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Abstract

In this paper, we consider a semilinear parabolic equation
t
Uy = Au+uq/ uP(x,s)ds, z€, t>0
0

with nonlocal nonlinear boundary condition u|s0yx(0,100) = Jo o(x,y)ul(y,t)dy and
nonnegative initial data, where p, ¢ > 0 and [ > 0. The blow-up criteria and the
blow-up rate are obtained.
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1 Introduction

In this paper, we deal with the following semilinear reaction-diffusion equation with
nonlinear memory and nonlocal nonlinear boundary condition

u = Au + ud fg uP(x, s)ds, €N t>0,
u(z,t) = [ (z,y)u (y,t)dy, ©€0Qt>0, (1.1)
u(z,0) =uy(z), T €Q,

where 2 C R is a bounded domain with smooth boundary 0%, p, ¢ > 0, [ > 0, the
weight function ¢ (x,y) in the boundary condition is nonnegative, continuous on 92 x 2,
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and [, ¢ (z,y)dy > 0 on 99, the initial data ug(z) € C*™ (Q) N C (Q) for some 0 <
v < 1, ug (z) > 0, and satisfies the compatibility conditions u|—g = Aug (x), ug (z) =
Jo, 0 (z,y)ub (y) dy for x € 9. It is known by the standard theory (see [12] and [21]) that
there exist local nonnegative solutions to problem (1.1). Moreover, the uniqueness of the
solution holds if p, ¢, [ > 1.

From a physical point of view, (1.1) represents the slow-diffusion equations with mem-
ory. Problem (1.1) with p = ¢ = 1 and ¢ = 0 appears in the theory of nuclear reactor
dynamics (see [13] and the references therein, where a more detailed physical background
can be found). Parabolic equations with nonlinear memory and homogeneous Dirichlet
boundary conditions have been studied by several authors (see [6], [20], [24], [25], [26] and
the references therein). For instance, in [1], Bellout considered the following equation

t
ut—Au:/(u+)\)pds+g(x), ret>0 (1.2)
0

with null Dirichlet boundary condition, where g (x) > 0 is a smooth function and A > 0.
In [27], Yamada investigated the stability properties of the global solutions of the following
nonlocal Volterra diffusion equation

t
u — Au = (a—bu)u—/ k(t—s)u(x,s)ds, zeQ,t>0. (1.3)
0
Recently, in [14], Li and Xie considered the following equation

ut:Au—i—uquupds, r e t>0,
u(x,t) =0, x € 00Q,t >0, (1.4)
u(z,0) =uy (), z € Q,

where p, ¢ > 0. They established the conditions for global and non-global solutions. More-
over, under some appropriate hypotheses, they obtained the blow-up rate estimate for the
special case ¢ = 0.

On the other hand, parabolic equations with nonlocal boundary conditions are also
encountered in other physical applications. For example, in the study of the heat conduc-
tion within linear thermoelastcity, in [3], [4], Day investigated a heat equation which is
subjected to the following boundary conditions

u(—R,t) = /Rgol (x)u (z,t)de, w(R,t)= /_ o (z)u (x,t) de.

R

Friedman [7] generalized Day’s result to the following general parabolic equation in n
dimensions
u=Au+g(z,u), xeQt>0, (1.5)

which is subjected to the following nonlocal boundary condition
u@t) = [ ole)u.0d, (1.6
Q
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and studied the global existence of solution and its monotonic decay property under some
hypotheses on ¢ (z,y) and g (z,u).

In addition, parabolic equations with both space-integral source terms and nonlocal
boundary conditions have been studied as well (see [2], [5], [19], [23] and the references
therein). For example, Lin and Liu [16] considered the problem of the form

uy = Au + /ﬂg (u) dx, (1.7)

which is subjected to boundary condition (1.6). They established local existence, global
existence and nonexistence of solutions, and discussed the blow-up properties of solutions.
Furthermore, they derived the uniform blow-up estimate for some special g (u).

However, to the authors’ best knowledge, there is little literature on the study of the
global existence and blow-up properties for the reaction-diffusion equations coupled with
nonlocal nonlinear boundary condition. Recently, Gladkov and Kim [9] considered the
following semilinear heat equation

up = Au+ ¢ (x,t) uP, xeQt>0,
u(z,t) = [y (xy t)u' (y,t)dy, «edt>0, (1.8)
u(z,0) =ug(z), T €Q,

where p, [ > 0. They obtained some criteria for the existence of global solution as well as
for the solution to blow-up in finite time.

For other works on parabolic equations and systems with nonlocal nonlinear boundary,
we refer readers to [10], [11], [15], [17], [18] and the references therein.

Motivated by those of works above, our main objectives of this paper are to investigate
conditions for the occurrence of the blow-up in finite time or global existence and to
estimate the blow-up rate of the blow-up solution. Due to the appearance of the nonlocal
nonlinear boundary condition, the approaches used in [14] can not be extended to handle
our problem (1.1). Meanwhile, our method is very different from those previously used
in [16] because the space-integral source term fQ g (u) dx is replaced by time-integral term

fot uPds. By a modification of the methods used in [9], we show that the nonlinear memory

term f(f uP (z,s)ds, the weight function ¢ (z,y) and the nonlinear term u'(y,t) in the

boundary condition play substantial roles in determining blow-up or not of the solution.
In order to state our results, we introduce some useful symbols. Throughout this paper,

we let A be the first eigenvalue of the eigenvalue problem
—A¢ (x) =Ap,x €Q; ¢ (x) =0,z € I, (1.9)

and ¢ (z) the corresponding eigenfunction with [, ¢ (z)dz =1, ¢ (z) > 0 in Q.
The main results of this paper are stated as follows.

Theorem 1.1. Assume that p+q <1 and | < 1, then the solution of problem (1.1) exists
globally for any nonnegative ¢ and initial data ug.
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Theorem 1.2. Assume that p+q > 1, ¢ > 1 and 1l > 1. If [, (z,y)dy < 1 for all
x € 0N, then the solution of problem (1.1) is global for small initial data .

Theorem 1.3. Assume that | > 1, then for any positive , the solution of problem (1.1)
blows up in finite time provided that the initial data ug satisfies [, uo (x) ¢ (x)dz > 0 > 1
for some o, where ¢ is given by (1.9).

Theorem 1.4. Assume that p+ q > 1. If ¢ > 1, then the solution of problem (1.1) blows
up wn finite time for sufficiently large initial data uy. If ¢ < 1, then the solution of problem
(1.1) blows up in finite time for any nonnegative initial data uy.

Remark 1.5. When p = 0 in problem (1.1), our results are consistent with those in [9].
When ¢ = 0 in problem (1.1), our results are consistent with those in [14].

Consider problem (1.1) with ¢ = 0 and [ = 1. In order to obtain the blow-up rate, we
need to add the following assumption on initial data ug (assume 7™ is the blow-up time of
the blow-up solution w (z,t) to problem (1.1)):

(H1) There exists a constant t, € (0,7*) such that u, (z,t5) > 0 for all z € Q.

Theorem 1.6. Assume that p > 1, [, o(z,y)dy < 1 and (H1) hold, then there exist
constants 0 < Cy < C such that

Co (T* — ) 771 < maxu(z,t) < Cy(T* —t) 771, t—T"
e
Remark 1.7. From Theorem 1.4, we know that in the case ¢ = 0, [, (z,y)dy <
1(x € 09), the blow-up rate of equation (1.1) with nonlocal boundary condition is the same
as that of problem (1.4) with ¢ = 0.

Remark 1.8. In [14], the authors proved the blow-up rate under the additional assumptions
Q) = Br and uq is radially symmetric decreasing. Motivated by the idea of Souplet in [22],
we have no restriction on € and ug here.

The rest of this paper is organized as follows. In Section 2, we shall establish the
comparison principle for problem (1.1). In Section 3, we shall discuss the global existence
of the solution and prove Theorems 1.1 and 1.2. In Section 4, we shall discuss the blow-up
results of the solution and prove Theorems 1.3 and 1.4. Finally, we shall estimate the
blow-up rate and give the proof of Theorem 1.6 in Section 5.

2 Preliminaries
In this section, we will give a suitable comparison principle for problem (1.1). Let

Qr = Qx (0,7), Sp = 90 x (0,T) and Qr = Q x [0,T7). We begin with the precise
definitions of subsolutions and supersolutions of problem (1.1).
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Definition 2.1. A function u (x,t) is called a subsolution of the problem (1.1) if u(x,t) €
C* (Qr) N C (Qr) satisfies

u, < Au+ul [ uP(z, s)ds, (z,t) € Qr,
u(x,t) < oo (@ y)u (y,t)dy, (z,t) € Sy, (2.1)
u(z,0) <wup(x), r € Q.

A supersolution u (x,t) is defined analogously by the above inequalities with “<” replaced by
“>7". We say that u (x,t) is a solution of the problem (1.1) in Qp if it is both a subsolution
and a supersolution of problem (1.1) in Q.

Now, let g; (z,t) € C** (Qr)NC (Qr) (i = 1,2), x (z,y) > 0 on 9Q x Q. First of all, we
give some hypotheses on g¢; (x,t) and x (z,y) as follows, which will be used in the sequel.
(H2) For 2 € 99, y € Q, t > 0, x (x,y) g " (y,t) > 0, i = 1,2. Furthermore,

/lx (z,9) g (y.)dy <1, i=12
Q

(H3) For z € 982, y € Q, t > 0, there exists K > 0 such that

0<Ix(z,9)g ' (y,t) <K, i=12

Lemma 2.2. Let (H2) hold, a;; (i,j =1,---,n), b;(i=1,---,n), fi, fo € C(Qr), and fs,
f3>0in Q. If X (z,y) >0 on 9Q x Q, g; € C*' (Qr) N C (Qr) (i = 1,2) satisfy

(

— Ligi > figi + o [y f(s)gi(s)ds, (x,1) € Or,
9o — L192 < figa + fo [y f3(5)ga(s)ds, (x,t) € Qr,
g1 (2,t) = fox (z.y) g1 (y. 1) dy, (z,t) € Sr, (2.2)
g2 (z,1) < Jox (2,9) g5 (y, 1) dy, (z,t) € Sr,
| 91(2,0) = g2 (2,0), zeq.

Then g1 (x,t) > go (x,t) in Qp, where

Z“”a 201, Zb

Z]— =1
Proof. Let
MlznlaXLfl (l‘,t)|, MQZIrlaXfQ ($7t)7 MgZITlang(ZL‘,t).

T Qr Qr

For any given € > 0, define
g1 =g, +ee’ and G, = gy — e,
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where v > M; + T'MsMj;. Then, after a direct computation, we obtain

g1t — L1g1 > fig1 + fo fot f3(8)gi(s)ds, (x,t) € Qp,

(2.3)
Gt — L1g2 < fi1g2 + [fo fot f3(s)g2(s)ds, (z,t) € Q.
On the other hand, for (z,t) € Sy, we have
00022+ [ x()al (0
— [ X w0 dr+et = [ ) @ 0.0 - o 0.0)
= / X (2,y) Gy (y,1) dy + e — 86”/ Ix (2.y) 07" (y,1) dy,
Q Q
here 6; is an intermediate value between g; and g;. It follows from (H2) that
310> [ X(@y)d@0dy for (a,0) € Sr (24)
Q
Likewise, for any (x,t) € Sy, we have
i (.t) < [ X0 (25)
In addition, it is obvious that g; (x,0) — e > §o (x,0) + €, which implies that
g1 (2,0) > Go (2,0)  for x € Q. (2.6)
Put
h(xz,t) =g (x,t) — g (x,1) .
Now, our goal is to show that
h(x,t) >0 in Qp. (2.7)
Actually, if (2.7) is true, then we can immediately get
g1 (2,t) + e’ > go (x,t) —ee™  for all (z,t) € Qr,
which means that g (z,t) > g5 (7,t) in Qp as desired.
In order to prove (2.7), we set
hz,t) =e "h(x,t)
with o > 25y M§+4M2M3. Then from (2.3)-(2.6), we have
hi — L1h > (fy — o) hy + fo fot fs(8)hi(s)ds, (z,t) € Qr,
iL("L‘at) > fQ lX (xvy) 9l271il (yat) dy7 (l‘,t) € STa (28)

h(z,0) >0, r e,
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where 65 is an intermediate value between g, and go. B
Since h (z,0) > 0, there exists § > 0 such that h(x,t) > 0 for (z,t) € Q x (0,9).
Suppose a contradiction that

t_:sup{tE(O,T):iL>Oon§><[O,t]}<T.

Then A > 0 on Q;, and there exists at least one point (z,7) such that h (z,7) = 0. If
(7,1) € Qf, by virtue of the first inequality of (2.8) and the strong maximum principle,we
conclude that A (x,t) = 0 in Q, a contradiction. If (z,7) € S;, by (H2), this also results in
a contradiction, that

0=M@ﬂ>/ﬁﬂiw%lﬂ%0@20
Q

This proves h > 0, and in turn gy (z,t) > go (2,t) in Qp. The proof of Lemma 2.2 is
complete. O

Lemma 2.3. Let the hypotheses of Lemma 2.1, with (H2) replaced by (H3), be satisfied.
Then
g1 (x,t) > ga (x,t) in Q.

Proof. Choose a positive function ¢ € C? (Q) satisfying ¥|,co0 = 1 and fQ y)dy <
Set

gi (x,t) = (x) p; (z,t), i=1,2.
Then from (2.2), we have

4

pre — Lopr > | fi+ D0 ijtbesa, | p1+ fo fot f3(s)p1(s)ds, (x,t) € Qr,
ig=1
- »CZPQ S fl + Z az]wmx] P2 + fZ fo f3 ) S, ("L‘at) € QTa
1,7=1
(2.9)
pr(,t) > [ x (2, )¢ (y) ol (y, 1) dy, (v,t) € Sr,
p2 (x,1) < [ x (2, ) ' (y) ph (y, t) dy, (x,t) € Sr,
\gl(a:,O)ZgQ(:c,O), €,
where
1
(077 S~ + 20'2 + bZ’QZ) o
6= 3 ngt 3 (S o) $
is a uniformly elliptic operator. By (H3), it is easy to see that
[ @ d envwa <k [ vwa < (2.10)
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and

/Q b (2, 9) 057 (0 0) 6 () dy < K /Q b (y)dy < 1. (2.11)

Combining now (2.9)-(2.11) and applying Lemma 2.2, we have

P1 (SL’,t) > P2 (l’,f}) )

which implies that
91 (z,t) = g2 (x,1).

The proof of Lemma 2.3 is complete. O

On the basis of the above lemmas, we obtain the following comparison principle for
problem (1.1).

Proposition 2.4 (Comparison principle). Let u (x,t) and u(x,t) be a nonnegative sub-
solution and a nonnegative supersolution of problem (1.1) in Qr, respectively. Suppose
that w (x,t), W(x,t) > 0 in Qp if min{p,q¢,1} < 1. Ifu(z,0) < u(x,0) for v € Q, then
w(w,t) <u(wz,t) in Qp.

Proof. 1t is easy to check that u, @ and ¢ satisfy hypotheses (H3). O

3 Global existence of the solution

In this section, we investigate the global existence of the solution to problem (1.1).

Proof of Theorem 1.1. Let T be any positive number. In order to prove our conclusion,
according to Proposition 2.4, we only need to construct a suitable gloabl supersolution of
problem (1.1) in Q7. Remember that A and ¢ are the first eigenvalue and the corresponding
normalized eigenfunction of —A with homogeneous Dirichlet boundary condition. We
choose ( to satisfy that for some 0 < e < 1,

1
amgiéw(%y)/ﬂmdy <1 (3.1)
Now, let v(x,t) be defined as
vz, t)= —1
(P (x) +€
with ,
2
n:s%p(u0+1)(c¢+e), /@:max{\/g, 2)\+sgp%}. (3.2)
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A simple computation shows

t
Pvzvt—Av—vq/ vPds
0

oo [ 260 2CIVEIT) e /tn%msds
(o+e ((p+e)) ((o+" Sy (Co+e)f
N VST 2. i W A (3.3)
Cote  (Co+e) mp(ot+a™  mp(Cotea
o Ao N 2(2 ‘v¢|2 B nPtaePrast
B (ote (Co+9°) mp(Cot+ea™™
Noticing that v (x,t) > 1 and p 4+ ¢ < 1, then from (3.2) and (3.3), it follows that
KoL K[ Xeoo | 2|V
PUZU(Q f@p)ﬂ 2 <C¢+6+(C¢+e)2> ’ (34)
and
. sup (uo (z) + 1) (Co () +¢€)
_ 0
v(x,O)—C¢(x)+€2 OFT: > g (). (3.5)
On the other hand, for any (z,t) € 92 x (0,7, by virtue of (3.1), we have
n Kt . elit
= i ———dy = d
vt ==tz [ ) Sty = [ @i .

24@@@“@0@,

where the conditions v(x,t) > 1 and [ < 1 are used.

Combining now from (3.3) to (3.6), we know that v (x,t) is a supersolution of (1.1) in
Qr and the solution u (z,t) < v (x,t) by comparison principle, therefore the problem (1.1)
has global solutions. The proof of Theorem 1.1 is complete. O

Proof of Theorem 1.2. Let Q; be a bounded domain in RY such that Q cC Q, let \; be
the first eigenvalue of the following eigenvalue problem

—A¢y () = M1, z €y,

(3.7)
¢1 (l‘) = 0, S 891,
and ¢ the corresponding eigenfunction. Denote sup ¢y = M. It is obvious that there is a
951
constant p > 1 such that
sup $1
1
< [ 3.8
nfo, < H (3-8)
Q
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Let

@(:c)z'uﬁg (z), ey,

l

where 0 < £ < p =1 is a constant. Then we can know that sup ¢ = pué and
1941
sup ¢y 45 sup
S ey (3.9)
inf @9 EE inf N
Q Q

Furthermore, it is easy to verify that ¢ satisfies (3.7). Then, from (3.9), it follows imme-
diately that

1glﬂf o > E. (3.10)
For ¢ > 1, let
¢2 (z)
)= 2
where @ > 0 and A > 1 are constants to be determined later. Then after a simple
computation, we have
p+q t
Pv = gy L )\1¢2a ?; aq/ 1 —ds
(A+0)* A+ (A+0)™ Jo (A+s)
_ ¢2 )\1 B a B ¢122+q—1 Alfap¢]27+q—1
(A+1)" A+t (1—ap)(A+ t)a(p+q—1)—1 (1—ap) (A + t)oz(q—l)

Since that ¢ > 1, we can choose « to satisty
1
— < a< —.
ptrqg—1 p
Then we have that Pv > 0 with A large enough.
On the other hand, since fﬂ v (z,y)dy <1 and [ > 1, we have on the boundary that

¢ e Y l
v(z,t) > At o° > (m) > /ng(a:,y)v (x,t) dy. (3.11)

Thus, by comparison principle, we know that the solution of problem (1.1) exists globally
provided that

Ug (SL’) < (bZ(f) .

For ¢ =1, let

v (x,t) = B (z)

eTt )

where # < 1 and 7 > 0 are two constants to be determined later. Computing directly, we
obtain

Pv = be: <)\1 — T+ Lpgb@ - ﬁp_gbg) :

eTt Tperpt ™
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If 7 < Ay and S is sufficiently small, then we can conclude that Pv > 0. On the other
1
hand, since 0 < & < p~ =1, we have on the boundary that

e (mBgY'
vz t)>=>(=3) > [ ¢,y (z,1)dy, (3.12)
(& € Q
where the conditions [, ¢ (z,y)dy < 1 are used. Therefore, v (z,t) is a supersolution of
problem (1.1) if ug (z) < B¢s (x). The proof of Theorem 1.2 is complete. O

4 Blow-up of the solution

In this section, we will discuss the blow-up property of the solution to problem (1.1),
and give the proofs of Theorems 1.3 and 1.4.

Proof of Theorem 1.3. We employ a variant of Kaplan’s method to prove our blow-up
result of the case [ > 1. Let u (z,t) be the unique solution to (1.1) and

:/¢(x)u(x,t)dx, 0<t<T.
Q

Taking the derivative of J (t) with respect to ¢, and using Green’s formula we could obtain

7 (8) :/Q¢(Au+uq/0tup(:c, s)ds)d:c
= /8 ) s - / Vo - Vudz + / u / () (o, s)dsda
/ ulpdz — /a GyudS / u / bz (x, 5)dsda (4.1)
= —A\J(t) — /m% (/ng(x,y)ul (y,t) dy) dS
+ /Q u /O ' (@)t (z, s)dsda.

Applying fag g—fds = -\ [, ¢dx = —X to (4.1), we then have

A min @
T (1) > —AJ(t) 4 222 / ouldz. (4.2)

- max )

From (4.2) and Jensen’s inequality, it follows that

A min ¢
/ 219539 1
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Next, we look for the solution J (t) to (4.3) with J(0) > 1 on its interval of existence.
Since the function f (J) = J! is convex, then there exists o > 1 such that
A min ¢
00 xQ

max
Q

J'>2)XJ  forall J > o.

It follows easily that if J (0) > o, then J (¢) is increasing on its interval of existence and

1
J(t) > 5Jl. (4.4)
From the above inequality it follows that
lim J (t) = 400, (4.5)
t—>T0_
where
T 2
CU-D )
Then by assumptions in Theorem 1.3, the solution u (z,t) becomes infinite in a finite time.
The proof of Theorem 1.3 is complete. O

Proof of Theorem 1.4. Consider the following equation
vy = Av + vl fot vP(z,8)ds, =€ Q,t>0,
v(z,t) =0, x e 0t >0, (4.6)
v (z,0) =up (x), r € Q,

and let v (z,t) be the solution to problem (4.6). It is obvious that v (z,t) is a subsolution
of problem (1.1). For the case ¢ > 1, from Theorem 3.1 in [14], we know that v(z,t) blows
up in finite time for sufficiently large wug(z). For the case ¢ < 1, it is well-known that
v (z,t) blows up in a finite time for any nonnegative ug(z) (see [14], Theorem 3.3). By
Proposition (2.4), we obtain our blow-up result immediately. The proof of Theorem 1.4 is
complete. O

5 Blow-up rate estimate

In this section, we consider problem (1.1) with ¢ =0 and [ =1, i.e.,

u = Au + fot uP(x, s)ds, €N t>0,
u(@,t) = foe(@y)uly,t)dy, =e€ot>0, (5.1)
u(x,0) =ug (z), z € Q,

where p > 1. By Theorem 1.4, for any nonnegative nontrivial initial data ug, u blows up
in a finite time 7" < oco. We first give the upper bounder of the blow-up rate near the
blow-up time.

EJQTDE, 2010 No. 51, p. 12



Lemma 5.1. Suppose that [, o(z,y)dy < 1 and assumptions (H1) hold, then for any
t1 € (to, T*), the blow-up solution u( t) to problem (5.1) satisfies

w(z,t) <O (T —t) 71, 4 <t<T, (5.2)

where C is a positive constant.

Proof. Let
t
J(z,t) = uy — 5/ uPds for (z,t) € Q x (t1,T7),
0

where ¢ is a sufficiently small positive constant. After straightforward computation, we
then obtain

t t
Ji — AJ = uy — ouP — Ay + 5p/ uP~ ' Auds + op(p — 1) / uP~?|Vul*ds
0 0

¢ ¢
= (uy — Au)y — duf + 5p/ uP~ Auds + op(p — 1) / uP 2| Vulds
0 0

> (1—5)up+5p/0tup_1 (ut /supdT) ds (5.3)
:(1_5>ug+p/up (= [ war) as

¢
> p/ ul~!Jds.
0

Fix (z,t) € 09 x (t1,T), we have

t
J(z,t) = uy — 5/ uPds
0

=/st)(x,y)U(y,t)ut(y,t)dy—5/: (/Qw(x,y)U(y,t)dy)pdS-

Differentiating the equation in (5.1) with respect to ¢, we obtain
Ut = Aut + uP Z Aut. (54)

Combining (H1) and (5.4), we know that u; > 01in Q x (¢;,7*) for any t; € (to, 7*). Thus,
according to u(y,t) = J(y,t) + 5f0t uPds, we have

/Qw(x,y)ut(y,t)dy—éf (/ w(x,y)U(y,t)dy)pds
:/¢( ( (4.t +5/ upds) dy — 5/ (/ u(y, )dy)pds
Z/Qw(x,y)J( Y, )dy+5/0 Uﬂs@(x,y)up( y, s)dy — (Lw(x,y)U(y,t)dy)p] ds.
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Noticing that 0 < ®(z) = [, ¢(z,y)dy < 1, x € IQ, we can apply Jensen’s inequality to

the last integral in the above inequality,

/Qw(w,y)u”(y, s)dy — (/Q @(w,y)u(y,t)dy)p

> o) [ etomutngls) = ([ etautia)

0.

v

Here, we used p > 1 and 0 < ®(x) < 1 in the last inequality. Hence
J(x,t) > / o(x,y)J(y,t)dy for (z,t) € 00 x (t1,T).
Q
On the other hand, (H1) implies that

t1 o
J(z,t1) = ue (z,t1) — 5/ uP (z,s)ds >0 in Q.
0

(5.5)

(5.6)

Since ¢ and u are nonnegative bounded continuous for (z,t) € Q x (t1,T7*), it follows from

(5.3), (5.5) and (5.6) that J (x,t) > 0 for (x,t) € Q x (t;,77), which implies

t
up > 5/ uP(z, s)ds.
0

(5.7)

Multiplying both sides of the inequality (5.7) by u? and integrating over (¢,t), we have

. ([ %
& (@) > (6 (14 p)) s (/ up(x,s)ds) L h<t<T
t1

Integrating above inequality from t to T, we deduce that
¢ __r_ _ptl
/ uP (z,s)ds < (0(1+p)) 71 (T" —t) 71, tH<t<T".
ty
Taking a special t' = % and applying u; > 0, we discover that
T —1
2

t t
uP (z,t) < / uP(z,s)ds < / uP(z, s)ds
t t1

< (6(1 er))*ﬁ (T* — t/)—gfﬂ

p+1

< (5(1+p)) o7 (T*Q— t)m |

which yields

where C] = <L))E

(5.8)

(5.9)

(5.10)

O
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Proof of Theorem 1.6. Let xy € Q such that I (t) = u(zg,t) = maxu (z,t). From the
Q

equation in (5.1), we have the following estimate (see [8], Theorem 4.5)
t t
I'(t) g/ uPds < / IPds, for 0<t<T*
0 0
Similar to (5.9), we can easily get
t
/ I (2,8)ds > C4(T" —t) v 1, 0<t<T" (5.11)
0

For t; < ¢ <t <T*, by exploiting (5.10), (5.11) and I being nondecreasing on [t;,T™), we
obtain

1

p+1 ° ¢ P
CL(T" —t) 71 < / IPds +/ IPds < Oy (T* —¢) vt + (t— o) IP (1)

0 S
p=1
For ¢ close enough to 7™, taking ¢ = at + (1 —a)T™ with a = (Zgl> " 2 1. we deduce that
2

[(t)>Cy(T* —t) 77, (5.12)
which proves the lower estimate. Combining (5.12) with Lemma 5.1, we obtain the blow-up
estimate. The proof of the Theorem 1.6 is complete. O
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