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Introduction

Consider the following fourth order differential equation

eW(t) = f(t,z(t), te(0,1)

subject to one of the following two classes of m-point boundary value conditions

and

w00 =0, o) =5 air(n);
2/(0) =0, 2"(1)= mzf oz (m;),

2Z(0)=0, z(1)= me o,z (n;);

m—2
27(0)=0, 2"(1)= > a;z"(n;),
=1

(1.1)

(1.2)

(1.3)
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where f : R x R — R is a given sign-changing continuous function, m > 3, n; € (0,1) and

a; >0fori=1,--- m—2 with

m—2
d i<l (1.4)
i=1

The existence of nontrivial or positive solutions of nonlinear multi-point boundary value
problems (BVP, for short) for fourth order differential equations has been extensively studied
and lots of excellent results have been established by using fixed point index for cone mappings,
standard upper and lower solution arguments, fixed point theorems for cone mappings and so
on (see [2, 8-10] and the references therein). For example, in [9], Wei and Pang studied the

following fourth order differential equation

20 (t) = fla(t),—a" (1), te (0,1)

with the boundary condition (1.2).

By means of fixed point index theory in a cone and the Leray-Schauder degree, the existence
and multiplicity of nontrivial solutions are obtained.

Recently Professor Jingxian Sun advanced a new approach to compute the topological degree
when the concerned operators are not cone mappings in ordered Banach spaces with lattice
structure. He established some interesting results for such nonlinear operators (for details, see
[3, 6, 7]). To our best knowledge, there is no paper to use this new method to study fourth
order m-point boundary value problems. We try to fill this gap in the present paper.

Suppose the following conditions are satisfied throughout.

(HO) the sequence of positive solutions of the equation
m—2
sin /s = Z a; sinm;/s
i=1

SO<A <A< <Ay < Apgr <o

(HO') the sequence of positive solutions of the equation

m—2
cos /s = Z a; cosn;v/s
i=1

is0<sy <5< v <5y < Spg1 < o
(H1) limy— oo L% = o uniformly on ¢ € [0, 1].

T

(H2) limg— o ftz) _ 3 uniformly on ¢ € [0, 1].

T

(H3) f(t,0) =0, lim;_o fle) ~ uniformly on ¢ € [0, 1].

xT

This paper is organized as follows. In Section 2, we present some basic definitions of the
lattice and some lemmas that will be used to prove the main results. In Section 3, we shall give

our main results and their proofs.
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2 Preliminaries

We first recall some properties of a lattice and some operators (see [3, 7]).

Let F be an ordered Banach space in which the partial ordering < is induced by a cone
P C E. P is called normal if there exists a constant N > 0 such that 8 < z < y implies
Iz <N [yl

Definition 2.1.[7 We call E a lattice under the partial ordering <, if sup{z,y} and inf{z, y}
exist for arbitrary =,y € F.

Definition 2.2.5 Let E be a Banach space with a cone P and A : E — E be a nonlinear
operator. We say that A is a unilaterally asymptotically linear operator along P, = {x € E :
x > w, w € E}, if there exists a bounded linear operator L such that

i A= Lo
@€Py, |lef—o0 |l ||

0.

L is said to be the derived operator of A along P, and will be denoted by A'Pw. Similarly, we can
also define a unilaterally asymptotically linear operator along P¥ = {z € E:z < w, w € E}.
Remark 2.1. If w = 0 in Definition 2.2, A is a unilaterally asymptotically linear operator
along P and (—P). It is remarkable that A is not assumed to be a cone mapping.
Definition 2.3.7 Let D C F and A : D — E be a nonlinear operator. A is said to be

quasi-additive on a lattice, if there exists v* € F such that
Ar = Axy + Az_ + 0", Yz € D,

where z, = 2% = sup{z,0}, v_ = -2~ = —sup{—=z,0}.

The following lemma is important for us to obtain the main results.

Lemma 2.1.8 Suppose E is an ordered Banach space with a lattice structure, P is a normal
cone of E, and the nonlinear operator A is quasi-additive on the lattice. Assume that

(i) A is strongly increasing on P and (—P);

(1) both A’p and A’(ip) exist with r(A'p) > 1 and r(A"_p) > 1, and 1 is not an eigenvalue of

"> and A’(ip) corresponding a positive eigenvector;

(111) AQ = 0; the Frechet derivative Aj of A at 0 is strongly positive and r(Ap) < 1;

(iv) the Frechet derivative AL of A at oo exists; 1 is not an eigenvalue of AL_; the sum 3
of the algebraic multiplicities for all eigenvalues of AL, lying in the interval (1, o) is an even
number.

Then A has at least three nontrivial fized points containing one sign-changing fixed point.

Let £ = C0, 1] with the norm || z ||= max,g(o, 4 | z(¢) | and P = {z € E: z(t) > 0,t €
[0, 1]}. Then E is a Banach space and P is a normal cone of E. It is easy to see that F is a
lattice under the partial ordering < that is deduced by P.

Using the same method as in [9], we can easily convert BVP (1.1) and (1.2) into the following
operator equation

2(t) = (L3Fa) (1), (2.1)
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where the operators I’ and L; are defined by

(Fx)(t) = f(t,z(t)), Vt € [0, 1], x € E; (2.2)
(Lyz)( / Hi(t,s)z(s)ds, Vt €0, 1], xz € E; (2.3)
where
Z Qg (nias)
Hi(t,s) = Galt,s) + =,
1- Z ;15
=1

(I1—-1)s, 0<s<t<1;
Gi(t,s) =

(I—s)t, 0<t<s<l.

Similarly, we can convert BVP (1.1) and (1.3) into the following operator equation

(t) = (L3Fx)(t), (2.4)
where
(Laz)( / Hy(t,s)z(s)ds, Vt € [0, 1], z € E, (2.5)
Z a’l (772‘78)
Hy(t,s) = Galt,s) + — ,
1= > am;
i=1
1—-¢t 0<s<t<;
Gz(t, S) =
1—5, 0<t<s<1.
Define
Ay = L3F, Ay = L3F, (2.6)

then the following lemma is obvious.

Lemma 2.2. z(t) is a solution of the BVP (1.1) and (1.2) (BVP (1.1) and (1.3)) if and
only if x(t) is a solution of the operator equation

2(t) = (Arz)(t) (2(t) = (Aaz)(t))-

Lemma 2.3. (i) L? : E — E(i = 1,2) is a completely continuous linear operator;

(ii) F: E — E is quasi-additive on the lattice;

(iii) A; = L?F (i = 1,2) is quasi-additive on the lattice;

(iv) the sequences of all eigenvalues of the operators L3 and L3 are {ﬁ, n= <} and
1

T n= 1,2,---}, respectively, where X\, and s, are respectively defined by (HO) and (H0'),

and the algebmic multiplicities of )\% and SLQ are 1.

(v) r(L3) = )\2, r(L3) = %, where r(L;) is the spectral radius of the operator L; (i =1,2).
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Proof. The proof of (i)-(iii) is obvious. Now we start to prove the conclusions (iv) and (v).
Let u be a positive eigenvalue of the linear operator L3, and y € E'\ {6} be an eigenfunction

corresponding to the eigenvalue u. Then we have

py™W =y, tel0,1];

m—2
y(0) =0, y(1) = 3 ciylm); (2.7)
y'(0)=0, y'(1)= mg iy (mi)-

Define D = %, L = pD* — 1; then there exist two constants r;, 75 such that

Ly = p(D* +11)(D? + 72)y.
By properties of differential operators, if (2.7) has a nonzero solution, then there exists

rs, s € {1,2} such that r; = \g, k € N. In this case, sinty/A\ is a nonzero solution of (2.7).

Substituting this solution into (2.7), we have
pAi —1=0.

Hence, {/\%, k =1,2,---} is the sequence of all eigenvalues of the operator L?. Then p is
k

one of the values
1 1 1

ANTA A
and the eigenfunction corresponding to the eigenvalue /\% is
yn(t) = Csint/ Ay, t €[0,1],

where C' is a nonzero constant. By the ordinary method, we can show that any two eigenfunctions

corresponding to the same eigenvalue )\% are merely nonzero constant multiples of each other.

Consequently,
dimker()\i%l— L) =1. (2.8)
Now we show that
ker()\i%l )= ker()\—l%l _ 122, (2.9)

Obviously, we need only show that

1
I—L3)? C ker(

2

1
ker(

2

I—12%). (2.10)

For any y € ker()\%l — L2, (I — M2L3%)y is an eigenfunction of the linear operator L?
corresponding to the eigenvalue )\% if (I —A2L2)y # 0. Then there exists a nonzero constant v

such that
(I =MLy = ysinty/ A, t €10, 1].
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By direct computation, we have

y @ = X2y +yA2sint/N,, teo,1];
m—2
y(0) =0, y(1)= ; ;Y (n;);
m—2 "
y"(0) =0, ¥"(1)= Zl iy (mi).

It is easy to see that the general solution of (2.11) is of the form

(2.11)

VAn
y(t) = Crcosty/ Ay +Cosinty/ Ay, +Cs exp(ty/ Ay) +Caexp(/ —t)\n)—kWTt costy/ An, t €0, 1]

where C1, Cy, C3, Cy are nonzero constants.

Applying the boundary conditions, we obtain that

Cy =0,

where

z Xah) = exp(—/Aatls)

i (exp( > 0,

G =cosvV A, — Z @;7); COS M5\ Ay
i=1

If G #0, then C3 = @ = 0, which is a contradiction to v # 0, and y(t) =

ker(s1 — L?). So (2.10) holds, which means (2.9) also holds.
If G =0, then

m—2
cos VA = Z Q;1; COS ;v Ap-
i=1

By the Schwarz inequality, we obtain

m—2
1—sin®? V), Z QU 1); COS 15 V/ )\n)2

.
—_

[\

2
a cos? ; n)

WE

m—
2
)

IN

;)

S o~

L

%) —_
S

-.

S Il

M -

Zm zwnm

@
Il
—
-.
Il
—_

An).-

(2.12)

(2.13)

(2.14)

Cysinty/ A, €
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m—2
Applying the condition sinv A, = Y «;sinn;v/A,, we obtain
i=1

m—2 m—2

m—2 m—2
s (m) e+ Zazsmm VA= (X2 (Y af sin® iv/An)
i=1 ; i=1 i=1

~
—_

[\

m—2 m—2
= (Z (> af)+[1 - Z )Y af sin® niv/An)
3 =1

1

+ Z Qo sin i/ Ay sin g/ A

3

-.
Il

Z#J
m— m72 m—2 m—2
< Z 04?)"‘[1—(277?)](20%2)4‘2%0@
i=1 2:1 i=1 i=1 1#£]
m—2
= ( ai)z’
i=1

m—2

which is a contradiction to Y. «; < 1. Thus, (2.9) holds. It follows from (2.8) and (2.9) that
=1

the algebraic multiplicity of the eigenvalue )\% is 1.

Similarly, we can show that the sequence of all eigenvalues of the operator L3 is { 7, N =
2,---}, and the algebraic multiplicity of = is 1.

By the definition of the spectral radius, we have

1
M= s A=
Ae{%g, n=1,2,---} 1

2 1
r(Ly) = sup (A=
Ae{%, n=1,2,-} 51

The proof of this Lemma is complete. O

Lemma 2.4. Let A; and L? (i =1, 2) be defined by (2.1) - (2.6). Then

(i) (A)p = aL? (i =1, 2) if f satisfies (H1);

(i) (Ai)|_p) = BL? (i =1, 2) if f satisfies (H2);

(iii) (A;)p =vL? (i =1, 2) if f satisfies (HS3).

Proof. We only prove the conclusion (i), the proofs of conclusions (ii) and (iii) are similar.

Suppose that f satisfies (H1). Then there exists R > 0 such that for a given ¢ > 0,

| f(t, ) —ax |[<ex, t€][0, 1], x > R.

Set Mp = b, %l,agchgR | f(t, x) |. Then
| (Fa)(t) —ax@t) | = [f(t, =(t) — ox(t) |
< Mp+aR+e| x|, VxeEP || z|>R,
and hence
| Aix —aLiz | = || L}(Fz) - aLiz ||
< L | (Mr+aR+ellz]), (i=1,2),
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which means
o | Ajz — aL?w I
lim inf

2€P, ||—oo | |

Therefore, (4;)s = al? (i=1, 2). O

<c| 2] (=1, 2).

3 Main Results

In order to consider the existence of multiple solutions for the BVP (1.1) and (1.2) and BVP
(1.1) and (1.3), let us introduce another ordered Banach space.

Let ey ; be the first normalized eigenfunction of L? corresponding to its first eigenvalue; then
e1i(t) >0, vte (0, 1) and | e1; |=1, (i =1, 2).

Let

Eej={z € E:3u>0, —pei(t) <z(t) < pei(t), t€[0, 1}, (i =1, 2).

By [1] and [3], we know that E.; is an ordered Banach space, P.; = P(E.; (i =1, 2) is a
normal solid cone in E, ;, and L?:F— E, ; is a linear completely continuous operator satisfying
L3 (P\{0}) CintP.; ={x € P.; : Ja >0, >0, ae;(t) < z(t) < Beri(t), t €0, 1]}, (i =
1, 2).

Now we are ready to give our main results.

Theorem 3.1. Suppose that | satisfies (H1) -(H3). In addition, suppose

(i) f(t, ) is strictly increasing in x;

(ii) there exist an even number ny and a positive integer na, such that
2 2 2 2
Ay Sa <AL g, A, < B <AL (3.1)

(iii) 0 < v < A3.
Then BVP (1.1) and (1.2) has at least three nontrivial solutions containing a sign-changing
solution.

Proof. From Lemma 2.4 we know that
(Al)lg = fyLi (Al)% = QL% (Al)l(fp) = BL%

Notice that P, = P()E.1 C P implies (Al)%.e,l = aL? and (Al),(*Pe,l) = BL3.

Using a method similar to the one used in the proof of Lemma 2.4, it is not difficult to prove
that (A41)., = aL3.

By condition (i) and the fact that L}(P \ {#}) C intP.;, we know that A; is strongly
increasing and hence the condition (i) of Lemma 2.1 is satisfied.

The condition (ii) shows that 1 is not an eigenvalue of (A4;) and (Al)’(_ py» and by Lemma

2.3, we have

r((Ay)p) = A% > 1, r((A)i_p)) = A% > L.

Hence, condition (ii) of Lemma 2.1 is also satisfied.
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Similarly, we can show that (A;)j is strongly positive, so condition (iii) of Lemma 2.1 is
satisfied.

Since f satisfies (H1) and (H2), by condition (iii) we find that condition (iv) of Lemma 2.1
is satisfied.

Consequently, Lemmas 2.1 and 2.2 guarantee that the conclusion is valid. O

By the method used in the proof of Theorem 3.1, it is easy to show the following theorem.
Theorem 3.2. Suppose that f satisfies (H1) -(H3). In addition, suppose

(i) f(t, z) is strictly increasing in x;

(ii) there exist an even number ny and a positive integer ng, such that

2 2 2 2
Spy << S0, Sp, < B < Sp,i1; (3.2)

(iii) 0 < 7y < s3.
Then BVP (1.1) and (1.3) has at least three nontrivial solutions containing a sign-changing

solution.

Example 3.1 Consider the following fourth order differential equation

e W(t) = f(t,z(t), te(0,1);

/ _ I .
2(0) =0, (1) = axa(m); .

2"(0) =0, 2"(1) = onz"(m),
where

infyep0,17[4002(1 +1)], > 10;

o (z—5) + 1, T <z <10

f(t,z) =< sinz, -5 <z <3

s (r+3) — 1, -10<z < -5;

SUPye(o,1] [2tx], x < —10,
and a; = ?, N :2%. It is easy to see f(t,x) is strictly increasing in . By simp2le calculations,
we can show s1 = %, so = (2mr—2arccos @)2, sg = (2m+2 arccos @)2, sS4 = %, Cee Sl =
(4km + £)?, sapyo2 = (4km + 2m — 2arccos @)2, Sqk+3 = (4km + 27 + 2arccos @)2, Sqk4d =

(4km +HZ)2 ke N. And o =400, =2, y=1,50 3 < < s}, s <B<s} 0<y<si
Thus, by Theorem 3.2, BVP (3.3) has at least three nontrivial solutions containing a sign-
changing solution.
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