Electronic Journal of Qualitative Theory of Differential Equations
2016, No. 70, 1-17; doi:10.14232/ejqtde.2016.1.70 http://www.math.u-szeged.hu/ejqtde/

On solutions of space-fractional diffusion equations
by means of potential wells

Dedicated to Professor Tibor Krisztin on the occasion of his 60th birthday

Yonggiang Fu! and Patrizia Pucci®?

!Department of Mathematics, Harbin Institute of Technology, Harbin 150001, P.R. China
2Dipartimento di Matematica e Informatica, Universita degli Studi di Perugia, 06123 Perugia, Italy

Received 30 June 2016, appeared 12 September 2016
Communicated by Jeff R. L. Webb
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1 Introduction

There exist several natural phenomena that cannot be modeled by partial differential equations
based on ordinary calculus, since they depend on the so-called memory effect. In order to take
account of this dependence, we may use fractional differential calculus. Fractional differential
equations have gained considerable importance due to their applications in various sciences,
such as physics, mechanics, chemistry, engineering, etc. In recent years, there has been a
significant development in fractional differential equations which may be ordinary or partial,
see for examples [8-10,15,16,18,21,34,35] and the references therein.

A space-time fractional diffusion-wave equation is obtained from the classical diffusion or
wave equation by replacing the first or second order time derivatives and second order space
derivatives by fractional derivatives, see for examples [12,17]. We can describe space-time
fractional diffusion-wave equations with three space variables as
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where x is a positive constant, § D¥ is the Caputo derivative of order a and 9#/9|x|f, 37/3y|"
and 9°u/9|z|° are symmetric Riesz derivatives of orders f, v and §, respectively. If B = v = 5,
symmetric Riesz derivatives can be treated as fractional Laplace operators. Equation (1.1)
yields different diffusion-wave equations for various values of the parameters «, , v and 6.
Precisely,

(1) Classical diffusion equationa =1, B =y =3 = 2.
(2) Time-fractional diffusion equation0 < o < 1, § = v = J = 2, see for examples [23,24,36].

(3) Space-fractional diffusion equation « = 1, either 0 < B, <20<d <2, 0or0 < B <2,
0<7,0<200<p,06<20<v<2,see for examples [6].

(4) Space-time fractional diffusion equation 0 < a < 1, either 0 < 8,7 < 2,0 < < 2, or
0<B<20<y,6<20r0<p,6<20<v<2,see for examples [7,19,29].

(5) Classical wave equationa = =7 =0 = 2.
(6) Time-fractional wave equation 1 < & < 2, B = v = § = 2, see for examples [22,27,33].

(7) Space-fractional wave equation & = 2, either 0 < B,y <2,0<d <2, 0r0 < f <2,
0<7,0<20r0<p,6<20<7y<2, see for examples [2].

(8) Space-time fractional wave equation 1 < a < 2, either 0 < B,7 < 2,0 < 6 < 2, or
0<B<20<y,0<20r0<p,0<20<vy <2, see for examples [5,14].

In this paper, we study the space-fractional diffusion problem:

ur+ (=A)°u = |u|”_1u, xeQ, t>0, (1.2)
u(x,0) = up(x), xeQ, (1.3)
u(x,t) =0, x € RN\Q, t >0, (1.4)

where QO C RV is a smooth bounded domain, N > 2s, and p satisfies 1 < p < 2! —1 =
(N+2s)/(N —2s).

A suitable stationary fractional Sobolev space for (1.2)—(1.4) is X, (Q) which consists of all
functions u € H*(RYN) with u = 0 a.e. in RN \ Q. We refer to Section 2 for further details and
recall that the use of the space Xy(Q)) to find solutions of nonlinear fractional elliptic problems
was begun in [30].

Let T be the existence time of the solution u for the problem (1.2)—(1.4), where T may be co.
We say that u € L*(0, T; Xo(Q)), with u; € L2(0, T; L*(Q))), is a weak solution of (1.2)—(1.4) if

/0 /Q ur(x, T)p(x, T)dxdt + C(N,s) ./0 /IRNX]RN () = uﬂﬁ?;ﬂig’sﬂ — oW, T))dxdydr

t
= / / lu(x, T) )P tu(x, T)@(x, T)dxdT
0 Jo
for any ¢ € L!(0,00; Xo(Q)) and any ¢ € [0, T), and

u(x,0) = up(x) € Xo(Q)).
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Here and in the following
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If a weak solution u belongs to C(0, T; Xo((2)), we call u a strong solution.
In order to find solutions of (1.2)—(1.4), we use the potential well theory, see for examples

[11,13,20,25,28] and the references therein. All the results obtained for the problem (1.2)—(1.4)
are still valid if we replace the equation (1.2) by

ur+(=40)u = f(u),
provided that f satisfies the following conditions first introduced in [25]:
(1) feCHR)and f(0) = f'(0) =0;
(f2) f is monotone increasing in R, and is convex R, concave R~;

(f3) (p+1)F) < uf(u), luf(u)] < y|F(u)|, where 2 < p+1< 7 < ooifN: 1,2, and
2<p+1<y<2N/(N—-2s)=2;if N >3, and F(u) = [ f(

For example, concerning a global existence theorem, i.e. Theorem 4.1 in Section 4, the key
functionals associated to problem (1.2)-(1.4) are

C(N,
j) = B g o) -

! 1
Al 10 = COV )l — Il g
If we replace |u|P~1u by f(u) which satisfies (f1)-(f3), then we should replace the key func-

tionals by

Jw) = S il )~ [ FGdx, 1) = CON) [l ) — [ flua.

After the replacement, Theorem 4.1 in Section 4 is still valid.

The paper is organized as follows. In Section 2, we provide notations and some facts con-
cerning fractional Sobolev spaces which shall be used later. In Section 3, we introduce a family
of potential wells in order to study the space-fractional diffusion equations. In Section 4, we
obtain the existence of global weak solutions. In Section 5, we establish the phenomenon of
vacuum isolating and blow up for strong solutions.

2 Preliminaries

Let s € (0,1) and 2s < N. The fractional Laplace operator for a function ¢ € CF(RN) is
defined pointwise by

. C(N, — p(x+y) — (x — 1 -1
(=8)9(x) = (2 . RN 7 (P(Ty!Ny*)zs Py, C(N,S):/]RN |€|§(’fz§1d§

for all x € RV,

The fractional Sobolev space H*(RN) is set as

HS(IRN) — {u c LZ(]RN) . ‘u<x> _szl/(y)‘ c LZ(]RN % IRN)},
[x—y|2*
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endowed with the norm

2 1/2
Il = (Wl + [, TR dsdy)

Xo(Q) = {u € H'(RY) :u =0 ae. in IRN\Q}.

Let

In the sequel we take

—u(y)[? 12
o = ([ MLk anay)

as norm on Xo(Q). It is easily seen that Xo(Q) = (Xo(Q2), | - lx,)) is a Hilbert space with

inner product
—u(y))(v(x) —v(y))
(1, 9) x,(00 //RNxRN [ = yNT2s dxdy.

Since u € Xo(Q), we know that the norm and inner product can be extended to all RN x RN.
Denote by
O< M <A< o <A< e

the distinct eigenvalues and ey the eigenfunction corresponding to Ay of the elliptic eigenvalue
problem:

{(A)Su =Au, inQ),
2.1)

u=0, in RN\ Q.

Concerning the eigenvalue of the problem (2.1), by [31] we have for k € N

CNs) [ull%,
M = 7,
2 uejk\{o} HuH
where
P21 = Xo(Q)

and for all k > 2
Py = {u € Xo(Q) : (u,ej)x,() = O0forall j=1,2,... k- 1}.

For the readers’ convenience, we recall the main embedding results for the fractional Sobolev
spaces, see [3] for details.

Lemma 2.1. Let Q) be bounded domain. Then
(1) the embedding Xo(Q) — LP(RN) is compact for any p € [1,27);
(2) the embedding Xo(Q) < L% (RN) is continuous.

Let 1 < p < oo and let X be a Banach space. The space L”(0, T; X) denotes the space of
LP-integrable functions from [0, T) into X with the norm

T 1/p
[ullrox) = </0 ||M(',t)||§(dt> .
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If p = oo, the space L®(0, T; X) is the space of essentially bounded functions from [0, o) into
X with norm
[l L0y = sup [u(-,)]|x-
t€[0,T)
The space C(0, T; X) consists of all functions u from [0, T) into X such that ||u||x is continuous
on [0, T). See for example [32] for facts concerning this kind of spaces. In this paper we take
either X = L2(Q)), or X = LFH1(Q), or X = Xp(Q).

3 Potential wells in variational stationary setting

For simplicity, in this section we consider the problem (1.2)—(1.4) in stationary case. In fact, if
we replace u in this section by u(t) for any t € [0, T), all the facts are still valid.
We define

C(N,s
O i -

J(u) = ——ulll Sy 1) = CON sl ) — el g

Lr+1(Q Lr+1(Q

P+1

and the potential well
W={ueXy(Q):I(u)>0, J(u) <d}u{o},

where

d= inf su Au).
ueXo(Q) /\>Ig J(Au)
u#0 -

It is easy to see that J(Au) attains its maximum, with respect to A, at

1/(p=1)
(e ul3 0
A = i :
||u”Lp+1 Q)

Normalizing u so that A* =1, i.e. C(N,s)||u|\2 = Hu||U,+1 () We get
= inf J(u)
subject to u € Xo(Q), [[ul[x,) # 0, I(u) = 0.
From [31], we know that the problem
(=A)w = |wP~lw, inQ,
(3.1)
w=0, in RN\ Q.

admits a nontrivial solution. Then for all A > 0, the function v = /\ﬁw is a solution of
(—A)o = Alv|P~1o, inQ,
v=0, in RN\ Q.

Define

C(N,s)||u
S ior SNl
ueXo(Q) HuHLP+1(0)
u#0
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The Euler equation for this homogeneous variational problem is
(=A)u = Alu|P~tu,

where A is a Lagrange multiplier. Therefore, the nontrivial solution w of (3.1) attains the

infimum, that is
C(N, s)|lwllx,)

[wllzri ()

On the other hand, by the definition of solution for (3.1),

Sp+1 =

C(N,S)HZUH%% ||prp+l Q)
Thus .
_ p+1 -
d_ || ||Lp+12(p+1)
Therefore -
1 1 (2(p+1 2(p+1)
Syt = CONs)H [l 7 ) = CON,9)F (2221
and ) -
N Ti p-1
(p+1)C(N ,S) Sp+1
Furthermore, for problem (1.2)-(1.4) and ¢ € (0,1) we define
)
Js() = 50Nl = =7 Il (32)
—(1— Tl A
dié)=(1-96)[(p+1)d]” 2C(N, 5) . (3.3)

From the definition of S, 1, it is easy to get the following lemmas.

Lemma 3.1. If J(u) < d(J), then
(i) Js(u) > 0 if and only if

(p+ 1)ssr ) VY
p+1 .
0 < |lullxy ) < (ZC(NS)p) ’

(ii) Js(u) < 0 if and only if

+1 1/(p-1)
oy > | LD
Xo(02) 2C(N, s)P ‘

Lemma 3.2. If J(u) = d(J), then J5(u) = 0 if and only if

1/(p-1)
(p+1)asti)
HMHXO(Q) = —ZC(N,s) .



Space-fractional diffusion equations 7

Lemma 3.3. The function d = d(0) has the following properties on the interval [0,1].

(i) d(0) =d(1) = 0;
(ii) d takes the maximum value at 6 = 2/(p+ 1) and d(bo) = d;
(iii) d is increasing on [0, dy| and decreasing on [dp, 1);
(iv) for any given e € (0,d), the equation d(6) = e has exactly two solutions &, € (0,dy) and

8 € (9, 1).
Theorem 3.4. d(J) = min J(u) subject to u € Xo(Q), ||ullx,) # 0, Js(u) = 0.

First, it is easy to show that J(u) > d(6), when u € Xo(Q), [|ullx,) # 0, Js(u) = 0, and,
in view of the definition of S, 4, this concludes the proof of Theorem 3.4.

Corollary 3.5. d = d(dp) = min J(u) subject to u € Xo(Q), [[ul|x,) # 0, [(u) = 0.

The proof of Corollary 4.2 is an immediate consequence of Theorem 3.4 and the fact that
Js5,(1) = 0 is equivalent to I(u) = 0.
Let us define the following family of potential wells for all 6 € (0,1)

Ws = {M € Xo(Q) : ]5(11) >0, ](u) < d((s)} U {0}/
W5 = W ﬂ8W5 = {u € XQ(Q) : ]5(1/[) >0, ](Ll) < d((S)} U {0}

Clearly W5, = W. In addition, let us introduce for all 4 € (0,1)

V5 = {M € Xo(Q) : L;(u) <0, ](M) < d(é)},
Vs =V;UVs = {u € Xo(Q) : Js(u) <0, J(u) <d(5)},
V= {ue Xo(Q): I(u) <0,J(u) < d},

Fryastt) Y
Bs = qu € Xo(Q) : [Jullxy) < (W) ,

(p+nosy\
- B . P+ 1)05,1
B; = BsUdB; = q u € Xo(Q) : [[u]|x,00) < ( 2C(N, )P ) ’

(p+ o571 MY
c __ . p+1
B = Jue %o : Julgoy > (2C<N)P)

Furthermore, V5, = V.
Let u € Xo(Q) \ {0}, with J(u) < C(N,s)||u||§<0/2. Then for any given ¢ € (0,1) such that

(p+1)os 1\ "
0< Jlullx, < (1-06)2 | Smm—ir ,
2C(N,s)p

we get J(u) < d(6) and Js(u) > 0. Consequently,
B; C W;, withd = (1—24)"7 4.

From this and Lemma 3.1, it is immediate to get the following theorem.
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Theorem 3.6. B; C W; C Bs, Vs C B,

Corollary 3.7. B% CWCB;, VC Bgo, where

= —1y 2
Bs, = {u c Xo(Q) . ||uHXo(Q) < C(N,s)l—pS’;1 11}, 0 = (P) s

and 6y = 2/(p + 1) by Lemma 3.3.
In view of Lemma 3.3, we obtain the following lemma.

Lemma 3.8. (i) If0 < ¢’ < ¢" < &y, then Wy C Wyn.
(ZZ) If50 < o < 6" < 1, then V5// C Vy.

It is easy to prove the following lemma by contradiction.

Lemma 3.9. Assume that 0 < J(u) < d for some u € Xo(Q), and that 61 < 6, are the two solutions
of the equation d(6) = J(u). Then Js(u) does not change sign for 6 € (61,92).

4 Existence of global weak solutions

In this section we study the global existence of weak solutions for the problem (1.2)—(1.4). Via
the results on eigenfunctions of fractional Laplace operators established in [31], we are able
to apply the Galérkin method and we construct finite-dimensional Galérkin approximations
for the problem (1.2)-(1.4). In particular, we present a priori estimates, which allow us to pass
to the limit and to obtain the desired weak solution u of (1.2)-(1.4). Indeed, u verifies the
conditions of initial data and belongs to the family of potential wells.

Theorem 4.1. Let uy € Xo(Q)). Suppose that 0 < J(ug) < d, 61 < & are the two solutions of
equation d(6) = J(ug) and Js,(ug) > 0. Then problem (1.2)—~(1.4) admits a global weak solution
u € L*(0,00; Xo(Q)), with uy € L*(0,00; L>(Q)) and u(-,t) € W for § € (61,6,) and t € R{.

Proof. Fix ug € Xo(Q) such that 0 < J(ug) < d, d(é;) = J(uo), i = 1,2, and Js,(119) > 0.

By [31], the sequence {e }« of eigenfunctions corresponding to the sequence { Ay}, of eigen-
values of the fractional Laplace operator (—A)* is an orthonormal basis of L?(Q)) and an
orthogonal basis of Xy(Q)). Let

um(x, 1) = ) gim(t)ej(x), m=12,...,
=1

be the Galérkin approximate solutions of the problem (1.2)—(1.4) satisfying

(umt, €j)12(q) + C(N, 8)(um, €j) x,(0) = /Q ]um|”’1umejdx, 4.1)
um(-,0) =) _ajej —up  in Xo(Q). (4.2)
j=1

Substituting u,, into (4.1)—(4.2), we get

m
&+ Ajgim = Y I8ulP g /Q ler| P~ erejdx, (4.3)
=1

gim(0) = a;, j=1,...,m. (4.4)
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According to standard ordinary differential equations theory (for example Wintner’s theo-
rem), problem (4.3)—(4.4) admits a solution gj,, of class CY([0, T]) for each m. Multiplying (4.1)
by g/,,(t), summing for j and integrating with respect to £, we have

[ e ) e + T 6)) = T, 0)) (5

Since Js,(uo) > 0 implies [|uo| x,(q) # 0, an argument similar to the proof of Lemma 3.9 gives
Js(up) > 0 for all 6 € (J1, 7). Furthermore, J(1g) = d(61) implies that the initial value 1 is in
W; for all 6 € (1,0,). Hence, for any fixed 6 € (é1,6), the inequality Js, (uo) > 0 implies that
Js(um(-,0)) > 0 and J(um(-,0)) < d(6), provided that m is sufficiently large. This happens
for all 6 € (61,02) by virtue of Lemma 3.8 (i). Therefore, we may assume without loss of
generality, that u,,(-,0) € W; for all all 6 € (d1,62) and m.

We claim that u,(-,t) € Wy for all § € (41,02), all m and all + > 0. Otherwise there exist
0 € (01,62), m and typ > 0 such that u,(-,tg) € IWy, i.e. either (i) J(um(-, to)) = d(6), or (ii)
Js(um(-,t0)) = 0 and [[um(-, to)[/x,q) 7 0- From (4.5), we get

J(um(-, 1)) < J(um(-,0)) < d(6) forallt>O0.

Hence the case (i) is impossible. If (ii) occurs, then by Theorem 3.4 we get J (i, (-, t0)) > d(J),
which is also impossible. This completes the proof of the claim.
Thus, Lemmas 3.1 and 3.3 (ii) imply that for all t > 0 and m

1/(p-1) 1/(p-1)
Bl < (p+1)dShH ; (p+1)88h1,
A X(€) 2C(N, s)? 2C(N, s)? ’

1/(p-1)
C(N,s (P+1)65;, 4
(o)l < é )H“m<»>|\x0 (”* :

2C(N,s)
/ e (- ) B dT < 24(8) < 2d(00),

being 6 € (41,8,). Then by the weak* compactness of bounded sets in L*(0, c0; LP*1(Q))
and in L®(0,00; Xo(Q))) and the weak compactness of bounded sets in L2(0,00; L2(Q)), we
conclude that there exists a subsequence of (i, ), — still denoted by (u,),; — such that

Uy — u weakly* in L®(0, 00; LF1(Q)) and in L®(0, 00; Xo(Q)),

and
Ut — uy weakly in L2(0, 00; L2(Q))).

From (4.2) we have that u(-,0) = up in Xo(Q).
Integrating (4.1) with respect to t and letting m — oo, we obtain that for each w;,

[ e ey (e + CON,s) [ ), e
:/t/ Ju(x, TPt (x, )y (x) ded e
0 JQ

and furthermore for any v € X(Q2),

/ / uc(x, T)v(x)dxdt + C(N,s) /Ot(u( T),0) x,()dT = /Ot/Q lu(x, T)|P u(x, 7)o (x)dxdr.
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Differentiating with respect to t, we have
/Q 1 (x, £)o(x)dx + C(N, ) (u(-,£),0) 5,0y = /Q lu(x, £) [P~ u(x, £)o(x)dx.

For any ¢ € L1(0,00; Xo(Q))), letting v(x) = ¢(x,t), with ¢ fixed, and integrating with respect
to t, we conclude that u is a weak solution of problem (1.2)—(1.4).

Since uy (-, 1) € W; for all § € (61,07), all m and all t € R, we get that u(-,t) € W for all
6 € (61,0,) and all t € RJ. This completes the proof. O

In view of the facts that I(ug) > 0 implies J5(u9) > 0 and that Jj,(ug) > J5,(10) thanks to
their definitions and Lemma 3.3 (iv), we get at once

Corollary 4.2. If in Theorem 4.1 the assumption Js, (1) > 0 is replaced by I(ug) > 0, i.e. ug € W,
then the result of Theorem 4.1 continues to hold.

Next we consider the problem (1.2)—(1.4), under the critical conditions I(ug) > 0 and
J(uo) = d.
Theorem 4.3. Let uy € Xo(Q). Suppose that J(ug) = d and I(ug) > 0, then problem (1.2)-(1.4)
admits a global weak solution u € L®(0,00; Xo(Q)), with uy € L?(0,00;L%(Q))) and u(-,t) € W for
allt € RJ.
Proof. Fix ug € Xo(Q)), with J(ug) = d and I(uy) > 0.

Let Ay = 1—1/m and ug,, = Ayug, m € N. Consider the problem (1.2), (1.4), with the
initial condition

u(-,0) = g, (4.6)

From I(ug) > 0 we have

1 1
I(utom) = A3, C(N,s)|[uoll, 0 = A ol

+1 +1
= R 1(u0) + (A3 = A ol ) > 0,

C(N,s 1
J0m) = <5 om0y = 5 o
(ot Ve 3 I 0
27 ( /5)||140m”x0(o)+ﬁ (1om) >0,

J(ttom) = J(Amuo) < J(up) = d.

By Theorem 4.1 for each m € IN, problem (1.2), (1.4), under (4.6), admits a global weak solution
Uy € L*(0, 00; Xo(Q)), with uy,y € L?(0,00; L*(Q))) and u, (-, t) € W for all t € R .
The fact that u,,(-,t) € W for all t € R implies that for all t € R

1 1

Jn0) = (5= 557 ) SOl +

= I (-, 1)

p+1

p—1 2
> b CMN (O

and, furthermore, for all t € R,

/2
ptl 1
. < T 1\C(N <)
[t (-, )| x0(02) < <2d(p—1)C(N/S)> ’

C(N,s) 1 (p+1)C(N,s)\"?
. < — 7 . <
[tm (4 )| Lrr ) < Syt 2t (- £) | x(02) < S <2d —
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and
/HumT )220y < 2.

Then by the weak* compactness of bounded sets in L*(0, c0; LP*1(Q))) and L*®(0, c0; X(Q))
and by the weak compactness of bounded sets in L?(0, o0; L?(Q))), we conclude that problem
(1.2)—(1.4) admits a global weak solution u € L®(0,0; Xo(Q))), with u; € L?(0,00; L?*(Q))) and
u(-,t) € W for all t € RJ. This completes the proof. O

5 Vacuum isolating and blow up of strong solutions

Let T be the existence time of any solution u of the problem (1.2)=(1.4). In the following,
similar to (4.5), we assume that

[ ) iy + T 0) < () 1)

forallt € [0,T).

Theorem 5.1. Let ug € Xo(Q). Fix e € (0,d) and let 51 < &, be the two solutions of the equation
d(6) = e. Then for any strong solution u of the problem (1.2)—(1.4), with initial energy J(uo) = e,

(i) u(-, t) belongs to Wy for all 6 € (61,02) and t € [0, T), provided that 1(ug) > 0.

(ii) u(-,t) belongs to Vs for all 6 € (61,62) and t € [0, T), provided that 1(up) < 0.
Proof. Fix ug € Xo(Q)), e € (0,d), let 51 < &, be the two solutions of the equation d(d) = e, and
fix a strong solution u of the problem (1.2)-(1.4), with initial energy J(uo) = e.

(i) Corollary 4.2 and the proof of Theorem 4.1 give that uy € W; for any 6 € (61,92).
Assume by contradiction that there exists some ty € (0, T) such that u(-,ty) € 0W; for some

6 € (61,062), i-e. either J(u(tg)) = d(d) or Js(u(to)) = 0 and [[u(-, to)|[x,) # O- By (5.1),
J(u(t)) < J(uo) <d(é) forte(0,T), (52)

so that J(u(-, to)) = d(0) is impossible. While, if J5(u(to)) = 0 and [[u(-, )| x,() # O occur,
then Theorem 3.4 gives that J(u(ty)) > d(J), which contradicts (5.2). This completes the proof
of case (7).

(ii) The assumption I(u) < 0 implies that

)
Js) < (3= 577 Il

for all § € (é1,60) by Lemma 3.3 (ii) and (iv). Since the sign of J5(19) does not change for
0 € (61,02) by Lemma 3.9, then Js(up) < 0 for all § € (é1,62). This fact and J(up) < d(6) for
allé € (51,(52) give ug € Vs for 6 € ((51,(52).

Assume now by contradiction that there exist some ty € (0,T) and 6 € (41,d2) such that
u(-,to) € 0Vj, ie. either J(u(-, tg)) = d(d) or Js(u(-,tp)) = 0. From (5.2), the case J(u(-,to)) =
d(6) is impossible. Suppose next that ¢y is the smallest ¢ such that Js(u(-,ty)) = 0, then
Js(u(-,t)) < O0forallt € [0,ty). From (5.2) and Lemma 3.1 we have

(p+ 1ot Y
H“('/t)HXO(Q) > W =1xs forallt e [0,tp)

and furthermore [[u(-, to)||x,(2) > xs. Thus Theorem 3.4 implies that J(u(-,ty)) > d(6), which
contradicts (5.2) and completes the proof of (ii). O



12 Y. Fu and P. Pucci

From Theorem 4.3 and Lemma 3.9 we obtain the following theorem.

Theorem 5.2. Let ug, e and 6;, i = 1,2, be as stated in Theorem 5.1. Then for any strong solution u
of problem (1.2)—(1.4), with initial energy J(ug) satisfying 0 < J(ug) <'e,

(i) u(-,t) belongs to Wy for all 5 € (81,02) and t € [0, T), provided that I(ug) > 0;

(i) u(-, t) belongs to Vj for all 6 € (81,62) and t € [0, T), provided that 1(ug) < 0.

Corollary 5.3. Let ug, e and 6;, i = 1,2, be as stated in Theorem 5.1. Then for any strong solution u
of problem (1.2)-(1.4), with initial energy J(uo) satisfying 0 < J(ug) <'e,

(i) u(-,t) belongs to W, for all t € [0, T), provided that I(ug) > 0;

(ii) u(-, t) belongs to Vs, for all t € [0, T), provided that I(ug) < 0.

Proof. From (5.1)
J(u(t)) <d(61) (ord(d)) forallte[0,T).

Fix t € [0,T). Letting 6 — &1 (or 6 — &) in Js(u(t)) > 0 (or Js(u(t)) < 0) for the case (i)
(or case (ii)), we have J5 (u(t)) > 0 (or Js5 (u(t)) < 0) for all t € [0,T). This completes the
proof. O]

From Corollary 5.3 and Lemma 3.1 we get the following theorem.

Theorem 5.4. Let ug, e and 6;, i = 1,2, be as stated in Theorem 5.1. Then for any strong solution u
of problem (1.2)—(1.4), with initial energy J(uo) satisfying 0 < J(ug) <ee,

(i) u(-,t) lies inside the ball By, for all t € [0, T), provided ug € B,;

(ii) u(-, t) lies outside the ball By, for all t € [0, T), provided uo € B ;
where By is the open ball of Xo(QY), with special radius, defined in Section 3.

The result of Theorem 5.4 shows that for any given e € (0,d), there exists a corresponding
vacuum region

1/(p—-1 1/(p—1
(p+vstit N p+sit N
Ve = w e XO(Q) : W(Sl < HwHXg(Q) < W(SZ

for the set of strong solutions of the problem (1.2)-(1.4), with initial energy J(u) satisfying
0 < J(uo) < e, i.e. there are no strong solutions u such that u(-,t) € V, for all t € [0, T). The
vacuum region V, becomes bigger when e decreases to 0.

Let us next consider the limit case e = 0.

Theorem 5.5. Let ug € Xo(Q). Then any nontrivial strong solution u of (1.2)—~(1.4), with initial
energy J(uo) < 0, is such that u(-, t) lies outside the ball By for all t € [0, T), where

+1 1/(p-1)
(p+ 1)SZ+1)

Bi = u€Xo(Q) : |lullx,q) < (ZC(N,S)P

introduced in Section 3.

Proof. Fix a nontrivial strong solution u of (1.2)-(1.4), with initial energy J(u9) < 0.
Inequality (5.1) gives J(u(-,t)) <O0fort € [0,T). Thus by

+1)C(N,s C(N,s p+1
DRt By < I D ) < (Sl )
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we conclude that for any t € [0, T) either [u(-, t)|x,q) = 0 or

1 1/(p—1)
Bl > | P D5 iy
P IX@) = | ToC(N, 5)P '

Next, we claim that either (i) [u(-,t)[/x,() = 0 for all t € [0,T) or (ii) ||u(-,t)|[x,) = ¥
for all t € [0,T). Otherwise, there are t € [0, T) such that [[u(-,t)|/x,q) = 0 while there are
T € [0,T) such that [u(:,7)|x,) = *, since ||u(-,t)||x,) cannot take the values in (0, ).
This contradicts the intermediate value theorem in view of the fact that the strong solution u
belongs to C(0, T; Xo(Q2)). As u is nontrivial, (i) is impossible. Thus we conclude that (ii) is
true. This completes the proof in view of the definition of B;. O

Next, we study blow up of strong solutions. Concerning the analysis of blow up of solu-
tions, we refer to the papers [1], [25] and [26], where several different methods are applied.

Theorem 5.6. Let ug € Xo(Q)). Assume that J(uy) < d and I(ug) < 0. Then the maximal existence
time T of any strong solution u for the problem (1.2)—(1.4) is finite and actually the strong solution u
blows up at T, i.e.

lim (-, £) 20y = 00 and 5o lim [lu(-, ) |x0) =

Proof. Let u be any strong solution of (1.2)—(1.4), with J(uy) < d and I(up) < 0. Define ®u by

= [ It 0l

(@u)'(t) = [[u(,£)[[F2(0

By Theorem 2.1 in [4], we have that u € C(0,00;L?(Q))) and

Then

2 / )t T)) 2T = [[u(, 1) 220 — ol 22

Therefore, differentiating with respect to t, we get

(@u)"(8) = 2(u(-, 1), ue(-, 1)) 12() = —2C(N, 8) [u(-, 1) 3, ) + 2l (-, )Hi;ﬁll
= 20(u(-1)).

Consequently,

(Pu)"(t) > 2(p +1) /Ot (-, )20y d7 + (p — D)C(N, 5)(Pu)' () — 2(p + 1)] (o)
and

_ptl

Du(du)”’ >

(Pu))? >2(p+1)

t t t 2
PNy N N ( / <u,ur>p<mdr) ]

+(p = 1)C(N, s)@u(®Pu)’ — (p +1)||uoll72 ) (Pu)’

~2(p + 1) (o) + P a2
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Furthermore, by the Holder inequality, we have

PEL(@u))? > (p = 1)CN,5)@u(@u) — (p+ 1) o] g (@10)
(5.4)

~2(p + D) (o) + P ol g

Du(du)” —

Next we consider the following two cases.
() If J(up) < 0, then

p+1
2

We claim that I(u(-,t)) < 0 forall t > 0. Otherwise, there exists top > 0 such that I(u(-,t)) = 0.
Let o be the first time such that I(u(-,¢)) = 0, then I(u(-,t)) < 0 for all t € [0, ). Similar to
the proof of Lemma 3.1, we have

gt 1/(p-1)
‘ _ ot =
(- )l xo) > (C(N,S)”) o

for all t € [0, t9). Hence [|u(-,to)|/x,) > * and J(u(to)) > d. This contradicts (5.1) and proves
the claim. Thus by (5.3) we get (<I>u)” > 0 in R". From this and the fact that (®u)’'(0) =
[[10][2 () > 0/t follows that there exists top > 0 such that (Pu)’(t9) > 0 and for all t > tg

Du(t) > (Pu)(to) (t — to) + Pu(ty) > (Pu)'(to)(t — to)-
Hence, for sufficiently large t, we have

(p = DC(N,5)@u — (p+1) o]z () > 0

Pu(Pu)” — ((@u))? = (p = 1)C(N,5)@u(®u)’ — (p +1) [[uo|[F2(q) (P1)".

and
p+1

Du(du)’ — ((®u))* > 0. (5.5)

(ii) If 0 < J(up) < d, then Theorems 4.3, 5.1 and Corollary 5.3 imply that u(-,t) € Vj for all
0 € (61,02) and all t > 0, where J; < J, are the two roots of the equation d(é) = J(up). Hence,

Is(u(-,t)) < 0and
p+1
||u('/t)||XO(Q) > (C(N,S) )

for all 6 € (d1,0,) and all ¢ > 0. Thus, I, (u(-,t)) < 0and

. T27p41
ubﬂan>(qNﬁy)

forall t > 0. By (5.3) for all t > 0,
(Pu)"(t) =2(d2 — 1)C(N15)Hu('/t)||§(o(0) — 215, (u(-,t))

— + 1/(p—1
o — + C 1/(p—-1
= — 1/(p—1
CDu(t) = (52 1) (5 Sp(Pil)C(NIS)pfgj (p )tz.
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Hence, for all t sufficiently large, we have
(p = DC(N,s)@u(t) > 2(p+1)[uollf2) (P —1C(N,s)(Pu)'(t) > 4(p +1)] (uo).-

By (5.4) we again obtain (5.5) for all ¢ sufficiently large.
By (5.5)
-1 +1
M// = _piﬂ CDM(CDL!)H — L

ulZ
2o ((Pu)’)7| <0

where M = (®u)(1=P)/2. Therefore, M is concave for sufficiently large t, and there exists
a finite T for which lim;,r M(t) = 0, i.e. limsr [[u(-,t)|;2(q) = co. This completes the
proof. O
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