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Abstract. This paper is concerned with the following quasilinear Schrodinger system
in RN:

—&2Au+ Vi (x)u — A (u?)u = Kq () |[u|? ~2u + hy (x,1u,0)u,

—&2Av + Vo (x)v — 2A(v?)v = Ky (x)|0]2 20 + hy(x,1,v)0,

where N > 3, V;(x) is a nonnegative potential, K;(x) is a bounded positive function,
i =1,2. hy(x,u,v)u and hy(x,u,v)v are superlinear but subcritical functions. Under
some proper conditions, minimax methods are employed to establish the existence of
standing wave solutions for this system provided that ¢ is small enough, more precisely,
for any m € NN, it has m pairs of solutions if ¢ is small enough. And these solutions
(ug,ve) — (0,0) in some Sobolev space as ¢ — 0. Moreover, we establish the existence
of positive solutions when ¢ = 1. The system studied here can model some interaction
phenomena in plasma physics.

Keywords: quasilinear Schrodinger system, critical growth, standing wave solutions,
mountain pass theorem, (PS). sequence.
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1 Introduction

In this article we discuss the following coupled quasilinear Schrodinger system with critical
exponents in RN

{—SZAM + Vi(x)u — A (u?)u = Ky (x)|u|** 2u+ hy(x,u,0)u, 1.1)

—&2Av + Va(x)v — A (0?)v = Ka(x)|0|?? ~20 + hy(x, u,v)0.
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In recent years, much attention has been devoted to the quasilinear Schrodinger equation
of the form:
— &2 Au+ V(x)u — EA(u?)u = h(x,u), (1.2)

where € > 0 is a small parameter (e.g. see [28,31]). Part of the interest is due to the fact that the
solution of (1.2) is closely related to the existence of solitary wave solutions for the following
equation:

ied;w = —e2Aw + V(x)w — f(Jw|?)w — e2kAh(|w*)H (|w|*)w, (1.3)

where w : R x RN — C, V(x) is a given potential, k is a real constant, f,h are suitable func-
tions. In fact, the quasilinear equation (1.3) has been derived as models of several physical
phenomena. For example, it models the superfluid film equation in plasma physics [20], in
self-channeling of a high-power ultra short laser in matter [3,6,24], in condensed matter the-
ory [22] etc. It is worth pointing out that the related semilinear Schrodinger equation arises
in many mathematical physics problems and has been extensively studied. We only mention
[9,11,19,23] and the references therein. Also, there are more and more papers being con-
cerned with semilinear Schrédinger system involving two condensate amplitudes wy, w,. For
example, Chen and Zhou [7] proved the uniqueness of positive solutions under some condi-
tions for a coupled Schrodinger system. Tang [27] was concerned with multi-peak solutions
to coupled Schrodinger systems with Neumann boundary conditions in a bounded domain
of RN for N = 2,3 and proved that all peaks locate either near the local maxima or near the
local minima of the mean curvature at the boundary of the domain. Yang, Wei and Ding [30]
studied a Schrodinger system with nonlocal nonlineatities of Hartree type. Ye and Peng [32]
considered a coupled Schrodinger system with doubly critical exponents on RY, which can
be seen as a counterpart of the Brezis—-Nirenberg problem.

Recently quasilinear systems also have been the focus for some researchers (e.g. [16,17,25]).
But compared with semilinear systems, only a few papers are known for them. Guo and Tang
[17] proved the existence of a ground state solution by using Nehari manifold and concentra-
tion compactness principle in a Orlicz space. Severo and Silva [25] established the existence
of standing wave solutions for quasilinear Schrodinger systems involving subcritical nonlin-
earities in Orlicz spaces. By referring to some arguments and methods in [11, 25,30, 31], we
consider the quasilinear Schrédinger systems (1.1) with critical nonlinearities and discuss the
existence of a positive solution and multiple solutions as ¢ is small. Of particular interest to our
paper is the results in [31], where the authors investigated the quasilinear Schrodinger equa-
tion (1.2) with critical exponent h(x,u) = K(x)|u|*?? =2 + H,(x,u) and proved it has at least
one positive solution and multiple solutions when ¢ is small,where H,(x, 1) is a superlinear
but subcritical function and satisfies some suitable conditions. The difficulty is caused by the
usual lack of compactness since these problems involve critical exponents and are dealt with
in the whole RN. We remark that most papers above use the Cerami condition. But in this
paper we prove that (PS). condition also holds. We suppose that the following assumptions
are satisfied, where i = 1, 2:

(V1) V; € C(RN,R) and there is a constant b > 0 such that m{x € RN : Vj(x) < b} < oo,
where m denotes the Lebesgue measure;

(V2) 0=V;(0) < Vi(x) <maxV; < 4oo;
(K) 0 < C < K; € C(RN,R) N L®(RN).

The functions k1, iy € C(RN x R x R,R*) and satisfy the following conditions.
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(Hy) There is a constant 4 < u < 22* satisfying uH(x,u,v) < hy(x,u,v)u® + hy(x, u,v)v? for
all (x,u,v) € RN x R x R, where H(x,u,v) = fou hi(x, t,0)tdt = fov ho(x,u,t)tdt.

(Hy) hi(x,u,0)u = o(|(u,v)|) and ha(x,u,v)v = o(|(u,v)|) uniformly in x € RN as (u,v) —
(0,0).

(H3) There exist constants C;,C; > 0 and p € [3,22* — 1) such that |hy(x,u,v)u|+
|ho(x,u,v)0] < C1 + Ca|(u,0)|P~! for all (x,u,v) € RN x R x R.

(Hy) H(x,u,v) > C[|(u,v)|> + |(u,0)]]9, where g € (2,2*) is a constant.
(Hs) hi(x, —u,v) = hy(x,u,v) and hy(x,u, —v) = hy(x,u,v) for all (x,u,v) € RN x R x R.
Notations. We collect below a list of the main notation used throughout this paper.

¢ C will denote various positive constants whose value may change from line to line.

If the functions f and g satisfy ‘]g%] < C, x € U%x), then we define f(x) = O(g(x))
as x — Xo.

lu| denote the Euclidean norm of u € R?.

The domain of integration is RN by default.

| f(x)dx will be represented by [ f(x).

We use LS (IRN ),1 <s < oo, to denote the usual Lebesgue spaces with the norms

ul, = (/w)l,

l|t]|eo := inf{C > 0 : |u(x)| < Calmost everywhere in R }.

1 <s<oo,

S denotes the best Sobolev constant for H!(RY).

Theorem 1.1. Assume that (V1)—(V2), (K) and (Hy)—(Hs) are satisfied. Then for any o > 0, there
is T, > 0 such that if e < 1, system (1.1) has at least one positive solution u, = (u., ve). Moreover,
for any m € N and o > 0, there is Ty, > 0 such that if € < Ty, system (1.1) has at least m pairs of
solutions ue = (ue,ve) — (0,0) in E as ¢ — 0, where E is stated later, satisfying

4

y?__y /[82(1 +202) [ Vue|? + Vi (x0)12 + €2(1 + 202)| Vo |2 + Va(x)0?] < eV

and

1 . * —4
on K@ + K)o+ 5 [ Hixugv0) < oe.

The existence and multiplicity of solutions for system (1.1) depends on the small param-
eter e. If the parameter ¢ is not small enough, such as ¢ = 1, we cannot get the similar results
as Theorem 1.1 unless we add some suitable conditions, where i = 1, 2:

(V3) V; € C(RN,R) is 1-periodic in xj, 1 < j < N, and there is a constant g > 0 such that
Vi(x) >ap >0, Vx € RN.

(K") K; € C(RN,R) is 1-periodic in xj,1 < j < N, and there is a point xp € RY such that
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(i) Ki(xo) = sup,gn Ki(x) > 0.
(ii) Ki(x) = Ki(x0) + O(]x — x0|?), as x — xo.

The functions k1, iy € C(RN x R x R,R*) and satisfy (H;)-(Hy) and
(Hs) hi,hy is 1-periodic in xj, 1 < j < N.

Theorem 1.2. Let ¢ = 1. Assume that (V3), (K'), (H1)—-(Ha) and (He) are satisfied. Then system
(1.1) has at least one positive solution u = (u,v) if N and q satisfy one of the following two conditions:

(N1) 3< N <6and 342 < g <2%
(N2) N>6and2 < g <2
Remark 1.1. Guo and Li in [18] discussed a class of modified nonlinear Schrodinger systems

Dsa;j(u) DiuDju — a(x)u + F,(u,v) =0,
Dsa;j(v)DivDjv — a(x)v + Fy(u,v) = 0,

i,j=1

=N_Dj(a;j(v)Div) — TZN

i,j=1

{ZN D;(a;;(u)Dju) — 1=N L4)

ij=1

where F(u,v) = |ul|*|v|f + |ulP|v|7, a,B,p,9 > 1, a + B = 22" and 4 < p +q < 22*, and they
proved the existence of a ground state positive solution by using a perturbation method. For the special
case of aj(s) = (1+2s2)é;, system (1.4) can be rewritten as

—Auj+ Vi(x)uj — Auf)u; = Z‘z'zyéjﬁij(|ui|ai|uj|ﬁ/ + ui|Pi || ), j=1,2. (1.5)

Comparing with (1.5), the coupling term in the present paper is not critical growth, but is more general
than the coupling subcritical term of (1.5). The subcritical nonlinearities of (1.5) do not satisfy our
condition (Hy). Hence, the proof in this paper is different from the one in [18].

The organization of this paper is as follows. In Section 2, we introduce the variational
framework and restate the problem in a equivalent form by replacing ¢~ 2 with A. Furthermore,
we reduce the quasilinear problem into a semilinear one by making change of variables and
show some preliminary results. In Section 3, we prove the behaviors of the bounded (PS),
sequences and then show that the energy functional satisfies the (PS). condition under some
suitable conditions. In Section 4, we verify the geometry of the mountain pass theorem and
estimate the minimax values. In Section 5, we complete the proof of Theorem 1.1. In the final
section, we prove Theorem 1.2.

2 An equivalent variational problem

To prove the existence of standing wave solutions of system (1.1) for small ¢, we rewrite (1.1)
in a equivalent form. Let A = ¢ 2. Then system (1.1) can be rewritten as

{—Au + AV (x)u — A(u?)u = AKy(x)|u|?® ~2u + Ahy(x, u,0)u, 2.1)

— Ao+ AVa(x)v — A(v?)v = AKy(x)|0]|*? ~20 + Ahy(x,u,0)0,

for A — +oo.
We introduce the Hilbert spaces

E = {u € HY(RV) : /Vi(x)u2 < 00}
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with inner products
(u,0); := /Vqu + Vi(x)uv
and the associated norms
H”sz = (u,u);, i=1,2.

We shall work in the product space E = E; x E; with elements u = (u,v). Thus, the norm
in E can be defined as |[u||?> = ||u]|? + ||0||3. It follows from (V;) and (V) that E; embeds
continuously in H!(RV) (e.g. see [12]) and consequently IE embeds continuously in H! (RY) x
H'(RYN). Notice that the norm || - ||; is equivalent to || - ||; » induced by the inner product

(u,0v)i) = /Vqu + AVi(x)uv
for each A > 0. Hence || - || is equivalent to the norm || - ||, induced by
(u, V)A = /Vu1Vvl + AV; (x)ulvl + / VuyVo, + AVZ(X)MZU2.

It is thus clear that, for each s € [2,2*], there is a vs > 0 being independent of A such that if
A>1
luls < vsllull < vsffufly,  Vu€E,

where | - | denotes the standard norm in LS (RN) x L$(RYN).
Associated to system (2.1), the energy functional is

1
J(w) =5 /(1 4 202) [V |2+ AV3 (x)12 + (14 202) |V oy |2 + AVa(x) 02

A
22

/Kl(X)|M1‘22* +K2(x)\vl|22* — /\/H(x,ul,vl),

which is not well defined in H!(RN) x H!(RY). To save from this trouble, we make use of a
change of variables u := f~1(u;), v:= f~!(v1) (see [8,10,13,21]), where f is defined by
1

fO=imm

We list some properties of f. Their proofs may be found in the above references.

[0,+00) and f(t) = —f(—t) on (—o0,0].

Lemma 2.1. The function f satisfies the following properties:
(i) f is uniquely defined, C*° and invertible;

(i) |f'(t)| <1forallt € R;

(iii) |f(t)| < |t| forall t € R;

(iv) f(t)/t —1ast—0;
() f(t)/Vt—2Y*ast — 4oo;

(vi) f(t)/2 <tf'(t) < f(t) fort >0;

i) [f(t)| < 2V4|t|V/2 forall t € R;
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(viii) there exists a positive constant C such that |f(t)| > C|t| for |t| < 1 and |f(t)| > C|t|'? for
it =1
(ix) |f(t)f'(t)| <1/v/2forallt € R;

(x) there exists a positive constant A such that

%

() =282 — AP M Int+ O ), ast — +oo.

After the change of variables, we obtain the following functional

Ou(u) i= 5 [ [VuP + AVi(x) () + Vo + AVa()f2(0)

— oo [ K@@ + K@) =2 [ Hix, flu), £(2)

Then @, is well-defined on E and belongs to C! under hypotheses (V;), (V2), (K) and (Hs).
Furthermore, we can check that

(@ (w),w) = (@) (1,0), (9, 9))
— [ VuVe+ AVi(x)f(w)f (W) + VoV + AVa(x)f(0) ' (0)y

—7\/Kl(X)If(u)IZZ*_zf(u)f/(uM)+Kz(x)If(v)lzz*_2f(v)f’(v)¢
—?\/hl(x/f(u),f(v))f(u)f’(u)(l)+hz(x,f(u)/f(v))f(v)f’(v)llh

for all u,w € E. We observe that if u = (u,v) € E is a critical point of the functional ®,, then
it is a weak solution of the following system associated with the functional ®,

{_AMJFAVl(X)f(M)f’(u = AKy () [f ()P 22 f () f' () + Al (x, £ (w), £ (0)) f () f' (w),

—A0+AVa(x) f(0) f'(v) = AR (x)|f (0) [ 2 £ (0) f'(0) + Aha(x, £ (u), f(0)) f (0) f' (©)- 02
2.2

Hence (f(u), f(v)) is a weak solution of system (2.1) (cf. [8]). Theorem 1.1 can be restated as

Theorem 2.1. Assume that (V1)—(V2), (K) and (Hy)—(Hs) are satisfied. Then for any o > 0, there is
Ay > 0 such that if A > A, system (2.2) has at least one positive solution u, = (u,,v,). Moreover,
forany m € N and o > 0, there is Agy > 0 such that if A > Agy, system (2.2) has at least m pairs
of solutions uy = (u,,v,), converging to (0,0) in E as A — oo and satisfying

o | @I )P + K@)

2+ B2 [H(x fn), f(01) < oA~

and
—4
VT / [Vua? + AV (x) f2(u2) + [Voa |2 + AVa(x) f2(02) < oAS

Remark 2.1. In order to get the positive solution, we introduce

() i= 5 [ 190 + AV (@) f2(0) +[ToP + AVa(x)f2(0)

— s [KIFEOP + () NP A [ Hex, fut), fo"),

where u™ := max{u,0}, v* := max{v,0}. Then ®; € C! and the critical points of ®; are the
positive solutions of system (2.2).
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3 Behavior of (PS). sequences

At this point, we recall that a sequence (u,) C Eis a (PS). sequence at level ¢ ((PS). sequence
for short), if ®,(u,) — ¢ and @) (u,) — 0. P, is said to satisfy the (PS). condition if any
(PS), sequence contains a convergent subsequence. However, due to the unboundedness of
the domain and the critical term, we can not prove the (PS). condition holds in general. By
establishing several lemmas, we will discuss the behaviors of (PS). sequences.

Lemma 3.1. Suppose that (V,), (K) and (Hy) hold. Let (u,) C E be a (PS). sequence for ®,. Then
¢ > 0and (uy) is bounded in IE.

Proof. Set (u,) to be a (PS). sequence:
D) (u,) »¢c, D)(u,) —0, n — oo.

By Lemma 2.1 (vi) and (Hj), one sees that

¢ +0(1) +o(1) unlls > ®x () - §<<I>a<un>,un>

2 <; - i) / (Vi[> + AV3(x) F2 () + |Vou|? + AVa(x) F2(0n)
(= 3) A M@ + K@l G

Hence

{ J Va2 + AVA(2) f2 (1) + | Vou > + AVa(x) f2(0s) < c+0(1) +0(1) [ ua]a, (3.2)

J K ()| f (un) 2 + Ko (2)| f (00) 2 < e +0(1) +0(1)[un]] 2.

From (3.2), we only need to prove that A [ V;(x)|un|* + Va(x)[vs]* < ¢+ 0(1) + o(1)||un]] 2.
We write that

A/Vl(x)\un\z A Vi (2) |1 [2dx + A Vi (2) it 2.

‘un|21 |un‘§1

Combining (V,), (K), (3.2) and Lemma 2.1 (viii), we have

A Vi (2) |t [2dx < CAmax V3 / 1 (1) 2 dx

[un|>1 [un|>1

< K@)l dx
|un‘21

< c+o(1) +o(1)[[unlr

and

A
A Vi (%) | |*dx < 2/ Vi (x) f2(uy)dx
it <1 C* Jjual<1
< c+o(1) +o(1)[[u1-

Thus A [ Vi(x)]ua]* < c+0(1) + 0(1)||un||a. Similarly, we can get A [ Va(x)|v,|* < c+0(1) +
0(1)[lunllr- Then [Juu|l2 < c+o0(1) +0(1)|lunl[r. Thus (u,) is bounded in E. Taking the limit
n (3.1) we shows that ¢ > 0. O
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By the above lemma, we know that every (PS). sequence (u,) is bounded. We may
assume up to a subsequence that u, — uin E and in L* x L%, 2 <5 < 2%, u, — uin
Li . x L, 1<s<2"and u,(x) = u(x) a.e. in RN. Clearly u is a critical point of ®,.

Lemma 3.2. Let (uy) be stated as in Lemma 3.1 and s € [2,2*). There is a subsequence (uy;) such
that for each € > 0, there exists Re > 0 with

limsup/ |up,[*dx < €
j—oo  JBj\Br
and

limsup/ |[on;*dx < €
j—oo Bj\BR

forall R > Re.

Proof. The proof is similar as that in [11]. We omit it here. O
For notational convenience, we can assume in the following that Lemma 3.2 holds for both
s=2and s = pTH with the same subsequence. Let 7 : [0,00) — [0,1] be a smooth function

satisfying n(t) = 1if t <1, 5(t) = 0 if t > 2. Define @j(x) = ﬂ(@)u(x). It is known that
[u—dl[p =0, asj— co. (3.3)

Lemma 3.3. Let (uy;) be stated as in Lemma 3.2. Then

tim [ )|” | Fla, = 7))~ £(7))]" = 0
and

tim [ (017 = (0, — )1 = £(@)” =0,
where p € [2,227].

Proof. We only show that the first equality holds. As in [29], for any fixed € > 0, there exists
Ce > 0 such that, foralla,b € R

|la+b|T—|a|7| < elalT+ Ce|b]T, 1<gq < Hoo.
We deduce that, by Lemma 2.1 (ix), for any fixed € > 0, there exists Cc > 0 such that
[ )P = 1 Gty = )P = £ (1) |5 = | (1t — 57)]
< el 2 = )2+ Cel f2(un,) = f> (1, — )| 2
< €lf(un; — @)V + Ce|2f (un; — 0;) f' (un; — 01;) 1|2
< elf(un, — @) |7 + Cel ],

r
2

where and below 6 € (0,1). Then by Lemma 2.1 (vii)
T, = (1 Gn)IP = 1, = )1 = ()1 = el — 7)1
< F (@) + el
< Celul?.
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The Lebesgue Dominated Convergence Theorem implies that [ I, = 0 as j — co. Hence

J 1) = £, =3 = |F @) < |5, +elfla, = m)|P < Ce.

Lemma 3.4. Let (uy) be stated as in Lemma 3.2. Denote by

hﬂj(x) = hl(x/f(uﬂj)/f(vﬂj))f(uﬂj)f,(uﬂj) - hl('x’f(ﬁnj)’f(ﬁnj))f(ﬁnj)f/(ﬁnj)
— h(x, f(un; — i;), f(on; — 0))) f (i, — 1) f' (4 — 1)

and
gn],(x) = hz(xrf(“nj)rf(vn;))f(vnj)f/(vn]) ha (x f(”n,)/f(ﬁnj))f(ﬁnj)f/(ﬁnj)
— ha(x, f(tn, — 11}), f(0n; — ) f (0n; — ) f'(0n; — 5)).
We have
lim [y (x)p =0
j—ro0
and

lim gn( )Y =0

]—>oo

uniformly for |wljx = [[(¢,¥)[» < 1.

Proof. Note that (3.3) and the local compactness of the Sobolev embedding theorem imply
that, for any R > 0

lim
j—roo

=0 (3.4)

/ ho; (x) px
Br

uniformly for ||¢||; 1 < 1. For any € > 0, from (3.3) and the integrability of |u|* on RN, we can
choose R > 0 such that

limsup/ |i;]%dx < / |u|*dx <.
jsco JBj\Br B,
Combining (H»), (H3) and Lemma 2.1 (ii), (iii), (vii), we get that
|1 (x, f(u), f(0)) f(u) f' ()l < CI|(f (u), f(0))] + | (f (u ) flo ))I’HH(PI
< C(Jullgl +[ollgl + [ul"™ o] + 0] |g]). (3.5)
Therefore, it follows from (3.4), (3.5), the Holder inequality and Lemma 3.2 that

limsup ‘/ hn].(x)q)‘

< hmsup/ (x)g@ldx

]—0o

<C11msup/ |unj’+!unj—ﬁj‘+‘ﬁj|)|(l”

j—00
N . p-1 Y B |
+OWWHWpWA+MMM+OwAZ+WW—MZ-HW2>WI

+ (low,| "= + [on, = 317 + 1517 ) ol
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1 1
2 2
< Climsup [ (/ ]unj‘de) 2 + </ \ﬁj‘de)
j—o0 Bj\Br Bj\Br
%
o)+ ([ o) ] ()
i (/Bj\BR o)+ B)\Bx e 7

p—

1 +1

—i—Climsup[(/ \un],|p§1(ilx>”+ _|_</ \u]‘”“ ),7
]‘_>OO B]'\BR B]'\BR

p—

pP—

P+ p+1 p+1
+ (/ o, |7 dx> + (/ |5jyzdx>
B;\Bg Bj\Br

—

,_.
—_

2
[ (J1o5ax)"™
< Ce? + C(—:}L1
uniformly for ||¢|[1, < 1. Similarly, we can get that the other equality holds. O
Lemma 3.5. Let (uy,) be stated as in Lemma 3.2. One has along a subsequence:
(i) ®p(un; —11;) = c— Py (u).
(ii) @) (uy; —11;) — 0.

Proof. (i) Obviously, we can see

@1y, — 87) = @ ()~ Du () — o [ Vi) Flun) P~ |, — 1)~ (@)
=2 [V @) = 1f (o~ 3 = |f(3)
s [ KA ) = [ Flan, = 1) |f() 2
+ s [ KGOl @) P2 = |f (o, — ) 1£(2)) 2]

+A/H fun), f(on,)) — H(x, f(un; — ), f(on, — 0;)) — H(x, f(), f(5))).

We claim that

tim [ VA () [1f () P | fa, — )P = ()] = 0, (3.6)
tim [ V() [1£(00) 2 = |f (o, — ) = [£(5)] =0, (37)
tim [ ()1 o ) [ Fla, — )2 = Lf() %] =0, (3:9)
tim [ Ka()[1£(0) P £ (o, = 5)1 = f(5)Z] =0, (3.9)
lim [ H(x, f(un,), f (o) = H(x, f (o, = ), f (on, = 2)) = H(x, (@), £(7)) = 0. (3.10)

By conditions (V2), (K) and Lemma 3.3, we conclude that (3.6)—(3.9) hold. Similar to the
proof of Lemma 3.4, it is easy to see that (3.10) holds. Using the fact ®)(u,;) — ¢ and
®, (i) — Py (u), we get conclusion 1.
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(ii) We first notice that, for any given w = (¢, ¢) € E satisying ||w|[y <1,

(), — ), W) = () (), w) — (@) (), w)
—A / Vi () [f () f () = f (o, — 85) /(i — 115) — £ () /()] @
= A [ V@) [Fn)f (0n) = f(on, = ) (00, = ) = F@)F (@))]g
A [ K[| F o) P 2 () (1)
— |, — a]->|22*-2f<unj =) f (g — 1) — | () P2 2f () ()] @
4 [ Ka()[1f ()2 2 (o) f (00,)
— | f(on, — 5)) [P 2 f (v, — 0)) f (v, — T}) — |f(77j)‘22*72f(5j)f/(77j)} )
A [ o+ 2 [ guy,
where K, (x) and g, (x) are stated in Lemma 3.4. Noticing the boundedness of (u,,) in E, the
equality
AOFFOLE _ g2 (R + F0 P 20"
= CIF(OZ 2f (1) =2 f (O |F (D],

the mean value theorem, Lemma 2.1 (vii), (ix) and the Holder inequality, we have for R > 0

Js

£t ) P2 2 Gt )t = [, — ) 2 ot — 85)f 1, — )| gl

<C [ {1y = 0) P21 a — 07)) + 1f (i, = 0) P 1f (i, — 0] 1 gl

R

gc/ 4, — 02 2|uj||(p\dx

<c(fi-ome) " ([ o) (f o)’
<c(f |u|2*dx)2 Il

We have also that

/Bfa

(ﬁmzzuzf(gj)f/(aj)‘]go|dx < C/BC |gj|2*,1|¢\dx
c( [ mfax) " (f1oF)
N
<c(f k) ol

IN
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Thus, for every € > 0, there exists R = R > 0 such that for any [|¢|;1 <1

272 () ' (1an,)

o |17 = )
1 Gty = )2 2 f Gty = ) 1ty = ) = ()22 (@) () ]| gl | < e

On the other hand, applying the Rellich compact embedding theorem, we have

Yim, [ |1f g = ) P2 ) (1)
— | (o, = )P 72 F (ot — ) oty — 1) — |F ()22 £ (1) ()| pltx = 0

uniformly for ||¢||; 1 < 1. Hence, by (K), we get that

Tim [ K () [|f (1) 272 (1) f (1)
— |f o, = )P 72 F (g — )ty — 1) — |F ()2 2f (1) f () | = 0

uniformly for ||¢|1 1 < 1. Similarly, we know

tim [ V2 () [f () £ () = f (= 55)f (1, = 117) = F () £ (7)) | @ = O,

]—0

lim [ Va(x) [f(w)f’(w,) — F(on, = )f (00, = 3) — F@))f )| = 0,

]—00

tim [ Ka () [1£(0n,) P2 2 (00 (o)
— £ n, — 0) 2 2 f (0w, — 0)) (0, — 37) — [F(0) 2 2F(3)) 1 (37) | = 0

uniformly for |[w|y < 1. Since @) (u,,) — 0 and @/ (1i;) = 0, we get the conclusion 2 by
Lemma 3.4. O

Lemma 3.6. If the conditions (V1), (K) and (Hy)—(Hs) hold. There is a constant ag > 0 being
independent of A such that, for any (PS). sequence (u,) for ®, with u, — u, either u, — u along a
subsequence or ¢ — @) (u) > agAl" 2.

Proof. Setujl. =uy, — ;= (ul i ]) Thenun] —u= u1+( i —u) and by (3.3), uy — u if and
only if u]l- — 0. If (u,) has no convergent subsequence, we have liminf, e Hun —ulj, > 0.
From Lemma 3.5, @, (u ]1) — ¢ —®)(u) and D/ (u ]1) — 0 along a subsequence. Let V;;,(x) =
max{V;(x), b}, i € {1,2}. Since (V1) and the fact uj — 0in L{, x L§

Toc ioer We have that

[ @I EHE + [ V@) IFEDE = [Via@IF@DE+ [Vas)IfDE +o(1). @D

It follows from (H;) and (H3) that

[ (x, f (), f(0})f2(up)] + 2 (x, £ (u}), £(07)) 2 (0))]
< el(f (), f(0])) P+ Cel (f (u), f (@)1
< e(|(fuf)P + [f D)) + C(l(F )P + [f@))*).
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Obviously, there exists a constant 7y b > 0 such that

Ko () [f ()P + Ko ()| f () + [, f (u}), f(0]) 2 ()| + o (x, £ (1)), £(0])) f(0])]
g(| FUDP+1f @) + vy 1F @) + 1 (0) ). (3.12)
Then from Lemma 2.1 (vi), (vii), (3.11) and (3.12), we obtain that

S _l * * %
S2 7 (1) + |f (o) 2]

2 () + 1F ] )
S(Ju} 3. + [0} )
2/mmﬂ?+mquywpﬁ@ﬁ@+¢v¢F+Awuyupﬁ@p@
~A [ A w]) + Va(x) (o)
=20 [ [Ka() £ ) P 2 F () f ()] + Ko ()| (0D 2 F (0] f (0])o}
I, £ (), FD)F ) f (w} )tk + o, f(u]), F (D) F @D f (0))0]]
A [ V() f2(]) 4+ Vap () £2(0]) +0(1)
<o f [Kl(x)rf(u}n”* + Ko@) (v 1)\22* +In(x, f(u)), f<v}->>f2(u}>
+ha(x, f(ul), f )] = Ab [(Pu]) + £o]) +0(1)
< 20 (1 () B + 1/ ) > o( )

Additionally, (K) and (H;) imply that

<
<

@ (u]) — 3 () > (1 - z;) A / [Ka (x) | ()P + Ka ()| (0]) ]

+A/ ), f) f2(ul) + ha(x, f(u}), f(0]) f*(0])]
— H(x, f(u )f(v ))
> AC[IF () B + | F(2])I3].

So, we obtain that

P+ DB < oty on),

Hence, we get
S._2 1 5t
52 F <2 (IF)E + [f@DIFB] > +o(1)
< C/\zl*'yg(c—q)A(u)) T +o(1),

that is, there is ap > 0 being independent of the parameter A such that aAl"E <c— @ A(u).
O
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From Lemma 3.6, we have the following conclusions.

Corollary 3.1. There exists g > 0 being independent of A such that ®) satisfies the (PS). condition
forall ¢ < apA1~ %,

Corollary 3.2. There exists ag > 0 being independent of A such that O satisfies the (PS). condition
forall ¢ < apA"2

4 The mountain pass geometry

The following lemmas imply that ®, possesses the mountain pass geometry.

Lemma 4.1. There exist p,a > 0 such that [ |Vu|?> + AV (x)f?(u) + |Vo|* + AVa(x) f(v) >
al|u||3, whenever |lul|y = p.

Proof. As in [15], suppose that there is u, — 0 in [E such that

2 2
/|Vw;|2+Av1(x)f f;‘")(w;)u/|Vw§|2+w2(x)f f}f’l)(wg)z ~0, (@&
where w,, := (w}, w?) = (”J‘:”A, Huvn"HA ). (4.1) is equivalent to the both limits
2
/ [V, [ + )\Vl(x)f L(;l) (wy)* =0 (4.2)
and
2
/ Vi |* + AVQ(x)f Z(;’”) (w3)* — 0. (4.3)

n

We get that (uy, v,) — (0,0) in L2(RN) x L2(RYN), (uy,v,) — (0,0) ae., (w),w?) — (w!, w?)
in Ey x By, (w},w?) = (w!,w?) in L2 x L2 , (w},w?2) — (w!,w?) a.e. up to a subsequence.
We consider two cases:

If w! # 0, Fatou’s lemma and Lemma 2.1 (iv) imply that

2
liminf/ \Vw,ﬂz—l-/\vl(x)fb(;”)(w}q)2 > / V! >+ AV; (x)(w!)? > 0,

o]
n— n

which contradicts to (4.2).
The other case is w' = 0. (4.2) ensures that

[ 198+ AV () (el + AV () <fzf;‘") - 1) (wh)? > 0.

n

Since u, — 0in L2(RN), for every € > 0, m{x € RN : |u,(x)| > €} — 0as n — o0. By (V),
Lemma 2.1 (iii) and the Holder inequality, we have

’/lun|>e Ai(x) (le(;ln) - 1) (wy,)dx

<C (wy)?

[ty |>€

< (m{x € RN : [uy(x)] > e}) =" [wl 2. — 0.

n

It follows that flun|<e /\V1(x)(f2(””) —1)(w})?dx is small as € is small. So w} — 0 in Ei.

u2 n
Similarly, we can get w2 — 0 in Ep, which contradicts to ||w,||, = 1. O
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Lemma 4.2. For the above p, there exists a constant p > 0 such that inf, —, Py (u) > B.

Proof. Due to (K), Lemma 2.1(7) and the Sobolev embedding inequality, it is easy to obtain

that
[ Kl

2+ k()@ <C [(uf +]of)

(o)« (few7)

Based on Lemma 2.1 (iii), (vii), (Hy) and (H3), it is obvious that for all ¢ > 0, there exists
C¢e > 0 such that

[ B plw), £@) < [ 107, F@DE+ Ce [ 107w, @)=
e [UFF +15@ +C/\f |22*+|f< )

<e [(ul+[oP) +Ce [ (P + o)

< ev3|ul3

< CS**

< Cllull%

Therefore, combining the above inequalities and Lemma 4.1, we obtain that
o . .
Pp(u) > S [lufli = AC[u[} — eAv3|ul[F — CeAllul3

= (% — )u/%e) 02 — CAp? — CeAp*

for every [Ju[[, = p. Choosing for all € € (0, oeY 2) and p sufficiently small, we derive that there
exists a constant f > 0 with inf,, _, P(u) > [3 O

Lemma 4.3. For any o > 0, there exists A, > 0 such that for each A > A, there is e, € E with
leallr > o, @ar(en) < 0and )

max D, (te)) < oAl— 7

te[0,1]

Proof. By a standard argument, (H;) implies that given C; > 0 there exists C; > 0 such that
H(x,u,v) > Ci|(u,0)|" — C,

for all (x,u,v) € B; x R x R, where By is the unit ball in RN. Choosing any ¢ € CP(RY, [0,1])
and writing u = (¢, ¢) such that supp ¢ = By and 0 < ¢(x) <1 for all x € By, we have

2
@a(tw) <5 [ AP +[Vilx) + Va(m)lgPdx = AC) [ [(F(tg), £ltg)I" + CalBil.

By Lemma 2.1 (6), we know that Ltt) is decreasing for + > 0. Since 0 < t¢(x) < t for x € By
and t > 0, we obtain f(t@(x)) > f(t)@(x), which implies that

@) <5 [ [ 2907+ )+ vwlotar - ac L [ joir+ Zimy].
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It follows from Lemma 2.1 (5) that ®, (fu) — —oo as t — +o0. Notice that

For any 6 > 0, one can choose @5 € Cy°(RN) such that |@s|; = 1, supp ¢; C B, (0) and
’V(pﬂ% < % Set

el (x) == (ex(x),er(x)) = (@s(A2x), Ps(A2x)).
For t > 0, Lemma 2.1 (iii), (viii) and (Hy) imply that

<D [Vl + s [ pte) + 5 [1al+ 5 [ e
= [ Hx, flte), fter))
< tZ/!VeAIHAztz/Vl(x)!eA\2+v2(x)|eA|2—CA/[fZ(teA)+f(teA)]q
N 2 1 1
<a e [1Vp+ 5 [0 E w0 )les —co [ lgslt )

Since V;(0) = 0 and supp ¢5 C By, (0), there is A§ > 0 such that

_1 0
Vi) <

’ v‘x’ < rs, A > Alé/ i = 1/2
|psl3

Consequently, there holds

max @ (te}) < ComAlE, WA > AL

Choose 6 > 0 small enough such that Cé 7 < o and take Ay = Aj. Then ®)(e,) < 0 and
max;c(o1) Pa(ter) < oAl=%, where e) = t1€) and t; is large enough. O

5 Proof of Theorem 2.1

In this section we will prove Theorem 2.1.

Proof of Theorem 2.1. Lemmas 4.2-4.3 imply that for any g > ¢ > 0 there exists A, > 0 such
that for each A > A, there is p > 0 and a (PS). sequence (uy,) satisfying 0 < p < ¢ < oAl
In virtue of Corollary 3.1, we get that (PS), condition holds for ®, at c. Thus there is u) =
(1p,v)) € E such that @) (uy) = 0and ®,(u,) = c. So (f(u,), f(v))) must solve system (2.1).

In order to get the multiplicity of critical points, we will use the index theory defined by
the Krasnoselski genus. Define the set of all symmetric (in the sense that —A = A) and closed
subsets of E as X. For all A € %, denote gen(A) by the Krasnoselski genus and

i(A) == mingen(h(A) N 53),

where I' is the set of all odd homeomorphisms # € C(E, E) and S, is the closed symmetric set

Syi={uckE:|uf)=p}
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satisfying ®,|s, > B > 0. Then i is a version of Benci’s pseudoindex (see [2]). (Hs) implies
that @, is even. Let

= inf D p 1<j<m.
N T TRTE

Then if ¢ A is finite and the (PS) condition holds for ®, at ¢ A We know that ¢ A is a critical
value for ®,. However, the (PS) condition does not hold in general. In order to show that
®, satisfies the (PS) condition for A large enough and c,; sufficiently small, as in [31] we
will construct here small minimax levels for ®, when A large enough. Similar to the proof in

Lemma 4.3, foranym € IN,6 > 0andj=1,2,...,m, one can choose m functions gofs e Cy (IRN )
with supp ¢} Nsupp ¢k = @ if i # k, |¢}l; = 1 and |[V¢}|3 < 3. Let rs, > 0 be such that
Supp (PZS - Brém(o)' Set

and define
HY = Span{e},e?,... el}.

Then i(HY') = dim H}* = m. Observe that for each v = Z}”:ltje& € HY,
P)\(v) = ZIL, @) (tje))

and for t; > 0

Op(1j€)) < Z [19e7+5 [ + ’;’ [1967+5 [ v
A [ Hex (), f(tie))
<A {8 [1vgle 8 [t +wo- kel —cd [l
Set
Bs := max{|q){5|§ Hj= 1,2,...,m}.
Vi(0) = 0 and supp qo{s C By, (0) imply that there is A},, > 0 such that

5
Vi(A"1x) < T Vx| < romy A > AL, i=1,2.
o

Consequently, there holds

sup ®,(v) < mCoTIAI"E VA > A},

veH}

Choose & > 0 so small that mC672A1~% < ¢. Thus for any m € IN and ¢ € (0, ), there exists
Aoy = Agm such that for each A > A, we can choose a m-dimensional subspace H' with
max ®, (HY') < oA

Now we can define the minimax values ¢ Aj by

¢y = inf sup P, (u).
i(A)>j ucA
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Since ®,|s, > B > 0 and max P, (H}') < 0/\1_% we know

B<cy <<y, < sup @y(u) < oAl
ueHY

It follows from Corollary 3.1 that ®, satisfies the (PS) condition at all levels ¢ A since ¢y, <

060)\1 . Then all cy; are critical values. Hence ®, has at least m pairs of nontrival critical
points satisfying
B<Py(wy) <oA"E

Therefore, ®, has at least m pairs of solutions uy = (u,,vy). And (f(uy), f(vr)) solves
problem (2.1). Since u, is a critical point of ®,, there holds for v € [4,22*]

0')\17% > CD/\(u;L)
2
= ®)(up) - ;(‘DQ\(UA)/UA)

> (i - 2) / Va2 + AV (2) f(1a) + [Vor 2 + AVa(x) f2(02)

(1) A K + @)
A (; ~1) /H(x,f(uA),f(vA))'

Taking v = 4 gives

o [ K@) + Kol lfon) 2+ 2 [ H plun), flon) < 01

and taking v = p gives

—4
sz / Va2 4+ AVE(x) f2(12) + [Vou 2 + AVa(x) f2 (o)) < oA 2,

From the above two inequalities and (Hjy) it follows that

JIVup 2+ AVA(x) 2 (1) + [ Vo2 + AVa(x) f2(02) < CoAl2, 1)
J K ()| f(u2) 2 + Ka(x) | f(02) [ < CoA~ % '
We claim that
w|]2 < Coal-?%. (5.2)
A

In fact, from (5.1), we only need to prove that A [ V;(x)u? 4+ Vo(x)v3 < CoAl=%. We write
that

/\/V1(x)u%\ =A Vi(x)uddx + A Vi (x)uidx.
lua|=1 lur|<1
Combining (V2), (K), (5.1) and Lemma 2.1 (viii), we have
A Vi(x)u2dx < CAmax V; / F ()2 dx
ual=1 ua|=1

< C)\/Kl(x)|f(uA)]22*dx

< Ca/\l’%
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and

A Vi(x)uidx < 32/| ‘ V(%) f2(uy)dx < CoAl"2.
Uuy gl

[url<1

Thus A [ Vi(x)u} < CoAl~%. Similarly, we can get A [ Va(x)v3 < CoAl=2 . Then we conclude
that (5.2) holds, which shows (u#,,v,) — (0,0) in [E as A — co. Meanwhile, we also have by
Lemma 2.1 (ii)

112;4 / IVF(up) P 4+ AVi(x) f2(up) + |V (o) > + AVa(x) f2(00)
< Pl2;44 / [Vup > + AVi(x) f2(up) + [Voa > + AVa(x) 2 (02)
< (7/\17%,

which shows that (f(u,), f(v))) — (0,0) in E as A — oco. It follows from A = ¢~ 2 that
Theorem 1.1 is completed. ]

Remark 5.1. The same arguments applied to @ can give the existence of multiple positive
solutions for system (2.2).

6 Proof of Theorem 1.2

In this section, we shall give some crucial lemmas and prove Theorem 1.2 under the conditions

(Va), (K'), (H1)-(Ha) and (Hp).
Let ¢ = 1. We redefine the functional

O(w) i = 5 [ IVuP+ Vi) ) + Vol + Va(x) (o)

57 [ K@ + K@@ ~ [ Hxfw), f(0).

Similar to Lemmas 4.1-4.3, & satisfies the mountain pass geometry in E. And the (PS),
sequence (u,) for @ is bounded in [E by Lemma 3.1.

Some propositions and lemmas are needed and their proofs are similar as in [26]. We just
state them briefly and omit their proofs.

22N
Proposition 6.1. Let (u,) = ((un, un)) C E be a (PS). sequence with 0 < ¢ < K, ? S%, where
K. = max{||K1||c, || K2||co }, and w, — 0 in . Then there exists a sequence (y,) C RN and r,5 > 0
such that |y,| — +oo and
lim sup u? >n>0.
n—oo Br(yn)
Given € > 0, we study the function w, : RN — R defined by

N-2

€ 2
We(x) = C(N)————,
R PFaLS
where C(N) = [N(N — 2)] %, Recall that by [1,29], {we}e>0 is a family of functions at which
the infimum, that defines the best constant S, for the Sobolev imbedding D'?(RN) c L (RN),
is attained. Moreover, one has

we € 12 (RY), Vuw, € I2(RY), /|Vw€]2 - / we? = s%.
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We also consider ¢ € CF°(RN,[0,1]), ¢ = 1 for |x — x| < 7, ¢ = 0 for |x — xo| > 2r, where
r > 0 is a small enough constant. Define uc(x) = ¢(x)we(x — x9). We get the following
estimations (e.g. [4,5]).

Lemma 6.1. u.(x) satisfies the following estimations: as € — 0,

[IVuel =0 (%), flue = M0 (eF),

N-2
4

[l <ce®, [luprsce'®, [Vl <ce'?

and
Ce+O<e¥>, N > 5,
/|Me|2= Celn]e|+O(e%2>, N =4,
Cel’?, =3

Lemma 6.2. There exists up € E\{0} such that

1 2N

K.* S2.

Nz

sup ®(tug) < (6.1)

t>0 N

Proof. Write ue = (ue, ue). For € > 0 small enough, since ®(0) = 0 and lim;_, y oo P(tue) = —oo,
there exists a constant . > 0 such that

D(teue) = max D(tue)
and there exist positive constants A; and A; being independent of € such that
0< Ay <t: <Ay < +o0. (6.2)
Notice that supp ue C By, (x0), by (V3), Lemma 2.1 (vii), (x) and (Has), we can see that

2 2 2% 2
D(teue) < £ / Vi + Cte / e — = / (K1 (%) + Ko (%)) (fette)
22%  Jtu.>T

+ Cz/ (teue)z*’1 In(teue) + C3/ (teue)z*’1 —Ctl / ul, (6.3)
teue>T teue>T

where T > 1 is large enough. From Lemma 6.1 and (6.2), as € — 0, it follows that

0< / (teue)? 1 In(teute)
teue>T
< /(teue)z*’l(Q} + Cs|Inel)

=0 (e¥\ lne]) . (6.4)

Choosing €y € (0,72) such that for € < €, ue = we > Ce "7 and tee > T when |x — xo| <
V€, by Lemma 6.1 one can verify that

q > q _ N _ q(N-2)
/ue - /B\/E(XO) te=0 <€2 ' ) (6.5)
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and fori =1,2

/tsueZT Kil) (ue)z* = /Bﬁ(xo) Ki(x) (we)z

Combining (6.2)—(6.6) and Lemma 6.1, we have

*

= Ki(x0)SN/2 + O(e). (6.6)

_ _ 2N—=2 .
P(teu) < 25V2 140 (e77) +0 (€57 ) = S (Ki(x0) + Ka(x))8" /212

2*
+0(e )+O<e¥|ln6|> -0 (eg_qm[z))
1 N—2 N_ q(N-2)
< = N N/2 N2 . N_
NK S +O()+O(e4 |lne|> O(e2 1 )
1 2N
—: _K,? SN/2 6.7
N +J. (67)
In the case of 3 < N < 6, N+2 < g < 2*, we can see that § q(l\fz) < N2 <1, which gives

that ] <Oase >0 suff1c1ently small. In the other case of N > 6,2 < q < 2% we can see that

N _ q(N 2)<1<N

5 , which gives that | < 0 as € > 0 sufficiently small. Taking up = u, for

€ small enough we see that (6.1) holds. O
Proof of Theorem 1.2. Similar to the proof of Theorem 2 in [26], we can complete the proof of
Theorem 1.2 and omit it here. O
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