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Abstract. In this paper, the interval qualitative properties of a class of second order
nonlinear differential equations are studied. For the hypothesis of delay being vari-
able 7(t), an “interval delay function” is introduced to estimate the ratio of functions
x(t — 7(t)) and x(t) on each considered interval, then Riccati transformation and H
functions are applied to obtain interval oscillation criteria. The known results gained
by Huang and Feng [Comput. Math. Appl. 59(2010), 18-30] under the assumption of
constant delay T are developed. Moreover, examples are also given to illustrate the
effectiveness and non-emptiness of our results.
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1 Introduction

In recent years, interval oscillation of impulsive differential equations was arousing the interest
of many researchers, see, for example, [2,5,6,8-10]. In [5], Liu and Xu considered the forced
super-linear impulsive ordinary differential equation

(O (D) + p(O)]x(B) | x(t) = f(t), t >t t£ T k=1,2,...
a

x(t7) = mex (i), X (h) = bex! (), k=1,2,... (1.1)

where « > 1 and obtained some interval criteria which extend results of Nasr [7] and Wong
[13]. Making use of a Picone-type identity, Ozbekler and Zafer [8,9] studied super-half-linear
impulsive equations of the form

(r(O)ga(x)) + p(O)pa(x) +q(t)p(x) = f(£),  t#6,
Ar()ga(x) +aqipp(x) = fi,  t=16, ieN.
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where B > a > 0 and ¢, (s) = |s|""!s. The interval oscillation problem for mixed nonlinear
impulsive differential equations of the form

(r(B)Pa(x'()))" + polt +ZP1 )@ (x(t) = f(t),  t#FT

X(Tk-'—) :akx(rk), (Tk ) —bkx (Tk) k:1,2,...,

(1.3)

where @, (s) = s|" Isand 1 > -+ > By > a > Bui1 > -+ > Bn > 0, has been discussed in
[2,10].

However, almost all of interval oscillation results for the impulsive equations in the existing
literature were established only for the case of “without delay”, in other words, for the case of
“with delay” the study on the interval oscillation is very scarce. To the best of our knowledge,
Huang and Feng [4] gave the first research in this subject recently. They considered the second
order impulsive differential equations with constant delay of the form

() +pt)glx(t—1)) = f(t), t =ty t#T,

x(7) = mex(w), (1) = bex' (w), k=1,2,..., (1.4)

and established some interval oscillation criteria which developed some known results for the
equations without delay in [1,5,13].

Later, by idea of [4], Guo et al. [3] studied the delay case of mixed nonlinear impulsive
differential equations (1.3) as follows

(ORE ) + D) + EpO =) = FO, 1T
(") =mx(w), X(gh) = ’(Tk), k=1,2,...

where @,(s) = [s[7Isand 1 > -+ > B > & > Bui1 > -+ > Bu > 0. They corrected some
errors in proof of [4] (cf. Remark 2.4 in [3]) and obtained some results which developed some
known results of [2,6,10]. In 2014, Zhou et al. [14] investigated interval qualitative properties
of a class of nonlinear impulsive differential equations under three factors — impulse, damping
and delay of the form

)N + a0y (x' (1) + po(t) @y (x(t) + p(t)g(x(t = 0)) = f(t),  t# T
x(t7) = agx(t), x'(tT) = X' (t), t=7,k=1,2,...

<
—~

~~
~—
S
-
—~

=

(1.6)

where ¢, (s) = |s|7"1s and 7 is positive.

As the comment above, the delay considered in [3,4, 14] is constant. It is natural to ask
if it is possible to research the interval oscillation of the impulsive equations with variable
delay. In fact, when there is no impulse, the interval oscillation of differential equations with
variable delay of the form

X" () +q(t)|x(z ()" sgnx(T(t)) = f(t) (1.7)

in the linear (y = 1) and the superlinear (v > 1) cases has been studied by Sun [12]. Some
techniques to estimate the unknown function x(7(t))/x(t) on each considered interval were
used in [12], which inspires us to consider more complex problem.
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In this paper, motivated mainly by [4,12], we consider the following second order nonlinear
impulsive differential equations with variable delay

X' +pH)gx(t—T(t) = f(t), t >t t#6

x(tT) = qx(t), X' (t7) =bx'(t), t=6, k=1,2,... (1.8)

where {6} denotes the impulsive moments sequence with 0 < t) < 6y <6 < -+ <O < ---
and limy_,, 0y = 0. By introducing an “interval delay function” and discussing its zero points
on intervals of impulse moments, we estimate the function of ratio of x(t — 7(t)) and x(t) on
each considered interval, then making use of Riccati transformation and H functions (intro-
duced first by Philos [11]), we establish some interval oscillation criteria, which generalize or
improve the results of [4]. Moreover, we also give two examples to illustrate the effectiveness
and non-emptiness of the results.

2 Main results

We first introduce some definitions and assumptions.

Let I C R be an interval, a functional space PLC(I,R) is defined as follows:

PLC(L,R) :={y: I — R | y is continuous on I \ {t;} and at each t;, y(t;") and y(t; ) exist,
and the left continuity of y is assumed, i.e. y(t; ) = y(t;), i € N}.

Throughout the paper, we always assume that the following conditions hold:

(A1) p(t), f(t) € PLC([ty,0),R); g € C(R,R), xg(x) > 0 and there exists a positive constant
1 such that @ >y forall x € R\ {0};

(A2) {ax}, {bx} are real-valued sequences satisfying by > a; >0,k =1,2,..;

(Az) t(t) € C([to, o)) and there exists a nonnegative constant 7 such that 0 < t(t) < 7 for
allt > tpand 01 — 60 > tforallk=1,2,...

Let k(s) = max{i: typ < 6; < s}. For the discussion of impulse moments of x(¢) and x(t — 7(t))

on two intervals [c;,d;] (j = 1,2), we need to consider the following possible cases for k(c;) <
k(d))

(S1) Ok(;) + T < cjand by + T < dj;

(S2) Ok(e;) + T < cjand by + T > dj;

(S3) Ok(;) + T > cjand by + T < dj;

(54) Ox(;) + T > cjand by + T > dj,
and the possible cases for k(c;) = k(d;)

(51) Oy +7 <

(52) ¢ <Oy + T <dj

(gg) Qk(c,-) +T> dj.
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In order to save space, throughout the paper, we study (1.8) under the case of combination
of (S1) with (S1) only. The discussions for other cases are similar and omitted.
We define a function (called “interval delay function”):

Dk(t) =t—0,— T(t), t e [9k10k+1]/ k=1,2,...
The following condition is always assumed
(A4) Di(t) has at most one zero point on (6, 6, 1] forany k =1,2,...

Remark 2.1. The situation for zero points of Di(t) on (6, 6x,1] may be very complicated. That
is to say, the number of zero points of Di(t) on (6, 6x.1] may be arbitrary. Assumption (A4)
is just a simple situation for D (t). The research of other complex situations will be left to the
reader.

Remark 2.2. In (Ay4), the assumption that Di(t) has at most one zero point on (6, 6y, 1] may
be divided into three cases as follows.

(As—1) There is one zero point t; € (6, 0. 1] such that Di(t;) = 0, Di(t) < 0 for t € (6, t)
and Di(t) > 0 for t € (tx, 6x+1]. See Figure 1; or

(As—2) There is one zero point f; € (0k,011] such that Di(ty) = 0, Dg(f) > 0 for t €
(6k, tx) U (tx, Ox11]. See Figure 2; or

(A4_3) There is not any zero point such that Di(t) = 0. This case must lead to D(t) > 0
for all t € (6, 6x.1]. See Figure 3.

9k+1 6?k+1 0k+1
Op+71——""""""""""> ] Op +7———""""""——"=> 7] Op+71F———""""""""""> T
ﬁju 7(t) / O+ 7(t) O, + 7(t)
- /
SO S
O, 78 Or+1 O, ty O41 O Or+1
Figure 1 Figure 2 Figure 3

In Remark 2.2, the case (A4_1) is more complex to consider than other two cases for the

x(t;(f)(t)) . We study (1.8) under the assumption (A4_1) only throughout the paper.

The discussions for cases (A4_p) and (A4_3) are similar and omitted.

estimation of

Lemma 2.3. Assume that for any T > ty, there exist ¢1,dy & {6k}, such that T < c1 — 7 < ¢1 < dq
and

{p(t) >0, tel[er—1,di]\{6c}; 21)
f(t) <0, te [C1 — T,dl]\{gk}.
—1(t).

If x(t) is a positive solution of (1.8), then there exist the following estimations of WT

(I) when k(Cl) < k(dl), t; € (91', 9i+1]f07’ i= k(Cl) +1,.. ,k(dl) -1,

(ﬂ) x(t;(’;’)(t)) > t_eti:e-:(t), t e (ti/ 9i+1];
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t=1(t)) t—6; .
(b> . X(:)() > bi(t+7(H)—6;)” te (91‘/ ti)/
x(t— t—0k(c *T(t)
(c) (tx(B(t)) fj;}j(m , tE o1, By 1)

x(t—T(t t—=bka )—T(t) i
(d) (x(t)( ) > t*ék(dl) , L€ (tk(dl)’dl]/

x(t=1(t)) t=Ok(ay) .
(e) x(:) > bk(dl)(t+r(t)1—9k<d1>)' t € (Ox(ay) tr(ay));

(II) when k(c1) = k(dy),

x(t—71 t=0(c))—T(H)
(f) U > S92, te fo,di).

Proof. From (1.8), (2.1) and (A1), we obtain, for t € [c1,d1]\ {6k}, that
x'(t) = f(t) = p(t)g(x(t — 7(£))) < 0.

Hence x/(t) is nonincreasing on the interval [cq,d1]\{6;}. Next, we give the proof of cases (a)
and () only. For other cases, the proof is similar and will be omitted.

Case (a). If t; < t < 011, then (t — T(t),t) C (6;,0;11]. Thus there is no impulsive moment
in (t —7(t),t). For any s € (t — t(t),t), we have

x(s) = x(0;") = x'(G1)(s —6:), &1 € (6i9).

Since x(0;") > 0 and «/(s) is nonincreasing on (6;,6;11), we have

x(s) > x'(G1)(s — 6;) > x'(s)(s — 6). (2.2)
Thus ‘s) .
x'(s
O (2.3)

Integrating both sides of above inequality from t — T(t) to ¢, we obtain

x(t—t(t)) _ t—0; —1(t)
x(t) - t—0; 7

t € (i, 0i41]- (2.4)

Case (b). If 6; < t < t;, then §; — T < t — T(t) < 6; < t. There is an impulsive moment 6; in
(t —7(t),t). For any t € (6;,t;), we have

x(t) = x(0;7) = X'(82)(t—0:), 2 € (6i,h).
Using the impulsive condition of (1.8) and the monotone properties of x'(t), we get
x(t) — apx(0;) < x'(6;7)(t — 0;) = bix' (6:) (t — 6y).
Since x(6;) > 0, we have

x' (6
—_ 0. < b
x(6;) 4 < b x(6;)

In addition,
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Similarly to the analysis of (2.2) and (2.3), we have

x'(6;) 1
(6 < W (2.7)
From (2.5) and (2.7), we get
x(t) bi
< a;+ t—0;
xo) TR
In view of (A;), we have
x(6;) (t) (t)
X)) TOa b —0) bt —0) 29
On the other hand, using similar analysis of (2.2) and (2.3), we get
/
x(s) L € (0; — T(t),8)). 2.9)

x5 Ss_6 1Tty

Integrating (2.9) from t — 7(t) (> (6; — T(t)) to 6; where t € (6;,t;), we have

x(0) () = 0. (2.10)
From (2.8) and (2.10), we obtain
x(t—T(t)) t—0; N
Xt bit+(t)—6) € (0 1) (2.11)
O

Lemma 2.4. Assume that for any T > tg, there exist ¢p,dy & {6k}, such that T < c; — T < ¢ < d
and

{p(t) >0, t€[e—1,do]\{6c}; 212)
>0,

f(t) t € [ea — T, d2]\ {6k}

If x(t) is a negative solution of (1.8), then estimations (a)—(f) in Lemma 2.3 are correct with the
replacement of [c1,d1] by [c2, da].

The proof of Lemma 2.4 is similar to that of Lemma 2.3 and will be omitted.

Lemma 2.5. Assume that for any T > to there exist ¢1,dy & {6k} suchthat T < ¢1 —T < ¢q < dq
and (2.1) holds. Let x(t) be a positive solution of (1.8) and u(t) be defined by

u(t) = 2 e o dyl. (2.13)

If k(c1) < k(dq) and 6;, i = k(c1) +1,...,k(dy), are impulsive moments in [c1,dq], then, there are
the following estimations of u(t):

(g) u(6;) < fh—lﬁ’ for 6; € [c1,d1], i=k(c1)+2,...,k(dy);

() u(Ox(ey)+1) < 5,

(+1 1’

for Ox(e, )+1 € [c1,dq).
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Proof. For t € (0;_1,6;] C [c1,d1],i=k(c1)+2,...,k(d1), we have

x(t) = x(0i-1) = X'(O) (= 0i-1),  § € (01, b).

From the proof of Lemma 2.3, we know that x/(t) is nonincreasing. In view of x(6;_1) > 0, we
obtain

x(t) > x'(&)(t —0;_1) > x'(t)(t — 6;_1).

Then
x'(t) < 1
x(t) t— 91_1
Let t — 7,7, it follows
x’(Gi) 1 .
0;,) = , i=k(c1)+2,...,k(dy). 2.14
( l) X(Ql') —_ 91'_91'—1 ( 1) ( 1) ( )
Using similar analysis on (c1, 0k(,)+1], we can get
1
u(o < — 2.15
(Ok(er)+1) < A (2.15)
O

Lemma 2.6. Assume that for any T > to, there exist ca,dy & {0} such that T < c; — T < ¢2 < da
and (2.12) holds. Let x(t) be a negative solution of (1.8) and u(t) be defined by

u(t) == J;/((:)), for t € [cz,da], (2.16)

Ifk(c2) < k(dz) and 6;, i = k(c2) +1,...,k(d2), are impulsive moments in [cp, do|, then, the estima-
tions (g), (h) in Lemma 2.5 are correct with the replacement of [c1,d1] by [c2, d2].

The proof of Lemma 2.6 is similar to that of Lemma 2.5 and will be omitted.
We introduce a space Q)(c,d) as follows

Q(c,d) := {w € Clc,d] : w(t) Z0, w(c) = w(d) = 0}.

In order to save a space, we define

ek(Cj)+1
L
[C],d]] Ci

k(d]')—l
] i:k(Cj)-i-l

t; 0; te(d. d;
B L[ e
0; t; 9k(dj)

k()

Lemma 2.7. Assume that for any T > to, there exist ¢1,d1 & {0} such that T < ¢c1 — T < ¢q < dq
and (2.1) hold. Let x(t) be a positive solution of (1.8) and u(t) be defined by (2.13). If wi(t) €
O(cq,dq), then for k(c1) < k(dy),

x(t—t(t)) 2 ho k) bi—ai 5., .
a0 = [Tofes 3 ZSRuioue) @
and for k(c1) = k(dq),
d1 — dl
" / p(t)w%(t)x(tx(:)(t))dt— / w?(H)dt < 0. (2.18)
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Proof. Differentiating u(t) and in view of (1.8) and condition (A;), we obtain, for  # 6,

50 (£OV_F - p0gt-T(1) _
0=" - (Gw) = =0 ®) 219

< —np(t)x(tx_(f)(t)) —u2(t).

If k(c1) < k(d1), we assume impulsive moments in [c1,d1] are Or(c,)11, Ok(c;) 42/ - - - Ok(ay)
and zero points of D;(t) in intervals (6;,0;11) are t;, i = k(c1) +1,...,k(d1). Choosing a
w1 (t) € O(cq,dq), multiplying both sides of (2.19) by w?(¢) and then integrating it from ¢; to
d1, we obtain

x(t—(t))

W (DA (Hdt < —
/M (attyae<—n | Fp

Using the integration by parts formula on the left side of above inequality and noting the
condition w1 (¢1) = wy(d1) = 0, we obtain

p(t)w? (H)dt — /{Cl,dl] 2 (1w (£)dt.

k(d1)
2(0.)[u(6;) — u(6+)] < — E=T(M) a2 (ar
i—k(cz1)+1 ZU1( )[”( ) ”( Z )] 17/[01,111] x(t) p( )W1( ) (2.20)
+ /Wm V(wi (£), u(t))dt,
where
V(wi (1), u(t)) = 2w} ()ws ()u(t) — wi(t)u?(t)
2 17 \)\2 2 (2.21)
= wi(t) — (w1 (Hu(t) —wy(t))” < wi(t).
Meanwhile, for t = 0;, k =1,2,..., we have
u(6f) = Zu(ek).
Hence
k(dy) k(d1) a; —b;
wi(0;)[u(6;) — u(6)] = ) - w2 (6;)u(6;). (2.22)
i=k(c1)+1 i=k(c1)+1 !

Therefore, from (2.20)—(2.22), we can get (2.17).
If k(c1) = k(dq), there is no impulsive moment in [c1,d;]. Multiplying both sides of (2.19)
by w%(t) and integrating it from c; to d;, we obtain

/ d ! (t)wi (£)dt < /leu(t)zw%(t)dt—ry /:lp(t)w%(t)Wdt.

Using the integration by parts on the left-hand side and noting the condition w;(c;) =
w1 (d1) = 0, we obtain

/ d V(1) u(t))dt — | d o™V > o

where V(wq(t), u(t)) is defined by (2.21). Thus

/C d WP ()t — 1 / d p(t)w%(t)x(t;(:)(t))dt > 0. (2.23)

This is (2.18). Therefore we complete the proof. O
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Lemma 2.8. Assume that for any T > tg, there exist ca,dy & {6k} suchthat T < ¢ca — T < ¢ < d
and (2.1) holds. Let x(t) be a negative solution of (1.8) and u(t) be defined by (2.16). If wy(t) €
O(ca,dp), then (2.17) and (2.18) hold with the replacements of [c1,d1] and wy by [ca, da] and w,
respectively.

The proof of Lemma 2.8 is similar to that of Lemma 2.7 and will be omitted.

For convenience in the expression below, we use the following notations.
For two constants ¢,d ¢ {6} with ¢ < d, k(c) < k(d), a function ¢ € C([c,d],R) and a
function ¢ € PLC([c,d],R), we define a functional Q : C([c,d], R) — R by

bi(c)+1 — k() +1 Ha) bi — a;
+ k% ‘P(Qz)m, (2.24)

Qd = 9
clo]:= o k(c)“)ﬂk(c)+1(9k(C)Jrl —9)

where Y/ = 0if s > t, and a functional I : PLC([c,d],R) — R by

] 9k(c)+1 t— Gk( )~ (t) k(d) -1 ti t— 91'
High= [ gl s % [/9 PO =6+ )™

t— Gk( ) i=k(c)+1
41 —6; — (1) ) t — Oka)
+ / dt] + / t dt (2.25)
—0; O(a) 9 )bk(d)(f — Ok + (1))
t— T( ) Gk
+ cp(t)ﬁ()dt
tr(a) k(d)

where t; are zero points of D;(t) (i = k(c) +1,...,k(d)) on (c,d).

Theorem 2.9. Assume that for any T > to, there exist cj,d; ¢ {6},j =1,2,suchthat T < c¢; — T <
c1 <dy <co—7T <y <dy (2.1)) and (2.12) hold. If there exist w;(t) € Q(c;, d;) such that, for
k(C]) < k(d]),] =1,2,
d; 4 d;
DI [p(Hw? (1)) - / w2(t)dt > QU [w?), (2.26)
G

and for k(c;) = k(d;), j =1,2,

d; t— Oy — T(t d;
;7/ "p(tyw? () — ) ()dt—/ "W (b)dt >0, (2.27)
¢ t = Ok 6

then (1.8) is oscillatory.

Proof. Assume, to the contrary, that x(t) is a nonoscillatory solution of (1.8). If x(t) is positive
solution, we choose the interval [¢c; — T,d1] to consider.
When the case k(c1) < k(dq) holds, from Lemmas 2.3, 2.5 and 2.7 we easily obtain

d
2 p(twi ) - [ " wf(ar < Qfuf, (2.28)

which contradicts condition (2.26) for j = 1.
When the cases k(c1) = k(d1) holds, from Lemma 2.3 and Lemma 2.5 we easily obtain

a - !
n [ peeRn — i )dt—/ LW (bt <0, (2.29)
€1 k(c1) €1
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which contradicts condition (2.27).

If x(t) is negative solution, we choose the interval [c; — T,d3] to consider. From Lemmas
2.4, 2.6 and 2.8 we easily obtain contradictions to (2.26) and (2.27) for j = 2.

Therefore we complete the proof. O

Remark 2.10. When 7(t) = 7, (1.8) reduces to the (1.4) studied by Huang and Feng [4].
Therefore Theorem 2.9 develops Theorem 2.1 in [4].

In formula (2.25), t; and ty (4, are zero points of D;(t) and Dy(a)) (t) respectively. In general,
it is not easy to solve these zero points from D;(t) = 0 and Dk(d’.)(t) = 0. This makes the
calculation of (2.25) more difficult. To overcome this difficulty it is need to avoid these points
being upper limit (or lower limit) of integrals. So, we give the following theorem.

Theorem 2.11. Assume that for any T > to, there exist c;, d; & {6c},j=1,2,suchthatT < c1—7 <
1 <dy <1< <dy (21) and (2.12) hold. If there exist w;(t) € Q(cj,d;) such that, for
k(C]> < k(d]),] =1,2,

Bue. t— 0. —T(t kd)-1 g, 0 —
A O, O e s
G t— Ok(cy) i=k(e;)+1 7% t (2.30)
d; t—Oq) — T(t) d '
e [ ped ) —0—ar— ["wf(t)dt > QU7
Oka)) €j
and for k(c;) = k(d;), j = 1,2,
d; t— Oy — T(t d;
;7/ "p(t)d(t) tk_(f; ()dt—/]w}Z(t)dt>O, (2.31)
¢ k(c;) ¢

then (1.8) is oscillatory.

Proof. The proof is similar to that of Theorem 2.9, only the estimations of x(t;(f)(t) ) on (ti,0i11),
(0;, ), (tk(d]_),dj) and (Ok(d]_), tk(dj)) need to be modified.
From (2.4), we have

x(t—1(t) _ t—6;—7(t) _ t—06;—1(t)

x(t) - ; , t e (ti, 0i+l]- (2.32)
From (2.11), we have
x(t—t(t)) t—6; t—0; —T(t) .

(@) > b+ (0 = 6) >0> — te (6,t). (2.33)

Similarly, from (2.17) and (2.18), we have

x(t—1(t) _ t—Oka) —T(t)

x(t) > ]t , t e (tk(dj)/dj] U (gk(dj)rtk(dj))' (2.34)
Therefore we complete the proof. O

In the following we will establish Kamenev-type interval oscillation criteria for (1.8) by the
ideas of Philos [11].

Let D = {(t,s) : to < s < t}, Hy,Hy € C}(D,R), then a pair of functions H;, H; is said to
belong to a function set H, defined by (Hj, Hy) € H, if there exist hy, hy € Ljo.(D, R) satisfying
the following conditions:
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(A5) Hl(t, t) = HQ(t, t) =0, Hl(t,S) >0, Hz(t,S) >0fort>s;
(A6) %Hl(t,s) = hl(t,S)Hl(t,S), %Hz(t,s) = hz(t,S)Hz(t,S).

We assume there exist ¢j,d;,0; ¢ {6,k =1,2,....} (j =1,2) which satisfy T < ¢ — 7 <
(1 <0 <dy <cp—T<cy < <dpforany T > ty. Noticing whether there are impulsive
moments of x(t) in [c;,4;] and [4;,d;] or not, we should consider the following four cases

Moreover, in the discussion of the impulse moments of x(t — T(t)), it is necessary to consider
the following three cases:

(§5) tk(éj) < 5], (56) tk(éj) > 5], (5_7) tk(éj) = (5]

In the following theorems, we only consider the case of combination of (Ss) with (Ss). For the
other combinations, similar conclusions can be given and their details will be omitted here.
For convenience in the expression below, we define, for j = 1,2, that

T [H (1)) == 0] p(6) i (1, )] — }1 [ e

d; d;
1) (Ha(d;, 1)) := g1 [p(t) H = / Ho(d;, t)H3(d;, ).

Theorem 2.12. Assume that for any T > to, there exist c;, d;,6; & {6c},j = 1,2, such that T <
c1—T1T<c <d <cy—7T<cp <dyand (2.1) and (2.12) hold. If there exists a pair of (H1, Hy) € H
such that, for j = 1,2,

119 [y (8, ) HZj[Hz<d]-,t)]>Qf;[H1<.,cj)] Qj [Ha(dj, )]
H1(5]',C]') Hz(d],éj) Hl((Sj,Cj) Hz(d],éj) !

(2.35)

then (1.8) is oscillatory.

Proof. Assume, to the contrary, that x(t) is a nonoscillatory solution of (1.8). If x(t) is positive
solution, we choose the interval [c; — T, d;] to consider.

Defining function u(t) as in (2.13) and using the same proof as in Lemma 2.5, we can get
(2.19). Multiplying both sides of (2.19) by H;(t,c1) and integrating it from ¢; to 61, we have

/C(S1 Hy(t,c)u' (t)dt < —/C Hy(t,c1)u dt—n/ tYHy(t, c1 x(t;(:)(t))dt. (2.36)

Noticing impulsive moments 6yc,)+1,0k(c;)42, - - - - Ox(sy) IN [c1,61] and using the integration
by parts on the left-hand side of above inequality, we obtain

01 0 (1) 0, (1) o1
/ Hi (£ cy)u (F)dt = /k 1“+/" A Hi (£ c1)du(t)
€1 c Ok(cy)+1 Ok(sy)

ko) oo p

iHl (91'/ Cl)u(ei) + H; ((51, Cl)u((sl) (237)
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Substituting (2.37) into (2.36), we have

1 _ k((51) .
,7/5 p(t)Hl(tlcl)wdtg ) bi uZHl(Qi,cl)u(Gi)—H1(51,61)M((51)
@ x(t) i=k(c)+1 % (2.38)
&1
+/C Ha(te) (i (b coyu(t) — () ) dt
Since
It enu(t) — (1) < (e,

then we have

5 _ k(1)
q/lp(t)Hl(t,cl)’Wdtg y bi 0 (65, c1)u(6;) — Hy (61, ¢1)u (1)
@ x(t) i=k(c)+1 (2.39)
1)
+ L Hi(t,c1)h3(t,cy)dt.
4 /o,

On the other hand, using same method as in Lemma 2.3, we can get estimations of the

function x(;(;; ) in several sub-intervals of [c1,1] and then we obtain

/ " pH Cl)x(t_:(t))dt > / et E (1 o) ke =T

€1 x( ) €1 t— ek(cl)
KOt o t—0; i1 t—0; —1(t)
+ / tYHq(t, c ! dt+/ tHYH;(t,c ’dt}
i_kém{ o, POy G =y T, PO 4
t(sy) t— 9k((51) a3l t— Gk(él) —7(t)
+ t)Hq(t,c dt + t)H1(t,c dt
O(sy) PUHL 1)bk(61)(t+T(t) - 9k(r51)) fi(oy) PEIFa (G er) = Oks)
= I [p(t)Hi(t,c1)].
From (2.39) and (2.40), we have
k(é1) b: — a:
T (Hy(t o) < Y 2THy (6, c)u(6;) — Hy (81, c1)u(51). (2.41)

i:k(C])+1 al

Multiplying both sides of (2.19) by H(d;,t) and using similar process to the above, we
obtain

k(d1) b —a;

ITj! [Hy(dy, t)] < Ha(dy, 0;)u(6;) + Ha(dy, 61)u(é:). (2.42)

i=k(@)+1 i

Dividing (2.41) and (2.42) by H1(d1,¢1) and Hy(d1, 01) respectively and adding them, we get

& Hdl H-(d ,t k(51) .
Hcl[Hl(tlcl)] <51[ 2( 1 )] < 1 Z bi alHl(eircl)M(ei)
Hy(dy,¢1) Ha(dy,61) Hi(0,01) 4Gy 4
(2.43)
1 k(d1) b:

i —ai
———Hy(d1, 0:)u(6;).

+ [
Hp(di,01) Gy
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Meanwhile, by using same way as in Lemma 2.5, we get the estimations of u(6;)

1 1
W(Oonig) < ———— (6 < L i=k(e) 2. k(6);
( k( 1)+1) Gk(c1)+1 — 0 ( Z) 91' _91'—1 ( 1) ( l)

1 < 1 ’
0 —0i 1

Ok +1) < 5 i=k(61)+2,...,k(d).

a7
k(5)+1 — €1

Then we have

Hi(6;,c1)u(6;) < Q2 [Hi (-, c1)], (2.44)

and
bi — a;

—Hy (d, 0;)u(6;) < Q¥ [Ha(dy, ). (2.45)

i=k(a)+1 %

From (2.43), (2.44) and (2.45), we can obtain a contradiction to the condition (2.35) for j = 1.
If x(t) < 0, we can choose interval [c3,d>] to study (1.8). The proof is similar and will be

omitted. Therefore we complete the proof. O

Remark 2.13. Theorem 2.12 develops Theorem 2.5 in [4].

Define
~5; Ok(ep)+1 ~ t— k() — T(H) KOV oo t—0; —t(t
1 [Hi(t,¢f)] := / " Hi(t,cj) t_(cfé dt + / 1(t,cj)lt()dt
‘i k(cp) i=k(c;))+17%
5 t— Oy — T(t 6
+ 7 Byt c)—) W41 / "Hy (¢ 13t )t
Ok(s)) 4 /g
and
~d; Oko+1 ~ t— Ok — () KA1 i t—0; —t(t
1) [Ha(d; )] := / " By (d, 1) t_(/; dit+ Y / Hz(dj,t)’t()dt
9 k(5}) i=k(5;)+1 7
di t—Ogy — T(t d;
+ / " Hy(dy, ) ——) W1 / ' Ha(d;, )3 (d;, t)dt,
Ok(a;) 4/
where

Hl(t,Cj) = ﬂp(t)Hl(t,Cj), ] = 1,2,
ﬁz(dj, t) = Up(t)Hz(d], t), ] = 1,2.
Similar to the proof way of Theorem 2.11 and Theorem 2.12, we get the following theorem

in which the zero points of D;(t) = 0 and Dy(a)) (t) = 0 are avoided to be upper limit (or lower
limit) of integrals.

Theorem 2.14. Assume that for any T > to, there exist Cj, d]-, Jj ¢ {6c},j = 1,2, such that T <
c1—0<c <d <cp—0 <y <dyand (2.4)and (2.12) hold. If there exists a pair of (H1, Hy) € H
such that

T H (1, ) ﬁijf[HzW”>Q5§[H1<»cf>1 Q) [Ha(dh;, )
Hy(3;,¢;) Hy(d;, 5;) Hi (5, ¢j) H(dj, 6;)

i=1,2, (2.46)

then (1.8) is oscillatory.
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3 Examples

In this section, we give two examples to illustrate the effectiveness and non-emptiness of our
results.

Example 3.1. Consider the following impulsive differential equation with variable delay

X () + nx(t - % sin t) = —sin(2t),  t#0,,

x(t+> = an,ix(t)/ X,<t+) = bn,ix,<t>l t= Gﬂ,il

(3.1)

where 6, ; = 2nm + %” +(i— 1)%, i=1,2, n € N and 7 is positive constant.
For any T > 0, we can choose large ng such that T < ¢; = 2nt + %, di = 2nmw + 73,

co = 2nmw+ 5, dy = 2nmw+ 27”, for n = ng,np+1,.... There are impulsive moments 0, ; in
[c1,d1] and 6,2 in [cp,do]. The variable delay 7(t) = 7 sin®¢t satisfies 0 < 7(t) < T = 7.

From 0,5 — 0,1 = 5 > {5 and 0,11 — 0,2 = 57" > {5 for all n > ng, we know that condition
Ok+1 — Ok > T is satisfied. Let Dy(t) =t —6,; — T(t), then D;(t) = 1 — Zsintcost > 0 for all
t and there exist zero points t; of Di(t) in (6,,;,d;). Moreover, we also see the conditions (S;),
(2.1) and (2.12) are satisfied.

For t € [c1,d4], letting w1 (t) = sin6t and by simple calculation, we get t,,1 € (6,,1,d1) and
tp1 ~ 0.873 and the left side of (2.26)

2 267 ) 27
¥, b+ %E— Tsin’t /t”'l-z — %
sin” (6t dt + sin” (6t dt
W{[g (6t) t+ 21 2z ( )bnll(t—%”—l—%sinzt)
s t _ Zl Y Zt s . 2
+ / " sin?(6t)—— 212210 dt} - / (36 cos? (6)dt ~ (0.086 + ObOS ) 7 — 9.424.
%1 -9 % n,1

On the other hand, the right side of (2.26) is

27(by1 —an1)
dif2] = 2201 — Budl)
QCl [wl] 27Tﬂn,1 *
Thus condition (2.26) is satisfied if
0.052 27(bu,1 — 1)
.086 —9424 > —————~, 3.2
(0.086 + bor ) > o (3.2)

For t € [c3,d>], letting wy(t) = sin6t and using similar calculation to the above, we also
show that the condition (2.26) is satisfied if

0.032 27(bno — an2)
0.071 —9424 > ————= =2, 3.3
(oo + 52 ) - s > TR 69
Hence, by Theorem 2.9, Eq. (3.1) is oscillatory if
<0.086 + 0'052) y— 0424 > 2/Un1 = an1)
bn,l 27'[&”,1 (3 4)
032 27 — )
0071+ 202 9404 - 27(n2 = n2),
b2 27ay,
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Particularly, if a,,; = by, ;, for n € N, i = 1,2, condition (3.4) becomes

0.052
bn,l

(0.071 + 01;032

(0.086 + ) 5 > 9.424,

> N > 9.424.
n,2

Example 3.2. Consider the following impulsive differential equation with variable delay

x"(t) + p(t)x(t — 3% sin2(m‘)> = f(t), t# O,

X (E7) = buix'(£), £ =6n,

(3.5)
x(tT) = ayx(t),

where 6,,; : 0,1 = 8n + %, 02 = 8n+ %, O3 = 8n+ 12—1, Opa = 8n+ %, n € IN. Let

(t—8n)3, € [8n,8n+3],
p(t) = 27(8n+4—t), te[8n+3,8n+4],

(t—8n—4)3, € [8n+4,8n+7],

27(8n+8—t), te[8n+7,8n+8,

and

t € [8n,8n+4],

() = (t —8n)3(t — 8n —4)3,
fH= (t—8n—4)3Bn+8—1)3, te[8n+4,8n+8]

For any tp > 0, we choose n large enough such that o < 8n and let [c1,d1] = [8n + 1,8n + 3],
[c2,dp] = [8n+5,8n+7], 81 = 8n+2and 6, = 8n + 6. It is easy to see that condition (2.1)
and (2.12) are satisfied. Moreover, we easily see that there exist zero points ; (i = 1,2,3,4) of
Dj(t) =t — 0, — 5=sin?(7t) in (64,1,61), (0n2,d1), (643,62) and (6,4, d>) respectively. There-
fore, the assumptions (S1), (51), (As-1), (Ss) and (Ss) are satisfied.

For j = 1, letting Hy(t,5) = Ha(t,s) = (t —s)3, we have hi(t,s) = —hy(t,s) = ;2. By
simple calculation, we get

1% [H, (¢, 8n-+3 t—8n+ 3 — Lsin?(mt
Cl[l(cl)]:/ 2(t—8n)3(t—8n—1)3 nTs 3n§m( )dt
Hy (61, ¢1) 8n+1 t—8n+3
h t—8n—3
- t—8n)(t—8n—1)>3 2 dt
8"*%( A ) bn,1(t—8n—%+%sin2(ﬂt))
8n+2 t—8 _Q_L-Zn,t
+ (t—8n)3(t—8n —1)3— 2 3”?“( ) gt
t t—81’l—§
1 8n+2 32
- t—8n—1)>3 dt
4 Jan+1 n—1) (t—8n—1)2
~ 0.045 0731,
bn,l

where # ~ 8n + 1.59 is a zero point of Dy(t) = t —8n — 3 — ;- sin?(7tt) in (81 + 3,8n +2)
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and
d
W:/8n+2(8n+3_t)( 8)t—81’l 2—37511’1 (Nt)dt
H(d1,61,) 8142 t—8n—3
f2 t—8n—2
+ t—8n)*(8n+3—1t)3 2 dt
8”*%( A ) bn2(t—87’l—§+3%511’12(71't))
8n+3 8 Q2 L t
+ (t—8n)°(8n+3 — t) - 3 SN’ (7 )dt
ty i’—8}’l - E
1 8143 5 32
-2 R e e—;
4 Jsnt2 (8n+3-1) (8143 —1t)?
n 326 +5.735,
bn,Z

where t, ~ 8n +2.593 is a zero point of Di(t) = t — 8n — 3 — L sin’(7tt) in (8n + 3,8n +3)
Then the left side of the inequality (2.35) is
5 d
12 [Hy(t,c1)] | TT5 [Ha(dy, t)] L0045 329 oo
Hy (61, ¢1) Ha(dy, 61, ) bna bnp
Because Gk(c1)+1 = 9k(51) = 971,1 = 8n + % € (C1,51) and 9k(51)+1
(61,d1), the right side of the inequality (2.35) is
d
‘CS} [Hl('r Cl)] Q(511 [Hz(dl’ >] bn,l —an1 + bn,Z — an2

= gk(dl) = 971,2 = 8n +% €

Hi(61,¢1) Hy(d1,61)  Aan 4ay,
Thus (2.35) is satisfied for j = 1 if
0.045 3.296 bn 1 —Aan1 bn 2 —0y2
+5.004 > —~ =4 — =. 3.6
bn,l bn,2 4“11,1 4‘111,2 ( )

For j = 2, using similar argument as above we get that t3 ~ 1.596, t4 ~ 2.593 and the left

side of inequality (2.35) is
T12[H, (£, ¢2)] ng[Hz(dz,t)]

Hi (5, Cz) Hz(d.z, 52)
_/z u—f—f;—sm TTu) u+/t3 u’ u—l)( 2%) Ju
u+3 b3 (u—f = sin? (7tu))
+/2 ud(u—1)>3 (u—%;%sm Tu) d +/§ ud(3 - —%;%st(nu))du
t -3 u—3
3 2 2
5_ 1 2
s u3(3 5— u)i(u'—zg) dut 3ud(3—u)d(u—3 o sin (mt))du
g bn,4(u—§—|—§sm (rTu)) ty u—3
1 Z(u — 1)37 / ———du
4 /1 ( —1)27" 4 u)2
~ 0.090 + 3.897 43558
b3 b

and the right side of the inequality (2.35) is

d
f% [Hl('/ CZ)] Q&zz [HZ(dZI )] _ bn,S —ans3 + bn,4 —dn4 )
Hy(62,¢2) Hy(d2, 62) 4a, 3 4a, 4




Interval oscillation criteria for impulsive differential equations 17

Therefor (2.35) is satistied for j = 2 if

0.090 + 3.897 13558 > bn,3 — a3 + bn,4 —Ap4
bn,3 bn,4 45171,3 4an,4

Hence, by Theorem 2.12, we know (3.5) is oscillatory if (3.6) and (3.7) hold.
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