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Abstract

The quasilinearization method coupled with the method of upper and lower solutions is
used for a class of nonlinear boundary value problems with integral boundary conditions.
We obtain some less restrictive sufficient conditions under which corresponding monotone
sequences converge uniformly and quadratically to the unique solution of the problem. An
example is also included to illustrate the main result.
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1. Introduction

In this paper, we shall consider the following boundary value problem
= f(t,x), tel=10,1],
1
(2 (0)) = k' (0) = [ ha(a(s))ds, "

0
1
g2(x(1)) + ko' (1) = / ho(z(s))ds.
0
where f : I xR — R, ¢;,h; : R — R are continuous and k; are nonnegative constants,
1=1,2.
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It is well known (see [8, 9]) that the method of quasilinearization offers an approach
for obtaining approximate solutions to nonlinear differential problems. Recently, it was
generalized and extended using less restrictive assumptions so as to apply to a large class of
differential problems, for details see [1, 2, 3, 4, 5, 6, 7, 10, 11, 12, 13, 14, 15, 16, 17, 18, 20].

The purpose of this paper is to continue the recent ideas for problems of type (1). Con-
cretely, we apply the quasilinearization method coupled with the method of upper and lower
solutions to obtain approximate solutions to nonlinear BVP (1) assuming some appropriate
properties on f,g; and h; (¢ = 1,2). Then, we can show that some monotone sequences
converge monotonically and quadratically to the unique solution of BVP (1) in the closed
set generated by lower and upper solutions. In this work, we define the less restrictive as-
sumptions to make it applicable to a large class of initial and boundary value problems.
As far as we know, the problem has not been studied in the available reference materials.
Because of our nonlinear and integral boundary conditions, we generalize and extend some
existing results. Boundary value problems with nonlinear boundary conditions have been
studied by some authors, for example [2, 5, 6, 10] and the references therein. For example,
in [10], the authors studied a class of boundary value problems with the following boundary

conditions

{ 9(x(a), z(b), pr'(a)) =0,

h(z(a), z(b), pr'(b)) = 0,

and presented a quasilinearization method of the problem under a very smart assumption
(see Theorem 5 of [10]). For boundary value problems with integral boundary conditions and
comments on their importance, we refer the readers to the papers [3, 4, 7, 13, 15] and the
references therein. Especially, in [4], Ahmad, Alsaedi and Alghamdi considered the following
forced equation with integral boundary conditions

{x<>+aas<t> i =0 1
£(0) = ' (0) = J ar(a())ds, (1) + o’ (1) = J an((s))ds

It should be pointed out that in this paper, we not only quasilinearize the function f but
also quasilinearize the nonlinear boundary conditions, while in [10] the nonlinear boundary
conditions are not quasilinearized. Furthermore, in this paper, the convexity assumption of
f is relaxed and even f € C? is not necessary in our framework.

The paper is organized as follows. In section 2, we give some basic concepts and some
preparative theorems. Then we present and prove the main result about the quasilineariza-
tion method. This is the content of Section 3.

2. Preliminaries

In this section, we will present some basic concepts and some preparative results for
later use.
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Lemma 2.1. Consider the following boundary value problem
" =o(t), tel0,1], 1
(2(0)) = ka'(0) = /0 | pu(s)ds. o
ga((1)) + ko' (1) = /0 pa(s)ds.

Assume that

(1) o(t), pi(s) € C[0,1], k; =0 (i = 1,2);

(2) g; € C’l( )y gi(s) — +oo if s = +o00, gi(s) = —0 if s = —o0, ¢i(s) >0, i =1,2.
Then BVP (2) has a unique solution in the segment [0,1].

Proof. It is easy to see that a solution of BVP (2) is

x(t) = 1 + ot + (1),

where o(t / / v)duvds, and (cq, ¢2) is determined by

1
gi(c1) — kicy = / p1(s)ds,
0

92(01 +co + QO(l)) + k)Q(CQ + gol(l)) = /0 pg(s)ds,

From the assumptions and using standard arguments, we may see that (¢, ¢2) exists uniquely.
In fact, if k& = 0, the strict monotonicity of the function g; implies that there is a unique
¢1 such that g;(cq) fo p1(s)ds, and then the strict monotonl(:lty of the function gy implies

that there is a unique ¢y such that gs(cy + co + (1)) + ka(ca + ¢'( fo po(s)ds. If ky # 0,

one can get
1 1
Cy = k_ <g1<C1> — / p1<3)d3)
1 0
and

oo (et e = [ no1as) 400 )k (e = [ ntoias) +90)) = [t

Using the strict monotonicity of g1, g2, the left is an strictly increasing function in ¢; which
implies that ¢; exists uniquely. And then the existence and uniqueness of ¢, can be obtained.
Thus the proof is completed.

In BVP (2), if taking ¢1(s) = ga(s) = s, then the condition (2) in this lemma is satisfied.
The boundary conditions considered here are general. But for this general boundary value
problem, we will need the existence and uniqueness of solutions in the next parts of this
paper. The role of condition (2) is just to ensure that the unique solution exists.
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Lemma 2.2. Under the assumptions of Lemma 2.1, BVP (2) can be rewritten as

x(t) = P(t) +/0 G(t, s)o(s)ds,

“”:1+%&£+%&m[O‘“ﬂmﬁnﬂ<“®‘2$$B*%é@»lv“®“)

+G+wﬁw)@m‘ﬁgg%ﬁwhmfm@“”

and
. —%@n+¢@m»ﬂ@<an>+@—gxﬂnwm D<t<s<l
’ — < (b + g1 (2(0))s) (gh(x(1) + k2 — gh(a(1))t), 0<s<t<1,
i which
A_| g0y -k
gh(@(1) ghl(e(1) +ha |

We note that G(t,s) <0 on (0,1) x (0,1).

Proof. Clearly, it follows from g7 > 0, g5 > 0 that the homogenous problem

has only the solution y = 0. Then by the Green’s functions method (see for instance Theorem
3.2.1 in [19]), the associate nonhomogeneous problem

2 =o(t), t €]0,1],
91(2(0)) - 2(0) — k12/(0) = (g1(2(0)) - (0) — g2((0))) +

9o(x(1)) - 2(1) + ko' (1) = (g3(2(1)) - 2(1) — ga(x(1))) +

c\f\é

(obviously, it is an equivalent form of BVP (2)) has a unique solution given by

x(t) = P(t) +/0 G(t,s)o(s)ds,
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where P(t),G(t,s) are specified in this lemma. In fact, P(¢) is the unique solution of the
problem

y' =0, t€|0,1],
91(2(0)) - y(0) = k1y'(0) = (g1 (2(0)) - 2(0) — g1(2(0))) +/0 p1(s)ds,

9o(x(1)) - y(1) + kg (1) = (ga((1)) - 2(1) — g2(x(1))) +/0 pa(s)ds,
and G(t, s) is the Green’s function of the problem
y"'=o(t), t €0,1],

91(2(0)) - y(0) = k1y'(0) =0,
gao((1)) - y(1) + kay'(1) = 0.

/
1
/
2
Definition 2.1. Let a, 8 € C?[0,1]. The function o is called a lower solution of BVP (1) if
o(t) 2 f(t, aft)), t €1 =[0.1],

7(0(0) ~ k' (0) < [ mlals)ds,

ga0(1) + k(1) < / ha(a(s))ds.

Similarly, ( is called an upper solution of the BVP (1), if B satisfies similar inequalities in
the reverse direction.

Now, we state and prove the existence and uniqueness of solutions in an ordered interval
generated by the lower and upper solutions of the boundary value problem (1).

Theorem 2.1. Assume that
(1) o, € C?[0,1] are lower and upper solutions of BVP (1) respectively, such that
a(t) < B(), te[0,1);
(2) g; € CY(R), gi(s) — +o0 if s — 400, gi(s) = —o0 if s — —00, gi(s) >0, i =1,2;
(3) Bi(s) =0, i =1,2.
Then there exists a solution x € C?[0,1] of BVP (1) such that

alt) <a(t) < B),  te[o1].

Proof. Define

T=0(a,x,0) =

Consider the following modified problem
¥ = F(t,x) = F*(t),

g1(2(0)) — ky2/(0) :/ Hi(z(s))ds E/O Hi(s)ds, (3)
g2(x(1))+/<:2:c'(1):/0 Hz(x(s))dsz/o H;(s)ds,
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where

F(t,z) = f(t,2) + h(z),

z— 3
Y > )
En Ty
r—a
——  z<a
1+ |z — «f

and

We note that h;(o) = min H;(x), h;(f) = max H;(z). Noticing that the assumptions of
Lemma 2.1 are satisfied for BVP (3), by Lemma 2.2, BVP (3) may be rewritten as an
integral equation. Since F* and H} (i = 1,2) are continuous and bounded, employing the

standard arguments (cf. for example [21]), it follows that the integral equation has at least
one solution z(t) € C?[0, 1] on the set

Q={z(t): |29(t)|| < K, i =0,1, K is some sufficientlly large constant, ¥t € [0, 1]},

where || - || is the usual maximum norm.

We now argue that each solution z(t) of BVP (3) satisfies a(t) < x(t) < 5(t), Vt € [0,1].
We shall show that a(t) < z(t), Vt € [0,1]. Denote R(t) = «a(t) — x(t), t € [0,1]. Assume,
for the sake of contradiction, that there exists some ¢y € [0, 1] such that

Rity) = max R(t) = max (a(t) = 2(t)) > 0.

Case 1: Suppose that ¢, € (0,1). Then R(to) > 0, R'(to) = 0, R"(to) < 0. Hence

0= R'(ty) a(tg) — 2" (o)
F(t

> f(tolte) — Flto, 2(to))
= flinalty) - [F(to, 2(t)) + h(x(to))]
— “h(z(ty)) > 0,

a contradiction.
Case 2: Suppose that ¢ty = 0. Then R(0) > 0, R'(0) < 0. Hence

0 < (g1(a(0)) — k10/(0)) — (g1(2(0)) — k127(0)) < /0 hi(a(s))ds — /0 H,(z(s))ds < 0,

a contradiction.
Case 3: Suppose that tg = 1. Then R(1) > 0, R'(1) > 0. Hence

0 < (g2(a(l)) + k1a/(1)) = (go(z(1)) + ko'(1)) < /0 ho(a(s))ds — /0 H,y(x(s))ds <0,

a contradiction.
To sum up, z(f) > «a(t) holds. A similar proof shows that z(¢) < 3(¢). The proof is
completed.
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Theorem 2.2. Assume that
(1) a, 3 € C?0,1] are lower and upper solutions of BVP (1), respectively;
(2) fo(t,x) >0, (t,z) € [0,1] x R;
(3) 0 <l < gi(x), eachly is a constant, i = 1,2, z € R;
(4) 0 < hi(x) < Ny each \; is a constant such that \; < l;1, i =1,2, z € R.
Then a(t) < B(t), t € ]0,1].

Proof. Denote S(t) = a(t) — (), t € [0,1]. As in the proof of Theorem 2.1, assume
for the sake of contradiction that there exists some ty € [0, 1] such that

S(to) = max S(t) = trg[%(a(t) — B(t)) > 0.

Case 1: Suppose that ¢y € (0,1). Then S(to) > 0,5 (to) = 0,5"(to) < 0. Hence

I/(to) _ ﬁl/(to)

O}S”(to) = «
> f(to,alto)) — f(to, B(t0)) > 0,

a contradiction.
Case 2: Suppose that ¢ty = 0. Then S(0) > 0,.5(0) < 0. Hence

1S (0) < GOS0) < (0(0(0) ~ ki’ (0) ~ (0:(3(0)) ~ b 310)
< /hl(a(s))ds—/ ha(B(s))ds

0 0

ZtKMWWW@—MmﬁéthMW®®<Mﬂ%

N

where £ € [3(0), a(0)], and 7 is between « and . Thus, we get a contradiction.

Case 3: Suppose that to = 1. Then S(1) > 0,5’(1) > 0. A similar proof shows that this
case cannot hold.

To sum up, «a(t) < B(t), t € [0,1].

Corollary 2.1 Assume that the conditions of Theorem 2.1 and Theorem 2.2 hold. Then
BVP (1) has a unique solution.

3. Main Result

Now, we develop the approximation scheme and show that under suitable conditions on
f, g and h, there exists a monotone sequence of solutions of linear problems that converges
uniformly and quadratically to a solution of the original nonlinear problem.

Theorem 3.1. Assume that the conditions of Theorem 2.1 and Theorem 2.2 hold. And
assume that g;,h; € C*(R) satisfy g/(s) < 0,h!(s) = 0,s € R. Then, there exists a mono-
tone sequence {a,} which converges uniformly to the unique solution x of BVP (1) and the
convergence 1S in a quadratic manner.

EJQTDE, 2010 No. 66, p. 7



Proof. In view of the assumptions, by Corollary 2.1, BVP (1) has a unique solution
z(t) € C?(0, 1], such that

at) < z(t) < B(1), t €10,1].

Set
O(t,x) = F(t,z) — f(t,x) on [0,1] x R,

where function F': [0,1] x R — R is selected to be such that F(t,z), F,.(t,z), F..(t,x) are
continuous on [0, 1] x R and

Foo(t,z) <0, (t,2) €[0,1] x R.

Obviously, the function satisfying the above conditions is very easily found. F and ® are
two auxiliary functions in this proof. Using the mean value theorem and the assumptions,
we obtain

ftz) < flty)+ Falty)(z - ) [@(t,2) — O(t,y)] = F(t,2;y),
g:(x) < 9:(y) + gi(w)(x —y) = Gi(wy),
hi(z) = hi(y) + hi(y) (= — y) = Hi(x;y)

for any (t,z,y) € [0,1] x R? ¢ = 1,2. In particular, we consider the proof only on the set

00 e 1) < e 1)
We divide the proof into two steps.
Step 1. Construction of a convergent sequence
Now, set ay = a and consider the following BVP
2" = F(t,x; a0(t)), )
Gr(a(0)s00(0) = kaa'(0) = [ Ha(s)i ()i, "

Go(z(1);a0(1)) + ko' (1) = /o 1o(x(s); ap(s))ds.

Then
B ag(t) > f(t,ao(t)) = F(t, ao(t); ao(t)),
G1(ao(0); a0(0)) — k1e/(0) = 91(1610(0))—7?1&'(0 1
< hi(ao(s))ds = Hiy(ap(s); ao(s))ds,
Galao(D); a0(1) + kacp(1) = ga(ao(L) + kacth(1] 1
< i ho(ao(s))ds = i Ho(ap(s); ap(s))ds
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and
) B"(t)
G1(8(0); a0(0)) — k15'(0)

WV /A
=
=
VA

S]]
~
)
=
o
o
=

> [ s> [ e
GaB1); o)+l (1) > (B) + k(1)
> [ (@) > [ (3e)ie)s

which implies that g and [ are lower and upper solutions of BVP (4), respectively. Also,
it is easy to see that F',G; and H; (i = 1,2) are such that the assumptions of Corollary 2.1.
Hence, by Corollary 2.1, BVP (4) has a unique solution a; € C?[0, 1], such that

ap(t) < an(t) < B(),  tel0,1].
Furthermore, we note that

af(t) = F(ton(t);ao(t) > f(t on(t)),

N

3@ (0)) = Fiol(0) < Gaen(0);(0)) — kaeh(0)
- / Hifen(9): (s)ds < [ hufon(s))ds.
g2(0a(1)) + pal (1) < 1> <>>+k:2a D

I
\
S
S
Q
S
\EZ
»

N =
o\
>
no
2
O
=
V2)

which implies that a; is a lower solution of BVP (1).
Now, consider the following BVP

" = F(t,z; 04 (1)),
G1(2(0); 1 (0)) — kya'(0 / s (a(s): o (5))ds. 0
GalaVsen(1) + ko' () = [ Hafals)sn(5))ds.

Again, we find that oy and (3 are lower and upper solutions of BVP (5), respectively. Also,
it is easy to see that ', G; and H; (i = 1,2) are such that the assumptions of Corollary 2.1.
Hence, by Corollary 2.1, BVP (5) has a unique solution oy € C?[0, 1], such that

a1 (t) < ao(t) < B(1), t € [0,1].
Employing the same arguments successively, we conclude that for all n and ¢ € [0, 1],
a=ao)<a; << a, <G,
where the elements of the monotone sequence {a,} are the unique solutions of the BVP
2" = F(t,x;00_1),
G1(2(0); a—1(0)) — k12’ (0 / Hy(2(5); an_1(s))ds,

Ga(x(1); an-1(1)) + ko'(1) = /O 2((s); an-1(s))ds.
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Consider the following Robin type BVP

J— F’(t, Qs 1),

G1(2(0); ap_1(0)) — k2’ (0 / Hy(an(s); an_1(s))ds, (6)

Go(z(1); an_1(1)) + ko' (1 / Ho(an(8); an_1(s))ds.

From Lemma 2.1, BVP (6) has a unique solution. It is easy to see that «,, is the unique
solution. Thus, we may conclude that

an(t) = P(t) +/0 G(t,s)F(s,an(8); an_1(s))ds, (7)
where
_ 1 ks
PO = (CE:;(O)Z : S Kl - gg<a—n1<‘1>>) |
_ 9t 0 1 1 «Q «a s))ds
(200 0,0 © A (f;( o) 1))
! _ 924G o o,_1(8))ds
(14 o) (O~ S g [, Feenranionas)]
and
Gt s) = %(/ﬁ + 91 (2 -1(0))) (g5(an-1(1)) + k2 — gy, 1(1))s), 0<t <s <1,
’ =% (k1 + g1(an-1(0))5) (g2(an-1(1)) + k2 = ga(an1(1))1), 0<s <t <1
with

gi(an-1(0)) ~k
golom-1(1))  ga(an—1(1)) + k

By similar arguments to some references, see for instance [4], employing the fact that [0,1] is
compact and the monotone convergence is pointwise, it follows by the Ascoli-Arzela Theorem
and Dini’s Theorem that the convergence of the sequence is uniform. If x is the limit point
of the sequence «,,, then passing to the limit n — oo, (7) gives

A:

/ G(t,s)f(s,z(s))ds.
Thus, z(t) is the solution of the BVP (1).
Step 2. Quadratic convergence
To show the quadratic rate of convergence, define the error function
en(t) = 2(t) — an(t) =0, t € [0,1].
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Then

en(t) " (t) — an(t)
f@t @) = f(t ana(t) = Fe(t, ana(t))(an(t) — an-(t))
(£, an(t)) = @(t, an-1(1))]

+H(®
F(t,x(t)) — F(t, on-1(t) = Folt, on-1(t)) (an(t) = cn-1(t))

— t
+H@ (L, an(t) — (L, z(1))]

= Fo(t,&)(x(t) — an-1(t)) = Fault, an—1(t)) (on(t) — an—1(t))
+[D(t, an(t)) — D(t, (1))

= (Fe(t,&1) = Fo(t, ana(0))(2(8) — ana(2)) + Fult, cona (1)) (2(1) — an(t))
+[D(t, an(t)) — (t, x(t

= Fra(t, 6)(& — an—1)((
=, (2, &) (2(1)) — an(t))
= Fua(t,6) (61 — an1)(2(t) — an-1 () + [Fa(t, an-1(t)) — Pa(t, &3)](2(2) — an(t)),

where a,,_1(t) < & < & < z(t) and o, (t) < & < (t). Since F,, < 0 and f, > 0, it follows
that there exists v > 0 and an integer N such that

Fo(t,an—1(t)) — ®.(t,&3) = v, tel0,1], n>=N.
Hence, we obtain
en(t) = veu(t) = M | ey |7, (8)
where M > |F,.(t,s)], for s € [a,1(t), z(t)], t € [0, 1]. Furthermore,
( (2(0)) = k12'(0)) = (G1(an(0); n-1(0)) — k107, (0))

(0
2(0)) — Gi(an(0); -1(0)) = k1, (0)
37(0)) 91(0n1(0)) — gh(n (0))(%(0) — n1(0)) = k1, (0)

gh (0t (0)en0) + LEVe2(0) — ke, 0)
/0 ha (2(s)) — H1<an<> v (s))]ds

_ / [hg<an_1<s>>en<s>+ Sen ()| ds
< 0 [ entas s B e,

A/—\)—l

—~

[y

where a,,_1(0) < & < 2(0) and a,_1(s) < & < z(s). On the other hand, noticing that

"

gh s ()ea(0) + D2 (0) —hic (0) > huea0) + D e,y — ki 0,

we have
hi(&5) — g7 (&)
2

1.

1
l11€,(0) — k1€,(0) < )\1/ en(s)ds +
0

len—1
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Similarly, we get

l21€n(1) —+ kgeln(l) < )\2 €n(8>d8 -+ ”6n71”2,

' h(&7) — 95(8)
2

[e=]

where a,,_1(1) < & < (1) and a,,_1(s) < & < x(s). Let

O ME) —ale) (L ) &)

1 = 2 = =
2 2 ’

then

1
lnen(O) — kleIn(O / en(s)ds + Cl||6n_1||2,
0 1
€n

<\
lglen(l) + k’geln(]_) < )\2/ (s)ds + CQ||6n_1||2.
0

Now, we consider the following BVP
y'(t) = yy(t) — M | s 12, teo,1],
11y(0) = ki (0) = My [ 9()ds + ColfenalP, a0)
0

1
bwm+bMU=M/y@®+@ka-
0

From (8) and (9), it follows that e, () is a lower solution of BVP (10). Let
M

r(t) = —lleal?
5 1
then it is clear that
r'(t) = yr(t) — M || en_1 [[P= 0. (11)
Also, if we let v > 0 be sufficiently small, we have
1
lnT(O) — k’lT‘/(O) > )\1/ r(s)ds + 01”6”_1”2,
0

1 (12)
lng(]_) + k’g?"/(]_) 2 )\2/ r(s)ds + CQ||6n_1||2.
0

From (11) and (12), it follows that r(¢) is an upper solution of BVP (10). Hence, by Theorem
2.2, we obtain

M
en(t) <7(t) = —|len_sll?, t€0,1], n>N.
Y

This establishes the quadratic convergence of the iterates.

Now we will illustrate the main result by the following example (which is a modified
version of the example in [4]):

Example. Let

Cf tett 4 2m,f () X
f(t,l') - { et+x(et—|—2>’ if (t,x) S [ s ] X [O7+OO>7
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4, 1L .
g(z) = —z* + Srsine + 2x 4+ cosz, if x € (—o0,0),
2z + 1, if z € [0, 4+00).

Consider the boundary value problem
= f(t,z), t €[0,1],
Yex(s) —1
, —_—
9(x(0)) — k12’ (0) = /0 —5 ds, (13)

ola(1)) + k(1) = [ (eats) + 1),

where 0 < k1 < (3/2 —¢/4), 0 < ks, 0 < ¢ < 1. It can easily be verified that a(t) = —1 and
B(t) =t are the lower and super solutions of BVP (13), respectively. Also the assumptions
of Theorem 3.1 are satisfied. Hence we can obtain a monotone sequence of approximate
solutions converging uniformly and quadratically to the unique solution of BVP (13).

By a direct calculation, one can see that in the foregoing example, f,. does not exist.
However, in many references (see for example [3, 4, 7, 12]), the existence of f,, is an important
condition.
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