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Abstract
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1 Introduction

The oscillation theory and asymptotic behavior of difference equations and their applications
have been and still are receiving intensive attention over the last two decades. Indeed, the
last few years have witnessed the appearance of several monographs and hundreds of research
papers, see for example the references [1, 3, 6, 11]. Determination of oscillatory behavior
for solutions of second order difference equations has occupied a great part of researchers’
interest. Compared to this, however, the study of third order difference equations has
received considerably less attention in the literature even though such equations often arise
in the study of economics, mathematical biology and many other areas of mathematics
whose discrete models are used, we refer to [2, 4, 5, 7, 8, 10, 12, 13, 14, 15, 16, 17, 18, 19].
Some of these results will be briefly stated below. Since we are interested in the oscillatory
and asymptotic behavior of solutions near infinity, we make a standing hypothesis that
the equation under consideration does possess such solutions. The solutions vanishing in
some neighborhood of infinity will be excluded from our consideration. A solution z,, is
said to be oscillatory if it is neither eventually positive nor eventually negative, otherwise
it is nonoscillatory. We say that an equation is oscillatory if it has at least one oscillatory
solution.

Here are some background details that may serve the readers and motivate the contents
of this paper.
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For oscillation of linear difference equations: In [14], Smith considered the equation of
the form
A3z, — pppyo =0, n > ng (1)

and studied the asymptotic and oscillatory behavior of the solutions subject to the condition
pn > 0 for n > ng. Indeed, he proved that if

oo
Z DPn = O (2)
n=ngo
then (1) is oscillatory. Further, the author considered the quasi-adjoint difference equation
APz 4+ ppangr =0, 1 >mng (3)

and proved that (1) is oscillatory if and only if (3) is oscillatory. However, one can easily
see that the results cannot be applied if p, = n~¢ for a > 1.
In [12], the authors studied the difference equation of the form

A3z, + quxy, =0, n > ng (4)

and established some sufficient conditions for (4) to have monotonic and nonoscillatory
solutions. They proved that if ¢, > 1 for n > ng is a positive sequence then (4) is oscillatory.
In [13], it was proved that if

0o -1 t—1
> [T En]-= 5
l=ng Lt=no s=ng

and there exists a positive sequence p,, such that

(Ap.) ] e -

1' SHMs T - N
Jim sup [ﬂ P Dpu(s — o)

S=ngo

then the solution z,, of (3) either oscillates or satisfies lim,,_,o, z,, = 0. Results established
in [13] provided substantial improvements for those obtained in [12] and [14].
In [16], the author considered the linear difference equation

A3:L'n _pn-i-len-i-l + dn+1Tn+1 = Oa n Z no, (7)
where p,, and g, are nonnegative real sequences satisfying
Apn +qnt1 >0 (8)

and proved that if z,, is a nonoscillatory solution of (7) then there exists an integer N for
which either z,,Ax, > 0 or x, Az, < 0 for all n > N.
In [15], the author investigated the linear difference equation

Aan +pn+1Azn+2 + dnTn+2 = 07 n Z no, (9)
where p,, and g, are real sequences satisfying
o0
pn >0, g, <0 and Z (App, — 2¢y) = . (10)
n=ngo
It was shown that if p,+1 + gn < 0 for n > ng then signz,, = signAz,, = signA2x,, and (9)

has both oscillatory and nonoscillatory solutions. Further, the author established a sufficient
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condition for the existence of oscillatory solutions. The main investigation is based on the
value of the functional F(x,,) = (Ax,)? —22,41A%2, —pnxi+2. In particular, it was proved
that if there is a solution z,, of (9) such that F(x,) > 0 then z, is oscillatory. However, one
can easily see that the condition depends on the solution itself whose determination might
not be possible.
For oscillation of nonlinear difference equations: The authors in [18] considered the
equation
A(A* 2y, + pppi1) + PuAy + f(2n41) = 0, n > no, (11)

where f(z)/x > k > 0 and p, is a bounded real sequence such that

Z Dn, = 0. (12)

S=ngo

The authors studied the asymptotic behavior of the solutions and proved that if there exists

a solution z,, of (11) satisfying Fy(z,) < 0, where Fy(z,) = 22, (A%2,, + ppni1) — (Axy,)?,

then x,, is oscillatory. On the other hand, the authors proved that if there exists a solution

x, of (11) satisfying Fp(z,) > 0 then lim, . ¥, = lim, .o Az, = lim,_. A%z, = 0.

Nevertheless, due to condition (12) the results are no longer valid if p, = n~* for a > 1.
In [16], the author investigated equation of form

A(AQ-T’@ - pn-l—lxn-i-l) — qn4+2Tn42 = Oa n > no, (13)

where p,, and ¢, are nonnegative real sequences and satisfying (8). It was shown that there
exists a solution x,, of (13) such that x,Az,A%r, # 0, z,, > 0, Az, > 0 and A%z, > 0 for
n > ng and if =, is a nonoscillatory solution then there exists an integer N for which either
Tp Az, > 0 or x,Ax, < 0 for all n > N. Furthermore, the author investigated the same
result for equation (7) and proved that if v, is a nonoscillatory solution of (13) then the two
independent solutions of (7) satisfy the self-adjoint second order equation

2 _
A <M”> + <A n-t p"”“) Tyt = 0. (14)

Un UnUn+1

In [8], the authors studied the oscillatory behavior of
AcaA(dnA(50) + uf (@nos1) =0, 0> no, (15)
where o is a nonnegative integer and f € C(R,R) such that uf(u) > 0 for u # 0 and satisfies
fw) — f(v) = g(u,v)(u —v), for u,v # 0 and g(u,v) = p >0 (16)

and ¢, ¢, d, are positive sequences of real numbers such that

i (%) = i <di) =00 and Ac, > 0. (17)

For the linear case, they used the Riccati transformation technique and established a suf-
ficient condition for oscillation of equation (15). For the nonlinear case, however, some
oscillation criteria were provided by reducing the oscillation of the equation to the existence
of positive solution of a Riccati difference inequality. Nevertheless, one can easily see that
condition (16) might not be satisfied when f(u) = «” for v > 0 and the results are valid
only when Ac,, > 0. Therefore, one of our aims in this paper is to establish some sufficient
conditions for oscillation bypassing condition (16) and removing the restriction in (17).
In [2], the authors considered the nonlinear delay difference equation

A3xn = pnA2$n+m + QnF(xn—gaxn—h) = Oa n> no, (18)
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where p,, and ¢, are positive real sequences, p, is nonincreasing, m, g, h are nonnegative
integers and F(z,y) = signz > |z|”" |y|”® where ¢; and c2 are nonnegative constants such
that ¢y + co > 0. They established some sufficient conditions for the existence of oscillatory
solutions. The main results are proved by reducing the order of the equation under consid-
eration. Indeed, the oscillation of equation (18) reduces to the oscillation of a first order
delay or advanced difference equations.

In [5], the authors considered the nonlinear difference equation

AlenA(dnA(2n))) + gnf(Tnto) =0, 1 > no, (19)

where ¢, d,, ¢, are sequences of nonneagtive real numbers and the function f € C(R,R)
such that uf(u) > 0 for u # 0. The main result in [5] was the classification of the nonoscil-
latory solutions with respect to the sign of their quasi differences.

In [7], the authors considered the nonlinear delay difference equation

Alcy, (Aan)v) +qnf(z(on)) =0, n>n, (20)

where ¢,, 0,, g, are sequences of nonneagtive real numbers, o,, < n, v is quotient of odd

positive integers, f € C(R,R) such that uf(u) > 0 for u # 0, f'(z) > 0, —f(—=zy) > f(zy) >

f(z)f(y) for zy > 0 and
oo gl

The main approach of proving the results in [7] was also based on the reduction of the
oscillation of (20) to the oscillation of first order delay difference equation. However, the
results can only be applied in the case when o, < n. Further, the restriction f’(x) > 0 might

not be satisfied. Indeed, if f(z) = (% + 1+1z2) then f/(z) = % changes sign four

times.
Following this trend, we are concerned with the oscillation and the asymptotic behavior
of solutions of the nonlinear delay difference equation of form

Alen A(dnAzy)Y) + gnf (Tn—o) = 0, n > ng, (21)
where v > 0 is quotient of odd positive integers, o € N and

(h1) ¢n, dn, qn are positive sequences of real numbers;
(h2) f € C(R,R) such that uf(u) > 0 for u # 0 and f(u)/u¥ > K > 0.

Our attention is restricted to those solutions of (21) which exist on [n,, co) and satisfy
sup{|z(n)| : » > n1} > 0 for any ny > n,. It is to be noted that the results of the above
mentioned papers provided several oscillation criteria under the conditions

i (3) =o e i (a) = (22)

Therefore, it will be of great interest to establish oscillation criteria when

i (Ci)v < oo and i (di) < 0. (23)

The aim of the paper is to employ Riccati transformation technique to establish some
new oscillation criteria for equation (21) under assumptions (22). We will prove our results
bypassing condition (16) and removing the restriction Ac,, > 0. Unlike previously obtained
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results, new oscillation criteria are also obtained under assumptions (23). We will comple-
ment and improve the results in [8] and extend those in [13]. Some comparison between our
theorems and those previously known ones are indicated throughout the paper.

The paper is organized as follows: In Section 2, we present some fundamental lemmas
that will be useful in proving our main results. In Section 3, we will state and prove the
main oscillation theorems. An example is given to demonstrate the validity of the results.

2 Some Fundamental Lemmas

In this section, we present some fundamental lemmas that will be used in the proofs of the
main results. For equation (21), we define the quasi differences by

xgg] =z, zg] =d,Az,, 22 =, A (x%])’y and xE’] = Axg]. (24)

n

It is to be noted that if x,, is a solution of (21) then z = —z is also a solution of (21) since
uf(u) > 0 for u # 0. Thus, concerning nonoscillatory solutions of (21), we will only restrict
our attention to the positive ones.

We start with the following lemma which provides the signs of the quasi differences of
the solution x,, of (21).

Lemma 1. Let z, be a nonoscillatory solution of (21). Assume that (h1) — (h2) hold.
Then there exists N > ng such that x%] #0 fori=0,1,2 and n > N.

Proof. Without loss of generality, we assume that z,, is an eventually positive solution
of (21) and there exists nq > ng such that x,, and x,_, > 0 for n > ny. Since g, > 0, then
:EE] < 0. Thus, there exists ny > n; such that zg] is either positive or negative for n > ns.
It follows that xLl ] is either increasing or decreasing for n > no and so there exists N > ny

such that xL? ] is either positive or negative for n > N.

In view of Lemma 1, we deduce that all nonoscillatory solutions of (21) belong to the
following classes:

Co = {xn:3 N such that z,zll) <0, 2,212 > 0 for n > N},
C; = {x,:3 Nsuchthatznz[]>0 H<0forn>N},
Cy = {x,:3 Nsuchthatxn”>0 H>Of0rn>N},
Cs = {x,:3 Nsuchthatxn” H<0forn>N}

Lemma 2. Let x, be a nonoscillatory solution of (21). Assume that (hy) — (ha) hold.

ZZ

n=ngo S=ngo

If

(25)

4\'—‘

Then Cs is empty.

Proof. To prove that C5 is empty, it is sufficient to show that if there is a positive

solution x,, of (21), then the case xnxg] < 0 and xnacg] < 0 for n > N is impossible. For

the sake of contradiction, assume that there exists ny > ng such that xL] < 0 and x[ ]

for n > ny. Denote ag = x%l] < 0. Then, since xg] is decreasing we have ¢, (Am%]) < ap

for n > ny. Thus by summing from n; to n — 1, we have

zg] < x[l] + ao Z

S=n1

4\'—‘
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Using that x[ I < 0, we get

n—1

1 1
xw <ag Z

S=n1 (CS)

2=

Summing up from n; to n — 1, we obtain

zn<xnl+a0 Z Z 1

l
s 'v
s=nq u=ni

Letting n — oo, then by (25) we deduce that lim, . 2, = —oo which contradicts that
xp, > 0. The proof is complete.

Lemma 3. Let x,, be a nonoscillatory solution of (21). Assume that (h1) — (h2) hold.
If (22) holds. Then x,, € Cy U Cs.

Proof. Without loss of generality, we assume that x,, is an eventually positive solution
of (21) and there exists n; > ng such that z,, and x,_, > 0 for n > n;. In virtue of Lemma
1, we deduce that x[O], xg ] and xg ] are monotone and eventually of one sign. Therefore
to complete the proof, we show that there are only the following two cases for n > nyg

sufficiently large:
@ 2% >0, 21 > 0 and 22! > 0;

1) z >0, 21 <0 and 21 > 0.

In view of (hg) and (21), we see that 2 < 0 for n = ni. We claim that there is ny > ny

such that for n > ns, xL] > 0. Suppose to the contrary that xL] < 0 for n > ng. Since zg] is

nonincreasing, there exists a negative constant L and ng > n9 such that z%] < L for n > ns.

Dividing by ¢, and summing from n3 to n — 1, we obtain

n—1
el <ol 07 Y
s=ns (Cs)‘y

Letting n — oo, then by ( 22) we deduce that 2 - . Thus, there is an integer ny > ng

such that for n > ny, zL] < x[l] < 0. Dividing by d,, and summing from t4 to ¢, we have

T = Tn, < Ty Z ds’

S=MN4
which implies that x, — —oo as n — oo. This contradicts the fact that x,, > 0. Then

xg] > 0.

Lemma 4. Let x, be a nonsocillatory solution of (21) that belongs to Cy. Assume
that (h1) — (h2) and n — o < n hold. If

> [ZCthSl = 0. (26)

n=ng n t=no S$=ng

Then lim,, o x, = 0.
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Proof. Without loss of generality, we assume that x,_, > 0 for n > n; where n; is
chosen sufficiently large. In view of (h2) and (21), we obtain

B+ Kgux) <0, n>n. (27)

Since x,, is positive and decreasing it follows that lim,,_,. x,, = b > 0. Now we claim that
b=20. If b # 0 then z__ — b > 0 as n — oo. Hence there exists no > ny such that
x)_, > b7. Therefore from (27), we have

z§]+anb7§0, n>ns.

Define the sequence u,, = xL] for n > mno. Then A:UE] < —Agq, where A= Kb > 0.

Summing the last inequality from ng to n — 1, we get 2P <B4 Z gs- In view of (26),

S=n2

n—1
it is possible to choose an integer n3 sufficiently large such that zg ) < fé > g5 for all

S=n2
0% n—1
n > n3. Hence A (xg]) < fgcl > ¢s. Summing the last inequality from ng ton — 1, we
obtain -
(xgy) _( m) Z < qu)
S=n2

Since Az, < 0 for n > ng, the last inequality implies that

e (B LSS

S=n2

Summing from n4 to n — 1, we have

A ln 1
$n§$n4<5) _Zdll

Condition (26) implies that x,, — —o0 as n — oo which is a contradiction with the fact that
Zp > 0. Then b = 0 and this completes the proof.

5]

t=ns3 s=ng

Lemma 5. Let x, be a nonoscillatory solution of (21) that belongs to Cy. Then there
exists ny > ng such that

(xg],g)v > 6l for n > ni,

n

where 8, :=S""1 L.

S=MNo Cgs

Proof. Since x,, € Cs, then without loss of generality we can assume that there exists
N > ng such that

z, >0, x[1]>0 x[2]>0 and x”<0f0r n > N.

Hence 1 (1]
() = )+ 5 2 o, 2
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Since xf] < 0, we have xm . > xE]. This and (28) imply that

n—

(1,[1] )W Z 5”*61'[2] > 57170':0[2] n Z N1 = N +o.

n—o n—o — n

Thus -
(zm ) Zén,g:cg], for n > Nj.

n—o

3 Oscillation Criteria

In this section, we will establish some new sufficient conditions which guarantee that every
solution x, of (21) either oscillates or satisfies lim, oz, = 0. In our analysis, we will
present the proofs of our results under conditions (22) and (23) in two separate investigations.

3.1 Oscillation under condition (22)

Throughout this subsection we assume that there exists a double sequences {H,, , : m >
n > 0} and h,y, , such that:

(1) Hum,m =0 for m > 0;

(ii) Hpm,pn >0 for m>n>0;
(ili) AoHpmyn = Hpmps1 — Hmn <0 for m >n > 0;
(V) hmm = —DoHpyn(Hpn) 751, m >n > 0.

For a given sequence p,,, we define

1 1 1
o0 - i
wn L = Kpnqn — pnA(CnOén) + Pn nfa(CnJrl) v (OénJrl) v

dpn—g

1 1.
€n L= Apn + Vpn(l + ;)(Cn-l-lan-‘rlé‘n—a)’lydnia
and
¢ . _ p:zi’l (EnHm,n _ h H#)lJﬂY
e L+ N prdp—ody, o Hmn \ Pr+1 e .

Theorem 6. Let x,, be a solution of (21) and p,, be a given positive sequence. Assume
that (hy) — (h2), (22) and (26) hold. If

m—1
w}l—r»%o sup Z [Hm,n"/]n - (bm,n] = 0. (29)
m,no n=ngo

Then x,, either oscillates or satisfies lim,, oo Z,, = 0.

Proof. Suppose to the contrary that z, is a nonoscillatory solution. Without loss of
generality, we assume that z,, > 0 and z,_, > 0 for n > n; where n; is chosen so large.
In view of Lemma 3, we deduce that condition (22) implies that x,, € Co U Cs. If x,, € Cy,
then we are back to the proof of Lemma 4 to show that lim, .., x, = 0. We assume that
the solution z,, € C; and define the sequence w,, by the generalized Riccati substitution

12

n
’Y—
n—

+ Cnan‘| ’ n Z ni. (30)
T

Wn = Pn [
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It follows that

n+1 Y
Lo

3]
Awy, = A(pncnan) + x[Q] A [g—n} " M
X

n—o

In view of (27) and (30), the above equation can be written in the form

Aw, < —K A Apn P 31
Wn S —A8 Ppdn + Pn (Cnan) + Wn41 — o] 5 (1'”76). ( )
Pn+1 zn—azn—a-i-l

First: we consider the case when v > 1. By using the inequality ([9, see p. 39])
27—y >y Nz —y) forallz#y >0 and v >1,

we may write
-1
Alz)_ )=z A VA AA ¥ R G

n—o n—o+1

Substituting in (31), we find out

Apn B Vonai At

Aw,, < 7Kpn‘1n + pnA(Cnan) + ~
Pn+1 In—olp_git1

Since x,, € Cs, it follows from Lemma 5 that there exists ny > ni such that

577,70'
(Azy_o) > = 221 for  n>no. (32)

Using the fact that x,,_y4+1 > 25—, we obtain

1 1
A 67 B Phs
Awn S —Kann + pnA(Cnan) + ﬂwn-‘rl - 1Pn n—g n+1[ n+]1 . (33)
Pn+1 dnfa(znfaJrl)'y
Since 2¥ < 0, it follows that xf_]ﬂ < 2 and thus [mf_]ﬂ]% < [xg]]% This yields that
3 N
A VPnbn—o [ !
Awn S *Kann + pnA(Cnan) + ﬂwnJrl - nnog wnJrl . (34)
Pn+1 dn—q Ln—o+1
Second: we consider the case when 0 < v < 1. By using the inequality
27—y’ >y’ N —y) forallz £y >0,
we may write
Ax,_o) > ’yx’?]}:}t-ﬁ-lA‘T”_U'
Substituting in (31), we have
Apn VPni | At
Awy, < —=Kppgn + pnA(cnan) + Wn+1l — 0] :
Pn+1 Tp—_oTn—oc+1
By using the fact that x,, is increasing, we have
9 1 9 1ty
77pnx£z-]1-1A$n—U < 77Pn57:—a ‘T’[n-]‘,-l ! (35)
x:l,(,xn_g.ﬂ o dn—o le—a-f-l
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Thus, we again obtain (34). However, from (30) we see that
2 143 1
e\ <wn+1 >”~
—~ = — Cp4+1Qn41 .
xn—a-‘,—l Pn+1

Then, by using the inequality [19, see p. 534]

(v — u)1+$ >t luH% 1, 1 _ odd
Y

we may write equation (36) as follows

1+1 1+1 1+1 1 1
Wnt1 ty Wit 1 v (ept10mt1) (1+ ,,)(Cn+1an+1)”
— Cn+4+10n41 > | — + -
Pn+1

Pn+1 v Pn+1
Substituting back in (34), we have

1 1 1
07 C 1+7 « 1""?
Aw” S 7Kann + pnA(cnOén) - P nig( n+1) ( n+1)

dpn—o
1
Apn 'an(l + %)(Cn-l-l(()‘n—aan—i-l)’Y
+ + WnJrl
Pn+1 dn—apn—i—l
P 5” 1
N\ | ) (37)
dnfo'(anrl) v
Thus,
gn ﬁn 1+4
wn S _Awn + Wn+1 1+1 (wn-i-l) T, n Z ns,
Pn+1 (anrl) ¥

where p, zvpn(m »dn_o. Therefore, we have

1+1
1 (wn+1) 7,
n=ng n=ns pn+1 7

n=ns

ZHmnwnS*ZHmnAwn+Z€n mnw n+1 — Z pn sl

which yields after summing by parts

m—1 m—1 f
Hm,nrl/)'n S Hm ngwng + WnJrlAQ m,n + —Wn+1
n=ng n=ng n=ns pn+1
m—1 _
anm,n 1+4
1+1 (WnJrl) 7.
n=ns (anrl) v
Hence
an = i ﬁnHm n 1+ 4
+1 2 : ) =
E Hm nl/]n < Hm nswnd"' § - — hm,nHJL,n Wn+41— -1 (Wn—i-l) v
n=ns n=ns anrl

n=ns (pn-i—l) v
Using the fact that

B B1+8
_ 145 < B
Bu — Au™"s (1+p)+8 AP
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1

for A = LoHmn_ apnq B = (M — hmmHﬁQfﬁ) , we obtain

1+1
(pn1) " 7 pn
m—1
§ [Hm,n"/)n - d)m,n] < Hm,ngwng S Hm,ngwnga
n=ns

which implies that

m—1 ng—1
Z [Hm,nwn - ¢m,n] < Hm,no (w’n/g + Z ¢n> .

n=ng n=ngo
Hence
m—1
lim sup Z (Hpmn¥n — Gmon] < 00,
m—00

N0 p—ny

which contradicts (29). The proof is complete.

The following result is an immediate consequence of Theorem 6.

Corollary 7. Let x, be a solution of (21) and assume that all the assumptions of
Theorem 6 hold, except that the condition (29) is replaced by

lim sup
m—0Q0

m—1 m—1
1
g Hppnp =00 and lim sup E Prmn < 00. (38)

oo
myno o Hm,no n—=no

Then x,, either oscillates or satisfies lim,, oo 2, = 0.

In view of Theorem 6, if we choose H,, , =1 and
2 VAP —35h
(an41)7 = —mdn—acn+15n—a (39)

we deduce that &, = 0 and we have the following result.

Theorem 8. Let x,, be a solution of (21) and p,, be a given positive sequence. Assume
that (h1) — (h2), (22) and (26) hold. If

lim sup Z s = 00. (40)

S=nNgo

Then x,, either oscillates or satisfies lim,, . £, = 0.

Theorem 8 improves Theorem 1 of Graef and Thandapani [8] in the sense that our results
are proved for the nonlinear case and do not require condition (16) and that Ac, > 0 for
n > ng. Moreover, we note that if v = 1 and p,, = 1 then condition (40) reduces to con-
dition 3 of Theorem 1 in [8]. This implies that Theorem 8 is an extension of Theorem 1 in [8].

Theorem 8 might provide different conditions for oscillation of all solutions of equation
(21). This occurs upon choosing different values for p,,. For instance, let p, = n*, n > ng
where A > 1 is a constant. Then, the next result follows.

Corollary 9. Let x, be solution of equation (21) and assume that all the assumptions
of Theorem 6 hold, except that condition (40) is replaced by

n A(;% 142 . 1+2
lim sup Z Ks*qs — s*Acsas) + i S_U(CSJrld) " (as41) = oo. (41)

S=Ngo
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Then x,, either oscillates or satisfies lim,, oo Z,, = 0.

By choosing the sequence H,, ,, in an appropriate form, one can derive several oscillation
criteria for (21). Let us consider the double sequence Hy, , defined by

m+1 A
Hm,n::(m—n))‘ or Hy = (1og 1) A>1, m>n>0,
or
Hppi=(m—-n)M A>1, m>n>0,
where
(m—n)N=(m-n)m-n+1)...(m—n+A-1), (m—n) =1
and

As(m—n)N =(m—n—1)>—(m—n)* = =A(m —n)>Y,

We observe that Hyy, ,, = 0 for m > 0 and H,, ,, > 0 and Ay H,, ,, < 0 for m > n > 0. Then,
the following results can be formulated.

Corollary 10. Let x, be a solution of (21) and assume that all the assumptions of
Theorem 6 hold, except that the condition (29) is replaced by

m—

mlgnoo sup Z - (pm,n] = 09, (42)

where -
14+ ((&n(m=—m)* - 7
o] (St — A — )Y

(1477000 —od,” 5 (m —n)™

Pmn =
Then x,, either oscillates or satisfies lim,, oo 2, = 0.

Corollary 11. Let x, be a solution of (21) and assume that all the assumptions of
Theorem 6 hold, except that the condition (29) is replaced by

m—1 m+1 A
li n_ﬂmn
mgnoosuP(longrl /\Z[( n+1) v ’]

where

&n(log ZL+11)>\ m m
Pl <p7++ [(log 245)* — (log 257 )A]>
(1 + 7)1+79715n70 (1og m+1)

Then x,, either oscillates or satisfies lim,, oo 2, = 0.

19mn:

)

Corollary 12. Let x, be a solution of (21) and assume that all the assumptions of
Theorem 6 hold, except that the condition (29) is replaced by

14+
1+ " _
i s S A (5l —Xm—m)
1m su — = .
movee m L (1) phon_ody?, (m — n)™

Then x,, either oscillates or satisfies lim,, oo 2, = 0.
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Example 13. Consider the equation
1. ..
A(=A(YnAzy,)) + nxp—1 =0, n>1, (43)
n

where v = 1, ¢, = %, d, = ¥/n, ¢o = nand n —o = n — 1. Tt follows that 6, =

no
g - @ It is clear that the sequences c,, d,, ¢, and the function f satisfy

s=1 cg
conditions (h1) — (he) and (22). It remains to check conditions (26) and (40). From the
above assumptions, it follows that

>

This shows that condition (26) is satisfied. By choosing p,, = n, one can easily see that

1 ¢
t s = 00.
1

1

n

:
P

HM

S

) 1 1 1 B
hﬁsiipz{m l<(z—1)(z—2) ) 1(1—1)%(1—2))+2z(z—1)%(z—2) -

Thus, condition (40) holds. Therefore, by Theorem 8 we conclude that every solution z;, of
equation (43) either oscillates or satisfies lim,, o 2, = 0.

Remark 14. It is obvious that results obtained in [8] can not be applied to equation
(43).

3.2 Oscillation under condition (23)

Throughout this subsection, the sequences p,, ¥, and (anH)% are assumed in similar

manner. In addition, we assume that (25) holds and thus in view of Lemma 2, we deduce

that the class C5 is empty. Therefore, if z,, is a solution of (21) then z,, € Co U Cy U Cs.
We define the sequence @, by

n—o

~
Qn = Kaqy (Z di> >

s=N

where n — o > N for N > ny.

Theorem 15. Let x, be a solution of (21) and p,, be a given positive sequence such
that (40) holds. Assume that (h1) — (ha), (23), (25)and (26) hold. If

nllngosup i i lz Z Q+ Z —] = o0. (44)

u=ng s=ns S t= =ngq T=t—0

Then x,, either oscillates or satisfies lim,, oo Z,, = 0.

Proof. Suppose to the contrary that x, is a nonoscillatory solution of equation (21).
Without loss of generality we may assume that x,, > 0 and x,,—, > 0 for n > n; where n; is
chosen so large. Condition (25) implies that the solution z,, belongs to the space CoUC,UC5.
If x, € Cy, then we are back to the proof of Lemma 4 to show that lim, ..z, = 0. If
x, € Cy, then we are back to the proof of Theorem 6 to get a contradiction. To complete
the proof, it is sufficient to show that under condition (44) there is no solution z, € Cj.

Therefore, we suppose to the contrary that there exists N > ny such that xg] > 0 and

212 < 0 for n > N. In view of the quasi differences (24), we observe that
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Summing up from N to n — 1, we have

— T — 1
xnfo:Z pi Z:Enl]zd—. (45)
s=N s s=N °
Hence, there exists ng > N such that
Tp—o 2 Ty Z T for n > ns.
s=N s
Using this in (21), we get
¥ — 1 ! Y
A (an (zg]) ) + Kq, (Z d_> (xg]_a) <0, n > ns. (46)
s=N °

¥
Setting y,, = (m% ]) > 0, we deduce that Ay, < 0 and y,, satisfies the difference inequality

A(cn (Ayn)) + Qnynfa < 0, for n > ns. (47)

Since n — 0 — o0 as n — 00, we can choose ng > ng such that n — o > ny for n > n4 and
thus

o0 o0 1
o~ Yn—oc — A s = SA s
< Cp_oA i 1 < cp A i 1
n—ocRYn—o e Cs ngAYny s Cs .
Thus
=1
—UYn—o < Cn4Ayn4 _Z_ a
Substituting back in (47), we have
=1
Ale, (Ayn)) < LQ, — ], f > ny, 48
oy <20 (3 L), oz (9
where L = ¢,,, Ay,, < 0. Summing this inequality from n4 to n — 1, we see that
n—1 00 1
cn (Ayn) < cn (Ayn) = cny (Ayn,) < L Z Qs Z P
S=mny4 r=s—0 T

where Ay, < 0. Summing again from ns to n — 1, we have
n—1 1 s—1 0o 1
weryiyaoy L

s=ns t=n4y T=t—0

or equivalently

1

L 1 n—1 1 s—1 [e%s) 1
Awn < (L)¥ <E> [Z C_S; O ; .
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Summing from ng to n — 1, we have

2=

. n—1 1 u—1 1 s—1 0o 1
xn<xn6+(L)?Zd— Z—ZQtZ—
u=ng u s=ns Cs t=n4 T=t—0 Cr

By condition (44), we have lim,,_,o, 2, = —oc which contradicts the fact that x,, > 0. The
proof is complete.

Theorem 16. Let x, be a solution of (21). Let p, be a positive sequence. Assume
that (h1) — (h2), (23), (25) and (26) hold. If (44) holds and there exist double sequences
Hy, n and hy, ,, satisfy (29), then z,, either oscillates or satisfies lim,,—.c z, = 0.

Proof. Suppose to the contrary that z, is a nonoscillatory solution of equation (21).
Without loss of generality we may assume that x,, > 0 and x,,—, > 0 for n > n; where n; is
chosen so large. Condition (25) implies that the solution x,, belongs to the space CoUC; UCs.
If , € Cy, then we are back to the proof of Lemma 4 to show that lim, .., z, = 0. If
xy € C1, then we are back to the proof of Theorem 15 to get a contradiction. To complete
the proof, it is sufficient to show that under condition (44) there is no solution z,, € Ci.
Thus, we proceed as in the proof of Theorem 15 to get a contradiction. The proof is complete.

The following results are an immediate consequences of Theorem 16.

Corollary 17. Let x,, be solution of equation (21) and assume that all the assumptions
of Theorem 16 hold, except that condition (29) is replaced by (41). Then x,, either oscillates
or satisfies lim,,_, o x,, = 0.

Corollary 18. Let x, be a solution of (21) and assume that all the assumptions
of Theorem 16 hold, except that the condition (29) is replaced by (42). Then x,, either
oscillates or satisfies lim,,_, o 2, = 0.
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