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Abstract

In this paper, we are focused upon the global uniqueness results for a
stochastic integro-differential equation in Fréchet spaces. The main results are
proved by using the resolvent operators combined with a nonlinear alternative
of Leray-Schauder type in Fréchet spaces due to Frigon and Granas. As an
application, a controllability result with one parameter is given to illustrate
the theory.
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1 Introduction

In this paper, we consider the uniqueness of mild solutions on a semi-infinite pos-
itive real interval J := [0, 400) for a class of stochastic integro-differential equations
in the abstract form

dx(t) = [Al’(t) + /OtB(t - s)x(s)ds] dt + f(t,z(t))dw(t), t € J, (1.1)

z(0) = o, (1.2)

where A : D(A) C H — H, B(t) : D(B(t)) C H — H, t > 0, are linear, closed,
and densely defined operators in a Hilbert space H, f : J x H — Lg(K,H) is an
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appropriate function specified later and w(t),t > 0 is a given K-valued Brownian
motion, which will be defined in Section 2. The initial data zq is an Fy-adapted,
H-valued random variable independent of the Wiener process w.

Stochastic differential and integro-differential equations have attracted great in-
terest due to their applications in characterizing many problems in physics, biology,
mechanics and so on. Qualitative properties such as existence, uniqueness and sta-
bility for various stochastic differential and integro-differential systems have been
extensively studied by many researchers, see for instance [T], 2, B, 4, B, 6, [, B, 9] and
the references therein. The theory of nonlinear functional integro-differential equa-
tions with resolvent operators serves as an abstract formulation of partial integro-
differential equations which arises in many physical phenomena [10), [T, 12, 13, [14].
Just as pointed out by Ouahab in [T5], the investigation of many properties of so-
lutions for a given equation, such as stability, oscillation, often needs to guarantee
its global existence. Thus it is of great importance to establish sufficient conditions
for global existence results for functional differential equations. The existence of
unique global solutions for deterministic functional differential evolution equations
with infinite delay in Fréchet spaces were studied by Baghli et al. [I6, [[7] and Ben-
chohra et al. [I8]. Motivated by the works [16, [I'7, [[9, [I8], the main purpose of this
paper is to establish the global uniqueness of solutions for the problem ([CTI)-(C2).
Our approach here is based on a recent Frigon and Granas nonlinear alternative of
Leray-Schauder type in Fréchet spaces [20] combined with the resolvent operators
theory. The obtained result can be seen as a contribution to this emerging field.

The rest of this paper is organized as follows: In section 2, we recall some basic
definitions, notations, lemmas and theorems which will be needed in the sequel.
In section 3, we prove the existence of the unique mild solutions for the problem
([CI)-(T32). Section 4 is reserved for an application.

2 Preliminaries

This section is concerned with some basic concepts, notations, definitions, lem-
mas and preliminary facts which are used throughout this paper. For more details
on this section, we refer the reader to [Bl, 21].

Throughout the paper, (H, || - ||, {(-,-)) and (K, || - ||k, (-, -)x) denote two real sep-
arable Hilbert spaces. Let (€2,.%,P) be a complete probability space equipped with
some filtration {.% }>0 satisfying the usual conditions (i.e., it is right continuous
and %, contains all P-null sets). Let {e;}3°; be a complete orthonormal basis of
K. We denote by {w(t),t > 0} a cylindrical K-valued Wiener process with a finite
trace nuclear covariance operator ) > 0, denote 77(Q) = >"°, A = A < 0o, which
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satisfies that Qe; = A\e;, i = 1,2, -+, So, actually, w(t) is defined by

Z \/711)2 61, = 7

=1

where {w;(t)}2°, are mutually independent one-dimensional standard Wiener pro-
cesses. We then let %, = o{w(s) : 0 < s < t} be the o-algebra generated by
w.

Let L(K,H) denote the space of all linear bounded operators from K into H,
equipped with the usual operator norm || - || & m). For ¢ € L(K, H), we define

9|5 = Tr(¢Q¢") Z||f¢ez||2

If |p|3, < oo, then ¢ is called a @Q-Hillbert-Schmidt operator. Let Lq(K, H) denote
the space of all Q-Hillbert-Schmidt operators ¢ : K — H. The completion Lq (K, H)
of L(K,H) with respect to the topology induced by the norm || - || where [|¢[|3, =
(¢, ¢) is a Hilbert space with the above norm topology.

The collection of all strongly measurable, square integrable, H-valued random
variables, denoted by L (€2, H), is a Banach space equipped With norm ||| 2(my =
(E||z||?)z, where the expectation E is defined Elz fQ . An important
subspace is given by LY(Q,H) = {f € Ly(9, ]HI) fis Jo — measurable}. Let
C (J,H) denote the space of all continuous and .#;-adapted measurable processes
from J into H.

A measurable function z : [0, +00) — H is Bochner integrable if ||z|| is Lebesgue
integrable. (For details on the Bochner integral properties, see Yosida [22]).

Let L'([0, +00), H) be the space of measurable functions z : [0, +0c0) — H which
are Bochner integrable, equipped with the norm

“+oo
el = / o (t)] dt.

Consider the space
Biw={v:J —>HE€Cs(JH) :zy€ LY H)}.

Throughout the rest of the paper, A : D(A) C H — H is the infinitesimal
generator of a resolvent operator R(t),¢ > 0 in the Hilbert space H and B(t) :
D(B(t)) C H — H, ¢t > 0 is a bounded linear operator. To obtain our results, we
assume that the abstract Cauchy problem

d(t) = [Ax(t) + /0 tB(t— s)x(s)ds] dt, t >0, (2.1)
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2(0) =z € H, (2.2)

has an associated resolvent operator of bounded linear operators R(t),t > 0 on H.

Definition 2.1 A family of bounded linear operators R(t),t > 0 from H into H is a
resolvent operator family for the problem (Z1)-(Z2A) if the following conditions are
verified.

(1) R(0) = I (the identity operator on H) and the map t — R(t)x is a continuous
function on [0, +00) — H for every x € H.

(ii) AR(-)z € C([0,00),H) and R(-)x € C*(]0,00),H) for every x € D(A).

(i1i) For every x € D(A) and t > 0,

d

- R(t)r = AR()z + /0 B(t — s)R(s)xds,

%R(t)x = R(t)Ax + /0 R(t — s)B(s)xds.

For more details on semigroup theory and resolvent operators, we refer [I3, 4],
Let X be a Fréchet space with a family of semi-norms {|| - ||, fnen. Let Y C X,
we say that Y is bounded if for every n € N, there exists M, > 0 such that

lyll, < M, forallyeY.

With X, we associate a sequence of Banach spaces {(X™, || - ||»)} as follows: For
every n € N, we consider the equivalence relation z ~,, y if and only if ||z —y||,, =0
for all z,y € X. We denote X" = (X|~,,|| - |l») the quotient space, the completion
of X™ with respect to || - ||,,. To every Y C X, we associate a sequence the {Y"} of
subsets Y C X™ as follows: For every x € X, we denote [z],, the equivalence class
of o of subset X™ and we defined Y™ = {[z], : ¥ € Y}. We denote Y, int,(Y™) and
0,Y™, respectively, the closure, the interior and the boundary of Y™ with respect to
| - || in X™. We assume that the family of semi-norms {|| - ||,,} verifies:

[zlly < flellz < lzfls < -- - for every z € X.

Definition 2.2 A function f : J x H — Lqo(K,H) is said to be an L*-Carathéodory
function if it satisfies:

(i) for each t € J the function f(t,-) : H — Lo(K, H) is continuous;

(i1) for each x € H the function f(-,z):J — Lo(K, H) is .Z#;-measurable;

(iii) for every positive integer k there exists oy, € L}, (J,R,) such that

E|f(t,2)|* < on(t) for all Ellz|* < k

and for almost allt € J.
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Definition 2.3 [20] A function G : X — X is said to be a contraction if for each
n € N there exists k, € (0,1) such that:

1G(2) = Gl < knllz = ylln for all 2,y € X.

Theorem 2.1 (Nonlinear Alternative of Granas-Frigon, [20}]). Let X be a Fréchet
space and Y C X a closed subset and N :' Y — X be a contraction such that N(Y)
1s bounded. Then one of the following statements hold:

(C1) N has a unique fized point;

(C2) There ezists A € [0,1), n € N, and x € 0,Y™ such that ||x — AN (z)|,, = 0.

3 Existence Results

In this section, we prove that there is a unique global mild solution for the
problem ([CI)-([CZ). We begin introducing the following concept of mild solutions.

Definition 3.1 An Z#;-adapted stochastic process x : [0, +00) — H is called a mild
solution of (L1)-(TL3A) if x(0) = o € LY(Q,H), x(t) is continuous and satisfies the
following integral equation

x(t) = R(t)xg +/0 R(t — s)f(s,z(s))dw(s), for eacht € [0,+00).

Let us list the following assumptions:
(H1) A is the infinitesimal generator of a resolvent operator R(t), ¢ > 0 in the
Hilbert space H and there exists a constant M > 0 such that

IR <M, t>0.

(H2) The function f : J x H — Lg(K,H) is L?-Carathéodory and satisfies the
following conditions:

(i) There exist a function p € L}, (J,R,) and a continuous nondecreasing func-
tion ¢ : J — (0,400) such that

E|f(t,w)|* < pt)p(E|ul),

for a.e. t € J and each u € H.
(i) For all R > 0, there exists a function I € L .(J,R,) such that

E|f(t,u) = f(t,0)]* < In(t)Ellu— |,
for all u,v € H with Eljul|* < % and Eljv]|*> < R.
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Theorem 3.1 Assume the conditions (H1)-(H2) are satisfied and moreover for each
necN

C:°° % > 2Tr(Q)M / (3.1)

where ¢, = 2M E||zo||*. Then the problem (L1)-(LA) has a unique mild solution on
J.

Proof: Let us fix 7 > 1. For every n € N, we define in B, the semi-norms
|l = sup{e O El|z(t)||* : t € [0,n]},

where L (¢ fo s)ds, and 1,,(t) = MTr(Q)l,(t) and ,, is the function from (H2).
Then B+oo is a Frechet space with the family of semi-norms || - ||,en-

We transform (CI)-(C2) into a fixed point problem. Consider the operator
I': By — B, defined by

[(x)(t) = R(t)xo +/0 R(t —s)f(s,z(s))dw(s), t € J.

Clearly fixed points of the operator I' are mild solutions of the problem (II)-(C2).
For convenience, we set for n € N

cn = 2M E||zo||?, m(t) = 2T7r(Q)Mp(t).

Let x € By be a possible fixed point of the operator I". By the hypotheses (H1)
and (H2), we have for each t € [0, n]

2

Elz@)* < 2B|R(t)zol* +2E /OR(t—S)f(S,I(S))dQU(S)

< 2ME||zo||* + 2T (Q M/ V(E|z(s)|*)ds.
We consider the function u defined by
u(t) = sup{E||z(s)||*: 0 < s < t}, 0 <t < +o0.

Let t* € [0, t] be such that
u(t) = Ellz(t")|I*.

By the previous inequality, we have
t
ult) < 2MElle|* + 200(@M [ plo)i(uls))ds.
0
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Let us take the right-hand side of the above inequality as v(t). Then, we have
u(t) < o(t) for all t € [0,n] and v(0) = ¢, = 2M E|x||*

and
V'(t) = 2Tr(Q)Mp(t)(u(t)) a.e. t € [0,n].
Using the nondecreasing character of 1, we get
V'(t) = 2Tr(Q)Mp(t)y(v(t)) a.e. t € [0,n].
This implies that for each ¢ € [0, n], we have
v(t) ds /n 400 ds
— < m(s)ds < —_—.
D S ST

Thus by B, for every ¢t € [0,n], there exists a constant A, such that v(t) < A,
and hence u(t) < A,. Since ||z||, < u(t), we have ||z||, < A,. Set

Cn

X ={r € Bys :sup{E|z(t)]|*: 0<t <n} <A, +1 foralln € N}.

Clearly, X is a closed subset of B .
We shall show that I' : X — B, ., is a contraction operator. Indeed, consider
2, T € Bioo, thus using (H1) and (H2) for each ¢t € [0,n] and n € N

t 2

E|T(z)(t) -T@@|* = E R(t = s)f(s,2(s)) = f(s,%(s))]dw(s)

< O M/ $)Ella(s) — T(s)|2ds

ENe ™ Blla(s) — z(s))%]ds

IN
N
i

3
A
\_/

t
S‘/WA@J%@Mﬂx—fM
0
tl 7L},
< [ Lesoras)e -z,
0 T
1 .
< —eTLn(t)Hx—an.

-
Therefore 1

IP(2) = L@)lln < —llz = ]}n.
So, the operator I' is a contraction for all n € N. From the choice of X there is

no z € 0X" such that z = A\['(z) for some A € (0,1). Then the statement (C2) in
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theorem [Z1] does not hold. A consequence of the nonlinear alternative of Frigon and
Granas shows that (C1) holds. We deduce that the operator I' has a unique fixed
point x, which is the unique mild solution of the problem ([CII)-(CZ). The proof is
completed.

Example 3.1 Consider the following nonlinear stochastic functional differential
equations

% (t,x) = % [v (t,z) + f(f b(t — s)v (s, x) ds_ + k(t,v(t,x))dw (t),t > 0,z € [0, 7],

(3.2)
where w (t) denotes a K-valued Brownian motion, k : Ry xR — R, ug () € L? ([0, 7])
is Fo-measurable and satisfies F ||uo||”> < co.
Let H = L* ([0, 7]) and define A : H — H by Az = 2" with domain

D(A) = {z € H, z, 2’ are absolutely continuous, z" € H, z(0) = z(7) = 0}.

Then A generates a strongly continuous semigroup and resolvent operator R(t) can
be extracted from this semigroup [13].

Hence let f(t,v)(-) = k(t,v (-)). Then the system (BZ) takes the abstract form
as (CI)-(CZ). Further, we can impose some suitable conditions on the above-defined
functions to verify the assumptions on Theorem 3.1, we can conclude that the system
(B2) admits a unique mild solution on .J.

4 Controllability Results

As an application of Theorem Bl we consider the following controllability for
stochastic functional integro-differential evolution equations of the form

dx(t) = [Aa:(t) + /OtB(t - s)x(s)ds} dt+Cu(t)dt+f(t, z(t))dw(t), t € J =0, +00),

(4.1)
z(0) = xo, (4.2)

where the control function u(-) is given in L?(.J, U), the Banach space of admissible
control functions with U is real separable Hilbert space with the norm |- |, C'is a
bounded linear operator from U into H. And the functions A, B(t — s), f and x
are as in problem ([CI)-(CZ). For more results on the controllability defined on a
compact interval, we refer to [25, 26, 27, 28, 29, B0, B1] and the references therein.
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Definition 4.1 An Z#;-adapted stochastic process x : [0, +00) — H is called a mild
solution of the problem {Z1)-@3) if ©(0) = zo € LY(Q,H), z(t) is continuous and
satisfies the following integral equation

x(t) = R(t)xo—i-/o R(t—s)Cu(s)ds—i—/O R(t—s)f(s,x(s))dw(s), t € J =[0,+00).

Definition 4.2 The system ({.1)-{-4) is said to controllable if for every initial
random wvariable zo € LY(,H), x* € H, and n € N, there is some F-adapted
stochastic control u € L?*([0,n],U) such that the mild solution z(-) of {1)-#-23)
satisfies the terminal condition x(n) = x*.

We need the following assumption besides the conditions (H1)-(H2):
(H3) For each n € N, the linear operator W : L*([0,n], U) — Ly(2, H) is defined by

Wu = /On R(n — s)Cu(s)ds,

has a pseudo invertible operator W1 which takes values in L*([0,n],U)/KerW and
there exist positive constants M; and Ms such that

ICII* < My, and [[W* < Mo,

Remark 4.1 For the construction of W1 see the paper of Quinn and Carmichael

[73].

Theorem 4.1 Assume the conditions (H1)-(H3) are satisfied and moreover for each
n € N, there exists a constant A,, > 0 such that

An

B 3Tr(Q MBMM M + oA ol )

with
B = Bu(x*, 0) = 3M[3M M, Myn® + 1]E||xo||* + 9IM M, Man®E||2* ||
Then the system (1)-({{-2) is controllable on J.
Proof: Let us fix 7 > 1. For every n € N, we define in B, the semi-norms
]l := sup{e ™ O Bl|z(2)|* : ¢ € [0,n]},

where L (t) = fg 1,(s)ds, and 1,,(t) = 2Tr(Q) ML, (t)[M M, Myn? + 1] and [, is the
function from (H2). Then B, is a Fréchet space with the family of semi-norms

- [lnen-
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We transform (EIl)-[EZ) into a fixed point problem. Consider the operator
= : Bys — By, defined by

[1]

(x)(t) = R(t)xo +/0 R(t — s)Cu,(s)ds +/0 R(t —s)f(s,z(s))dw(s), t € J.

Using the condition (H3), for arbitrary function z(-), we define the control

up(t) = W {x — R(n)zo — /0 " Rin— )f(s. x(s))dw(s)] (t).

Noting that, we have

2

Elluy(t)]* < W |PE |[2* — R(t)xo - /On R(n —7)f(r,2(7))dw(r)

Applying (H1)-(H3), we get
Bl (I < 302 |Ella” P+ MElol} + (@ [ o) Ela(r) P

We shall show that using this control the operator = has a fixed point z(-). Then
x(+) is a mild solution of the system (EII)-(E2).
Let = € B, be a possible fixed point of the operator =. By the conditions
(H1)-(H3), we have for each t € [0, n]

2

E|z#)||? < 3E|R(t)x|* + 3E H/o R(t — s)Cu,(s)ds

2

+38| [ Rt = (sl (s

IA

SME||zo|)* + 3T7(Q M/ V(E|z(s)||*)ds

t
+9MM1M2n/ [Enx 1> + ME||zol” + Tr(Q)M Y(Ellx(r)|*)dr | ds
0

IN

SME||zo||> + 9M M, Myn®[E||z*||* + M E||20||*]
LOTH(Q)M, My M / p(s)O(Ela(s)|?)ds

0
+37Tr(Q M/ V(E|x(s )||2)ds

Set
By = 3ME||xo||* + 9M My Mon? [ E||z*||* + M E||x||*].
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So

Elz(t)|? < B+ 9Tr(Q)M MoMn? /Onp(8)¢(E||x(S)!|2)d8

t
+3THQM [ plo)o(Bla(s) ).
0
We consider the function p defined by
p(t) = sup{E|z(s)||?: 0< s <t}, 0<t < +oo.

Let t* € [0,t] be such thatu(t) = Eljz(t*)||?. If t* € [0, n], by the previous inequality,
we have for ¢ € [0, n]

H(0) < 5+ TH@MMM [ p(s)s(u(s)ds + 3Tr(@M | p()u(s))ds.
Then, we have

() < B+ 3TH(QMEMMMar? + 1] [ p(s)iu(9)ds.
Consequently,

B
< 1.
B + 3TH(QMBMM My + Jo (el

Then by the condition ([3), there exists A, such that u(t) < A,,. Since ||z||, < u(t),
we have ||z, < A,.
Set

X ={2€ By sup{E|z(t)]|?:0<t<n} <A, +1 foralln € N}

Clearly, X is a closed subset of B .
We shall show that = : X — B, is a contraction operator. Indeed, consider
2, T € Bioo. By (H1)-(H3) for each t € [0,n] and n € N

E|Z(=)(t) — 2@

/0 R(t — 5)Clug(s) — uz(s)]ds

2

VAN

2K

2

/0 R(t = s)[f(s,2(s)) — f(s,T(s))]dw(s)

28 ‘

< oMM / & H’W [ ~ R(n)eo - / " R(n — 8) (7, 2(r))duo(7)
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2

Wt [g; — R(n)zo — /0 ' R(n— s)f(r, T(T))dw(T)] ds

+2T7“(Q)M/0 L(8)E|z(s) — Z(s)||*ds

IN

2MMM@¢ATW®M[:muvwv»—ﬂnﬂﬂw@@mmw

+2TT(Q)M/O 1,(8)E|z(s) —Z(s)||*ds

IN

2TT(Q)M1M2M2n2/O L(s)E||z(s) —T(s)|*ds

LT (Q)M /0 () Ell(s) — T(s)|2ds

IN

—

/0 L(s)e™ [ ™D Ella(s) — z(s)|*)ds

a(s)e™ " ONds|lw T,

VAN
o\ﬁ_
I

b1 .
< [ FletOrashs -al,
0 T
1 TLZ (1) —
< =™z — 7|,
-
Therefore

| |

= (= 1 _
=(@) = E@)lln < —llz = Zla.

So, the operator = is a contraction for all n € N. From the choice of X there is
no z € 0X" such that z = A=(x) for some A € (0,1). Then the statement (C2) in
Theorem EZT] does not hold. A consequence of the nonlinear alternative of Frigon
and Granas shows that (C1) holds. We deduce that the operator = has a unique
fixed point x, which is the unique mild solution of the problem EIl)-EZ). The
proof is completed.
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