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1 Introduction

In recent years conditions for nonexistence of solutions to nonlinear partial differential equa-
tions and inequalities attract the attention of many mathematicians. This problem is not only
of interest of its own, but also has important mathematical and physical applications. In par-
ticular, Liouville type theorems of nonexistence of nontrivial positive solutions to nonlinear
equations in the whole space or half-space can be used for obtaining a priori estimates of
solutions to respective problems in bounded domains [1,4].

In [5-7] (see also references therein) sufficient conditions for nonexistence of solutions
were obtained for different classes of nonlinear elliptic and parabolic inequalities using the
nonlinear capacity method developed by S. Pohozaev [8]. On the other hand, there ex-
ists an elaborated theory of partial differential equations with transformed argument due
to A. Skubachevskii [9]. But the problem of sufficient conditions for nonexistence of solutions
to respective inequalities with transformed argument remained open. Some special cases of
such problems were treated in [2,3].

In this paper we obtain sufficient conditions for nonexistence of solutions to several classes
of elliptic and parabolic inequalities with transformed argument and for systems of elliptic
inequalities of this type.

The structure of the paper is as follows. In §2, we prove nonexistence theorems for semi-
linear elliptic inequalities of higher order; in §3, for quasilinear elliptic inequalities; in §4, for
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systems of quasilinear elliptic inequalities; and in §5, for nonlinear parabolic inequalities with
a shifted time argument.

The letter ¢ with different subscripts or without them denotes positive constants that may
depend on the parameters of the inequalities and systems under consideration.

2 Semilinear elliptic inequalities

Let k € IN. Consider a semilinear elliptic inequality
(=8)u(x) > Ju(g(x))”  (x€R"), 21)
where ¢ € C!(R";R") is a mapping such that
(g1) there exists a constant ¢ > 0 such that ]! (x)| > ¢ > 0 for all x € R";
(g2) |g(x)| > |x| for all x € R".

Example 2.1. The dilatation transform g(x) = yx with any ¢ € R such that |y| > 1 satisfies
assumptions (g1) with ¢ = |y|™" and (g2).

Example 2.2. The rotation transform g(x) = Ax, where A is a n X n unitary matrix (and
therefore |g(x)| = |x| for all x € R"), satisfies assumptions (gl) with ¢ = 1 and (g2).

In some situations assumption (g2) can be replaced by a weaker one:
(g'2) there exist constants cy > 0 and p > 0 such that [g(x)| > co|x| for all x € R"\ B,(0).
Remark 2.3. We assume without loss of generality that co < 1.

Example 2.4. The contraction transform g(x) = yx with 0 < |y| < 1 satisfies assumptions
(gl) with ¢ = |y|™" and (g'2) with ¢y = || and any p > 0.

Example 2.5. So does the shift transform g(x) = x — xo for a fixed xp € R"” with ¢ = 1,
co =1/2 and p = 2|xo|.

Lemma 2.6. There exists a nonincreasing function ¢(s) > 0 in C?¥[0,c0), satisfying conditions

1 (0<s<),
p(s) = {0 (s> 2) (2.2)
and
2 ¢/ ()"
/1 s < 2.3)
2 |akg(s) |7

Here and below q' = %

Proof. Take ¢(s) equal to (2 — s)* with a sufficiently large A > 0 in a left neighborhood of 2
(see [7]). O
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Theorem 2.7. Let either n < 2k and q > 1, or n > 2k and 1 < q < 5. Suppose that g satisfies
assumptions (g1) and (g2). Then inequality (2.1) has no nontrivial solutions u € Ly 1o.(R").

Proof. Assume for contradiction that a nontrivial solutions of (2.1) does exist. Let 0 < R < o
(in particular, the case R = 1 is possible). The function

Pr(x) = ¢ <|I§|> ,

where ¢(s) is from Lemma 2.6, will be used as a test function for inequality (2.1). Multiplying
both sides of (2.1) by the test function @r and integrating by parts 2k times, we get

Jo - 185 pr(] dx = [ u(g(x)Tpr(x) dx. @5)

Using (g1), (g2), and the monotonicity of @r, one can estimate the right-hand side of (2.5)
from below as

[ DRt dx = [ u)lor(e ) (@ldr = ¢ [ |u(x)igr(x)dx. 26

On the other hand, applying the parametric Young inequality to the left-hand side of (2.5), we
get

[ )] - |8 gr(x)| dx

c 9 q_y
<5 [ e Pgr(dr+a [ |aor()]" g 7 (x)dx

2w R ) 2.7)
=2 | m@)lgr() dx+ R 2 [ a4 )| o (x)dx

c

— S [ Ju(x) 7k (x) dx + coR"29
2 R"

with some constants c1,c; > 0. Combining (2.5)—(2.7), we have

% |u(x)|Tor(x)dx < czR”’qu’.
Rl/l

Restricting the integration domain in the left-hand side of the inequality, we obtain
E/ lu(x)|9dx < c,R" 24,
2 JBg(0)

Taking R — oo, we get a contradiction for n — 2kq" < 0, which proves the theorem in all cases
except the critical one (where n — 2kq’ = 0).
In the critical case we get

/n|u(x)|qu<oo

and hence

/ |u(x)wdxg/ u(x)|7dx — 0 as R — co.
supp AFgg B2r(0)\Br(0)

But (2.5), (2.6) and the Holder inequality imply

1
c/ ()| dx < (/ |u(x)|‘7dx>q - </
Br(0) supp Ak gp supp Afgr

A (x)
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and therefore

1
/ ]u(x)]‘ﬂixﬁc(/ ]u(x)\qu>q—>0 as R — oo
Bg(0) supp Akgp

since the second factor on the right-hand side of (2.8) can be estimated from above by cyR"—2k0'
as before, where n — 2kq’ = 0. Thus for a nontrivial u we obtain a contradiction in this case as
well. This completes the proof. ]

Theorem 2.8. Let either n < 2k and q > 1, or n > 2k and 1 < q < 5. Suppose that g satisfies
assumptions (g1) and (g'2). Then inequality (2.1) has no nontrivial solutions u € Lgoc.(R") such that

fBz x)|Tdx

lp = lim (2.9)
S e
(in particular, u € Ly(R")).
Proof. Similarly to estimate (2.6), for R > p we get
[ (@) For(x) dx = [ u()ior(s ™ (1)l () dx
(2.10)

X
Zc/ uqu<>dx2c/ u(x)|7dx.
IR”\BP(O)‘ (l"e Co Beyr (0 )\Bp()| )l

Then (2.5) and (2.7)—(2.10) imply
/ u(x)|7dx < &1 / lu(x) |7 dx + R4,
Bcyr(0)\Bo (0) Bar (0)

where c1,c; > 0, and the constant ¢; can be chosen arbitrarily small. Hence by assumption
(2.9) for c1 < m:ﬁ and sufficiently large R we have

/ lu(x) |7 dx < 2c,R"244,
Beyr(0)\B,(0)

i.e., the conclusion of Theorem 2.7 for any subcritical 4 remains valid in this case as well. The
critical case can be treated similarly to the previous theorem. O

Further we consider the inequality
(=8)u(x) > [Du(g(x))|"  (x € R"). (2.11)

Theorem 2.9. Let either n <2k —1land g >1,0rn > 2k —1and 1 < g < ;5. Suppose that g
satisfies assumptions (g1) and (g2). Then inequality (2.11) has no nontrivial solutions u € W;IOC(]R”).

Proof. Multiplying both sides of (2.11) by the test function ¢r and integrating by parts 2k — 1
times, we get

[ (Du), DO gr(x))) dx = [ Du(g(x)) g(x) dx,

which implies

[ 1Du() - |D@* () dx = [ 1Du(g(x)gr(x) dx. (2.12)
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Using (g1) and (g2), we can estimate the right-hand side of (2.12) from below as

[, 1Du(g(0)gr(x)dx = [ Du(x)lgr(s ™ (0) 5" ()| d
(2.13)
> c/w IDu(x)|"gx (x) dx.

On the other hand, applying the parametric Young inequality to the left-hand side of (2.12),
we get

: q / o "o 2.14
) 2/]Rn|Du(X)| prlxydxtan fo ‘D(A Pr(x))| @ ' (x)dx (2.14)
= %/ |Du(x)|7¢g (x) dx + coR"~ k=17
R

with some constants c¢q,c; > 0. Combining (2.12)—(2.14), we have

c

2 ‘D“( )T@r(x) dx < caR"~ k17",

Restricting the integration domain in the left-hand side of the inequality, we obtain

E/ |Du(x)|9dx < c,R"~ k=117,
2 JBg(0)

Taking R — co, we get a contradiction for n — (2k — 1)’ < 0. The critical case can be treated
similarly to the previous theorems. O

Theorem 2.10. Let either n <2k —1landq > 1,0rn > 2k —1land 1 < g < ;—5. Suppose that g

satisfies assumptions (g1) and (g’2). Then inequality (2.11) has no nontrivial solutzons u e qu loc(R™)
such that
| f Byg (0) | D (x) |7 dx 215)
mp = lim < 00 2.15
R—o00 fBCOR(O)\BP(O) |Du(x)|9dx
(in particular, u € qu(lR") ).
Proof. 1t is similar to that of Theorem 2.8. O
3 Quasilinear elliptic inequalities
Further consider the inequality
= Bpu(x) 2 ul(g(x))  (x € RY), (3.1)

where ¢ € C!(R";IR") satisfies assumptions (g1) and (g'2).

Theorem 3.1. Let p > 1land p—1 < g < ( ) Suppose that g satisfies assumptions (g1) and

(g’2). Then inequality (3.1) has no nontrivial nonnegatwe solutions u € W; 1oc (R™) N Ly 1oc (R™).
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Proof. We use the same test functions ¢ as in the previous section. Choose A so that 1 — p <
A < 0. Multiplying both sides of (3.1) by u’(x)g(x), integrating by parts, and applying the
parametric Young inequality with 7 > 0, we get

Af, w T ) IDu () Pr (x dx+/ x)|Du(x) [P~ | Dor (x)| dx
> [ ui(g()ut (x) gr(x) dx 62)
> [ uT M g(0)pr(x)dx— 1y [ M (x)gr(x) dx
Since —Apu > 0, u satisfies the weak Harnack inequality

/ uit M (x)dx < cR" inf w1t (x)
Byr(0) x€BR(0)

and by iteration

/ ™ (x)dx < cR" inf uT(x) < c/ uit (x) dx,
Bor(0) XGBCOR(O) BCOR(O)

possibly with a different ¢ > 0 (see [10]). Therefore

[ @ I Wl dx e [ uit ) dx

BCoR(O)

(3.3)
> C/BZR(O) uitM(x) dx > c/n uT* (x) g (x) dx.

For a sufficiently small 7 > 0 (note that ¢, — +oc0 as 7 — +0), we can estimate the right-hand
side of (3.2) from below, since due to (gl), (g'2), and (3.3)

ey [, (g gr(x)dx = [ w1t (x)gn(x) dx
—cy [ w1 (x)gr(g 7 (x ))Ug () dx = [ 1T (x)gr(x) dx
> (cqc—n)/mn u M (x) pr(x) dx > c1/ ui M (x) dx

Bk 0)\5,(0)
> [ u A (x) dx
B21(0)\5,(0)

with some constants c¢1,c, > 0.
On the other hand, applying the parametric Young inequality with exponents - and p
to the integrand at the left-hand side of (3.2) represented as

(3.4)

-1 A-Dp-1)

W-bip—-1) 1-p
(pegr) Tu 7 - (pegr) 7 |Dxl

with 0 < & < |A[, and then applying it again with exponents + p 7 and qf;ﬁl (note that these

exponents are greater than 1 for a sufficiently small |A| due to the assumption ¢ > p — 1) to
uMP=1(x) | Dgr(x) [Py ¥ (x) represented as

( /\) A4p—1 ( )L) _ A+p-1
_g+tA) T o ap-1, (2@ +A) ™ ppl=P
<2(/\+p—1)q)R> " 2 +p—1) R DorlPor
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we get
A [ @IDu() Pgr() -+ [ )| Du()]P Dgr(x) dx
< (A +9) /IR 1 @) |Du(x)P gr(x) dx +csfe) [ w7 (x) | Dor(x)P gy (x) dx

< (o) [ it 0IDu(x) Por(x)dx+F [t (x)gr(x) dx 65)

plg+d) 1B -1
ae) [ IDer( T gy T (1) dx < (o) [ ()] Dulx) Pgr(x) dx

_plg+A)
+ Cz—z uIt M (x)@r(x) dx + cs(e)R" e
RIT

with some constants ¢, c3(¢), ca(e), c5(¢) > 0. Combining (3.2)-(3.5), we have

p(g+A)

@ I (x) g (x) dx < c5(e)R" 1Pt

2 /By (0)\B,(0)

Choosing A sufficiently close to 0 and taking R — oo, we obtain a contradiction for n —

= p +1 <0ie,p—1<g< ( ) The critical case can be treated similarly to the previous
theorems. u

Further we consider the inequality
= Bpu(x) = [Du(g(x))[T (x € RY). (3.6)

Theorem 3.2. Let p—1 < q < ( ) Suppose that g satisfies assumptions (g1) and (g2). Then

inequality (3.6) has no nontrivial nonnegatzve solutions u € W; oc(R*) N quloc(]R”)

Proof. Multiplying both parts of (3.6) by the test function ¢r and integrating by parts, we get

[, 1Du()lP2(Du(x), Dgr(x))dx = [ |Du(g(x)["gr(x) dx,

which implies

[, 1Du()P - |Dor(x) dx = | |Du(g(x)) "gr(x)dx. (37)

Using (g1) and (g2), one can estimate the right-hand side of (3.7) from below as
[ IDu(g () igr(x)dx = [ |Du)lor(g™ ()] " (x) dx
> co/ |Du(x)|Tpr(x) dx
RH

On the other hand, applying the Holder inequality to the left-hand side of (3.7), we obtain

|, IDu()] - IDgr(x) dx
p-1 q-p+1 (3.9)

< (o Ipurgna) ([ IDostoleor T ar)

Combining (3.7)—(3.9), we have

(3.8)

g 1-—Ig
Jo IPuG R dx <er [ DgR(x)|TH T gp T (x) dx

2R
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and hence i ,
/ |Du(x)|7dx < caR" apT
Br(0)

with some constants c¢q,c; > 0. Taking R — oo, we obtain a contradiction for n — # < 0.
The critical case can be treated similarly to the previous theorems.

Remark 3.3. If g satisfies (g'2) instead of (g2), a version of Theorem 3.2 can be proven for
a class of solutions that satisfy (2.15) (in particular, u € W;,IOC(IR”) N W, (IR")) similarly to
Theorems 2.8 and 2.10.

4 Systems of quasilinear elliptic inequalities

Now consider a system of quasilinear elliptic inequalities

~Bpu(x) > oM (g1(x) (v ERY), )
—Aqu(x) 2wl (g2(x))  (x € RY),
where g1,¢2 € C!(R";IR") are mappings that satisfy (g1) and (g'2).
Introduce the quantities
111

o =n-—,

1 1—q+1

—p_ PP
2="n pr—p+1 (4.2)

oc=0(p=1(q1 —q+1) +oq(p —p+1),
t=o0pi(—q+1)+0(g-1)(p—p+1).
Then there holds the following.

Theorem 4.1. Let p,q,p1,q1 > 1, p—1 < p1, q—1 < g1, and min(o, t) < 0. Suppose that g1 and
Qo satisfy assumptions (g1) and (3'2). Then system (4.1) has no nontrivial nonnegative solutions

(11,9) € (W 1oc(R") OV Ly, toc (R")) x (W

Joc

(IR”) N qu,loc(IRn))'

Jloc

Proof. Assume that there exists (1, v) — a nontrivial nonnegative solution of system (4.1). Let
{@r} be the same family of test functions as in Sections 2 and 3.
Multiplying the first inequality (4.1) by u¢@r and the second one by v} g, where u, =
u+e ve=v+¢¢e>0and max{1—p,1—q} <A <0, we get
[0 (@10 (1)gr(x)dx < A [ |Dulul Ngrdx+ [ |Dul? " |Doglul dx,

[ (g2(x)22 (x)gr(x)dx < A [ Dol grdx + [ |Dofi ! Dgxfo? dx,

which can be rewritten as (note that |[A| = —A since A < 0)
[ o (@1(x)ul(x)gr(x)dx +A] [ [DululNgrdx < [ |Dul Dol dx,  (43)

[ (g0l ()pr(x) dx + 2] [ |Dofio} Y prdx < [ Dol Doxfofdx.  (44)
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Here and below we omit the argument x if it is the only one in a certain integral, and R" if it
is the integration domain. Application of the Young inequality to the right-hand sides of the
obtained relations results in

p
/vql(gl(x))ué‘(x)q)lg(x)dx+‘ZM/|Du|”u?_lgoRdx < C;L/’Dfi’u?ﬂ_l dx, 4.5)
Pr

/upl(gz(x))vg\(x)(p (x )dx—i—‘ |/]Dv]‘7vA Yordx < d, /| ¢R| ety (4.6)

where constants ¢y and d, depend only on p,q, and A. Further, multlplying each inequality
(4.1) by @r and integrating by parts, we obtain

/vql(g1(x))(p1<( x)dx < </|Du|”u)L 1<dex> ( ]DgoR]P J(p=1) dx)p , (4.7)
ﬁ"R

/u“(gz( x))pr(x) dx < </|DvlqvA 1¢Rdx) ( ’D(”R’q IS dx)q. (4.8)
Q"R

Note that the integrals on the left-hand sides of these inequalities can be estimated from
below by fBZR(O) vT(x)dx and fBZR(O) uP1(x)dx (with some positive multiplicative constants)
respectively, similarly to the proofs of Theorems 2.7 and 3.1. Thus, combining (4.5)—(4.8) and
taking e — 0, we arrive to a priori estimates

p—l

p=1 1
p p F
/ v dx < D, /|D¢R1|u/\+p1 dx |D¢R1| MNPV gy | 4.9)
Byr(0) qoﬁ qop

q-1 1
q T q q
/ uPtdx < E, /Wv”q_ldx /|D¢R1| A=-M@-D gy | (4.10)
Byr(0) (p?{ (pq

where D) and E, > 0 depend only on p, g, and A.
Apply the Holder inequality with exponent r > 1 to the first integral on the right-hand
side of (4.9):

L_l pfl p—_/l
/|D¢i21|pu“p_ldx P < </”(A+”_l)r§l’1{dx) |D¢I/{|p dx P , (4.11)
Pk A

1
where . + -

Choosmg the exponent r so that (A + p — 1)r = py, from (4.9) and (4.11) we get

/ o ol dx
Bor (0
N = L (412)

p—1 / >
- 7 pr p p v
< D, </ uPgr dX> ' ( “)(:;I,{LdX> < |DZ)R1| (=M (p- 1)dx> .
PR Pr

Applying the Holder inequality with exponent y > 1 to the last integral on the right-hand
side of (4.12), we obtain

1
7

1 /
/ |D§DR|p (1-A)(p—1) dx < (/u(l)\)(pl)y(PR dx> y </|D€0R|pydx> v (413)
p—1 py'—1 ’
PR PR
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where % + yl =1.
Choosing v in (4.13) so that (1 — A)(p — 1)y = p1 and taking into account (4.12), we get the
estimate

L_1+L / E L/

; pr pr’ py’ Py

/ oM dx < D, </ ub1 dx> e %dx |D§0R| S , (414)
Byr(0) Byr(0) 4)?{ qDPy

where the exponents 7 and y are chosen so that

1 1
§+y7 1, A=A)(p-1y=p1,

4.15)
1 1

;—1—7:1, A+p—1r=p;.

Note that this choice of r > 1 and y > 1 is possible due to our assumptions on p and p;
provided that A < 0 is sufficiently small in absolute value. Similarly, choosing s and z such

that . .
;4‘;:1/ (1-A)(g—1)z=q,
(4.16)

1 1
g'f‘?:l, ()\+q—1)s:q1,

and estimating the right-hand side of (4.10) by the Holder inequality, we get

9-1 1
7

%JFLZ gs' ) 7z =
/ uPrdx< E, </ " dx) " |D¢{<J1 dx |D(p§7|1 dx . (417)
Byr(0) Byr(0) (p?; gp?;

Combining (4.14) and (4.17), we finally arrive at

v(g—-1)

1=y g’ = 97’ Py
(/ vh dx) < D,E} ‘D(if‘l dx \D(/gz_\l dx
Bog (0) Ph Ph

. (4.18)
pr’ py’ Py
( [Dgx " > ( [Dgx|™ dx)
b py -1
and
U
I-pv pr’ py’ v
(/ u”ldx) gE@K( [Doel” ) ( [Dor|™ dx>
Bar(0) Py
. ) (4.19)
gs' qT gz’ Iz
y (/|D<o;| dx) </\D¢51 dx) ,
gs'—1 qz'—1
Pr Pr
where
-1 1 -1 1
pe=1"q = =P (4.20)
qs qz pr Py
Simple calculations using (4.15) and (4.16) yield explicit values of y and v, namely,
po1=t ,_r=t 4.21)

q1 P1
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Our assumptions imply that the exponents on the left-hand side of (4.18) and (4.19) are such

that

prgi—(p—D(g—-1)
P11

1—puv = > 0.

Thus from (4.19) we have
/ oM dx < CRAT GG, / uPl dx < CRAm GG (4.22)
BZR(O) BZR(O)

Taking R — o0 in (4.22), under the hypotheses of the theorem we arrive at a contradiction,
which completes the proof. ]

Similarly one can consider a system

{_Apu(x) > [Do(g(x))[" (x € R"),

(4.23)
—Aqo(x) > |[Du(g(x))[F* (x € R"),

where p,g,p1,q1 >1land p—-1<p1, g—1 <.
Introduce the quantities

(4.24)

Then one has
Theorem 4.2. Let min(c, ) < 0. Then system (4.23) has no nontrivial solutions.

We leave the proof to the interested reader.

5 Nonlinear parabolic inequalities

Now let T > 0. Consider the semilinear parabolic inequality

ou(x,t)
ot

with initial condition

+ (—A)ku(x, t) > |u(x, g(t))]7 (x e R, teRy) (5.1)

u(x,0) = ug(x) (x e R"), (5.2)

where 1y € C(R") is a function that satisfies the condition
/ up(x)dx >0, (5.3)
and ¢ : Ry — Ry is a continuous function such that

(g3) t < g(t) and ¢'(t) > 1 for any t > 0.

Let 0 < R, T < co. We will use as a test function the product of two functions

wen-o(5)-0(3).

where the function ¢(s) is the one from Lemma 2.6.
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Theorem 5.1. Problem (5.1)—(5.2) with ug that satisfies (5.3) and g that satisfies (¢3) has no nontrivial
solutions if 1 < q <1+ 27"

Proof. Multiplying both sides of (5.1) by the test function ® and integrating by parts, we get

- [ w0+ [ [ |u(x,t)|.‘a¢§ﬁtf,t)’ e

+/O°°/n u(x, )] | A )| dxar (5.4)

> [T gl ) dx

Since the function ¢(t/T) monotonically decreases, using (g3) and the monotonic decay of
®(x,t) in t for each x € R", one can estimate the right-hand side of (5.4) from below as

| meg@)rocndxde = [ [ ju i) (1) dxdr

> /O°°/ lu(x, £)[9b (x, ) dx dt.

On the other hand, applying the parametric Young inequality and Lemma 2.6 to the second
and third terms of the left-hand side of (5.4), we obtain

(x,t)] o (x, )dxdt
[ \ ; !

(5.5)

q ,
't)’ O (x,t) dx dt (5.6)

and

/ooo/ u(x, £)]- Ak@(x,t)\ dx dt

4// xt]‘7<l>xt)dxdt+c:3//

< 1/ / ’u(X,t)’qCID(x,t) dth—l—C4R”*2kq T
0 n

AkCIDxt)‘ O (x,t)dxdt  (5.7)

with some constants cy,...,c4 > 0. Combining (5.4)—(5.7) and taking into account (5.3), we
have

]. o ! !
5 / / lu(x, )10 (x, £) dx dt < eaR*T' 1 4 c,R"20'T.
O n
Taking T = R%* and R — oo, we obtain a contradiction for n — 2k(g — 1) < 0, ie., for
1<g<1+ 27" The critical case can be considered similarly to the previous theorems. O
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