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1 Introduction

The study of functional equations with causal operators has a rapid develop-
ment in the last years and some results are assembled in a recent monograph
[4]. The term of causal operators is adopted from engineering literature and the
theory of these operators has the powerful quality of unifying ordinary differen-
tial equations, integrodifferential equations, differential equations with finite or
infinite delay, Volterra integral equations, and neutral functional equations, to
name a few (see, [1], [3], [10], [11], [17], [19], [21], [22]).

Let S be the class of all infinite - dimensional nonlinear M- input u, M- out-
put y systems (p, f, g, Q) given by the following controlled nonlinear functional
equation R R

{ y'(t) = F((1), (Qu) (1)) + g(p(t), (Qu) (1), u(t)), (1.1)
yl[fo,O] =y’ c C([~0,0], E) -

where o > 0 quantifies the memory of the system, p is a perturbation term,
@ is a nonlinear causal operator, and F is a real Banach space. The aim of
the control objective is the development of a adaptive servomechanism which
ensures practical tracking, by the system output, of an arbitrary reference signal
assumed to be in the class R of all locally absolutely continuous and bounded
with essentially bounded derivative. In fact, the control objective is to determine
an (R,S)— servomechanism, that is, to determine the continuous functions
®: F — E and ¢, : Ry — Ry (parametrized by A > 0) such that, for every
system of class S and every reference signal r € R, the control

u(t) = k()@ (y(t) —r(t), k(t) = oa(lly(t) = r@®), k00 =K (1.2)
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applied to (1.1) ensures convergence of controller gain,and tracking of r(-) with
asymptotic accuracy quantified by A > 0, in the sense that max{||y(t) —r(t)|| —
A, 0} — 0 as ¢ — co. For more details see the papers [12], [20].

Using (1.2), we can write (1.1) as

z'(t) = F(t,(Qz)(t)), x|—00 = 2 € C([-0,0], E x R) (1.3)

where z(t) = (y(t),k(t)), 2° = (y° k%), and Q is an operator defined on
C([_Uv O]aE X R) by

(Q)(1) = (Q(y. k))(t) = (Qu)(1), y(t), k(1)).

The purpose of this article is to study the topological properties of the initial
value problem (1.3) in a Banach space. For this we will use ideas from papers
[8], [9]. Also, we give an existence result for this problem, assuming only the
continuity of the operator (). In the paper [12] is also obtained an existence
result assuming that the operator @ is a locally Lipschitz operator.

2 Preliminaries

Let E be a real separable Banach space with norm || - ||. For z € E and r > 0
let B.(z) :={y € E;|ly — «|| < r} be the open ball centered at z with radius
r, and let B,[z] be its closure. If o > 0, we denote by C([—0,b), E') the Banach
space of continuous bounded functions from [—o,b) into E and we denote by C,
the space C([—0,0], E) with the norm ||¢||, = sup [|¢(s)||. By LT, .([0,b), E),

—0<s<0
1 < p < o0, we denote the space of all functions which are LP-Bochner integrable
on each compact interval of [0, b).
By a(A), we denote the Hausdorff measure of non-compactness of nonempty

bounded set A C E, defined as follows([2], [14]):
a(A) = inf{e > 0; A admits a finite cover by balls of radius < £}.

This is equivalent to the measure of non-compactness introduced by Kura-
towski (see [2]).

If dim(A) = sup{||z — y||;x,y € A} is the diameter of the bounded set A,
then we have that (A) < dim(A4) and a(A) < 2d if sup,¢ 4 ||z]| < d. We recall
the some properties for « (see [14]).

If A, B are bounded subsets of E and A denotes the closure of A, then

(1)
(i)
(i)
)
)

a(A) = 0 if and only if A is compact;

(A
(4) = o(4) = a(ca(A));

(AA) = |[\a(A) for every A € R;
(

(A

(07

e

a(A) < a(B) if A C B;

a B) = a(A) + a(B).
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We recall the following lemma due to Moénch([16], Proposition 1.6).

Lemma 2.1. Let {un () }m>1 be a bounded sequence of continuous functions
from [0,T] into E. Then, 5(t) = a({um(t);m > 1}) is measurable and

T T
« ({/0 U, (£)dt; m > 1}) S/o B(t)dt. O

Definition 2.1. Let 0 > 0. An operator Q : C([—0,b), E) — L2 ([0,b), E)
is a causal operator if, for each 7 € [0,b) and for all u( ),v() € C([—0,b), E),
with u(t) = v(t) for every ¢ € [—o,7], we have (Qu)(t) = (Qu)(t) for a.e.
te[0,7].

Two significant examples of causal operators are: the Niemytzki operator

(Qu)(t) = f(t,u(t))

and the Volterra-Hammerstein integral operator

(@u)(0) = 9(0)+ [ kit ) (s, u(s))ds.

Fori=0,1,...,p, we consider the functions F; : Rx E — E, (t,u) — F(t,u),

that are measurable in ¢ and continuous in u. Set ¢ := maxo;, where o; > 0,
i=1,p
and let

0 p
(Qu)(t) :[ Fo(s,u(t+s))ds+ZFi(t,u(t—ai)), t>0.

Then, the operator Q, so defined, is a causal operator (for details, see [12]).
For other concrete examples which serve to illustrate that the class of causal
operators is very large, we refer to the monograph [4].

We consider the initial-valued problem with causal operator

u'(t) = F(t, u(t), (Qu)(t), ul-e0 =¢ €Co, (2.1)

under the following assumptions:

(h1) @ is continuous;

(hg) for each r > 0 and each 7 € (0,b), there exists M > 0 such that, for all
u(-) € C([~0,b),E) with  sup |[Ju(t)|| < r, we have [|(Qu)(t)|| < M for
a.e. t €[0,7]; o

(h3) F :[—0,b) x E x E — E is a Carathéodory function, that is:

(a) for a.e. t € [—a,b), F(t,-,-) is continuous,

(b) for each fixed (u,v) € E x E, F(-,u,v) is measurable,
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(c) for every bounded B C E x FE, there exists u(-) € L}, .([0,b),Ry) such
that

[|[F(t,u,v)|| < p(t) for a.e. t € [—0,b) and all (u,v) € B. (2.2)

(ha) for each bounded set A C C([—0,b), E), there exists ko > 0 such that

a((QA)(1)) < ko/o a(A(s))ds for every ¢ € [0,b), (2.3)

where A(t) = {u(t);u € A} and (QA)(t) = {(Qu)(t);u € A}.
(hs) there exist ¢, ¢z > 0 such that
a(F(t, B1, B2)) < cia(B1) + coa(Bs) (2.4)
for every t € [0,b) and for every bounded sets By, By C E.

By solution of (2.1) we mean a continuous function u(:) : [—o,b) — FE
such that ul_s 0 = ¢, u(:) is local absolutely continuous on [0,b) and u’'(t) =
F(t,u(t), (Qu)(t)) for a.e. t €0,b).

We remark that u(-) € C([-0,T], E), T > 0, is a solution for (2.1) on [—a, T},
if and only if, u|[_, 0 = ¢ and

o(t), for t € [0, 0]
u(t) = ©(0) —|—/ F(s,u(s), (Qu)(s))ds, forte[0,T]. (2:5)

The existence of solutions for this kind of Cauchy problem has been stud-
ied in [12] for the case when @ : C([—0,b),R") — L{2.([0,b),R™) is a locally
Lipschitz operator. This problem has been studied in [6] for a Lipschitz causal
operator @ : C([0,b), E) — C([0,b), E), where E is a real Banach space.

The existence of solutions for this kind of Cauchy problem has been studied
by [6], in the case in that @ : C(]0,b), E) — C([0,b), E). Also, for other results
see [5], [7], [13], [15], [18].

The aim of this paper is to establish the existence of solutions and some
properties of set solutions for Cauchy problem (2.1). To prove the properties of

set solutions, we use the same method as in [9] and [8], accordingly adapted.

3 Existence of solutions

In the first half of this section, we present an existence result of the solutions
for Cauchy problem (2.1), under conditions (hy)-(hs).

Theorem 3.1. Let Q : C([—0,b),E) — L2.([0,b), E) be a causal operator
such that the conditions (h1) - (hs) hold. Then, for every ¢ € C,, there exists a
solution u(-) : [-0,T] — E for Cauchy problem (2.1) on some interval [—o, T

with T € (0,b).
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Proof. Let 6 > 0 be any number and let 7 := ||p||, + J. Also, let 7 € (0,b).
If u%(+) € C([—0,b), E) denotes the function defined by

0 o(t), forte[-0,0)
W) = { 2(0), forte[0,b),
then sup ||u®(t)|| < r and therefore, by (ha), we have ||(Qu°)(t)|| < M for a.e.
0<t<r

t € [0,7]. On the other hand, since F is a Carathéodory function, there exists
u(-) € L1([0,7],R4) such that

[|[F(t,u,v)|| < p(t) for ae. t € [0,7] and (u,v) € B,(0) x B (0).

We choose T' € (0, 7] such that fOT p(t)dt < ¢ and we consider the set B defined
as follows

B ={ucC([~0,T],E);ul—s0 = ¢, sup [lu(t)—u’(t)]] < d}.
0<t<T

Further on, we consider the integral operator P : B — C([—0o,T], E) given by
o(t), for t € [—0,0)
Pu)(t) = !
PO e+ [ Rt Qs for e 0.1,

0

and we prove that this is a continuous operator from B into B.
First, we observe that u(-) € B, then sup ||u(t)|| <, and so |[(Qu°)(t)|| <
0<t<T

M for a.e. t € [0,7]. Hence, for each u(-) € B, we have

t

sup [[(Pu)(t) —u’(t)|| = sup [| [ F(s,u(s), (Qu)(s))ds]|
0<t<T 0<t<T Jo

< / 1 (s, u(s), (Qu)(s))]|ds

T
g/ p(t)dt < 6
0

and thus, P(B) C B.
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Further on, let u,, — u in B. We have

sup [[(Pum)(t) — (Pu)(t)]| =

0<t<T

t

= sup || [ [F(s,um(s), (Qum)(s)) = F(s,u(s), (Qu)(s))lds||

0<t<T 0

< sup /0 [[F (s, um(s), (Qum)(s)) — F(s, u(s), (Qu)(s))[|ds

0<t<T

< [ UFGs ), (Qua(5) ~ Fs,u(s), (Qu) () s

0

< Tess Spl| (s, um(s), (Qum)(5)) = F(s, u(s), (Qu)(s))I]

By (h1) and (hs) it follows that sup ||(Pum)(t) — (Pu)(t)|| — 0 as m — oc.
0<t<T

Since U, |[—q,0) = @ for every m € N, we deduce that P : B — B is a continuous
operator.

Moreover, it follows that P(B) is uniformly bounded. Next, we show that
P(B) is uniformly equicontinuous on [—o,T]. Let ¢ > 0. On the closed set
[0,T], the function ¢ — fot w(s)ds is uniformly continuous, and so there exists
7’ > 0 such that

/:u(T)dT

On the other hand, since ¢ € C, is a continuous function on [—o, 0], then there
exists i/ > 0 such that

< ¢/2, for every t,s € [0, T] with |t — s| < 7/’

ll(t) — o(s)|| < e/2, for every t,s € [0,T] with [t — s| < 7.

Let t,s € [—0,T] are such that |t — s| < 7, where n = min{y’,n"}. If —0 <
s <t < 0 then, for each u(-) € B, we have ||(Pu)(t) — (Pu)(s)|| = 0. Next, if
—0 < s <0<t<T then, for each u(-) € B, we have

[(Pu)(t) = (Pu)(s)]] = lly(0) + /0 F(r,u(7), (Qu)()dr — ¢(s)]]
<|l#(0) = @(s)l| + | /0 1F (7, u(7), (Qu)(T)[ldT < [[0(0) — o(s)[|+

oo

€ €
<s+5<e
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Finally, if 0 < s <t < T then, for each u(-) € B, we have
[[(Pu)(t) — (Pu)(s)|| =

S

— 1l(e(0) + / F(r, u(r), (Qu)(r)dr) — ((0) + / F(r, u(r), (Qu)(r)dr)]|

0 0

<Il [ Pt @ - [ P, @@l

<|/ tr)ar

Therefore, we conclude that P(B) is uniformly equicontinuous on [—a, T).

Further on, for each m > 1, we consider the following classical approxima-
tions

<e.

<|/ 1, utr), (@)Yl

ul(t), for —o <t <T/m

U, _ t—T/m
®) ©(0) + /0 F(s,um(s), (Qupm)(s))ds, for T/m <t <T.

Then, for all m > 1 we have u,,(-) € B. Moreover, for 0 < t < T'/m, we have

T/m

T/m
(P (£) — um ()] < / (S, tm(5), (Qum)(5)) | ds < / u(s)ds.

0
and for T/m <t < T, we have

N(Pum)(t) = um(@®)]] = [|(Pum)(t) = (Pum)(t = T/m)|| =

t—T/m

I / (s, (9). (Qui) (5)ds — / F (5 tm(5), (Quim)(5))ds]|

0

t

= / o Flostn(5) (Qun) 5] < / (5 trm(5), (Qum)(s)) s

|F
t—T/m

t
< / wu(s)ds.
t—T/m

Therefore, it follows that

sup ||(Pum)(t) — um(t)|] — 0 as m — oo. (3.1)
0<t<T

Let A = {u;,(:);m > 1}. Denote by I the identity mapping on B. From
3.1 it follows that (I — P)(A) is a uniformly equicontinuous subset of B. Since
A C (I—-P)(A)+ P(A) and the set P(A) is uniformly equicontinuous, then
we infer that the set A is also uniformly equicontinuous on [—o,T]. Set A(t) =
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{um/(t);m > 1} for t € [0,T]. Then, by (2.5) and property (v) of the measure
of non-compactness we have

a(A() < a ( / F(s,A(s),(QA)(s))ds) ta ( / F(s,A(s),(QA)(s))ds) .
0 t—T/m

Note that, given € > 0, we can find m(g) > 0 such that ftt_T/m w(s)ds <e/2
for t € [0,7] and m > m(e). Hence we have that

“ ( / F(s, Als), (QA)(S))ds>
t—T/m
=a <{/t—T/ F(s,um(s), (Qum)(s))ds;m > m(@})

t
<2 sup / p(s)ds < e.
T/m

m>m(e) Jt—

Using the last inequality, we obtain that

a@«w>Sa(1fF@~u®mQAxgﬁu)

Since for every ¢t € [0,7T], A(t) is bounded then, by Lemma 2.1, (h4) and
(hs), we have that

a(A(t))

IN

IN
St~ o Y & oY & oY & o~~~

a(F(s, A(s), (QA)(s))) ds

[c1a(A(s)) + c2a((QA)(s))]ds

S

kmM(D+@%/ (A(r)irlds
t s
cra(A dercho/ds/

0

t
cra(A dercho/t—T
0
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for every t € [0,T]. Therefore,

a(A®) < K [ a(a(s)ds,
0

for every t € [0,T], where K := ¢1 + cakoT.
Then, by Gronwall’s lemma, we must have that a(A(t)) = 0 for every

t € [0,T]. Moreover, since (see [14], Theorem 1.4.2) a(A) = sup «(A(t)) and
0<t<T

Al[—s,0) = {¢} we deduce that a(A) = 0. Therefore, A is relatively compact sub-
set of C([—o,T], E). Then, by Arzela-Ascoli theorem (see [14], Theorem 1.1.5),
and extracting a subsequence if necessary, we may assume that the sequence
{tm(-)}m>1 converges uniformly on [0,T] to a continuous function u(-) € B.
Therefore, since

sup [[(Pu)(®) ~ u(®l| < swp [[(Pu)(t) = (Pun) (1)

+ sup [|(Pum)(t) — um(@)|[+ sup [|un(t) —u(t)|]
0<t<T 0<t<T

then, by (3.1) and by the fact that P is a continuous operator, we obtain that
t
sup ||(Pu)(t)—u(t)|] = 0. It follows that u(t) = (Pu)(t) = u0+/ F(s,u(s), (Qu)(s))ds
0<t<T 0

for every t € [0,T]. Hence
(), t for t € [—0,0)
“=\ b0+ [ Fls.uts).@u)s, toree o)

solve the Cauchy problem (2.1). O
Theorem 3.2. Let Q : C([—0,b),E) — L$2.([0,b), E) be a causal operator

loc

such that the conditions (h1) — (hs) hold. Then, the largest interval of existence
for any bounded solution of Cauchy problem (2.1) is [0,b).

Proof. Let u(:) : [-0,8) — E be any solution of Cauchy problem (2.1)
existing on [—0,3), 0 < 8 < b. Also, we suppose, by contradiction, that the
value of 8 cannot be increased. Since u(-) is bounded, then there exists r > 0

such that sup |u(t)|| < r and so, by (hg), there exists M > 0 such that
—o<t<p

[[(Qu)(t)|]| < M for t € [0,b). By (hs), it follows that there exists a function
there exists u(-) € L} .([0,b),R;) such that

loc

[|[F(t,u,v)|| < p(t) for ae. t €[0,8) and v € B, (0) x B (0).
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For every t1, to such that 0 < t; < t2 < (, we have

[lu(tz) — u(t2)|| =

|y£IEXau@x<@ux@yw—3A2}«xu@%<@ux®ﬁwu

ta

s/mﬂwwmmwmws/u@@

t1 t1

ta

Since u(-) € L*([0, 5], Ry) then / u(s)ds — 0 as ty, ta — [, which implies
t1

that lim,_,3- u(t) exists. Hence, if we take u(3) = lim;_,3- u(t), then the func-

tion u(-) can be extended by continuity on [0, 5]. Further on, we consider the
Cauchy problem

{ V' (t) = F(t,u(t + 6), (Qu(- = B)(t+0)), 0 <t <b—f (3.2)
V(= (o4p),00 = ¥ '

where () € Cy4p is defined by ¥(s) = u(s + ), for all s € [—(c + ), 0].
By Theorem 3.1, there exists a solution v(-) : [-(c + (), 7) — E of Cauchy
problem (3.2), where 7 € (0,b— f]. It follows that w(-) : [-0,8+ 7] — E, given

by
B u(t), for t € [0, f]
w(t) = { v(t—0), forte 8,8+ 1],

is a solution of Cauchy problem (2.1) because, for a.e. ¢ € [3,5 + 7], we have
that

w'(t) =v'(t = B) = F(t, u(t), (Qu(- = B)(t)) = F(t,u(t), (Qu)(t)).

Therefore, the solution u(-).can be continued beyond 3, contradicting the as-
sumption that 8 cannot be increased. It follows that 3 =b. [

4 Some properties of solution sets

In the following, for a fixed ¢ € C, and a bounded set K C E, by Sr(¢, K)
we denote the set of all solutions u(-) of Cauchy problem (2.1) on [—o,T] with
T € (0,b] and such that u(t) € K for all t € [—0,T]. By Ar(p, K) we denote
the attainable set; that is, Ar(p, K) = {u(T);u(-) € Sr(p, K)}.

Theorem 4.1. Assume that Q : C([—0,b), E) — L2.([0,b), E) is a causal

operator such that the conditions (h1) — (hs) hold. Then, for every ¢ € C,, the
set St(p, K) is a compact set in C([—o,T], E).
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Proof. We consider a sequence {un(+)}m>1 in Sr(yp, K) and we shall show
that this sequence contains a subsequence which converges, uniformly on [—a, T7,
to a solution u(-) € Sy(yp, K). Since K is a bounded set, then there exists r > 0
such that K C B, (0). By (ha), there exists M > 0 such that ||(Qu)(t)|| < M for
every u(-) € ([—o,T], E) with sup_, ;<7 ||u(t)|| < r. Since F is a Carathéodory
function, there exists u(-) € L'([0,7],R,) such that

[|F(t,u,v)|| < u(t) for a.e. t € [0,T] and u € B,.(0) x B (0).

Since U |[—o,0) = ¥, We have that u,,(-) — ¢(-) uniformly on [~0,0]. On the
other hand, since

i (£) = (0) + / F(s, tm(3), (Quam) (5))ds

for all ¢ € [0,T], then we have that

i ®) = ) = | [ 150 @un Dl

< ‘/:u(ﬂdT

Therefore, {um(-)}m>1 is uniformly equicontinuous on [0,7]. As in proof of

Theorem 3.1 we can show that A = {u,(-);n > 1} is relatively compact subset

of C([0,T1], E). Moreover, since a(4) = sup «(A(t)), we deduce that a(A) = 0.
0<t<T

for s,t € [0,T.

Therefore, A is relatively compact subset of C([0, 7], F). Further, by the Ascoli-
Arzela theorem and extracting a subsequence if necessary, we may assume that
the sequence {um,(+)}m>1 converges uniformly on [0, 7] to a continuous function
u(-). If we extend u(-) to [~o,T] such that ul[_, g = ¢ then is clearly that
U (+) — u(-) uniformly on [—o, T]. Now, by (hi) we have that nan;oQum = Qu

in L*([0, T}, E) and so
lim (Qun,)(t) = (Qu)(t) for a.e. t € [0,T].

Since || F(t, um (t), (Qum)(¥))|| < u(t) for almost all ¢ € [0,7] and all m > 1, by
the Lebesgue dominated convergence theorem, we have
t

lim F(s,um(s), (Qunm)(s))ds = /0 F(s,u(s), (Qu)(s))ds for all t € [0,T].

n—oo 0
t
It follows that u(t) = lim ., (t) = ¢(0) +/ F(s,u(s), (Qu)(s))ds for all t €
n—oo 0
[0,7] and so u(-) € Sr(p, K). O

Theorem 4.2. Assume that Q : C([—0,b), E) — L2.([0,b), E) is a causal

operator such that the condition (h1) — (hs) hold. Then the multifunction St :
Co — C([—0,T], E) is upper semicontinuous.
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Proof. Let K be a closed set in C([—0,T], E) and G = {p € Cs; Sr(p, K) N

K # 0}. We must show that G is closed in C,. For this, let {¢m}m>1 be a

sequence in G such that ¢, — ¢ on [—0,0]. Further on, for each m > 1, let

Um(:) € Sr(pn, K) N K. Then, uy, = @, on [—0,0] for every m > 1, and
t

U (t) = ©m(0) +/ F(s,um(s), (Qum)(s))ds for every t € (0,T] and m > 1.

0
As in proof of Theorem 3.1 we can show that {u,(-)}n>1 converges uniformly
on [—o,T] to a continuous function u(-) € KC. Since u(t) = lm u,m,(t) = ¢(0) +

t
/ F(s,u(s), (Qu)(s))ds for every t € [0, T], we deduce that u(-) € Sr(p, K)NK.
0

This proves that G is closed and so ¢ — St (¢, K) is upper semicontinuous. O
Corollary 4.1. Assume that Q : C([—0,b), E) — L2 .([0,b), E) is a causal

loc
operator such that the conditions (hi) — (hs) hold. Then, for any ¢ € C, and
any t € [0,T] the attainable set Ai(p, K) is compact in C([—o,t],E) and the

multifunction (t,@) — Ai(p, K) is upper semicontinuous. [

In the following, we consider a control problem:

W'(t) = Ft,u(t), (Qu)(t), for ae. t € [0,T]

u|[—o’,0] =@ (41)
minimize g(u(T)),

where g : E — R is a given function.

Theorem 4.3. Let Ky be a compact set in C, and let g : E — R be a
lower semicontinuous function. If Q : C([—o,b), E) — Li2.([0,b), E) is a causal
operator such that the conditions (h1)— (hs) hold, then the control problem (4.1)
has an optimal solution; that is, there exists wo € Ko and uo(-) € Sr(vo, K)

such that
9(uo(T)) = inf{g(u(T)); u(-) € Sr(p), ¥ € Ko}

Proof. From Corollary 4.1 we deduce that the attainable set Ar(p, K) is
upper semicontinuous. Then the set Ap(Ko) = {u(T);u(:) € Sr(p,K),¢ €
Ko} = Upexo Ar (o, K) is compact in E and so, since g is lower semicontinuous,
there exists g € Ko such that g(uo(T)) = inf{g(u(T));u(:) € Sr(p,K),¢ €
Ko} O

5 Monotone iterative technique

In this section, we suppose, in addition, that E is an ordered Banach space
with partial order <, whose positive cone P = {x € E;x > 0} is normal
with normal constant N. Evidently, C([0,5], E) is also an ordered Banach
space with the partial order < defined by the positive function cone K =
{u € C([0,b], E);u(t) > 0,t € [0,b]}. K is also normal cone with same con-
stant N. For v,w € C([0,b], E), we use [v,w] to denote the order interval
{u € C([0,0],E);v < u < w}, and [v(t),w(t)] to denote the order interval
{r e E;v(t) <z <w(t)} in E.
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Also, we recall the following lemma [14].

Lemma 5.1. If V C C([0,5], E) is bounded and equicontinuous, then the
function ¢ — «a(V (t)) is continuous on [0, b] and

a({/obv(t)dt;v(-) eV} < /Ob o(V{H)dt. D
In the following, consider the initial-valued problem
u'(t) = F(t,u(t), (Qu)(t), u(0) =, (5.1)
under the following assumptions:
(h1) Q:C(]0,b], E) — C([0,b], E) is a causal continuous operator;
(Eg) F:[0,b] x E x E — E is a continuous function,

(hs) for each bounded set A C C([0,b], E), there exists ko > 0 such that

a((QA)(1)) < ko/o a(A(s))ds for every ¢ € [0, b], (5.2)

where A(t) = {u(t);u € A} and (QA)(t) = {(Qu)(t);u € A}.

A continuous function u(-) € C1([0,b], E) is said to be a lower solution of
(5.1) if
{ 0 Fea@00). t<lod 659

u(0) < xo.

Also, u(+) is said to be an upper solution of (5.1), if the inequalities of (5.3)
are reversed.

Theorem 5.1. Assume that the conditions (h1) — (hs) holds, and that the
initial value problem (5.3) has a lower solution vy € C1([0,b], E) and an upper
solution wy € C1([0,b], E) with vy < wo. If, in addition, the following conditions
are satisfied:

(ﬁ4) there exists M > 0 such that
F(taan:gQ) - F(ta I, yl) > _M(:EQ - -Tl)

for all t € [0,b], and vo(t) < 1 < za < wo(t), (Quo)(t) < y1 < ya <

(Quo)(t),
(ﬁg,) there exist c1, co > 0 such that
a(F(t, B, Bg)) < ClOé(Bl) + CQCY(BQ)

for every bounded sets By,Bs C E.
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Then the initial value problem (5.1) has minimal and mazimal solutions
between vy and wy.

Proof. First, for any h(-) € [vg, wo], consider the differential equation

{ /' (t) + Mu(t) = o(t),t € [0,0] (5.4)

u(0) = xo,

where o(t) = F(s, u(t), (Qu)(t)) + Mu(t), M > 0 and xo € E. It is easy to see
that u(-) € C1([0,b], E) is a solution of (5.4) if and only if u(-) € C([0,b], E) is a
solution of the following integral equation

t
u(t) = zge M! +/ e M35 (s)ds, t € [0,b]. (5.5)
0
We consider the operator A : C([0,b], E) — C([0,b], E) given by the formula
¢
(Au)(t) = zoe M + / e M=) F(s,u(s), (Qu)(s)) + Mu(s)]ds,t € [0,b].
0

(From (5.4) we have that u is a solution of (5.1) if and only if Au = u.
Obviously, A is a continuous operator. By (ﬁ4), the operator A is increasing
in [vg, wg], and maps any bounded set in [vg, wp] into a bounded set. We shall
show that vy < Avy and Awg < wo. If we put o(t) = v{(t) + Muvo(t) for
t € [0, b] then, by the definition of lower solution, we have that o € C([0,0], E)
and o(t) < F(t,vo(t), (Quo)(t)) + Muvo(t) for ¢ € [0,b]. Since vy is a solution of
(5.4) with initial condition v (0) = o, then

¢
v(t) = :coefMtJr/ e M=) 5(s)ds
0

S woeT M4 / M=) [F(s,9(s), (Quo)(s)) + Muo(s)]ds

= (Avy)(t),t €10,b],

and so, vg < Awvg. Similarly, we can show that Awy < wg. Therefore, since
A is an increasing operator in [vg,wg], we obtain that A maps [vg,wp] into
itself. Further, we define the sequences {vy,(+) }m>0 and {wm, (-) }m>o0 by iterative
scheme

U = AVpm_1, Wy = Awm_1, m=1,2,.... (5.6)

Then from monotonicity property of A, it follows that

vo(t) S v2(t) < o (t) < o S Wi (t) < oo S W (t) < S wi(t) < wolt),
(5.7)
foreveryt € [0,T] and m = 0,1, 2, ....We prove that {vn, () }m>0 and {wm,(*) }m>0
are uniformly convergent in [0,7]. For this, let V' = {v,,(-);m = 0,1,2,...}
and V(t) = {vn(t);m = 0,1,2,..}. First, the normality of P implies that
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V = {vn(-);m = 0,1,2,...} is bounded set in C([0,b], E). Since (5.2) implies
that V' is bounded, then we deduce that QV is bounded in C([0,b], E'). There-
fore, since F' ([0, b], B1, B2) is bounded for every bounded sets By, B2 C E, there
exists ¢g > 0 such that

It vm (2), (Qumn) (£)) + Mum (t)]] < co (5.8)

for every t € [0,T] and m = 0,1,2,.... From the definition of v,,(-) and (5.5),
we have

O (t) = zoe Mt 4 /0 e ME=)F(5, 05 -1(5), (Quim—_1)(5)) + Mvy,_1(s)]ds

(5.9)
for every t € [0,7] and m = 0,1,2,.... Then, from (5.8) and (5.9), it follows that
V is equicontinuous on [0, b], and so, by Lemma 5.1 it follows that the function
t — a(V(t)) is continuous on [0,b]. Next, by Lemma 5.1, (h3), (hs) and (5.9),
we obtain that

a(V(t) < /0a({e_M(t_s)[F(S,vm—l(S),(va—l)(S))+Mvm—1(8)]d8;m21})

< [ F 6. V6@V + a5

< [navis) + exa(@V)(6) + Ma(v (s)iis

< /Ot[cla(V(s)) + esko /Osa(V(T))dT + Ma(V(s)))ds

— (e M) /Ota(V(s))ds—i—cho /Ot(t—s)a(V(s))ds.
Therefore,

a(V () < Ko / a(V(s)ds, t e [0,b],

and so, by Gronwall’s lemma, we have that a(V (t)) = 0 for every t € [0,T].
Moreover, since (see [14], Theorem 1.4.2) a(V') = sup «(V (t)), we deduce that
0<t<T

a(V) = 0. Therefore, V is a relatively compact subset of C([0, ], E), and so,
there exists a subsequence of {vy,(-) }m>0 which converges uniformly on [0, b] to
some U € C([0,b], E). Since {vm(-)}m>0 is nondecreasing and P is normal, we
easily prove that {v,,(-) }m>0 converges uniformly on [0, 5] to 7. Next, we have

T [ (Es V1 (8, (QUn—1)(£)) + M1 (1)

= [F(t,v(t), (QU)(t)) + Mo(t)], as m — oo,
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for all ¢ € [0,b]. Also, by (5.8), we have
[E(t; vm—1(2), (Quim—1)(t)) + Mvm 1 (t)
—F(t,9(1), (Qu)(1)) + Mu(t)]| < 2co

for every t € [0,b] and m = 1,2, ....Therefore, taking limits as m — oo in (5.9)
we obtain that

o(t) = zoe” M +/O e MU [F(s,3(s), (QU)(s)) + M(s)]ds,

for all t € [0,b]. It follows that ¥ € C([0,b], E) and ¥ is a solution of (5.1).
Similarly, we can show that {wy,(-)}m>0 uniformly converges on [0, b] to some
w and W is a solution of (5.1) in C1([0,b], ). Next, letting m — oo in (5.6) and
(5.7), we infer that vo <7 < W < wp and ¥ = Av, w = Aw. By the monotonicity
of A, it is easy to see that T and @ are the minimal and maximal fixed points
of A in [vg, wp), respectively. This completes the proof of our theorem. O

References

[1] M.M. Arjunan and V. Kavitha, Existence results for impulsive neutral func-
tional differential equations with state-dependent delay, E. J. Qualitative
Theory of Diff. Equ. (2009) 1-13.

[2] J. Banas, K. Goebel, Measure of noncompactness in Banach spaces, Marcel
Dekker Inc. New York, 1980.

[3] T.A. Burton, A Liapunov Functional for a Linear Integral Equation, E. J.
Qualitative Theory of Diff. Equ. 10(2010) 1-10.

[4] C. Corduneanu, Functional Equations with Causal Operators, Stability and
Control: Theory, Methods and Applications, vol. 16, Taylor & Francis,
London, 2002.

[5] Z. Drici, F.A. McRae, J. Vasundhara Devi, Set differential equations with
causal operators, Mathematical Problems in Engineering, 2005.

[6] Z. Drici, F.A. McRae, J. Vasundhara Devi, Differential equations with
causal operators in a Banach space, Nonlinear Analysis 62(2005) 301-313.

[7] Z. Drici, F.A. McRae, J. Vasundhara Devi, Monotone iterative technique
for periodic value problems with causal operators, Nonlinear Analysis
64(2006) 1271-1277.

[8] A. F. Filippov, On certain questions in the theory of optimal control, Siam
J. Control 1(1962) 76-84.

[9] H. Hermes, The Generalized Differential Equation = € R(t,z), Advances
in Mathematics 4(1970) 149-169.

EJQTDE, 2010 No. 64, p. 16



[10]

[11]

[12]

[18]

[19]

E. Hernandez and Sueli M. Tanaka Aki, Global solutions for abstract func-
tional differential equations with nonlocal conditions, E. J. Qualitative The-
ory of Diff. Equ. 50(2009) 1-8.

E. Hernandez, H. R. Henriquez and J. P. C. dos Santos, Existence results
for abstract partial neutral integro-differential equation with unbounded
delay, E. J. Qualitative Theory of Diff. Equ. 29. (2009) 1-23.

A. Ilchmann, E.P. Ryan and C.J. Sangwin, Systems of Controlled Func-
tional Differential Equations and Adaptive Tracking, Siam J. Control Op-
tim., 40(6)(2002), 1746-1764.

T. Jankowski, Boundary value problems with causal operators, Nonlinear

Analysis 68(2008), 3625-3632.

V. Lakshmikantham, S. Leela, Nonlinear Differential Equations in Abstract
Spaces, Pergamon Press, New York, 1981.

V. Lupulescu, Causal functional differential equations in Banach spaces,
Nonlinear Analysis 69(2008) 4787-4795.

H. Mo6nch, Boundary-Value Problems for Nonlinear Ordinary Differential
Equations of Second Order in Banach Spaces, Nonlinear Analysis 4(1980)
985-999.

Z. Oplustil and J. Sremr, On a non-local boundary value problem for linear
functional differential equations, E. J. Qualitative Theory of Diff. Equ.
36(2009) 1-13.

D. O’Regan, A note on the topological structure of the solutions set of
abstract Volterra equations, Proc. Roy. Irish Acad. Sect. A 99(1999) 67-74.

M. Pinto, Bounded and periodic solutions of nonlinear integro-differential
equations with infinite delay, E. J. Qualitative Theory of Diff. Equ. 46(2009)
1-20.

E.P. Ryan, C.J. Sangwin, Controlled functional differential equations and
adaptive tracking, Systems & Control Letters 47(2002) 365 — 374.

J.P.C. dos Santos, Existence results for a partial neutral integro-differential
equation with state-dependent delay, E. J. Qualitative Theory of Diff. Equ.
29(2010) 1-12.

Y. Wang and X. He, A note on a nonlinear functional differential system
with feedback control, E. J. Qualitative Theory of Diff. Equ. 13(2009) 1-9.

(Received August 20, 2010)

EJQTDE, 2010 No. 64, p. 17



