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Abstract. With the consideration of the mechanism of prevention and control for the
spread of dengue fever, a mathematical model of dengue fever dynamical transmission
between mosquitoes and humans, incorporating a vector control strategy of impulsive
culling of mosquitoes, is proposed in this paper. By using the comparison principle, Flo-
quet theory and some of analytical methods, we obtain the basic reproductive number
Ry for this infectious disease, which illustrates the stability of the disease-free periodic
solution and the uniform persistence of the disease. Further, the explicit conditions deter-
mining the backward or forward bifurcation are obtained and we show that the culling
rate ¢ has a major effect on the occurrence of backward bifurcation. Finally, numerical sim-
ulations are given to verify the correctness of theoretical results and the highest efficiency
of vector control strategy.
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1 Introduction

Dengue fever is a fast emerging pandemic-prone viral disease in many parts of the world, which
was first discovered in Cairo of Egypt, Indonesia-Jakarta and Philadelphia 1779 and was named
arthritis fever and break-bone fever according to clinical symptoms [8, 18]. Dengue fever is a
re-emergent disease affecting people in more than 100 countries in the tropical and subtropical
areas. The symptoms of the disease are characterized by high fever, frontal headache, pain behind
the eyes, joint pains, nausea, vomiting etc [27,33]. Every year, 500,000 cases reports of dengue are
received by the World Health Organization (WHO), with more than 2.5 billion people at risk. It
is well know that dengue fever is a mosquito-borne infectious disease, the female mosquitoes of
Aedes aegypti and Aedes albopictus are the prominent carriers of dengue fever virus of Flaviviridae
family [7,33]. The infected mosquitoes transfer infection on biting susceptible persons, and then
susceptible mosquito bites an infected person, it gets infected.

The control and hence eradication of infectious diseases is one of the major concerns in the
study of mathematical epidemiology [1,2,11,21,31] and the references therein. In the past nearly

® Corresponding author. Email: 1fnie@163.com


http://www.math.u-szeged.hu/ejqtde/

2 C. X. Yang and L. F. Nie

twenty years, the prevention and control of the spread of dengue fever (or other vector-borne
diseases) are also caused extensive attention of many scholars (see, for instance, [5,12,13,24] and
the references therein). Especially, Esteva et al. [24] proposed a host—vector dengue fever model
with varying total population size and obtained the global asymptotic stability of equilibria for
this model. Derouich et al. [10] introduced a mathematical model to simulate the succession
of dengue with variable human populations, and analysed the stability of equilibria for this
model. Garba et al. [16] structured a basic single strain dengue model, which incorporates the
dynamics of exposed humans and vectors, and obtained the basic reproduction number and
the phenomenon of backward bifurcation, where the stable disease-free equilibrium coexists
with a stable endemic equilibrium. Further, they also extended the model to incorporate an
imperfect vaccine against the spread of dengue. For more research results also can be found in
[3,9,14,15,19,28-30] and the references therein.

Dengue vaccination research and development are began in 1940s, but no specific vaccine
and treatment are available for this vector-borne disease in recent years due to the limited appre-
ciation of global disease burden and the potential markets. Therefore, how to prevent, control
and put an end to the spread of dengue fever have always been hot issues in medicine and
mathematical epidemiology. Considering mosquitoes are the principal vectors in spread of the
disease, hence vector population control through insecticides is the possible ways to prevent hu-
man population from dengue fever virus. Based on this idea, significant advances were made
by Macdonald [25] who proposed that the most effective control strategy against vector-borne
infections is to kill adult mosquitoes. From a theoretical perspective, many mathematical models
have been developed to describe the control of vector population. Examples can be found in [26]
where they studied the effects of awareness and mosquito control on dengue fever, and indicated
that the sufficiently large amount of vector control is required to control the disease. And in
[4], Amaku et al. considered the impact of vector-control strategies on the human prevalence of
dengue. Other examples also can be found in [17,20] and the references therein, to just a few.

A noticed fact is that most of above mathematical models considering control measures on
vector population invariably assume that the pesticides affect vector population continuously.
Generally, however, the culling of vector population is usually put in practice at discrete certain
times. So for this reason, Xu et al. [34] presented a mathematical model to describe the transmis-
sion of West Nile virus between vector mosquitoes and birds, incorporating a control strategy of
culling mosquitoes and defined by impulsive differential equations.

Motivated by these facts, we propose, in this paper, a mathematical model of dengue with
saturation and bilinear incidence, and impulsive culling of mosquitoes. The dynamical behaviour
of this model was investigated and the influence of impulsive vector control for the preventing of
the disease was discussed. The rest of the paper is structured as follows. We formulate a mathe-
matical model and give some useful lemmas in Section 2. Some threshold value conditions of the
disease-free periodic solution are presented in Section 3 to control the disease. We discuss the
uniform persistence of the disease in Section 4 and also provide a explicit conditions determining
the backward or forward bifurcation in Section 5. Finally, we give the numerical simulation and
discussion in the last section.

2 Model formulation and preliminaries

In this section, we propose a mathematical model of dengue fever with impulsive culling mosqui-
toes. For convenience, we separate human population into three classes: susceptible S;, infectious
Iy, recovered Rj, and female mosquitoes are divided into two classes: uninfected S,,, infectious
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I,y For establishing this model, we come up with the following assumptions.

(A1) The human population is recruited at the rate of y;K, K is the maximum size of people

and py, is natural death rate, and because dengue fever also causes mortality in humans,
we assume that dj, is the disease-induced death rate for humans, 7 is the recovery rate of
humans, Nj, is the total size of human population.

(Az) Assuming that A, is the recruitment rate of mosquitoes, N, is the total number of mosqui-

toes and y, is the natural birth/death rate of mosquitoes.

(As) Average biting rate of mosquitoes is b, pj,,, and p,,;, are the transmission probabilities from

human to mosquitoes and from mosquitoes to human respectively. We assume that the
incidence of infected mosquito to susceptible humans is the saturation incidence due to
the “psychological” effect or the inhibition effect, and assume that the incidence of infected
humans to susceptible mosquito is bilinear incidence since it is not impacted by these issues.
They are given by
bphm1m<t>5h(t>
1+al,

respectively, where « is positively constant.

’ mehIh(t)Sm(t)z

(As) We suppose that impulsive culling of infectious and susceptible mosquitoes happens at a

rate ¢.

Based on the above assumptions, we have the following mathematical model with impulsive

control

dSC;{t(t) = punK — bphql_t(;)lih(t) — UnSn(t)

D) — P05 _ (s + i+ i) )

dR(;lt(t) = Tnln(t) — pnR(t) t#nT,

Bt — A bl (S (6) ~ (1)

al (2.1)
gt = mehIh(t)Sm(t) - .”mlm(t) )

Sn(t") = Su(t)

I(t) = I(t)

Ru(t7) = Ry(t) t=nT, n=12,...

Sm(t") = (1= ¢)Sm(t)

Im(tJr) = (1 - 4))Im(t)

From the first to fifth equations of model (2.1), we obtain that the total numbers of humans

and vectors at time f satisfy

dNy,(t)
dt

AN, (t
= ok — () gy, S ),

Obviously, from the above two equations, it is easy to get

ik < liminf Nj,(¢) < limsup Nj,(t) <K, lim Nj(t) = M (2.2)
Uy + dj f—+oc0 st t—+o0 Hom
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Table 2.1: Parameter values for model (2.1)

Param. Description Range Source

upK Recruitment rate of human population 0.36 Garba S.M. [16]
A Recruitment rate of mosquitoes (day 1) 28 Estimate

b Bites per mosquito (day 1) 0.5 Garba S.M. [16]
« Saturation constant (0,1) Estimate

Ohm Transmission rate of mosquito to human (day ')  2.6071e~5 ~ 4.0018¢=*  Pandey [28]
O Transmission rate of human to mosquito (day ')  5.6478¢ 5 ~ 7.3135¢~*  Pandey [28]

Up The natural death rate of human (day) 1/25000 Garba S.M. [16]
HUm The natural death rate of mosquito (day~!) 0.0378 ~ 0.0781 Pandey [28]

dy, The diseased death rate of human (dayil) 1e73 Amaku M. [4]
Th The rate of recovery in human (day ') 0.1521 ~ 0.4440 Pandey [28]

¢ The culling rate for mosquitoes (day ') 0~1 Estimate

Therefore, from biological considerations, we only need to analyze the dynamical behavior of
model (2.1) in the region

Q= {(sh, T, Ry S In) € RS [ 0 < S(t) + Iy(t) + Ry(t) < K,0 < Spu(t) + L(t) < 2’”}

m
where ]R§r ={(x1,...,x5) :x; >0,i =1,...,5}. Obviously, Q) is positively invariant with respect
to model (2.1).

Now, let Q(t) be a bounded, continuous, cooperative and irreducible j x j matrix function
and Q(t) = Q(t+w), P = diag{p1,p2,...,p;}- Consider the following impulsive differential
equation

dx(t) _
Tl Q(t)x(t), t#nT,

x(tT) = Px(t), t=nT, n=12,....
Let @) (t) be the fundamental solution matrix of system (2.3) and p(®g(.)(w)) be the spectral
radius of @) (w). By the Perron-Frobenius theorem, p(®(.)(w)) is the principle eigenvalue of

®(.)(w) in the sense that it is simple and admits an eigenvector v* >> 0. Then, similar to Lemma
2.11in [32,35], we have the following result.

2.3)

Lemma 2.1. Let p = In{p(PPy.)(w))}/w, then there exists a positive w-periodic function v(t) such
that et'v(t) is a solution of system (2.3).

Proof. Let v* >> 0 be a eigenvector of p(P®q.)(w)). By the change of variable
{ x(t) = ettv(t), t #nT,

we have (s
= ) - piutn, £,
v(tT) = Pu(t), t=nT, n=1,2,...

Then, v(t):= ®(q(.)_un) (t)Pv* is a positive solution of system (2.3). Obviously, e/ P®(q.)_,)(t) =
P®g(t). Moreover,

v(w) = POqy_y(w)v* = e " PDq . (w)v* = e "p(PPg(w))v* = v* =v(0T).
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Thus, v(t) is a positive w-periodic function. So, x(t) = e#v(t) is a solution of system (2.3). This
completes the proof. O

The following Lemma 2.2 is from [23], although very simple, but very useful.
Lemma 2.2. Consider the following impulsive differential equation

dxl(t)

=a—bxy(t)
t #nT,

= c—dxy(t) (2.4)
x1(t7) = x1(t)
(") = (1-p)x(t)

where a, b, ¢, d are positive constants and p € (0,1). Then equation (2.4) has a unique positive periodic
solution (X1(t), X2(t)) which is globally asymptotically stable, where

dXZ(t)

} t=nT,n=1,2,...,

N . N pe(—dt=nT)) "\ ¢
xl(t):E, XQ(t) = 1_1—(1—p)e—dT E’ nT <t < (1’l+1)T.

3 Stability of the disease-free periodic solution

In this section, we discuss the existence and stability of the disease-free periodic solution of model
(2.1), in which infected individuals are completely absent. That is, I;(t) = 0 and [,(t) = 0. In
this case, model (2.1) reduces to the following subsystem

45,() = 1K — up, Sy (1)
dR(;t(t) = —upRy(t) t #nT,
dsd ) A= oSt 61
Su(t7) = Sn(t)
Ry (%) = Ry (t) t=nT, n=12,....
L Su(tT) = (1= 9)Su(t)

Obviously, from the second equation of model (3.1), we have lim; 1o Ry(t) = 0. In view of
Lemma 2.2, model (3.1) has a unique disease-free periodic solution (S;(t),0,S,(t)) which is
globally asymptotically stable, where

~ ~ Ay pe pm (t—nT)
Sp(t) =K, Sw(t)=—1|1- , T<t< 1)T. 3.2
Therefore, model (2.1) admits a unique disease-free periodic solution (S, (t),0,0,S,(t),0).

For discussion of the stability of disease-free periodic solution of model (2.1), we define the
following matrix functions

F_ 0 punbSi(t) v (Vh +7n+dy O ) _
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Let A(t) be an n x n matrix function, ®,(t) be the fundamental solution matrix of the
linear ordinary differential system dX(t)/dt = A(t)X(t), and p(P (. (T)) be the spectral radius
of @) (T). Let S (t) = su(t) + Su(t), In(t) = Zh( ) Ri(t) = 13(t), Sm(t) = sm(t) + Sm(t), In(t) =
in(t) and X(t) = (i,(t),im(t),sp(t),sm(t),r(t))T, where CT denotes the transpose of C. Then
model (2.1) becomes

dx(t) _
3 =AMX(W),  t#nT, 53)
X(t7) = PX(t), t=nT, n=1,2,...,
where
_(F=V 0 (P 0 (1 0
a=("50 0 =G n) melaly)
and

0 —0nmbSy(t) —up 0 0 1 0 0
J="| —PmnbSm(t) 0 , M= 0 —pm 0 |, Pb=|(0 1—-¢ 0.
Th 0 0 0 —uy 0O 0 1

Obviously, the monodromy matrix of model (3.3) equals

(o ) (" i)

where * stands for a non-zero block matrix. Further, the Floquet multiplier of model (2.1) is
the eigenvalue of p(Pi®r_y(T)) and p(Pp(T)). We can easily get the following theorem if
Ro = p(Plcbpfv(T)) <1

Theorem 3.1. If Ro = p(P1®r-_v(T)) < 1 holds, then model (2.1) admits a disease-free periodic solution
(Si(t),0,0,5,(t),0) which is locally asymptotically stable.

The following Theorem 3.2 is on the global asymptotic stability of the disease-free periodic
solution of model (2.1).

Theorem 3.2. If Rg < 1 holds, then the disease-free periodic solution (Sj,(t),0,0,S,(t),0) of model (2.1)
is globally asymptotically stable.

Proof. From Theorem 3.1, we have verified the local asymptotic stability of the disease-free pe-
riodic solution of model (2.1). So we only need to prove the global attractivity of this solu-
tion. By Ro = p(P1®_v)(T)) < 1, we can choose small enough constant € > 0, such that

‘O(P1CD(F7‘/7G(€))(T)) < 1, where
Gle) = ( 0 bpgme) .

bomne

From the first, fourth, sixth and ninth equations of model (2.1), one has

d5n(1) < upK — ppSp(t)
det(t) t#nT
th < A — UmSm(t)
Sn(t") = Su(t) _
| S(t) = (1- ¢>sm(t>} =12
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Consider the auxiliary system

dciilt(t) = K — ppewr (t)
dawa (t) t# T,
2
ar = Dm e pwen(t) (3.4)

wa(tT) = (1 —cp)an(t)} t=nT, n=12,...

By Lemma 2.2, model (3.4) has a unique positively periodic solution (w;(t), w2 (t)) which is
globally asymptotically stable, where

N B - B B Am ¢e(_ﬂm(t_nT))
(Ul(t) =K= Sh(t>/ w2<t> - (1 - 1— <1 — 4))3(‘?’"1T)

Hm

) =Su(t), nT<t<(n+1)T.

Let (Sy(t), In(t), Ru(t), Sm(t), Ln(t)) be a solution of model (2.1) with S;,(07) = S) >0, S,,(07) =
S%, > 0, and (w1 (t),w>(t)) be a solution of model (3.4) with the initial value w;(07) = S9,
wy(0%) = SY. By the comparison theorem of impulsive differential equations (more detail see
Lakshmikantham et al. [6,23]), there exists an integer 11 > 0 such that

Su(t) < wi(t) < @i (t) + g Sw(t) < wa(t) < @a(t) + g nT<t<(n+1)T, n > m.
That is,

Su(t) < w1 () < Sp(t)+€,  Su(t) S wa(t) <Su(t)+e, nT<t<(n+1)T, n>ny. (3.5)

Further, from (3.5) and the second, fifth, seventh and tenth equations of model (2.1), we can get

( dI,(t ~
) o (G (6) + €T () — (st + v + i) I
dr t#nT
dl,(t) ~ ’
") < b (San(1) + OI(0) — i

Li(t7) = Iy(t)
( In(t7) = (1= ¢) Lu(t)

Now, we consider the following auxiliary system

} t=nT, n=ny,nm +1,...

dt
Y(tT) = PiY(t), t=nT, n=mny,n +1,...,

{dY(t) = (F=V+G(e)Y(t), t#nT, (3.6)

where Y = (y1,y2)T. From Lemma 2.1, model (3.6) has a positive T-periodic solution Y*(t) such
that Y (t) = Y*(t)e, where p = {Inp(®(r_y () (T))}/T. Condition p(P1®(r_y_g(e)(T)) <1
implies u < 0. So, Y(t) — 0 as t — +o0. Therefore, it implies that

dm L() =0, lim Ly(t) =0. (3.7)

From these, for any €1 > 0, there exists an integer n, > 1y, such that I;;(t) < €7 and I,,,(t) < €; for
t > nyT. From the first, fourth, sixth and ninth equations of model (2.1), it can be easily shown
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that

( dS t bp mS t)e
ht( ) > hFi h h(l) 1 hSh(t)
t;é l’lT,

) > A bounSu(t)er — pnSun(1)

Su(t) = S(t)
L Su(t7) = (1= 9)Su(t)

Consider the auxiliary system

dzl<t) _ bonmer
a urK (1-1-1161 +up ) z1(t)

don (¢ t #nT,

ZC21t( ) = A — (bomn€r + pm)z2(t) (3.8)
Zl(t+) = Z](t)
2(t7) = (1-¢)z(t)

~—

} t=nT,n=1,2,...

} t=nT, n=1,2,...

\

By Lemma 2.2, system (3.8) exists a unique positively solution (z1(f),z2(t)) which is globally
asymptotically stable, where

~ o “l/lhK
zi(t) = m,
1+aer
~ AI’VZ 4)ef(bpmh€1+]4m)(t*nT)
Zo(t) = 1-— , nT<t<(n+1)T, n> nyp.
2( ) bpmhel + Um < 1-— (1 — (P)e*(bpmhelJFﬂrn)T - ( ) 2

Then by the comparison theorem, there exists a integer n3 > n, such that
Sh(t) Zil(t)—el, Sm(t) 222(0—61, nT <t < (Tl—|—1)T, n > ns.

Since € is arbitrarily small, it follows from the above inequality and (3.5) that z;(t) — Su(t),
Zo(t) — S (t) as t — +o0. Therefore,

lim Sy, (t) = Sp(t), lim S, (t) = Syu(t). (3.9)

t—+oo t—+o0

Finally, from the second equation of model (2.1), we have lim;_, ; « R (t) = 0. From this and (3.7),
(3.9), we have that the disease-free periodic solution of model (2.1) is globally attractive. The
proof is complete. O

4 Uniform persistence of the disease

In this section, we turn to the uniform persistence of the disease for model (2.1).

Theorem 4.1. If Rg = p(P1®r_v(T)) > 1 holds, then the disease of model (2.1) is uniform persistent,
namely, there exists a constant y > 0 such that liminf,_, o Ii(t) > 15, i = h,m.

Proof. From Ry = p(P1®r_v(T)) > 1, we can chose small enough positive constants 7, €; and €
such that
P(PL®(E(ye0.e0)-v)(T)) > 1, 4.1)
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where N
0 bphm(sh(t) —€1 762)
F(n,€1,€2) = - T ,
b (Sm(t) — €1 —€2) 0

and (S;,(t), Syu(t)) are given by (3.2).
Firstly, we prove
limsup I;(t) > 7, i=hm. 4.2)

f—+o00
Otherwise, there exists a t; > 0 such that I;,(t) < 5 or I,(t) < 5 for all t > t;. Without loss
generality, we suppose that I;(t) < 17 and I,,(t) < 5 for all + > t;. By the first, fourth, sixth and
ninth equations of model (2.1), we have

dSy(t) > K — boumSn(t)1
dt 1+any

dsgt(t) > A — bpunSm (1)1 — pmSm (t)

Sn(th) = Si(t)
Sm<t+) = (1 - ¢)Sm(t)

Consider the auxiliary system

— UnSu(t)

} t=nT, n=1,2,...

\

S
t #nT,
duy (t
cit( ) = Ay — bpyptia () — pmiz(t) (4.3)

ul(t+) = u1(t)
up(t) = (1= ¢)us(t)

By Lemma 2.2, system (4.3) exists a unique positive solution (i1 (t), #i2(t)) and which is globally
asymptotically stable, where

} t=nT, n=1,2,...

17 K ~ Am _(bpn1h77+ﬂm)(t—i’lT)

mt) = kit m =gt (1 ) T << T,
16’&:;11’]1 + I’lh pmhﬂ + ‘um 1 - (1 — 4))6 Omh!]THm

Obviously,

Jim (i (), i2(1)) = (S(t), Sm(1)).

Thus, there exists a positive constant 77; small enough for the above €7, such that i1 () > Sh () — €
and 1 (t) > S, (t) — €1 for n < 77. By the comparison principle, there exists t, > t; for the above
€> > 0 such that

Su(t) > uy(t) > Sp(t) —e1 — €2, Swlt) > ua(t) > Sp(t) —e1 — €3,  t>to.
From the second, fifth, seventh and tenth equations of model (2.1), we have

dlh(t) > bphmlm(t)(§h<t> — €1 — €2>

i = 1+ an — (o +dn +7) () -~
VD) > by (S (®) — €1 — €2) — ik

L(E7) = I(t)
[ () = (1= @) Lu(t)

} t=nT, n=1,2,...
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Considering the following auxiliary system

dt
Z(tT) = P Z(t), t=nT,n=1,2,...,

{ dZ(t) _ (F(y,e1,6) — V)Z(t),  t#nT, (4.4)

where Z = (z1,22)7. From Lemma 2.1, system (4.4) has a positive T-periodic solution Z (t) such
that Z(t) = Z(t)eM!, where py = {In o(®(p(ye, e,)-v)(T))}/T. Further, from the condition (4.1),
we get y1 > 0. Thus Z(t) — 400, as t — +o0. That is,

tEToo In(t) = +eo, tEToo In(t) = +oo. (45)
These contradict the boundedness of I;(t) and I,(t). So (4.2) is valid.

In the following, we prove that liminf;_,  I;(f) > 1, i = h, m. From the above discussion,
we consider only the following two possibilities:

(i) Ii(t) >y for all large t, i = h, m;
(ii) I;(t) oscillates about # for all large t, i = h, m.

If case (i) holds, then we have completely the result. Next, we turn to case (ii).

Owing to limsup,_, , , Ii(t) > 7, thereexistsa t; € (m T, (my +1)T] and t, € (mT, (m2 +1)T]
such that I;(t1) > 7, Ii(t2) >y, i = h, m, where my —my > 0 is finite. Then we will consider the
solution of the following equation from model (2.1) in the time interval [t1, £;]. From the second
equation of model (2.1), one have

dly(t)
dt

Integrating the above equation from t; to ¢, we get

> —(pn +dp + ) (t).

Ih(t) > Ih(t1>e*(ﬂh+dh+7)(f*t1) > ne*(#h+d}x+’7)(m2*m1+1)7“‘

Moreover, from the fifth and tenth equations of model (2.1), it follows that

{ nll) 5 nu(t), ¢ £,

dt —
Ly(tT) = (1 —=¢)Lu(t), t=nT, n=1,2,...

And, integrating the equation from t; to t, we have
Im(t) > Im(t1)(1 o ¢)m2—m1e—ym(t—t1) > 77(1 - ¢)m2—mle—ym(mz—m1+l)T.

Let 71 = min{ye~ (it ty)(m—m+T 4,1 _ gyma—me—pm(m—m+1TY then 5; > 0 cannot be in-
finitely small since my > my; is finite. So, we have I[;(t) > #; >0, i = h, m.

For t > t,, the similar arguments can be continued and we similarly get non-infinitesimal
positive #,. Therefore, we can get the sequence {7}, where

e = mjn{ﬂe*(ﬂﬁdiﬂr’?)(mkﬂ*kaFl)T’17(1 _ ¢)mk+1*mke*14m(mk+1*mk+1)T}/ k=1,2,...,

is non-infinitesimal since my,q —my; > 0 is finite. So the solution of model (2.1) satisfies
Li(t) > mx > 0, i = h, m in the time interval [fy, fry1], where t, € (mT,(my + 1)T],
tir1 € (Mg T, (mgyq +1)T). Let 5 = ming{nx} = 7 > 0,1 € N and 5, € {#x}. Hence from
the above discuss, we get I;(t) > # > 0,i = h, m for all t > t;. The proof is complete. O
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5 Forward and backward bifurcation of endemic periodic solutions

In this section, we proceed to study bifurcation using the bifurcation theory (more details can
be found in Lakmeche et al. [22]). Let the culling rate ¢ be the bifurcation parameter. We
define the solution vector X(t) := (Sj(t), Sm(t), Ry(t),Sm(t), Ln(t)), the mapping F(X(t)) =
(F(X(t)),...,F(X(t))) : R° — R® by the right hand side of the first to fifth equations of model
(2.1), and the mapping

I(g, X()) = (L, X(1)),- .., I5(, X(8))) = (Xa(t), (1 = @) Xa(t), X5(t), Xa(t), (1 — ) Xs5(t)).

Furthermore, we define ®(t, Xp), 0 < t < T, to be the solution of model consisting of the first
to fifth equations of model (2.1), where Xy = X(0). Then X(T) = ®(T, Xp) := ®(Xp) and
X(T*) = I(¢,®(Xp)). We define the operator ¥ by ¥ (¢, X) := (¢, P(X)), where ¥ (¢, X) =
(F1(¢, X), ..., ¥5(¢, X)). Denote Dx¥ the derivative of ¥ with respect to X. Then X is a periodic
solution of period T for model (2.1) if and only if its initial value X is a fixed point for ¥ (¢, X).
Namely, ¥ (¢, Xo) = Xo. Consequently, to establish the existence of nontrivial periodic solutions
of model (2.1), one needs to prove the existence of the nontrivial fixed point of ¥.

Let us fix all parameters except the culling rate ¢, and denote by ¢y the critical culling rate,
which corresponds to p(Pi®Pr_y(T)) = 1. We are interested in the bifurcation of nontrivial
periodic solutions near the disease-free periodic solution X = (5;(t),S5,(t),0,0,0)). Assuming
that X is the starting point for the disease-free periodic solution with the culling rate ¢. It is
obviously that ®3(Xg) = P4(Xp) = P5(Xp) = 0. To find a nontrivial periodic solution with
initial value X and culling rate ¢, we need to solve the fixed point problem ¥ (¢, X) = X. Denote
¢ = ¢o+ ¢ and X = Xo + X, the fixed point problem reads as

N(¢,X) =0, (5.1)
where N(¢, X) = (N1(¢, X),...,Ns5(¢, X)) = Xo + X — ¥(¢o + ¢, Xo + X). We have
gN(¢,X) = Es — Dgl(¢, (X)) Dg®(X). (5.2)
Since
jt(DXd)(t Xo)) = DxE(®(t, Xo))Dx®(t, Xo) (53)

with the initial condition Dx®(0, Xo) = Es and ®(t, Xo) = (P1(¢, Xo), P2(t, Xo),0,0,0), then (5.3)

takes the form q

a(DXQD(t, Xo))(t, Xo) = B(t)Dx®(t, Xo)(t, Xo),

B(t) = (?f F:]V> '

where

It can be deduced that

_ MT
DxN(O, O) _ <E3 P2€ quDIZ(T) >

0 Ey — P ®p_y(T)

where O = (0,0,0,0, 0) A necessary condition for the bifurcation for the nontrivial periodic solu-
tion near X = (5;,(t), Su(t),0,0,0)) is det[DxN(0,©)] = 0. Obviously, det[E3 — P,eMT] # 0, then
det[DxN(0,0)] = 0 is equal to det[E; — Py®r_v(T)] = 0. Therefore, det|E; — Py®r_y(T)] =0
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when p(Py®r_y(T)) = 1. Assuming that p(P;Pr_y(T)) = 1 holds, we now investigate the suffi-
cient conditions for the existence of bifurcation of nontrivial T-periodic solutions. From (5.2), it
is convenient for the computations to denote

)] 0 0 a1 bl
ec 0 0 a
0 fo 0 1 dy (;J oo cl
DxN(0,0): 0 0 an bz c |, A]Z 0 !
0 0 an b2
0 0 0 ap bo 0 0 0 a
0 0 0 ¢ do 0

See Appendix A for the expression of each element in the above matrices. Then det[E; —
Pi®r_y(T)] = 0 implies that there exists a constant k such that ¢y = kap and dy = kby. Fur-
thermore, we have dim Ker(Dx(0,O)) = 1, and a basis in Ker(Dx(0,O)) is

ambyg by by dy boby bo
le 7_717_717_(121_711 ’
apgeo  eo aofo  fo 4o ao
and we denote it as Y7 = (Y11, Y12, Y13, Y14, Y15). The basis in Im(Dx(0,0)) are Y> = (1,0,0,0,0),
Y; = (0,1,0,0,0), Yy = (0,0,1,0,0), Y5 = (0,0,0,1,0). From R®> = Ker(Dx (0, 0)) ®Im(Dx (0, 0)),

we have X = a1Y] +aYs + a3Y3 + agYy + a5Ys, where a; € R (i = 1,2,3,4,5) are unique. Then
equation (5.1) is equivalent to

N;i(¢p, a1, 00, a3, 004, 05) = Ni(p, a1 Y1 + a2Yo + a3Ys + a4 Yy +as5Y5) =0, i=1,2,3,45. (54)

From (5.1), we have
D(Ny, N2, N3, Ny) (0, 0)

D(RZI 3,04, X5, )

= |A] £0. (5.5)

Therefore, by the implicit function theorem, one may solve (5.4) as i = 1,2, 3,4 near (0, O) with
respect to w; (i = 1,2,3,4) as functions of ¢ and a;. That is, there exists &; = &;(¢, 1) such that
®;(0,0) =0, i =2,3,4,5 and

Ni(¢,a1) = Ni(¢p, a1Y1 + @Yo +&3Y3 + ¥4 Yy +&5Y5) = 0, (5.6)
i=1,2,3,4. Then N(¢, X) = 0 if and only if
N5(¢, a1) = N5(¢, X(¢, 1)) =0 (5.7)

with X(a, 0(1) = (Ynﬂél + %2, Yipo1 + &3, Y1301 + &g, Y1001 + &s, 0(1).

We proceed to solving (5.7) next. It is obvious that N5(¢, a;) vanishes at (0,0). We determine
the Taylor expansion of N5(¢,a1) around (0,0). Now, we compute the first-order partial deriva-
tives dN5(0,0) /da; and dN5(0,0) /¢ and find that dN5(0,0)/da; = 0 and dN5(0,0)/9¢$ = 0. (See
Appendix B for details). Then it is necessary for us to compute the second-order derivatives of
Ns(¢, a1). Denote
_PNs(0,0)  ,_ #Ns(0,0) . _ 9*Ns(0,0)

'A 7 — 4
o’ d¢ony da?

It can be observed from Appendix C that A = 0, from Appendix D that

5 _ 9Ns(0,0)
- a@atxl
_ ®y(Xo) [3*Ds(t, Xo)
fO 9501},

2P5(t, X kd, (X 2P, (t, X 2P, (t, X
Yoot 5(t, Xo) 15]_ 2( 0))( a( O)YMJr a( 0)Y15).

0501y, fo 05,91, 0501y,
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and from Appendix E that

92®s5(0,0) PD4(Xo)

5
]Z; 9X;0X; Y“Y“ tk ; ]Z 9X;0X; xXax, iy

Mm

[uy

Hence we have

2

Ns(@) = Baaf+ 3 + ol )0 +97) = o1 (B + C5 + L olan, P)(aF 7).
Denoting
Ni(@,01) = Bp+ C5 + 2 -o(w, ) (o3 + ),

then dN5(0,0)/da; = C/2. So, for C # 0, we can use the implicit function theorem and solve
the above equation near (0,0) with respective to a; as a function of ¢. Therefore, there exists
a1 = () such that ay(0) = 0 and N5(¢,a1(¢)) = 0. Meanwhile, by dN5(0,0)/9¢ = B, we
can also find § = ¢(a1) such that N5(¢(a1),4;) = 0 for B # 0. Then, if BC # 0, we have
151 / a ~ —2B / C.

According to above-mentioned discussion, we have the following theorem.

Theorem 5.1. Considering the family of operators ¥ (¢, X) defined in ¥ (¢, X) := I(¢, (X)), as pa-
rameter ¢ passes through the critical value ¢o, a nontrivial fixed point appears near the fixed point Xj.
The bifurcation is supercritical, if BC < 0, or else there will be a subcritical bifurcation as BC > 0.

We know that the threshold value R decreases as ¢ increase. Then a supercritical bifurcation
means a backward bifurcation in the model while the subcritical bifurcation equated to a forward
bifurcation in the ¢ — 1 plane. Thus we have the following theorem.

Theorem 5.2. As the parameter ¢ passes through the critical value ¢o, a backward bifurcation occurs if
BC < 0, or else there will be a forward bifurcation as BC > 0at Rg = 1.

6 Numerical simulation and discussion

In this paper, a mathematical model of dengue fever with impulsive culling of mosquitoes, sat-
uration and bilinear incidence are considered. The main purpose is to investigate the effect of
impulsive culling mosquitoes strategy, which govern whether the dengue fever dies out or not,
and further to examine how the impulsive culling control strategy affects the prevention and con-
trol of dengue fever. By using the comparison principle, integral and differential inequalities, the
way of spectral radius and analytical methods, some sufficient conditions for the existence and
stability of disease-free periodic solution, and the uniform persistence of disease are obtained.
Theoretical results show that dengue fever can be controlled via adjusting the control parameters
of the model that depend on these conditions.

In this section, we give some numerical simulations to illustrate the main theoretical results
and the feasibility of impulsive culling control strategy using the Runge-Kutta method in the
software MATLAB. The values of parameters for model (2.1) are listed in Table 2.1, we fixed the
values of model parameters as follows: A, = 28, b = 0.5, oy = 3 x 1074, py = 7 x 1074,
up, =4 %1075, d, =103, 7}, = 0.153, py, = 0.05, K = 9000 and a = 0.4.

We choose, firstly, culling period T = 6 (days) and culling rate ¢ = 0.72. It is easy to calcu-
late that Ry ~ 0.9385 < 1. So, from Theorem 3.2, we obtain that model (2.1) has a disease-free
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periodic solution which is globally asymptotically stable. The quantities of infectious human, in-
fectious mosquitoes and uninfected mosquitoes in model (2.1) with or without impulsive culling
are plotted against time in Figure 6.1 (a)-(c) with blue lines and red lines, respectively. Infected
mosquitoes and infectious human in model (2.1) with impulsive culling control strategy and the
stability of disease-free periodic solution of model (2.1) with or without impulsive culling are
plotted in Figure 6.1 (d) with blue lines and red lines, respectively. Theoretical results and nu-
merical simulations imply that we can eliminate dengue fever through vector-control strategy.

() (b)

infected mosquitoes
infectious human
»
<]

t (days)

(© (d)

3000

2500

2000

1500 1

uninfected mosquitoes

1000 -

o 10 20 40 50 60

30
t(days)

Figure 6.1: The stability of disease-free periodic solution of model (2.1) with
control parameters ¢ = 0.72 and T = 6 (days): (a) (¢, Lu(t)); (b) (¢ I(t));
(©) (£ Sm(t)); (d) (I (), In(t))-

Secondly, we choose T = 10 (days), ¢ = 0.2 and others parameters are fixed as above. By
calculating, we get Rg ~ 4.7336 > 1. Therefore, model (2.1) has a positive periodic solution from
Theorem 4.1. Figures 6.2 (a)—(c) show that the numerical solutions of infectious human, infectious
mosquitoes and uninfected mosquitoes with different initial values. The plots in Figure 6.2 (d)
show the uniform persistence of infected mosquitoes and infected humans. Theoretical results
and numerical simulations show that dengue fever is uniformly persistent if the culling strength
¢ is low and the culling cycle period T is not too long.

Thirdly, we consider the frequencies of culling and culling rate how to impact on the uniform
persistence and extinction of disease. We fixed ¢ = 0.1 and other parameters are invariant, and
chose different control period T for model (2.1). Figures 6.4 (a) and 6.4 (b) show the quantities of
infectious human and infected mosquitoes with T = 1, 7 and 16 (days), respectively. Numerical
simulations imply that disease is extinct when culling period T is short and disease is uniform
persistent for long culling period T. Further, we fixed T = 3 (days), and chose culling rate
¢ = 0.1, 0.4 and 0.8 for model (2.1), respectively. The plots in Figures 6.4 (c) and 6.4 (d) show the
quantities of infectious human and infected mosquitoes, which imply that the disease is extinct
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Figure 6.2: The uniform persistence of dengue fever in model (2.1) with T =
10 and ¢ = 0.2, where Ry = 4.7336: (a) (t, I;(t)); (b) (t, Lu(t)); () (£, Sm(t));
(d) (Ln(t), Sm(t))-

for high culling rate ¢ and is uniform persistent for low culling rate. All of these simulations
indicate that the high frequency of culling and large culling rate are necessary for the goal of
eliminating disease, The bifurcation diagram of infectious human and infected mosquitoes about
culling rate ¢ in Figure 6.3 also accord with this result.

Finally, it is important to emphasize that the factors of seasonal variation in mosquito popu-
lation size, the latent period of infected mosquitoes, the dispersion of both humans and mosqui-
toes, and vertical transmission of the virus in the mosquito population, affect the dynamical
behaviors of both mosquitoes and humans and hence disease spread between mosquitoes and

humans. We leave these topics for future work.
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Figure 6.3: The bifurcation diagram of infected human and mosquitoes about
culling rate ¢ in model (2.1), where T = 2 (days).
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Figure 6.4: The quantities of infected mosquitoes and human in model (2.1):
(a)—(b) infected mosquitoes I, (t) and human I;(t) with¢ =0.1and T =1,7,16
(days), respectively; (c)—(d) infected mosquitoes I, (t) and infectious human
I, (t) with T = 3 (days) and ¢ = 0.1,0.4, 0.8, respectively.

Appendix A The expression for each element of DxN (0, O)

It is clear from equation (5.3) that

9y
X
d |
dt | o
X,

C(tXo) =
205
X

So, from (5.2), we further get

d 09,

dtoX;

d 0®5

dtaX;

d 09,

dtaX,

d 0®5

dtaX,

d 0d,

dtaX;

d 0®5

dtoXs

- THmax,

- _”’”aX

- _”’”ax

09,

—(pn+dp+ 7)) 5o ax,

+ bth

05 09,

+ bpmhs

0D,
—(pn +dp+ 1) 5o 9%,
0ds
‘H?ths
0D,
—(pn +dp 4+ 71) 5o

0X3
0ds5
+ bpth

X,
+ bth

09,
Xy’

+ bth

09,
X3’

05
Sh E’

0P5
Sh T){z’

0Ps
ShaX

20,
0X5
D] (8 Xo)
25
0X5
0Dy
axl (0, X0) =0,
0Ds
500 X)) =
aX1 <O/ O) O/
0Dy
T (0X0) =0,
0ds
75500 Xa) =
9%, (0,Xo) =0,
0Dy
Xn) =
ax, U X0) =0,
0ds
T}CB(O, X()) — 0.
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Thus we obtain

0d;

% it Xo) =0, i=45 j=1,23
for 0 < t < T. Further, one has
jt?g()j = _‘”h?;)j/ gii (0,Xp) =0, gti:j(); = _,uh?;);r 32 (0,Xo) =0,
S = —hnae gi (0.X0) =1, ig% — g 520X =0,
It is obvious that
gii (t, Xg) = e, g%(t, Xo) =0, ?z(t, Xo) =0,
gfzf(t Xo) =0, gj{’i(t Xo) = et ?;Z(t,Xo) ~0,
g?’(t Xo) =0, g%(t, Xo) =0, ?Z(t, Xo) = ¢ b,
Consequently, we have
% (gj;j) = —(pn+dp + ’)’h)gi + bphmshi:;)ir ?2(01 Xo) =1,
% (ﬁ) = _(Vh+dh+7h)?§<);l+bphm§h?§;-z ?;D:(OIXO) =0,
;t (?j;:’) = —ymzi + b0y S gCDS ?z’(orxo) =1,
% (gz) = —ym?;i bOwnSm gii, ?2(0, Xp) =0,
% (?;f)) = —um?;f) pmh§m?2‘, 32(0, Xo) =0,
% (;@Z) = _l/lh?;)i 7’1?9%' ?Z(OIXO) =0,
glt (Tt) = —Vh?;)z ""Yh?;jr ?;;2(0/ Xo) =0

17
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We solve the above equations and denote

ao—l—?jzi(TXo) bo:—?Z‘(TXO) cO:—(1—¢)g§5(TXO)
e0:1—§1(T,X0):1—e—W, fozl—(l—q))g;};z(il" Xo) =1—(1—¢)etn
o = — gil@xo) by = — gil(Txo) c1:—(1—¢)?§i(T,XO),
a=1-— 3;1()3(TX0)_1—e ml, oy = —?;)z(T,XO), cQzl—é;;;(T,Xo),

do=1-— (1—4))?);};5@ Xo).

Appendix B The first-order partial derivatives of N5(¢, x1)

We can easily get

aN5(0,0) _ 8N5(0,0) (Yll a(XZ 0 0 ) 4 8N5 0 0 <Y12 8063(0,0))

alxl N E)Sh a(xl
8N5(0,0) 8064
T < )
dN5(0,0 8 O 0) dN5(0,0)
I (e )+ 2 e ©
h
aN5<0,0> _ ( _4)) |:_aq)5(X0) aDQ(0,0) _ 8<I>5(X0) 8063(0,())
op a5, o S, ¢
_ 0ds(Xo) 9W4(0,0)  9Ps(Xo) 9d5(0,0)
R, op oI, ap |

From the equation of (5.6) as i = 1, we have

odN1(0,0)
0= ———"+
alX]
dN1(0,0 dN1(0,0 dN1(0,0 dN1(0,0 dN1(0,0
AL )Yll + 9MN(0,0) )le + 8M1(0,0) )Y13+ 1 )Y14+ i )Yls
2Sy, oS oRy, aI, dly, (B2)
n dN1(0,0) 9a»(0,0) L odN1(0,0) 9a3(0,0) '
BSh aucl aSm a0‘1
n dN1(0,0) da4(0,0) N odN1(0,0) 9as5(0,0)
oR;, oy ol oay
Since Y7 is a basis in Ker(DxN(0,0)), then we have
dN;(0,0) dN;(0,0) dN;(0,0) dN;(0,0) oN;(0,0),, .
ash Y11+ asm Y12+ aRh Y13+ a]h Y14+ a[m Y15 —0, 1= 1,...,5.
(B.3)
Thus we can deduce from (B.2) and (B.3) that
eoaaz(0,0) 40 x 8063(0,0) 40 x 8064(0,0) +a 80(5(0,0) —0 (B.4)

atXl 8061 81x1 a0‘1
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Similarly, from the equation of (5.6) as i = 2, 3,4, we can obtain that

da,(0,0) da3(0,0) da4(0,0) dw5(0,0)
Ox == g — +0x —5 = +a—p5 — =0,
0 x 80(2(0,0) 10 x aDé3(0,0) +a28a4(0,0) +b280é5(0,0) —0, (B.5)
ale 80(1 alX1 a“l
0 x 8062(0,0) 40 x 80@,(0,0) 40 x 8064(0,0) +a086¥5(0,0) -0
a(xl 8061 a(Xl ale
It is obvious from (B.4) and (B.5) that
da,(0,0) _ du3(0,0) _ 94 (0,0) _ das(0,0) _o. (B.6)
80(1 a(xl ale alX]
Considering equation (5.1) as i = 1, we have
Ni(¢,a1) = Xo1 + Yy + & — P1(t, Xo + X(¢, a1)) (B.7)

o aN1<O/0) _ 8&2(01 O) . : aq)l ((POI XO) 8521'4_1(0, O)

0 — — —~
P P g 0X; P (B.8)
_ eoaaz(g,o) 40 x 8&3(9,0) L0 x 80@(9,0) 4 alauc5(9,0)'
o o o o
We can similarly obtain from (5.1) as i = 2,3, 4 that
oN>(0,0)  9a&3(0,0) . 9D, (¢o, Xo) 0;11(0,0)
0= 2o = I8 @, (o, Xo) — (1 — A\
% % + @2 (g0, Xo) — ( (PO); ox; 3%
d,(0,0) dua3(0,0) 94 (0,0) das(0,0)
=0 ! - 0 . — Do (o, Xo),
X o9 + fo 3% +0x o9 +c 3% + 2((Po 0)
ON3(0,0)  9&4(0,0) & 9D3(¢po, Xo) 9&;41(0,0)
0= ) — 7 Z aS
¢ ¢ = 90X ¢ (B.9)
da(0,0) ~ dw3(0,0) 94 (0,0) dus5(0,0)
=0 — — — b ——,
X + % +as 9 + 03 9
0— 9N«(0,0) _ 9as(0,0) 24: 9Py (¢o, Xo) 9ai41(0,0)
P P = 0X; P
—0x 8042(9,0 L0 x 8&3(9,0) 40 x 8044(9,0) g aoc5(9,0)
o o o o
From equations (B.8) and (B.9), we get
9%y(0,0) _ 9m(0,0) _ 9Ws5(0,0) _ 0, 0m3(0,0) _ Pa(Xo) (B.10)

9P op 99 o fo

Since
dN5(0,0) B dN5(0,0) B dN5(0,0) _0
S, 9SS,  OoR,

we can thus observe from (B.1), (B.3), (B.6) and (B.10) that

dN5(0,0) _ aNs(0,0)
alX1 N 8@

=0.
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Appendix C The second-order partial derivatives of N5(¢, a;) with
respect to ¢

From equation (5.3), we have

d 9dy(t, Xo) _ OF(X(t)) 9Py (t, Xo) N IFy(X(t)) 9P (t, Xo) " IF,(X(t)) 9s(t, Xo)

dt 00Xy - 00X, 00Xy 0X> 0X; 0X3 00X,
N OF4(X(t)) 0®4(t, Xo) N OF,(X(t)) 0®s(t, Xo)
9X4 90X, 9Xs 0X;
Then
d (97@4(t,X0)\ _ 0*F(X(t)) 0P1(t, Xo) N OF,(X(t)) 02®1 (t, Xo) N 02Fy (X (t)) 0D (t, Xo)
dt 0X? X3 X1 X1 0X? 0X10X> 90X,
OF;(X(t)) 02®o(t, Xo)  92F4(X(t)) 0®3(t, Xo) N OF4(X(t)) 02®3(t, Xo)
90X ax2 9X10X3 90X, 0X3 0X?
02F4(X (1)) 0d4(t, Xo) = OF4(X(t)) 02Py(t, Xo) =~ 9*Fu(X(t)) 0Ps(t, Xo)
9X10Xy4 90X, 90Xy X2 9X10X5 09X,
N OF,(X (1)) 9%®s(t, Xo)
0Xs oxX?

It is obvious that

PE(X(H) _ 9R(X(1) _ PRE(X() _ PRX() _

oX2 09Xy  0X19X,  0X10X3 ’
OFy(X(t)) _ OFu(X(t)) _ 0Pa(t,Xo) _ 9Ps(t, Xo) _ 0
aX2 aX3 aXl aX] '
Thus _ _
d <BZ<I>4(t, X0)> _ OR(X(t)) 02@4(t, Xo) . OF,(X(t)) 92Ps(t, Xo) 1)
dt 0X? 09Xy 0X? 9Xs Xz '
We can similarly obtain that
d <82<I>5(t,X0)> _ OFs(X(t)) 0%®4(t, Xo) N OFs5(X(t)) 02®s5(t, Xo) €2)
dt 0X? 09Xy 0X? 9Xs Xz '
Consider the initial conditions
02®4(0,Xo)  9*®5(0, Xo)
pu— == 0’
X2 X2
it can be deduced from (C.1) and (C.2) that
0%Dy(t, Xo)  9*Ps(t, Xo)
Xz axz
The same method can be adopted to get that
2 2
0Dy (t, Xo) _9 Ds5(t, Xp) _0 (C3)

9X2 e
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and
*Dy(t, Xo)  0*D4(t,Xo)  *Ds(t, Xo)  9°Ds(t, Xo)

0X10X,  0Xp0X;  0X19Xo  0X20Xy
*Dy(t, Xo)  *Du(t, Xo)  0°Ds(t,Xo)  9*D5(t, Xo)
0X20X3  0X30Xp,  0Xp0X3  0X30X»
Based on the third equation of (B.9), we have

_ 92Ng(0,0) 9 9Ng(0,0) 9 [0a5(0,0) o 0Da(t, Xo) O&i11(0,0)
- (L)
9%5(0,0) <8<D4(t,XO) 9%@2(0,0)  ady(t, Xo) 0%@3(0,0) a4 (t, Xo) 3%&4(0,0)
- —2 — Tt — T —2
o 0X1 0P X5 0P 0X3 o
a4 (t, Xp) %&5(0,0) |  0@2(0,0) [92D4(t, Xo) 9&2(0,0) = 92Dy (t, Xp) 9d3(0,0)
90Xy Py >_ o [ 0X2 o 0X10X, 09
2Dy (t, Xo) 9&g(0,0) = 92Dy (t, Xp) 0@5(0,0)]  9&3(0,0) [92Dy(t, Xo) dd2(0,0)
9X10X3 99 0X10Xs 99 ]_ I [ 0X10Xs 9
32Dy (t, Xo) 0@3(0,0) 92Dy (t, Xo) 084(0,0) = 92Dy(t, Xo) dds(0,0)
0X3 op 0X,0X3 ¢ 0X20X4 0P ]
~9w(0,0) [82d>4(t, Xo) 02(0,0) ~ 92Dy(t, Xo) 9d3(0,0) 92Dy (t, Xo) 9dg(0,0)
o

=0,

(C4)
=0.

0

0X,0X3  0¢ 0X20Xs  0¢ X2 By
PDy(t, Xo) 95(0,0)]  ds(0,0) [3*Dy(t, Xo) d&2(0,0)

0X30Xy 09 }_ 3P [ 0X10Xy 09
92D, (t, Xo) d&3(0,0) | 92Dyt Xop) 94(0,0) | 32®y(t, Xo) 95 (0, 0)]

0X0X, P 0X30Xy 9P 0X3 o¢p
Substituting (B.10) and (C.3) into the above equation, we have

9%i5(0,0)
2

— =0. (C.5)
I¢

Therefore, we can easily get that
9”N5(0,0) 0a3(0,0) (82<I>5(X0) 02(0,0) | 9*®s5(Xo) 9a3(0,0)

9§ 9P ¢

=-1=9 95,05, 0P 052 09
0?®5(Xp) 0a4(0,0)  3°Ps(Xp) 8525(0,0)) _ 0Ps5(Xo) 0%&s5(0,0)
0Sm0R, 9P 05,01 P ol 352 ’

Substituting (B.10), (C.3) and (C.5) into (C.6), we have

_ 9°N5(0,0)

2

9P

(C.6)

A =0.
Appendix D The second-order partial derivatives of N5(¢, a;) with
respect to ¢ and «4

We will first calculate the value of 9%as(0,0)/9¢da;

o PNs(0,0) _ 9 aNi(0,0) _ d%5(0,0) & (i ady4(t, Xo) a&'iﬂ(o,o))

opoa;  da; I  OPoa; ony 0X; 9P

i=1
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~ 9%a5(0,0) ~ 0a3(0,0) [82d>4(t, Xo) (Yll L 8?:22(0,0)) L 02Dy (t, Xo) (le . da3(0, 0)>

a@aoq a@ 8X18X2 85(1 8X§ 8&1
92D, (1, X 9a4(0,0 92Dy (t, Xo 9a5(0,0 92Dy (t, Xo
apgz(axf) (Y13+ 48(&1 )>+ axz(ax4) <Yl4+ a(az1 )>+ axz(axs)YS]
oD, (t, Xo) %62(0,0)  dD4(t, Xo) ®&3(0,0)  dD4(t, Xo) 9%@4(0,0)

X ondp  0Xa  dwdp  0X3 o109

oD, (t, Xo) %W5(0,0)  9@2(0,0) 9 [ 9Py(t, Xo)

09Xy w99 o aoq( 90X, )

024(0,0) @ [0P4(t,Xo)\ 9@s(0,0) 9 [dy(t, Xo)

o aal( 9X3 >_ oy 80c1< 90Xy >

Once again, by substituting (B.10), (C.2) and (C.4) into the above equation, we can thus deduce

that

9%&5(0,0) Dy(Xp)) [9*Py(t, Xo) 02Dy (t, Xo) >

— =— Yig+ Y5 ) D.1
G0, a0fo < 35,00, 4T 35,01, ' (1)

It can be calculated that
0— 82N5(0,0) 0 {(1 B ) <_8®5(X0) 8522(0,0) . a<I>5(X0) 8&3(0,0)

opoa; o S, op dSm op
3®s(Xo) 084(0,0)  9Ps(Xo) 95(0,0)
R}, op oI, op
_ 3&3(0,0) 82<I>5(t,X0) 8’022(0,0) 82<D5(t,X0) 8'023(0,0)
=== [ashasm Tt ) T e et Ty
0°Ds(t, Xo) 9a4(0,0) 0°®s(t, Xo) da5(0,0) 0?Ps(t, Xo)
35,0k, <Y13+ o, ) 35,01, <Y14+ o, ) 35,01, Y“’]
~3ds(Xo) 9%5(0,0)
E)Ih a@aoq
8&3(0,0) 32(D5(t,X0) 82<I>5(t,X0) 32&5(0,0)
== - - —_— T~ -~ - T — . D.2
N [ 35l 4T Ta8,00, 1) TR TS5, (0-2)

Substituting (D.1) and (B.9) into (D.2), we can easily get

9*N5(0,0)  D»(Xo) [achg,(t, Xo)

22ds5(t, X,
Y14+75( O)Y]

a@arxl N fo aSmth E)Smalm
_ ky(Xo)) (P4l Xo) _|_82<I>4(t,X0)Y
fo 0Swol, " 9Syol, )

Appendix E The second-order partial derivatives of N5(¢p, a;) with
respect to «q

By calculating we have

CPN5(0,0) 9 [aNs(0,0) 932(0,0)\ _ aNs(0,0) 33(0, 0)

0= "% _aal[ 35, <Y11+ an, >+ 35, <Y12+ 9, )

aN5(0,0) 3%4(0,0)\ _ aNs(0,0) 335(0,0)\  aNs(0,0)
TR, <Y13+ oo )T A, T oy )T o,

Y15:|
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v, [8Ns<00> (i 000 #Ns (0,0) (s F00))

352 dny 95,05 dny
32N5(0,0) <Y13 a’oz4(o,0)> L PNs(0,0) <Y14 aa5(0,0)> 32N5(0,0) Yﬁ}
d5,0R;, dnq d5,,01; dnq 05,01,

+ Y12 [azag]iég'n?) (Yn + 8’0?28(;)1, 0)> + 821\£5S(%(1),0) <Y12 + w>

Trseory (1 S5 )+ Ty (e S50 + s vl
+ Y13 [aza{;[zg])éf) <Y11 + aﬁza((xol,o)> + a;gig;'{g) <Y12 + 8&3({20))

PBOD (D) IO (D) B,
o[ Tar (e 50%) e (e 50%)

8281\1];;,(2;)2;10) <Y13 + 8’0743(“01, 0)> + 821\1851(; /0) <Y14 + 8’&3(“01, 0)> + 82;\11;()(;;10) Yis
o [Tar (e S500) <SG (e 500)

a;z;i(aoln?) (YB N a&g(ol, 0)) N 32;\11:;(1):”0) (Y14 N a&%(lxol, O)) N 321\({;[(%?,0)}(1 }
+ BNZ(IS = azagi(l) e =~ :1 8281\}](532(0 Y1, Yij + coazagi?' 0).

Consider the equation (B.7) as i = 1, we have

o PNi(0,0) _ 9 <8N1(0,0)
atxl 8061 8041
- 8062(0,0) 82N1(O, 0) 8’072(0, 0) 82N1(O, 0) 8’073(0, 0)
= <Y“ o > [ axx UM e ) T ke, 2T A
92N;(0,0) 974(0,0)\  92Ny(0,0) 95(0,0)\ 92Ny (0,0)
8X18X3 <Y13 + 8061 > + 8X18X4 (YM + 8061 > + 8X18X5 Yl :|
9a3(0,0)\ [92N1(0,0) 9%2(0,0)\  92N;(0,0) 9a3(0,0)
* <Y12 * ale > |: 8X18X2 YH + ale + BX% le * ale
9?N;(0,0) 04(0,0) 9?N;(0,0) d5(0,0) 9?N;(0,0)
aXzan <Y13 + 8a1 > + 8X28X4 <Y14 + 8a1 > + 8X28X5 Y15:|
94(0,0)\ [92N1(0,0) 9%,(0,0)\ 92Ny (0,0) 9a3(0,0)
+ <Y13 + alxl ) [ 8X18X3 YH + 8061 + 8X28X3 Y12 + a(Xl
92N;(0,0) 974(0,0)\ . 92Ny(0,0) 95(0,0)\ . 92Ny(0,0)
Fye (Y“' T m ) T X0%, <Y1 T m ) T oX0xs 1! ]
9a5(0,0)\ [92N;(0,0) 9@2(0,0)\  92N;(0,0) 9a3(0,0)
* <Y14 LT > { a%0%s 1T o ) T ok, (2T oy

9°N1(0,0) v +aa4(0,o) 9°N1(0,0) v d&s(0,0) +82N1(0,0)Y
0X30Xs \'° dm X2 g 0X10X5

23
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0°N1(0,0) 9, (0,0) 0°N1(0,0) dua3(0,0)
Yis | ——=— | Y, Y, — 7
+ 15[ 8X18X5 < 1t 80(1 ) 8X28X5 < 2+ 80(1 )
9?N1(0,0) da4(0,0) 9?N1(0,0) das(0,0) 9?N1(0,0)
—vav | Y13 Y1y 5 Y15
8X38X5 8061 8X48X5 3061 8X5
oN1(0,0) 9%&,(0,0) n oN1(0,0) 9%&3(0,0) n dN1(0,0) 0%&4(0,0) L oN1(0,0) 0%&5(0,0)
0X1 oa? 0X» oa? 0X3 da? 0Xy dat
Substituting (B.10) into the above equation, we have
ON1(0,0) 9%a,(0,0) = 9N;(0,0) 9*@5(0,0) & & 92Nq1(0,0)
X, o2 | oxs o3 ;; IX;0X; ity
i=1j=
5 5 an)l(XO)
= Z Z XX, Y1, Yq;. (E.1)
i=1j=1 ]
We can similarly get from (B.7) as i = 2,3, 4 that
dN,(0,0) 8%%3(0,0)  9N>(0,0) d%a5(0,0 > 2 9?N,(0,0
2(0,0) 3(2 ) , 9N2(0,0) 5(2 ):_ZZ 2( )YhYl]
0X> ong Xy ong Do 9XioX;

5 5
= (1—¢o) Z Z Taxjyliyljl (E.2)

dN3(0,0) 92@4(0,0) N 9N3(0,0) 9as(0,0) _ i i 92N>(0,0) vy
9Xs da? X4 da? 55 axox; Y
5 5 aquS(XO)
= ——2 2 YLYy E.
1_21; 8X18X] 1it1j, ( 3)
oN4(0,0) 9%ds5(0,0) > 5 92Ny (0,0) > O 92dy(Xo)
=— — VY = — 2 YLY
Xy 0l 1:21 ]21 axox; MY 1:21 ]Zl aXoXx; Y EH
From equations (E.1)—(E.4), we get
0%45(0,0) 1 & & 92Dy (Xo)
— Yq;Y-
a3 ao?:%j; aXoXx; Y
Therefore,
0°N5(0,0) & & 92N5(0,0) > O 92Py(Xo)
= YY1+ k Y1;Yij
902 121; oX;ox; Y Xi]; ox;0x; Y
> 2 92Ps5(0,0) 2 2 92D,(Xo)
- _Z;; axax; Ttk lezi axax;, My
=1j= i=1j
Acknowledgments

The authors wish to thank the reviewers and the handling editor for their comments and sug-
gestions, which led to a great improvement in the presentation of this work. This work was
supported in part by the National Natural Science Foundation of China (Grant No. 11461067),
the Natural Science Foundation of Xinjiang (Grant Nos. 2016D01C046 and 2016D03022).



The effect of vector control strategy against dengue 25

References

[1] R. M. ANDERSON, R. M. May, Population biology of infectious diseases: Part I, Nature
280(1979), 361-367. url

[2] R. M. ANDERSON, R. M. May, Infectious diseases of humans: dynamics and control, Oxford
University Press, Oxford, 1991.

[3] H. AL-SuLami, M. EL-SHAHED, ]. J. NIETO, W. SHAMMMAKH, On fractional order dengue
epidemic model, Math. Probl. Eng. 2014, Art. ID 456537, 6 pp. MR3253661

[4] M. Amaxku, E A. B. CoutiNHO, S. M. RaiMmUNDO, L. E. Lorez, M. N. BURATTINI, E. MASSAD,

A comparative analysis of the relative efficacy of vector-control strategies against dengue
fever, Bull. Math. Biol. 76(2013), 697-717. MR3180000; url

[5] 1. AREA, H. BATARFL, . LOosADA, |. J. NieTO, W. SHAMMAKH, A. TORRES, On a fractional order
Ebola epidemic model, Adv. Differ. Equ. 2015, 2015:278, 12 pp. MR3394468; url

[6] D.D. Bainov, P. S. SIMEONOV, Impulsive differential equations: periodic solutions and applications,
Longman Scientific and Technical, New York, 1993. MR1266625

[7] S. BuarT, P. W. GETHING, O. ]J. BRADY, J. P. MEssiNa, A. W. Farrow, et al.,, The global
distribution and burden of dengue, Nature 496(2013), 1476—4687. url

[8] Center for Disease Control and Prevention, Dengue, http://www.cdc.gov/dengue/, accessed
January 14, 2013.

[9] M. CHAN, M. A. JoHANSsON, The incubation periods of dengue viruses, PLoS One
7(11)(2012), €50972. url

[10] M. DerouicH, A. BouTtaves, Dengue fever: mathematical modelling and computer simula-
tion, Appl. Math. Comput. 177(2006), 528-544. MR2291978

[11] O. DiekMANN, J. A. P. HEESTERBEEK, Mathematical epidemiology of infectious diseases. Model
building, analysis and interpretation, Wiley, New York, 2000. MR1882991

[12] L. Esteva, C. VARGAS, Analysis of a dengue disease transmission model, Math. Biosci.
150(1998), 131-151. url

[13] L. EsTEvA, C. VARGAS, A model for dengue disease with variable human population, J. Math.
Biol. 38(1999), 220-240. MR1684881

[14] Z. L. FENG, X. JORGE, VELASCO-HERNANDEZ, Competitive exclusion in a vector-host model
for the dengue fever, |. Math. Biol. 35(1997), 523-544. MIR1479326

[15] N. M. FerGusoNn, C. A. DoNNELLY, R. M. ANDERSON, Transmission dynamics and epidemi-
ology of dengue: insights from age-stratified sero-prevalence surveys, Philos. Trans. R. Soc.
Lond. B Biol. Sci. 354(1999), 757-768. url

[16] S. M. Garsa, A. B. GUMEL, M. R. ABU BAKAR, Backward bifurcations in dengue transmission
dynamics, Math. Biosci. 215(2008), 11-25. MRMR2459525

[17] S. A. GourLEy, R. L1y, J. H. Wu, Eradicating vector-borne disease via age-structured culling,
J. Math. Biosci. 54(2007), 309-335. MR2295552


https://doi.org/10.1038/280361a0
http://www.ams.org/mathscinet-getitem?mr=3253661
http://www.ams.org/mathscinet-getitem?mr=3180000
https://doi.org/10.1007/s11538-014-9939-5
http://www.ams.org/mathscinet-getitem?mr=3394468
https://doi.org/10.1186/s13662-015-0613-5
http://www.ams.org/mathscinet-getitem?mr=1266625
https://doi.org/10.1038/nature12060
http://www.cdc.gov/dengue/
https://doi.org/10.1371/journal.pone.0050972
http://www.ams.org/mathscinet-getitem?mr=2291978
http://www.ams.org/mathscinet-getitem?mr=1882991
https://doi.org/10.1016/S0025-5564(98)10003-2
http://www.ams.org/mathscinet-getitem?mr=1684881
http://www.ams.org/mathscinet-getitem?mr=1479326
https://doi.org/10.1098/rstb.1999.0428
http://www.ams.org/mathscinet-getitem?mr=MR2459525
http://www.ams.org/mathscinet-getitem?mr=2295552

26 C. X. Yang and L. F. Nie

[18] D. J. GUBLER, Dengue and dengue hemorrhagic fever, Clin. Microbiol. Rev. 11(1998), No. 3,
480-496. url

[19] K. Hu, C. THOENS, S. Bianco, S. EbLUND, M. Davis, . DoucLas, J. H. KaurMmAN, The effect of
antibody-dependent enhancement, cross immunity, and vector population on the dynamics
of dengue fever, |. Theor. Biol. 319(2013), 62-74. MR3008763

[20] X. Hu, Y. L1v, J. H. Wu, Culling structured hosts to eradicate vector-borne diseases, Math.
Biosci. Eng. 325(2009), 496-516. MRR2532018

[21] D. Knr1pr, Stability criteria for a multi-city epidemic model with travel delays and infection
during travel, Electron. ]. Qual. Theory Differ. Equ. 2016, No. 74, 1-22. MR3547450; url

[22] A. LaxkMEcHE, O. ARINO, Bifurcation of non-trivial periodic solutions of impulsive differen-
tial equations arising chemotherapeutic treatment, Dynam. Contin. Discrete Impuls. Systems
7(2000), 265-287. MR1744966

[23] V. LAksHMIKANTHAM, D. D. BamNov, P. S. StMeoNov, Theory of impulsive differential equations,
World Scientific, Singapore, 1989. MR1082551; url

[24] E. Lourbes, V. CrisToBAL, A model for dengue disease with variable human population,
J. Math. Biol. 38(1999), 220-240. MR1684881

[25] G. MacpoNALD, The analysis of equilibrium in malaria, Trop. Dis. Bull. 49(1952), 813-828.

[26] A. MisHRrA, S. GAKKHAR, The effects of awareness and vector control on two strains dengue
dynamics, Appl. Math. Comput. 246(2014), 159-167. MR3265857

[27] S. NorsakrAN, G. C. PERNG, Alternate hypothesis on the pathogenesis of dengue hemor-
rhagic fever (DHF)/dengue shock syndrome (DSS) in dengue virus infection, Exp. Biol. Med.
33(2008), No. 4, 401-408.

[28] A. PANDEY, A. MuBAYi, J. MeEpLOCK, Comparing vector-host and SIR models for dengue
transmission, Math. Biosci. 246(2013), 252-259. MR3132046

[29] H. S. RopriGues, M. T. T. MoNTEIRO, D. F. M. ToRRES, A. ZINOBER, Dengue disease, basic
reproduction number and control, Int. |. Comput. Math. 89(2011), No. 3, 334-346. MR2878568

[30] H. S. Ropricues, M. T. T. MonNTEIRO, D. E. M. TorRrES, Vaccination models and optimal
control strategies to dengue, Math. Biosci. 247(2014), 1-12. MR3148910

[31] X. D. Sun, X. Huo, Y. N. X1a0, J. H. Wu, Large amplitude and multiple stable periodic
oscillations in treatment-donation—stockpile dynamics, Electron. |. Qual. Theory Differ. Equ.
2016, No. 82, 1-25. MR3547458; url

[32] W. D. WANG, X.-Q. Znao, Threshold dynamics for compartmental epidemic models in peri-
odic environments, J. Dynam. Differential Equations 3(2008), 699-717. MR2429442

[33] World Health Organisation, Dengue and severe dengue, fact sheet No. 117, 2012, http://www.
who.int/mediacentre/factsheets/fs117/en/index.html, accessed 17 February 2013.

[34] X. X. Xu, Y. N. X140, R. A. CHEKE, Models of impulsive culling of mosquitoes to interrupt
transmission of West Nile virus to birds, Appl. Math. Model. 39(2015), No. 13, 3549-3568.
MR3350735


http://cmr.asm.org/content/11/3/480.full
http://www.ams.org/mathscinet-getitem?mr=3008763
http://www.ams.org/mathscinet-getitem?mr=2532018
http://www.ams.org/mathscinet-getitem?mr=3547450
https://doi.org/10.14232/ejqtde.2016.1.74
http://www.ams.org/mathscinet-getitem?mr=1744966
http://www.ams.org/mathscinet-getitem?mr=1082551
https://doi.org/10.1142/0906
http://www.ams.org/mathscinet-getitem?mr=1684881
http://www.ams.org/mathscinet-getitem?mr=3265857
http://www.ams.org/mathscinet-getitem?mr=3132046
http://www.ams.org/mathscinet-getitem?mr=2878568
http://www.ams.org/mathscinet-getitem?mr=3148910
http://www.ams.org/mathscinet-getitem?mr=3547458
https://doi.org/10.14232/ejqtde.2016.1.82
http://www.ams.org/mathscinet-getitem?mr=2429442
http://www.who.int/mediacentre/factsheets/fs117/en/index.html
http://www.who.int/mediacentre/factsheets/fs117/en/index.html
http://www.ams.org/mathscinet-getitem?mr=3350735

The effect of vector control strategy against dengue 27

[35] F. ZHANG, X.-Q. ZHAO, A periodic epidemic model in a patchy environment, |. Math. Anal.
Appl. 325(2007), 496-516. MR2273541


http://www.ams.org/mathscinet-getitem?mr=2273541

	Introduction
	Model formulation and preliminaries
	Stability of the disease-free periodic solution
	Uniform persistence of the disease 
	Forward and backward bifurcation of endemic periodic solutions
	Numerical simulation and discussion
	The expression for each element of DX(0,0)
	The first-order partial derivatives of N5(Ïƒ,Î±1)
	The second-order partial derivatives of N5(Ïƒ,Î±1) with respect to Ïƒ
	The second-order partial derivatives of N5(Ïƒ,Î±1) with  respect to Ïƒ and Î±1
	The second-order partial derivatives of N5(Ïƒ,Î±1) with respect to Î±1

