positive constant.
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3 Proof of the results

In order to prove the results we need some previous propositions.

Proposition 3.1. Let M(¢) be a function M : [0,00[ — R of class C' and u be a vectorial function
such that u € C'([0,00[; W), u(t) # 0, Vt > 0. Consider hypothesis (2.2) and B a real number with

B > 1. Then the Leibniz derivative of M( ||“||€v) is given by

d _ g o/ Ju(t)
& (M} = gl ity (G ) e

where | : W — W' is the duality application defined by

2
Ju, wywrew = llullyy 1Jullw: = llully, Yu € W.

Furthermore, if B > 1 and u(ty) = 0, then % {M(||u(to)||€v)} =0.

For the proof of the Proposition 3.1, see [14] and [15].
Now consider the real functions y1 and p» satisfying the following:

M € Wllo"C”(O,oo) with p1(t) > C* > 0, a.e. in (0, 00) (C* constant) (3.1)
and
2 € Lo (0,00) with pp(t) > C*™ >0, a.e. in (0,00) (C** constant). (3.2)

Proposition 3.2. Assume hypotheses (3.1) and (3.2). Consider « and 6 two real numbers such that
a>0and s > 0. Ifu® € D(A**2) and u' € D(A*TY), then there exists a unique function u in the

class
u € L2 (0,00; D(A*2))

u' € Lis.(0,00; D(A*))
u" € L. (0,00, D(A"))
such that u is a solution of the problem
u’ + pAu+ A%u+ SupAu' =0, in L2 (0,00; D(AY))
u(0) = u°, u'(0) = ul,
Proof. We apply the Faedo-Galerkin method. Let {wj,wy,...} be a Hilbert basis of H.
Consider the basis { A~ 2wy, A=2*2,w,, ... } of D(A**?). Use the notation z; = A~* 2w,

j = 1,2,... and denote by V,, = [z1,22,...,2m] the subspace of D(A*"2) generated by
z1,22,...,2m. Consider the approximate solution

un(t) =) gjm(t)z;
j=1
defined by the system

(s (1), A% 225)  us (8) (A (1), A% 227) + (A2 (1), A2422;)
+ 6 (1) (Aup, (1), A*H2z;) =0,  j=1,2,...,m
um(0) = ud — u®in D(A**?), u% € v,

ul, (0) = ul, — ulin D(A*™), ul, € V,,.

(PA)

System (PA) has a solution on a certain interval [0, f,, ), which can be extended by the next
priori estimates, over the interval [0, T] for all real number T > 0.
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Estimates

Taking z; = 2u,(t) in (PA);, we obtain

2 ) )
;t UAaJrluin(t)’ + 11 (t) ‘A"‘*%um(t)‘ + |A“+2um(t)ﬂ 26 (1) ’A‘”%u;n(t)‘

= (1) A L ()]

Integrating the above equality from O to ¢, t < t,, and using (3.1) and (3.2), we get

‘Aa+1u;n(t)‘2 + 1 (t)

t
21 (1) \2 + A 2,0 + 25c**/0 ‘A”%u;n(S)‘zds

t / 2 (3.3)
HA(S) | yas?
<C+ / s)—= |A*"2u,,(s)| ds,
< Cot [ImE) g [A )|
where C > 0 is a constant independent of m and t.
Applying Gronwall’s inequality in (3.3) and using (3.1), we obtain
2 2

‘A““u:n(t)‘ +C A‘”%um(t)) + A 20,0 + 25(:**/ (A“zu’ Gas<cr, Ga

Vt € [0,ty), tm < T, where

Cr = Cexp [ ;giggds} .

As a consequence of estimates (3.4), we deduce, respectively, the existence of a subsequence
of (Um)men, still denoted by (uy,)men, such that

Uy — u weak star in L*(0, T; D(A*2))
u,, — u' weak star in L (0, T; D(A*™)) (3.5)
i, — u' weak in L2(0, T; D(A*"2)).

Now, multiplying the approximate equation (PA); by 6 € D(0, T), integrating the result
of 0 to T and using the convergences (3.5), we get

u" + uAu+ Au 4 upy Au' =0 in L®(0, T; D(A%)). (3.6)

Finally, using the diagonal process we obtain equality (3.6) in L} (0,00; D(A")). By stan-
dard arguments, we verify the initial conditions and the uniqueness of the solutions. This
concludes the proof of Proposition 3.2. O

3.1 Proof of Theorem 2.1

A sketch of the proof of Theorem 2.1 is as follows. First, we approximate u’ and u' by
functions u! and u} belonging to D(A*) and D(A3?), respectively. Then by Proposition 3.1 and
3.2 and the method of successive approximations, we determine the solution u; of the problem

P
®) ul! + M(J|ug||B) Auy + A%uy + [1+K’Agul‘ } Au;p =0
I
w(0) =ud,  uj(0) =uj.
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Estimates obtained for the solution u; allow us to pass to the limit in the equation in (P;).
The limit of the nonlinear terms follows by applying Proposition 3.1 and the Ascoli-Arzela
theorem for real functions.

We begin the proof. As a consequence of (2.14), we can choose 77 > 0 such that

2

“Agul‘z—i—ﬂ] n [M(HuoHﬁv)—’_ﬂ [’A2u0‘2+ﬂ] + [‘Aiuo‘ern} < N7 (3.7)

Consider sequences (1)) and (1} );en of vectors of D(A*) and D(A?), respectively, such
that
5
u) — u in D(A2) (3.8)

and
ul = ul in D(A?). (3.9)

Therefore it follows from (2.4), (2.12) and (3.8) the convergence
M 0B M 0|8 3.10
(el ) = M) (3.10)

As a consequence of (2.10) and (3.8)—(3.10), there exists Ip(77) such that for I > Iy(y), we
have

2 2
b < |abu® A2 < A% 4y
0P 08 3 12 3 1) (3.11)
M([f[3) < M| [5) 4, [Aluf]” < a3t e,
Then inequalities (3.7) and (3.11) provide
3 12 2 5 o2 N2
bl m([uf]) [ A% + [ AR < =, (3.12)
Let v be a function satisfying
v € L™(0,To; D(AY)), o € L®(0,Ty; D(A3)),  v" € L*(0, Tp; D(A?)) (3.13)
and
3 1|2 2 2 3 2 T IVRNG 2
max ‘AZU (t)‘ + mo |A%0(t)]” + ’Aw(t)‘ +2/ | A%V (s)|"ds| < N°. (3.14)
0<t<<Tp 0
Now we consider following technical lemma.
Lemma 3.3. Suppose that v satisfies (3.13) and (3.14). Then
d p
7 (MU0} < M, 6.15)

Vt € [0, Ty], where Ny was defined in (2.15).
The above Lemma follows by using (2.4), (2.11), (2.12), (3.14) and Proposition 3.1.

Remark 3.4. We note that inequality (3.15) remains valid even when v(f) = 0, for some t €
[0, T, by virtue of Proposition 3.1.
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In the sequel we will use the method of successive approximations to obtain the solution
of problem (P;). Thus, we consider the following problem:

3 o|P
) u?fl(t)+M<Hu?}I&>Auz,1<t)+A2uz,1<t)+[1+K<t)\Agu?\}Auf,l(t)=0, t € [0, To]
1,1

It follows from hypotheses (2.4), (2.5) and Proposition 3.2 that u;; belongs to class (3.13).
Now taking the scalar product of H of both sides of the equation in (P;1) with 2A%u] ,, inte-
grating this result on [0,t], 0 < t < Ty, using (3.12) and the hypothesis (2.4), we obtain that
u; 1 satisfies (3.14).

Define the sequence (u;,),>2, where 1, is the solution of the problem

3 B
oy [ M) A )+ A 0+ 1K A0 4 )0
Ly
u(0) =uj,  u;,(0) =uj.

Using induction we shall prove that u;, satisfies the (3.13) and (3.14). In fact, assume that
u; 1 satisfies (3.13) and (3.14). Then, by Lemma 3.3, we have

d
& (M50} <

Vt € [O, To].
Also by Proposition 3.2, we derive that u;,, belongs to class (3.13).

Taking the scalar product of H of both sides of equation (P, ); with 2A%u] (t), applying
similar arguments used to prove that u;  satisfies (3.14) and using the last inequality, we obtain

4 ) + MU 2 1) [ A2 O + [Adua ()] +2 4%, 05) s
< [abul]+ M) (4% F o+ [T 4+ 8y [ 4% () s
Then by (3.12) we find
4l (0 4+ mo | 420, (0 + AR (0 42 4%, 5) s
<t Otmo | A2uy,(s)|” ds,

VI > lQ(I’]), t e [0, T()].
Hence Gronwall’s inequality implies

2 2 t N2\ ? N
‘A%uflv(t)‘ + my }A2ulrv(t)‘2 + ’A%ullv(t)‘ +2/O ‘Azuf,v(s)}zds < <2> exp <mlt> ,
0
VI >1y(n), t €0, Tp].
Then thanks to the choice of Ty, this inequality provides

2 2 t
}A%uglv(t)‘ +m0\A2ullv(t)\2+‘A%ullv(t)‘ +2/0 |A2u), (s)|* ds < N2,
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Vi > 10(17), t € [O, T()] .

Thus u; , satisfies (3.13) and (3.14).

The last inequality implies that there exists a subsequence of (u;,),enN, still denoted by
(11 )ven, such that

[N[e)

uy, — u; weak star in L*(0, To; D(A

)
) (3.16)

NI

uj, — uy weak star in L*(0, To; D(A
uj, — ujy weak in L*(0, To; D(A?)).

Convergences (3.16) are not sufficient to pass to the limit in problem (P;,) due to the
nonlinear terms. Next we will prove that

M(Jlure-alfy) = M(Ja i) in C([0, To]) (317)
and 5 6
]A%ul,v,l‘ N ’A%ul’ in C([0, Ty)). (3.18)
Let us begin considering the sequence (¢;,)veN, Where @, (t) = H”l,v—l(t)”/;v' As a con-
sequence of (2.12) and (3.14) it follows that
5 B
lu 1 ()1 < K [, (0] < (NP, (319)

Now using the mean value theorem, Proposition 3.1, (2.11), (2.12) and (3.14), we have
—1
a1 () Iy = s (00| < BRE N |12 = 1] (3.20)

Therefore from (3.19), (3.20) and the Ascoli-Arzela theorem it follows that there exists
@; € C°([0, Tp]) such that

i1 l|B = @1 in CO([0, To)). (3.21)

Consequently we obtain from (3.21) and (2.4) the convergence
M(l[tr-1llfy) = M(g1)- (3.22)

Now let us consider the sequence (¥, )ven, Where ¥, (t) = |A%ullv,1(t)}ﬁ . In a similar
way as in (3.22), we conclude that there exists a sequence y; € C°([0, Ty]) such that

’A%um_l’ﬁ — 1 in C°([0, To]). (3.23)

Below we will show that M(¢;) = M(Hul||€v) and ¢ = ]A%ul}ﬁ. For that, one proceeds as
follows. Let u;, and u;, be the solutions of problems (P, ) and (P, ), respectively. Consider
Woy = Uj; — Upy. SO Wey is the solution of the problem

0l (1) 4 M1 () ) A (1) + A0 (0) + [ 14 K(0) [ 400 | A1)

= | M1 (O11fy) = M1 (D15)] Ans (8

FK(H) [‘Agullv_l(t)‘ﬁ — ‘Aiu,,g_l(t)’ﬁ] Aul, (),  te[0,Ty

wm,(O) - O, ZU(/TV(O) — 0.
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Taking the scalar product of H of both sides of the equation (Py,) with 2A%w/,,(t), we
obtain

21wt O + Mg (1) [ AR () + |40 (0)]
12 {1 LK) )Aiul,(,_l(t)(ﬁ] b, ()]
= | M 01| [t )] .24
+2 [ Mgy 1 (1)) = Ml (8) )] (A%, (1), Actl, (1)
+2K(0) ||t = [ AT (420, 0), 200 0),

t e [0, TO] .
By Lemma 3.3, the first term of the second member of (3.24) can be bounded by

3 2
Ny ‘Aiwm,(t)‘

As (M(|Jug,—1(t) ||€v)) is convergent in CY([0, Tp)), it follows that for ¢ > 0, there exists v
such that

Ml 1 (D11fy) = Ml 2 (D15 < e,

Yo,v> 1, t e [O,To] .
This inequality and (3.14) imply that the second term of the second member of (3.24) can
be bounded by

N
g

4

Yo, v > 1.
In a similar way, the third term of the second member of (3.24)can be bounded by

7

26k* (To) | Al (1)

g
Vo,v > vo, where k*(To) = |[K{| (o 1,)-
Integrating both members of (3.24) on [0,¢], 0 < t < Ty, and taking into account the last
four results, we obtain
2 t N 2
[ A, (8)* + mo | At (0] < Ce+ [ [wly(s) s + L [Tmo|ATwn(s)] s,
0 0J0
Vo,v > 1y, where C > 0 is a generic constant which is independent of ¢ and v.
The last inequality and the Gronwall inequality imply that (A%ul,v)ye]N is a Cauchy se-
quence in C°([0, To]; H). Consequently we have

u, — w; in C°([0, To] ; D(A?2)) (3.25)

which provides convergence (3.18).
Using (2.11) and the convergence (3.25) it follows that (u;,),en is a Cauchy sequence in
C%([0, To] ; W). Therefore
up, — uy in C°([0, To) ; W)
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which implies the convergence
laallly = Il in C([0, To)) (3.26)

Convergences (3.21), (3.22) and (3.26) provide convergence (3.17).

Due to convergences (3.16), (3.17) and (3.18), we can pass to the limit in (P, ). The limit u,
is a solution of problem (P;).

Our next goal is to take the limit in problem (P).

Write (3.14) with u;, and take the limit inf of both sides of this inequality. Then conver-
gences (3.16) provide

3 renl? 2 2 2 2 b a2 102 2
ess sup UAZul(t)‘ +mo | A%uy ()" + ‘AZul(t)‘ —|—/ |A%uj(s)| ds] < N7,
0<t<Ty 0

vl € N.
This implies that there exists a subsequence of (1), still denoted by (1), such that

u; — u weak star in L*(0, Tp; D(A%))
i, — u’ weak star in L®(0, Tp; D(A?)) (3.27)
u) — u' weak in L?(0, To; D(A?)).
In the sequel we will prove that
M(Jr[y) = M(Jlulfy)  in C([0, To]) (3.28)

and
B

‘A%ul‘ﬁ% ‘A%u in C°([0, To]). (3.29)

Let us consider two sequences (¢;);en and () e, such that @; () = ||u;(t) Hﬁ, and ¢ (t) =

]A%ul(t) |5 . Then by applying arguments similar to those used to obtain (3.21) and (3.23), we
get two functions ¢, € C°([0, Ty]) such that

luillfy — ¢ in C°([0, To)) (3.30)
and
Adu]" =y in (0, T). (331)
Thus hypothesis (2.4) and convergence (3.30) provide
M(Jlur]ly) = M(@) in C([0, To)) (332)
In the sequel, we will show that ¢ = ||“||€v and ¢ = ‘A%u}ﬁ. Let us begin considering u;

and uy two solutions of problems (P;) and (P), respectively. Consider still wj, = u; — uy. So
wyk is the solution of the problem

z%m+Mwwm%mmmeﬁmw+P+wwv%mﬁymmw
= [M(lwe(®)11f) = MU (D)1 Aui(t)

+K(t) UAguk(t)‘ﬁ - ‘Agul(t)‘ﬁ] Aul(t),  te0,Ty]

wi(0) = u) —ug,  wy(0) = uj —uy.
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Taking the scalar product of H of both sides of the equation (D) with 2A4%w], (t) and
integrating the result into [0, t], 0 < t < T, we obtain

[ataty )] + [MCl )16 | %) ] + | At +2 [ 4%l (6) s
+2/1< ) [Adus ] )| 142w, (s)| ds
S \Aiwlk<o>\2+ (Ml (0) 1) [ 2w (0)[] + | ATy 0)]
= [ M@ ) }] 4%
2. [MCls) 1) Ml (9)15)] (A% (s), A%y )

+2/0 K(s) [)Azuk(s)’ﬁ — ‘Agul(s))ﬁ] (A2ul(s), A*w)(s))ds.

(3.33)

By similar arguments used to bound the terms of the second member of (3.24) and using
convergences (3.30) and (3.31), we obtain

;s{M(”“l( )y )}‘ <N,

a.e.in (0, Tp), and for ¢ > 0,

2s2N2 1

2| [ M(lue(5)1) — Ml () [)] (A%is), A%} (9)) | < 5 4 5 | A%wis)]
and
2 K(s) [(Aims)]ﬁ - At (o) | (Ay(s), A (s))|
<22 [ (T) | A% () + 5 | A%} (s)
Yk, 1 > ly.

Taking into account the last three inequalities in (3.33) , noting that | A%uj(s) ‘2 < N?, ae.
in (0, Tp) and that the first three terms of the second member of (3.33) can be bounded by 2,
we find
3 2 2 2 3 2 S 2
[ Adw ()] + mo | A% (1) + | A¥ene(r)| + 2/ | A2 (s)| ds
2
<2 {N

N
Tot [k () NPT+ 1] + 08 [ A6 s,
0

vk, I > Ip.
The last inequality and Gronwall’s inequality imply that

]A2wlk(t) ’2 < CSZ,

t € [0, To], Vk,1 > Iy, where C > 0 denotes a generic constant which is independent of / and k.
The last inequality implies that

u; —u in C°([0, To] ; D(A?)). (3.34)
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In view of Remark 2.3, it follows from (3.34) the following convergence:
u; — u in C°([0, Ty] ; D(A?)) (3.35)

which implies convergence (3.29).
Combining (3.35) with (2.11) it results that

up —u  in C°([0, To] ; W)
which implies convergence
il = Ny in C([0, To)). (3.36)

Combining (3.30), (3.32) and (3.36), we obtain the convergence (3.28).

Due the convergences (3.27), (3.28)and (3.29), we can pass to the limit in (P;). The limit u
is a solution of problem (P1); and u verifies (2.7). Using a standard argument, we can verify
the initial conditions (P1);.

The uniqueness of the solution is proved by the energy method. In fact, we consider u and
v in the conditions of the Theorem 2.1. Then w = u — v satisfies

w"(t)+M(Hu(t)||€v)Aw()+A2 (t) + {1+K )Azu ﬂAw’(t)
= [M([lo(t)1fy) = M(lu(t) )] A

FK(t “sz ‘—‘AZu ﬁ] t € [0, Ty]

w(0) = w'(0) = 0.

Taking the scalar product in H of both sides of equation of (P) with 2Aw'(t), we obtain
d 1,02 B b 3 2
= UAzw (O] + M) 1) |Aw @) + |AZw() ]

w214k ‘Agu(t)’ﬁ] | Aw' (1)

!
= | MU )] 1w 637
+2[M(lo(t) 1) = MO | (ATo(r), Atw (1)

t e [0, To] .
By the mean value theorem, we get

M(|[o(t)[15) — M(J[u()]l5y) = BM' (&) ()P [lo(#) |y — [lu(t)|w],

where ¢* is between the real numbers ||v(t) ||€v and ||u(t) ||€v and s* is between the real numbers
llo(t)|lw and ||u(t)]|,y- By R given in (2.15), inequality (3.14) and (2.9), we find

2| M)l — M(u(®)[5)] (Ado(r), A2/ (1)
< 2BR(ksN)P~1 ||o(t) — u(t) || |AZo( HAzw ) (3.38)

< 2BRKE ki ksNP | Aw(t)| ‘Aiw’
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where k5 denotes the immersion constant of D(A%) into D(A%) (see Remark 2.3).
In similar way we obtain that

Z‘K(t) [)Agv(t)‘ﬁ - ‘Agu(t)’ﬁ] (Aiv’(t),Aiw’(t))‘

(3.39)
< 2k (Ty)kE™'N ’A%w(t)‘ ]A%w'(t) ,
t e [0, T()] .
Combining (3.37) with (3.38) and (3.39) and using the Lemma 3.3, we obtain
& [ O M) 1A + [ k(o]
(3.40)

<cC [|Aw(t)|2 + \A%w'(t)f + (A%w(t)ﬂ ,

t € [0, Ty], where C is a generic constant which is independent of u and v.
Integrating (3.40) from 0 to t < Ty and noting that M(&) > mp > 0 and w(0) = w'(0) =0,
we have

‘A%w’(t)‘z + o | Aw(#)[? + ‘A%w(t)‘z
(3.41)

2
‘ ds,

C rt ) T 2 Elo
< —/ my | Aw(s)| ds+C/ ‘Aiw(s)‘ ds+C/ ‘Aiw’(s)
Mo Jo 0 0

t e [0, T()] .
Finally, applying Gronwall’s inequality in (3.41), we obtain that |Aw(t)| = O, for all ¢t €
[0, To], that is, u(t) = v(t), for all t € [0, Tp|. This concludes the proof of Theorem 2.1.

3.2 Proof of Theorem 2.5

Initially we consider the following problem:

(Pl) u' (t) + M(||u; (t) Hﬁv)Au,(t) + A%uy(t) + [1 + K(#) ‘A%ul(t) ’M] Auj(t) =0, t>0
1
w(0) =uj,  wuj(0)=uj,

where (19),en and (u]);en are sequences of D(A*) and D(A3), respectively.
Consequently we have

u? = 1° in D(A?) (3.42)
and \

uj —u' in D(A?2). (3.43)

By Theorem 2.1, there exists a unique solution u; of (P/) belonging to class (2.7), but

Proposition 3.2 with p(f) = M(Hul(t)Hev) and up(t) = 1+ K(t)}A%ul(t)‘zﬁ says us that u;
belong to class

u; € L*(0, To;; D(A%))

uj € L°(0, Toy; D(A?)) (3.44)

uf’ € L(0, To;; D(A?)).
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Fix I € IN. Let M), be the set constituted by the real numbers T > 0 such that there exists
a unique solution u; of (P/) belongs to class (3.44) (changing Ty with T). By the preceding
arguments it follows that M; # &. We denote by T}, the supremum of the T € M.

Next we obtain estimates for the solution u;. Taking the scalar product of the H of both
sides of equation in (P/) with 2A%u/(t), t € [0, Tjnax, ), and using the Proposition 3.1, we obtain

UAZW (t) ! + M(|| (1)) | A% (1) + 1A3ul<t>ﬂ

+2 [1 +K(F) ‘Agul(t)rﬁ] | A%u)(1)|? (345)

2

7

< B (D)l [l () | A% (8)
t € [0, Tmax,1 )- Here we assume that u;(t) # 0.
Remark 3.5. We note that
‘A2u|2 = (A%u, A%u) = (AZu, A2u),
Yu e D(A%). Consequently
|A2u‘2 < ‘A%u’ ‘A%u ,

(3.46)
Vu € D(A?).
Combining (2.11), (2.13) and (3.46) with (3.45), we have

& A8+ M) |20 P + | Afuo)]
42 [1 FK(1) At (n) \Zﬁ ] | A2 (1)? (3.47)

< ik Mk ’A%ul(t)’ﬁ | A%u) (1)] ’A%ul(t)

t e [0, Tmax,l )
Due to hypothesis (2.18), we can rewrite (3.47) in the form

d 3 2
= “Awl(t ‘ + M(|[us (1) ]15)) | A% (8)] +’A2u1 ( ]
+2[1+K(t) ’A%ul(t)‘ ]|A2u;(t)|2 (3.48)

(BrmikE ' ky)?
8K (1)

3

< 2K (1) ]Azu,(t)

| aunP +

€ [0/ Tmax,l )
Remark 3.6. In (3.48) is justified the introduction of the damping term 2K(t)|A%u(t)‘2ﬁ in
equation (1.6).

Integrating (3.48) from 0 to t, t < Tpax;, using the convergences (3.42) and (3.43), hypoth-
esis (2.17) and u; with regularities (3.44), we obtain

3 2 5 2 t ,
AR ()] + M) [4%0 (0] + [ 0] +2 [ |A%ui(s) [ ds
(3.49)
t1 5 2
SC—FC/OK(S)’AZLt,(s)‘ ds,
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t € [0, Tmax,1 ), Wwhere C > 0 denotes a generic constant which is independent of / and ¢.
Using hypotheses (2.17) and (2.18) and the Gronwall inequality in (3.49), we have

3 i |? 2 2 5 2 EUCIPRNY:
0 1 1 1 >~ L1, .
‘AZul(t)‘ +mg | A%y (1)] +‘A2u(t)’ +2/0 | A2u)(s) ds < C (3.50)

Vt € [0, Tinax,1 ), where

Ci =Cexp [C/oongs)ds} .

Consequently, we obtain

’A%”l(t)‘2

<G (3.51)

and 5
‘A%uf(t)‘ <q, (3.52)

t € [0, Tmax, ), where C; is a constant independent of / and ¢.

Remark 3.7. Due the Proposition 3.1 is possible to obtain the inequality (3.50) even when
Ml(i') =0.

Now we will prove that Ty, is infinite VI € IN. Let us suppose that Ti,; < o0. Now
consider a sequence of the real numbers (t,) such that 0 < t, < Tpax; With t, — Tpax-
By (3.51) and (3.52) we obtain, respectively, that there exists & € D(A?) and 57 € D(A?) such
that

uy(t,) — ¢ weak in D(A%) and uj(t,) — 7 weak in D(A%).

With ¢ and 17 we determine, by Theorem 2.1, the local solution of the problem
Ui Yy P
28
o (£) + M([|o(t)]|) Ao(t) + A20(t) + [1 +K(t) ’A%v(t)‘ ] AV (1) = 0

v(0)=¢,  V'(0) =7

We note that the function

(P*)

U(t), 0<t< Tmax,l
U(t - Tmax,l)z Tmax,l <t < Tmax,l + TO

a(t) =

is a solution of problem (P]) in [0, Tax; + To] . This is a contradiction with the definition of
Tiax,1- SO Trax, is infinite. Consequently we obtain from (3.50) that

2
b <a, (353)
3,002
‘AZul(t)‘ <G, (3.54)
t
/O | A2u)(s)|" ds < Cy, (3.55)

Vt € [0, 00[, where C; is a constant independent of I and t.
By arguments similar to those employed in the proof of Theorem 2.1, we obtain the con-
vergences

M([[ugllfy) — M(J|ullfy) in C°([0, To]) (3.56)
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and

’ : £ in ([0, Ty). (3.57)

Aiu,‘ﬁ — ‘A%u

Due to the estimates (3.53)—(3.55) and convergences (3.56) and (3.57), we can pass to the
limit in (P/). The limit u is a solution of problem (P2); and u verifies (2.19). Using a standard
argument, we can verify the initial conditions (P2),. The uniqueness of solution is obtained
as is the proof of Theorem 2.1. So Theorem 2.5 is proved.

3.3 Proof of Theorem 2.6
i) Existence of solutions

Let us begin by showing that problem (P2) possesses solution in the class (2.19) when we con-
sider the hypothesis (2.20) instead of the hypothesis (2.17) and when we consider a function
K(t) satisfying hypothesis K(t) = K. As the calculations are similar, we will obtain only the
estimates.

Initially we consider the following problem:

B
) (£) + Mt [|ug (£)]|,) Auy (£) + A2y () + [1 +K ‘A%ul(t)‘ ] Aul(H) =0, >0
w(0) =uj,  w(0) =uj,
where (19);en € D(A*) and (4] )jen C D(A?).

Consequently we obtain the convergences (3.42) and (3.43).
With the same arguments as were used in the proof of Theorem 2.5, we have

2 |43 + e 1) 470 + |43
+2 [1+K‘A3uz(t)ﬂ \AZMQ(f)\Z (3.58)
<ty () [l (8) 16y | A2 (1)

+ B (8) s (8) 18y 1[1af ()] | A%us ()

/4

t e [0, Tmax,l )
It results from (2.11) and of the fact that g > 2 the following;:

p—1 £ L By s 51
(Ol ™ = N1y (Bl ~ < k3 (Bl | Az (t) (3.59)
Now let us note that
’ 2 3 1 3 2
A% ()" = (A3uy(t), Abui(1)) < ke [ATui(1)] | A% (1)), (3.60)

where kg is the immersion constant of D(A2) into D(A?) (see Remark 2.3).
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Substituting (3.59) and (3.60) into (3.58), we get
d 3 2 2 5 2
% |[Ako] + M o) 1420 + [t |

+2 [HK\A%z(t)ﬂ | A2uy(1)[*

< mi (1) [l (D) \AZul(t)‘2+2K’A%ul(t)‘5‘Azu;(t)‘z
+§k5§* K3R2B2 (ma (£))2 s (81 | A2y (1) 7,
that is,
dt “Aiui(t)\z + M, [ (£)]1y) \Azul(mz + ‘Aé’ul(t)‘z} 2] Ak .
< i (1) s (D)1 [ A% ()] + 5% KE TV R2B (s ()2 [ ()1, | A0 (1) 2. ‘

Integrating (3.61) from 0 to t, t < Tyax, using the hypothesis (2.20) and convergences
(3.42) and (3.43), we derive
3y 2 2 2 2 2 5 2
‘Ammﬂ+mﬂAmt\+m1MM \Am)\+Mmﬁw
2
w2 [ a2 s+ [ (i) )y | 4% ()] ds (3:62)

< Co g IR [ (s) [ma(s) (o) Iy [ A% (5) ] s,

where C > 0 is a generic constant independent of / and ¢.
Asmj <0and m; € L'(0,00) (see (2.20)), it results from (3.62) and Gronwall’s inequality

5,2 ) 2 5 2 Fa2 e 2
‘Azul(t)‘ + mo | A%uy(t)] +‘A2ul(t)’ —1—2/0 |A%uj(s)|"ds < C, (3.63)

t € [0, Timax, ), Wwhere C > 0 is a generic constant independent of / and t. Note that with (3.63)
we derive similar estimates to (3.51) and (3.52) for u;.

With (3.63) and similar arguments used in the proof of Theorem 2.5 we obtain that Tay;
is infinite and that u is the solution of (P2) in the class (2.19).

ii) Decay of solutions

Take the scalar product of the H of both sides of equation in (P2) with 2Au/(t) and use (2.21),
Proposition 3.1 and hypothesis (2.20). We obtain

it )H[HK‘A%”(QH Ao (3.64)
RELGIY - o .
< 2P u(t) |4y |Au(t)? + B (>H O (0], |Au()P,

where E(t) was defined in (2.21). Here u(t) # 0.



20 V. FE. Silva, R. R. Carvalho and M. Milla Miranda

It follows from (2.9), (2.20) and the inequality ab < COTQZ + % (a,b > 0and Cy > 0) that

2'(t) B 15! 2
- u(t Au + u Au(t
2] lu(E) lly | Au()* + B ()ll w(B) [l (| (1) ||y [An(E)]
C s 1 8 N
< — i WO 14O + Btk o)l 4w )] [4duco | Lawen)
Co B 2 Co B 2
— u(t Au(t)]” + u(t Au(t (3.65)
p? (kiky)P P 2
+ 2C, ‘A u )‘ | Au' (1)
B (kk7)P
< MR
- 2Cy ‘A ’ ‘Au !
where k; is the immersion constant of D(A?) into D(A) (see Remark 2.3).
Combining (3.64) and (3.65) and using the hypothesis K > B luky)? (k1k7) , we obtain
d 2
B0 +2[Aad ()" <o. (3.66)

Remark 3.8. Due to Proposition 3.1 it is possible to obtain the inequality (3.66) even when
u(t) =0.
Let e > 0. Consider the functions

o(t) = (/' (), Au(t)) + % Au?,  VE>0 (3.67)

and
E.(t) = E(t) +¢p(t), Vi >0, (3.68)
where E(t) was defined in (2.21).
Therefore, it follows from (2.8) and (3.67) that
1 k2 2
P < SR WO+ [atu()] + 3 JAu( < REG),  vi>0, (369

where Py = max {1k3,k2}.
Combining (3.68) and (3.69) we have
(1 —€ePy)E(t) < Eg(t) < (1+4¢€Py)E(t), Ve > 0.

Considering 0 < & < 2170’ it follows from the preceding inequality that

SE(t) < E(t) < 2E(t),  Vt>0. (3.70)

Now taking the scalar product of the H of both sides of equation in (P2) with Au(t), we
have:
d,, d B
L0, Au(t) + 5 |1 Au(OF | + MG a0 (Au(t), Au())

+ (A%u(t), Au(t)) + K ‘A%u(t) ‘ﬁ (Au'(t), Au(t)) (3.71)

= [l @)
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Therefore, it results from (3.67) and (3.71) that

d 3 2 3 B, 1 3 2
H(0(0) + M lu(®)1f) [Au(O] + [ATu(t)| + K |Atu()| (atu' (1), ARu() < [|u'(1)],
which implies,
2 3 2 3
o'(0) < [/ ()2~ Mt (@) ) |Au() — |4t + KCo ()] [ A3u(e)
where C, > 0 is a bound for ‘A%u(tﬂﬁ (see (3.63) and that ‘A%u(t)‘ < |A2u(t)]).
Consequently, we obtain by this last inequality that
2c2 1 3 2
P < (1+ 552 ) 0] = MO ) ) JanoF - § |4t @72

Combining (3.66), (3.68) and (3.72), we obtain
2
E(D) < —2|Ad ()] —eM(t, |u(t) I}y) | Au()

202 s 3.73
+€<1—|— C2)Hu’(t)]2—;‘A2u(t)’2. G7)

Noting that [|u/(t)||* < k2|Au'(t)]?, where kg is the immersion constant of D(A) into
D(A?), it results from (3.73) that

E() < — {kzz <1+KC

:

2 S 3
)] I oI - emc o) 1auce) - § [ adace

Considering ¢ = min {ziPo’ m }, it follows from the preceding inequality that
EL(t) < —10E(t), vt >0, (3.74)
where 1) = min {§,6}, with § = ——8( K2C%).

Using (3.70) and (3.74), we have
E/(F) < —%TgEe(t), Wt > 0,

which gives

E.(t) < E.(0) exp <—§Tot> . v (3.75)

Finally we get (2.22) as a consequence of (3.70) and (3.75). So Theorem 2.6 is proved.

Remark 3.9. We observe that Theorems 2.1-2.6 are true if, instead of the hypothesis (2.3), we
consider the hypothesis
V is continuously embedded in W.

Remark 3.10. With the same technique and hypotheses as were used in the solution of prob-
lem (P2), it is possible to solve
" (£) + Ma([u(t)|?) Au(t) + Ma ([ (8) lfy) Au(t) + A%u(t)

(P) +o [1 () (’AZu(t)r + ‘Agu(t)‘ﬁﬂ AC(H) =0, >0

where M; (&) and M;(§) are similar to M(¢) of problem (P2) and o > 0 is a real number. Also
with our techniques it is possible to solve problem (P’) replacing M (||u(t) 1) by M (|u(t) ),
where ||| and |-| denote the norms of V and H, respectively. Remark 3.9 also remains valid
in these cases.
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4 Examples

1°) In the deduction of the beam equation (1 + u2)2 is approximated by (1 -+ uy)?. Utilizing
Taylor’s formula is possible to approximate (1 + ui)% by 1+ %ui + %ug. Motivated by this
latter approach, we may consider the generalized equation

it (%, 1)+ [mo + my /0 (g (x, £))2dx + 13 /0 S (x, t))édx] (—ttex (%, £)) + e (5, 1) = 0, (4.1)

where mg, my, my > 0 are constants.
In a similar manner, we have:

up(x,t) + [mo + ml/OL(u(x,t))zdx + mz/OL(u(x,t))%x} (—tex (X, 1)) + thypax(x,£) =0, (4.2)

where mg, my, mp > 0 are constants.

Considering Remark 3.10 with V = Hé (0,L), H=12(0,L), A= —aa—; the operator defined
by the triplet { Hj(0, L), L*(0, L); ((#,9))p(o1) }, W = Wy*(0,L), p = 6 and ¢ = 0, we obtain
a local solution of the mixed problem for equation (4.1). In this case we have the following
embeddings

D(A) = H{(0,L) N H?(0,L) = W = W,*(0,L) < V = H}(0, L),

where — denotes continuous immersion.

Analogously, Remark 3.10 with V = Hcl) (0,L),H=L%*0,L), A= —% the operator defined
by the triplet {H}(0,L), L*(0,L); ((u,v))H%(O,L)}, W = L%(0,L), B = 6 and ¢ = 0, we obtain
a local solution of the mixed problem for equation (4.2). In this case we have the following
embeddings

D(A) = H}(0,L)nH?*(0,L) < V = H}(0,L) — W = L°(0, L).

2°) Let (3 C R" be a bounded open of R" with smooth boundary I'. If B > 1, then the Sobolev
embedding theorem allows to obtain the existence of solution to the following problems.

P 200 i
W'+ M <Hu”w§"’(0 > (=Au)+ A"u =0, in Q x ]0, To[
u=0inT x |0, Tp|

u(x,0) = u’(x), u'(x,0) = ul(x) in Q,

)
(E1)

wherel < p<ooifl<n<[4a+2]and 1 < p <
the integer part of the real number .

% if n > [4a + 2]. Here [y] denotes
" B . 2. .
u"+ M HuHU,(Q) (—=Au) +A*u =0, in Q x |0, To[
(E2) u=0inT x]0, To|
u(x,0) = u’(x), u'(x,0) = ul(x) in Q,
where n and p are in the same conditions of the problem (E1).
W + M (‘(—A)euD (—Au) + A%u = 0, in Q x |0, To|
(E3) u=0inT x]0, Ty
u(x,0) = u’(x), u'(x,0) = ul(x) in Q,
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where 0 < 6 < a + 1.

W + M (’(—A + 1)%‘) (—Au) + A% =0, in Q x ]0, Ty
(E4) a—”:Oinrx]O,To[

a1

u(x,0) = u’(x), u'(x,0) = ul(x) in Q,

where 7(x) is the exterior normal to x inTand 0 < 6 < a + 1.
3°) As A~! is not necessarily compact, we can consider problems defined on Q x ]0, 0|
with ) an unbounded smooth open set of IR".
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