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Abstract. In this paper, we obtain the exact rates of decay to the non-hyperbolic equilib-
rium of the solution of a functional differential equation with maxima and unbounded
delay. We study the convergence rates for both locally and globally stable solutions.
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on the rate of growth of the unbounded delay as well as the nonlinearity local to the
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1 Introduction

A large literature has developed in the past decades concerning the rate of decay to equilib-
rium in delay differential equations with unbounded delay. Some representative papers in-
clude Krisztin [23,24], Kato [21], Diblik [14], Cermak [13], and Haddock and Krisztin [17,18].
In the last two papers in particular, the rate of convergence is considered for equations in
which the leading order space behaviour at the equilibrium is of smaller than linear order.
The results can also be applied to stochastic differential and delay-differential equations in
both the nonlinear (Appleby and Mackey [4], Appleby, Rodkina and Schurz [8], and Appleby
and Rodkina [7]) and linear case (Appleby [1,2]).

An especially interesting equation which has received much attention is one with propor-
tional delay, called the pantograph equation: fundamental work on the asymptotic behaviour
dates back to Kato and McLeod [22], Fox et al. [15], Ockendon and Tayler [30]. Complex-
valued and finite dimensional treatments were considered by Carr and Dyson [11,12], while
more recent treatments and generalisations include Iserles [19] and Makay and Terjéki [28].

Another category of functional differential equation are those with maximum functionals
on the right-hand side. Inspiration for the study of these equations may be traced to work of
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Halanay [16]. The asymptotic behaviour of solutions of such Halanay type inequalities is con-
sidered by e.g., Baker and Tang [9], Mohamad and Gopalsamy [29], Liz and Trofimchuk [26],
Ivanov, Liz and Trofimcuk [20] and Liz, Ivanov and Ferreiro [27] for equations with finite
memory.

In this paper, we consider non-hyperbolic equations (as in e.g., [18]) with unbounded delay
(as in e.g., [22]) as well as equations with max-type functionals (as in e.g., [26]). In particular,
we give a complete characterisation of the rate of convergence to 0 as t — co of the solution x
of the delay differential equation

x'(t) = —ag(x(t)) + bg(x(t—7(t)), t>0
x(t) =9(t), te[-1,0]

and the functional differential equation

X() = —ag(x(t) +b  sup  g(x(s)), t20
t—T(H)<s<t (1.2)

x(f) = p(t), te[-%0]

We now give hypotheses on the problem data, and clarify notation. We are interested in
equations in which ¢(0) = 0 but ¢’(0) = 0, so that the equilibrium solution x(t) = 0 for all
t > 0 which arises from the initial condition ¢ (t) = 0 for all ¢+ < 0 is non-hyperbolic. In order
to confine attention to a class of equations, we assume that g is regularly varying with index
B > 1. Of course we ask that g is increasing and in C! on an interval (0,6): sometimes it is
useful to extend the interval of monotonicity to all of [0,00). Summarising, we assume that
the function g obeys

(1.1)

g(0) = 0; (1.3a)

g :]0,00) — [0, 00) is increasing (1.3b)

g € C'((0,00);(0,00)); (1.3¢c)

there exists B > 1 such that ¢ € RV (f). (1.3d)

On several occasions, we will strengthen or weaken slightly the hypotheses on ¢ to deal with
different cases of “slowly” or “rapidly” growing delay 7: for this reason, we will often state
all the hypotheses replacing (1.3) each time this must be done.

The hypotheses on g above imply that g’(0) = 0. Define the function G by

1
G(x):/x g B x>0 (1.4)

Then G is in C!(0, ) (by (1.3¢)), is decreasing on (0, ) (by (1.3b)) and by virtue of the fact
that ¢’(0) = 0 we have

lim G(x) = +oo. (1.5)
x—0F
T is assumed to satisfy
T is a continuous non-negative function on [0, o), (1.6a)
there exists a finite T > 0 such that —7 = %r>1£ t—1(t). (1.6b)

We will request that the initial function ¢ satisfies

P € C([—7,0];(0,00)) (1.7)
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throughout. The condition
a>b>0 (1.8)

is natural if we require solutions to be positive and for (at least) solutions with small initial
conditions ¥ to obey x(t) — 0 as t — oo.

Granted that a solution obeys x(t) — 0 as t — oo, we are able to determine the convergence
rate of both equation (1.1) and (1.2). This rate can be related to the rate of decay to zero of the
solution of the related ordinary differential equation

y'(t) = —(a—b)g(y(t)), t>0; y(0)>0. (1.9)

By unifying hypotheses used to prove results under slightly different conditions on the nonlin-
ear function g, our subsidiary results can be consolidated to give the following main theorem:
we focus on (1.1), but similar results apply to (1.2).

Theorem 1.1. Suppose that a > b > 0. Let g obey (1.3). Suppose also that T obeys (1.6), and 1 obeys
(1.7). Let x be the unique solution to (1.1). Then x(t) — 0as t — oo and the following case distinction
holds:

(a) If T(t)/t — 0as t — oo and y is the solution of (1.9) then x(t)/y(t) — 1 as t — oo.

(b) Ift(t)/t — q € (0,1) witha > b(1 — /(B=1), and y is the solution of (1.9), then

q)~°
x(t) x(t)

1< 11m1nf— <limsup —<% < +o0.
G AN )

) If T(t)/t — q € (0,1) with a < b(1 —q)~P/B=Y, and vy is the solution of (1.9), then
x(t)/y(t) — oo as t — oo and moreover

logx(t) 1 a
e logt logt  PBlog(1/(1—gq)) log <E) <0

(d) If there exists an auxiliary function o such that o(t)/t — oo,

t t
/lds—>oo, / Lds—>1 ast — oo
0 o(s) t-(t) 0 (s)

then T(t)/t — 1as t — oo, and x obeys

. logx(t) 1 a
lim —2—~— =—"1lo :
t—o0 f(; (7(15) ds ‘B & ( )

The result in (d) generalises to the nonlinear setting results in Krisztin, Cermak etc., adapt-
ing the approach in [3] used to obtain sharp asymptotic estimates for linear equations. Since
the equation does not have infinite memory (so we cannot have 7(t)/t — g > 1 as t — o0), the
results (a)—(d) can reasonably be said to provide a quite complete picture of the relationship
between the rate of convergence, the strength of the nonlinearity g, and the rate of growth of
the unbounded delay 7 for the class of nonlinearities considered. We conjecture in part (b)
that x(t)/y(t) tends to a finite limit A > 1 as t — co.

The results show that the rate of convergence is dependent on the delay: while the rate of
growth of the delay 7 is less than some critical rate, the solution inherits the rate of decay of
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(1.9) exactly. Once the delay grows more rapidly than a critical rate, the solution no longer
inherits the rate of convergence of solutions of (1.9). We are able not only to identify the critical
growth rate of the delay at which this happens, but also to determine the exact convergence
rate of the solution of e.g., (1.1) whether there is “slowly” growing or “rapidly” growing delay.
As a by-product, the results also cover the case of bounded delay. We use comparison-type
arguments inspired especially by Appleby and Patterson [5,6] which deal with non-hyperbolic
ordinary and stochastic differential equations, and Appleby and Buckwar [3] which deals with
equations of the form (1.1) and (1.2) with g(x) = x.

2 Notation

We recall that a function f is reqularly varying at infinity with exponent x € R if

lim fAY) =A% forall A > 0.
t—ro0 f(t)
For such a function, we write f € RV ().
A function f is reqularly varying at zero with exponent x € R if

lim w =A% forall A > 0.

t—0+ f (t)
For such a function, we write f € RVy(«). The exploitation of properties of regularly varying
functions in studying asymptotic properties of ordinary and functional differential equations
is an active field of research. Recent research themes in this direction are recorded in mono-
graphs such as [32] and [31] and all properties of regularly varying functions employed in this
paper can be found in the classic text [10]. A highly selective list of the properties of regular
variation that we have found useful appear in the introduction of [5], a work which concerns
ordinary differential equations.

3 Statement and discussion of main results

In this section we state, motivate, and discuss results giving the exact rate of decay to zero of
solutions of (1.1). The main tool employed is a type of comparison argument. This involves
building explicitly functions which are upper and lower solutions to the differential equation
(1.1). Under different circumstances on the growth rate of the delay, this requires different
technical hypothesis on the nonlinearity ¢ which often require that some other function, en-
tirely depending on g, is regularly varying. This extra control on g allows us to successfully
compare the size of terms on the right-hand side of the comparison equations at different time
arguments, as well as the derivative on the left-hand side. In this section, the most general
results, with the weakest hypotheses, are stated. We have not to date found ways of unifying
these results, except by taking the union of hypotheses that apply in separate cases. We believe
this situation arises from the fundamentally different asymptotic character that the solutions
exhibit in different parameter domains.

In the case when the rate of growth of the delay is “fast”, and the equation has long mem-
ory, an important auxiliary function ¢ is introduced which enables the asymptotic behaviour
to be determined. Motivation for the method of proof, and the role of the auxiliary function ¢
is given in the following section, along with easily applicable corollaries of the main results.
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The ease of applicability of these results relies upon being able to determine the appropriate
auxiliary function o, often as a function asymptotic to 7.

In the case when the rate of growth of the delay is “slow” (or the equation has bounded
delay), the function ¢ is not required. In this case we show that the solution of the delay
differential equation converges to zero at exactly the same rate as the ordinary differential
equation x'(t) = —(a — b)g(x(t)) for t > 0.

In this section we concentrate on stating the main general results, and discuss the role
and necessity of the hypotheses on g, T and the auxiliary function ¢. The implications of the
conclusions of the general results are also explored here. The proofs of the theorems presented
in this section are given in Section 9.

3.1 Boundedness and convergence

First, we have that solutions of (1.1) and of (1.2) are uniformly bounded, and under some
monotonicity on g, tend to zero as t — 0. This is used in later theorems to determine the rate
of convergence.

Theorem 3.1. Let T obey (1.6). Let a > b > 0 and g satisfy (1.3a), (1.3c) and suppose  obeys (1.7).
(a) The solution x of (1.1) obeys

0<x(f) < _rfnge;éol/)(s), t> —1. (3.1)

If moreover g obeys (1.3b), then x(t) — 0 as t — oo.
(b) The solution of x of (1.2) obeys (3.1). If moreover g obeys (1.3b), then x(t) — 0 as t — oo.

We are interested in solutions of (1.1) which tend to zero as t — co. In order to guarantee

this we assume that
lim {t — T(t)} = oo. (3.2)

t—o0

An assumption of this type is reasonable; indeed if x(t) — 0 as t — o0, we require that

limsup{t — 7(t)} = 0. (3.3)
t—o00
To see this, suppose to the contrary that limsup, .t — 7(t) = 1 < +00. Therefore as t —
t — 7(t) is continuous, there exists T* such that t — 7(¢t) < 7 for all + > 0. By (1.6b) we have
—T<t—1(t) < 7t forall t > 0. Then for all + > 0 we have

0<x;:= min x(s) <x(t—7(t) < max x(s)=:x, < +oo.
se[—1,7] se[—1,7%]

Next define G(t) := bg(x(t — 7(t))) for t > 0. Define

0<g1:= min g(x) < max g(x)=:g» < +oo.
xe[xl,xz] xE[Xl,Xz}
We have no need to make an assumption on the monotonicity of ¢ here, and therefore we are
not concerned about the relation between 6, x1, x;, and g1 and g»: positivity and continuity of
g suffice to give these estimates. We conclude, therefore, that bg; < G(t) < bg, for all t > 0.
Therefore, as x'(t) = —ag(x(t)) + G(¢) for t > 0 and x(t) — 0 as t — oo, we have
liminfx'(t) = li{ninf{—ag(x(t)) + G(t)} = liminf G(t) > bg; > 0.
—00

t—o0 t—o0
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Therefore x(t) — oo as t — o0, a contradiction, and so (3.3) must hold.

We notice that if ¢(t) = ¥(0) > 0 for t € [—T,0] and a = b, then the solution of (1.1) is
x(t) = (0) > 0 for all t+ > —7. Similarly, if () = ¢(0) > 0 for t € [—7,0] and a = b, then the
solution of (1.2) is x(¢t) = ¢(0) > 0 for all t > —T. These examples shows that the assumption
a > b cannot be relaxed if solutions of both (1.1) and (1.2) are to tend to zero for all initial
conditions.

3.2 General results

The results in this section are achieved without necessarily imposing regular variation directly
on g. This can be of great use for certain equations in which g is “flatter” at zero than any
regularly varying function. The results can be applied when g is regularly varying as well,
but in later sections we obtain more refined results under this stronger assumption on g.

We start by making some assumptions on ¢ which we employ when the delay grows
slowly:

2(0) = 0; (3.4a)

g(x) >0, x>0; (3.4b)

there is 41 > 0 such that g is increasing on (0, é1); (3.40)
there is ¥ > 1 such that g0 G™' € RV (—1). (3.4d)

We now state our main result for slowly growing (or bounded) delay.

Theorem 3.2. Let T obey (1.6) and (3.2). Suppose also that there is q € [0,1) such that

lim =) =q. (3.5)

t—oo f
Suppose that a > b > 0 in such a manner that
1 Y
a>b <) > 0. (3.6)
l—q

Let g satisfy (3.4) and suppose P obeys (1.7). If the solution of (1.1) obeys x(t) — 0 as t — oo, and G
is defined by (1.4) then

G(xt(t)) < limsup G(xt(t)) < +oo. (3.7)

0 < liminf
t—ro0 t—o0

Our next general result deals with the case when g € (0,1) is so large that it does not
satisfy (3.6). We modify the hypotheses on g slightly in this case:

3(0) = 0; (3.82)

g(x) >0, x>0; (3.8b)

there is J; > 0 such that ¢ € C'(0,8;), with ¢’(x) > 0 for x € (0,6;); (3.8¢)
there is ¢ > 1 such that ¢’ o g7! € RVy(1/7). (3.8d)

It turns out that the hypothesis (3.8d) often implies (3.4d).
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Theorem 3.3. Let T obey (1.6) and (3.2). Suppose also that T obeys (3.5) for some q € (0,1), that
a > b > 0 and moreover that

1 r
Suppose g satisfies (3.8) and suppose P obeys (1.7). If the solution x of (1.1) obeys x(t) — 0as t — oo
then
logg(x(t)) _ a
tlglc;lo ~logt  log(1/(1—gq)) log (b) ’ (3.10)

To deal with rapidly growing delay, the following result is employed; it uses the same
hypotheses on g as Theorem 3.3.

Theorem 3.4. Let T obey (1.6) and (3.2). Suppose also

o is a non-negative, continuous function on [—7T, o), (3.11)
|
lim [ ——ds=o00, limo(f)= oo, (3.12)
t—oo JO U’(S) t—rco
£ 1
lim ——ds=1, (3.13)
t=e0 Ji—1(t) 0 (s)
lim @ = o0. (3.14)
f—o0 t

Then T(t)/t — 1 as t — oo. Furthermore, let a > b > 0, g satisfy (3.8) and ¢ obey (1.7). If the
solution x of (1.1) obeys x(t) — 0as t — oo, then

lim w ~ —log (%) (3.15)
t—00 fO @ds

4 Slowly growing and proportional delay for equations with
regularly varying coefficient

4.1 Slowly growing delay

Apart from the positivity of g, which guarantees positive solutions, we require conditions on
g local to the equilibrium 0 in order to determine the rate of convergence of solutions in the
case when the delay grows sublinearly.

Theorem 3.2 can be applied to equations with coefficients in RV(B); in the first instance
we consider the case where 7(t)/t — 0 as t — oo. The hypotheses on g become:

2(0) = 0; (4.12)

g(x) >0, x>0; (4.1b)

there is 6; > 0 such that g is increasing on (0, 6;); (4.1¢c)
there is > 1 such that g € RVy(B). (4.1d)

We now state our main result for slowly growing (or bounded) delay.

Theorem 4.1. Let T obey (1.6) and (3.2). Suppose also
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Let a > b > 0 and g satisfy (4.1) and suppose  obeys (1.7). If the solution of (1.1) obeys x(t) — 0 as
t — oo, and G is defined by (1.4) then

lim M =a—>b. (4.3)
t—o0 t
Moreover )
o M) =1/
}Lrgo G1(D) (a—b) . (4.4)

The limit in (4.4) is a direct consequence of the fact that G™! € RV (—1/(B —1)) and (4.3).
The result shows that when the delay T grows sublinearly (or is bounded), converging
solutions of (1.1) have the same asymptotic behaviour as the non-delay differential equation

y(t)=—(@a=b)gyt), t>0 y(0)=x0>0, (4.5)
because y(t) — 0 as t — co and the hypothesis g € RV () implies

oy e
tlggo ) (a—"0) . (4.6)
Therefore, if y is the solution of (4.5) we have
lim @ =1
t—o0 y t)

4.2 Proportional delay and asymptotic behaviour equivalent to non-delay case

If the delay grows proportionately to ¢ in the sense that (3.5) holds for some g € (0,1) the rate
of decay of (1.1) is not the same as (4.5). We can prove the following result.

Theorem 4.2. Let T obey (1.6) and (3.2). Suppose also that T obeys (3.5). Let a > b > 0 and g satisfy
(1.3) and suppose ¢ obeys (1.7). If the solution x of (1.1) obeys x(t) — 0as t — oo, and G is defined
by (1.4), then x does not obey (4.3).

However if g is sufficiently small, it can be shown that the main asymptotic behaviour of
the differential equation (4.5) is preserved, in the sense that x(t) is bounded above and below
by G~1(t) times a constant as t — co.

Theorem 4.3. Let T obey (1.6) and (3.2). Suppose also that T obeys (3.5) for some q € (0,1), that
a > b > 0 and moreover that a and b obey

1 B/(B-1)

1 \B/-D\ VD

Suppose g satisfies (4.1) and ¢ obeys (1.7). If the solution x of (1.1) obeys x(t) — 0as t — oo, and G
is defined by (1.4) then there is Ao > 0 such that

Define A > 0 by

0< Ay < li{ninfc(i(t)) < limsup G(xt(t)) < A, (4.9)
—y00

t—o0

Moreover

) x()
< <
A< h}ggﬁ G = hrtrj:p G0 < 400
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Recalling that the solution y of the non-delay differential equation (4.5) obeys (4.6), Theo-
rem 4.3 shows that
x(t) x(t)

1 < liminf —=% <limsup —% < 409,
B0 RSSO
as claimed.
We conjecture when a, b, g and B obey (4.7), and T obeys (3.5) that we can strengthen the
conclusion of Theorem 4.3 to obtain the limit

1)\ V(1)
_ox(t) 1 P/ B

where A is defined by (4.8).
In fact, by the methods of Theorem 4.2 it can be shown that if there is a A such that

. t
lim GX(l()t) = A€ (0,00), (4.11)

then we must have A = A.
On the other hand, if T obeys (3.5) and a, b, ¢ and B obey

) 1 \A/(E-D)

(with a > b > 0) the method of proof of Theorem 4.2 shows that there is no A € (0,00) such
that x obeys (4.11). In the next section we investigate the case covered by (4.12) as well as the
case when the delay grows so quickly that T(t)/t — 1 as t — oo.

4.3 Proportional delay and asymptotic behaviour not equivalent to non-delay case

Our next results demonstrates that once T grows faster that gt (where q € (0,1) is so large
that it obeys (4.12)), the asymptotic behaviour of (1.1) is no longer asymptotic to or bounded
by the solution y of the ordinary differential equation (4.5). The exact rate of convergence
can be determined in the case when 7 obeys (3.5) when g € (0,1) obeys (4.12). Of course,
the nonlinearity ¢ and the constants a and b still play an important role in determining the
asymptotic behaviour.

For these results, we place slightly different hypotheses on g local to zero than the condi-
tions (4.1) imposed in Theorem 4.1 or 4.3; now we require g to not only be increasing, but to
have a positive derivative close to zero, and we ask that g’, rather than g, be regularly varying
at 0. The hypotheses are the following.

<(0) =0; (4.13a)

g(x) >0, x>0; (4.13b)

there is §; > 0 such that ¢ € C'(0,;), with ¢’(x) > 0 for x € (0,5;); (4.13¢)
there is B > 1 such that ¢’ € RVy(B —1). (4.13d)

We first deal with the case when 7 obeys (3.5) and 4, b, f and g obey (4.14). In this case we
can show that x cannot be in RV (—1/(8 —1)).
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Theorem 4.4. Let T obey (1.6) and (3.2). Suppose also that T obeys (3.5) for some q € (0,1), that

a > b > 0 and moreover that
1 \BF/(E-1)
a<b <1_q) . (4.14)
Suppose g satisfies (4.13) and ¢ obeys (1.7). If the solution x of (1.1) obeys x(t) — 0 as t — oo then

logx(t) 1 a
fim et = plogara=a 8 (5)° *15)
It is a direct consequence of (4.15), (4.14), (4.6) and the fact that G™! € RV (—1/(B — 1))
that
lim @ = 00,
t—o0 y(t)

where y is the solution of (4.5). Therefore, by Theorem 4.1, 4.3 and 4.4, once the delay grows
sufficiently quickly, with the critical rate being

lim & _1_ <g> —B/(B-1)

t—o0 b !

the solution of (1.1) decays to zero more slowly than the solution y of the non-delay equa-
tion (4.5).

5 Slowly growing delay for equations with regularly varying
coefficient

We now attempt to determine the asymptotic behaviour of solutions when the delay grows
according to 7(t)/t — 1 as t — oco. It transpires that the following theorem enables us to
achieve this, provided a related limiting functional equation involving T can be solved which
involves an auxiliary function ¢. The result follows by an application of Theorem 3.4.

Theorem 5.1. Let T obey (1.6) and (3.2). Suppose also that o and T obey (3.11)—(3.14). Leta > b > 0,
g satisfy (4.13) and ¢ obeys (1.7). If the solution x of (1.1) obeys x(t) — 0as t — oo, then

lim M = —log (E) . (5.1)

t
P fo % ds b
Moreover, (5.1) is equivalent to
log x(t) 1 a
im == log { — ). (5.2)
t=eo [0 ﬁ ds B (b>

(5.2) is a direct consequence of (1.3d) and (5.1). (1.3d) implies

i 108800 _

=0+ logx

Then

f—o0 f()tﬁds  toeo f()tﬁds logg(x(t)) B ‘B

lim logx(t) lim logg(x(t)) logx(t) 1 log ((1).
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The hypotheses on the auxiliary function ¢ under which Theorem 5.1 holds will be explored
and motivated in greater depth in the next section. Note however, that the conditions on
the size of ¢ and T are asymptotic: the short run behaviour of T and ¢ is seen not to be
important in being able to determine the rate of convergence. Neither are differentiability
or monotonicity conditions required on 7. This feature of Theorem 5.1, allow analysis to be
extended to delay-differential equations with relatively badly behaved 7. All that turns out to
be important is the asymptotic rate of growth of .

The presence of unbounded delay has just been mentioned, but it is not explicitly present
in the statement of Theorem 5.1. However, the conditions (3.12) and (3.13) on ¢, together with
(3.2), force

tlgglo T(t) = +o0. (5.3)
Therefore, by also assuming (3.2) in Theorem 5.1, the delay will be unbounded even though
this is not explicitly stated. We have already noted that (3.2) is a reasonable assumption if we
want x(t) — 0 as t — co.
To show that (5.3) must hold, first note that as (3.13) holds, there exists T; > 0 such that
for all t > T; we have

t—z(t) 0(s) 2

Since o(t) — oo as t — oo, for every M > 0 there exists To(M) > 0 such that o(t) > M
for all t > To(M). Also as t — 7(t) — o0 as t — oo, there exists T3(M) > To(M) such that
t—1(t) > To(M) for all + > T3(M). Finally, let T(M) = max(Ty, T»(M), T3(M)). Then for
t > T(M) we have

1t 1 b (1)
s [ osds< [ s =T
2 ./tr(t) U(S) ° t—(t) M ’ M

Hence 7(t) > M/2 for t > T(M). Since M > 0 is arbitrary we have (5.3).

We next show that Theorem 5.1 covers precisely the rapidly growing delay which is not
covered by Theorems 4.1, 4.3 and 4.4 which cover the case when 7(t)/t — q € [0,1) as t — oo.
The question now is: how does the condition (3.14) relate to the case not already covered by
the results to date, namely the case when 7(¢)/t — 1 as t — co. Roughly speaking, we will
now show that if the delay grows like ¢, then solutions grow at the rate determined by (5.2).
To do this, we state an auxiliary result which shows how the linear or sublinear growth of ¢
implies linear of sublinear growth in 7.

Lemma 5.2. Suppose T is a non-negative continuous function which obeys (3.2). Suppose o obeys
(3.13) and

tim 7% 2 € [0, o0]. (5.4)
t—oo |
Then
fim T g o, (5.5)
t—oo t

Therefore condition (3.14) implies that 7(t)/t — 1 as t — oo. Also the condition that
o(t)/t — 0 as t — co implies that T(t)/t — 0 as t — oo and if o(t)/t tends to a finite limit as
t — oo, then T(t)/t — g as t — oo for some g € (0,1).
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5.1 Concrete examples of ¢ obeying (3.11)-(3.14)

We now state general results which enable to explicitly construct o obeying (3.11)—(3.14) while
at the same time only making assumptions concerning the asymptotic behaviour of 7. The
results also enable asymptotic estimates to be made of the growth of the integral fot o(s)"lds,
which determines the rate of decay of solutions in Theorem 5.1.

Proposition 5.3. Let T obey (1.6) and

log(t — (1)) 66

There exists 7 € (0,1) such that lim =1.

t—o0 log t
Then there is a function o which obeys (3.11), (3.12) and (3.13) such that

t
foﬁs)ds_ 1

o logyt  log(1/y)’ 67

This example enables us to deal with cases when the delayed argument t — 7(t) grows
slightly more slowly than linearly: it covers for instance the case when t — 7(t) grows like
t as t — oo for § < 1, or more generally when t — t — 7() is in RV (7). In this case, the
generalised exponent in (5.1) or (5.2) has asymptotic behaviour given by

ast — oo,

/t 1 ds 1 log, t
0 o(s) " " log(1/y) B2

SO

1 ay (1 1 log(a/b)
1OgX(t)N—BIOg (E)A @dSN_BWIngt as t — oo.

In the case when the delayed argument t — 7(t) is growing almost as fast as f (in the sense
that t — 7(t) = o(t) as t — o0), but t — 7(t) is in RV(1), the following result can often be
useful.

Proposition 5.4. Let T obey (1.6). Suppose that ¢ € C[0,0);R) is such that

¢ is increasing on [0, 00) and tlgn @(t) = oo; (5.8a)
@ € RVs(0); (5.8b)
x — log ¢(e*) € RV(0), (5.8¢)
and
t—1(t)

M et b (59

Then there is a function o which obeys (3.11), (3.12) and (3.13) such that

lim 78 (5.10)
t—oo tlog ¢(t)
£ 1
——ds
lim _oagds 1. (5.11)
t—co logt/ log ¢(t)

In this instance, the generalised exponent in (5.1) or (5.2) has asymptotic behaviour given

by b1 logt
e~ mgwemmy e
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Therefore

1 a\ (1 1 a logt
log x(t) ~ —Blog <E) /0 @ds ~ —Blog (E) Tog(t/(t — (1))’ as t — oo.

This result can be applied to many functions 7: examples include those with asymptotic
behaviour such as
. t—1(¢)
lim —————~
t—oo t/ log, (t)
where log, (-) denotes the n-fold iterated logarithm, and & > 0. In these examples, we can
choose ¢(t) = log, t and ¢(t) = (logt)" respectively, each of which obeys all the properties
in (5.8).

=1, lim ﬂ -1
t—oo £/ (log t)*

5.2 Factors influencing the rate of decay of x

We note that the relationship between the rate of growth of the unbounded delay T and the
rate of decay of the solution x of (1.1) to 0 as t — oo (which depends on ¢) is embodied in the
condition (3.13). The limit (3.13) relates the asymptotic behaviour of ¢ to that of 7. We see that
the faster that o(t) — oo as t — oo, the faster that 1/0(t) — 0, so in order for (3.13) to hold,
T(t) must tend to infinity faster as t — oo to compensate for the rapid decay of 1/0(t). Also,
the faster that o tends to infinity, the slower that fot 1/0(s) ds tends so infinity as t — oo, and
so by (5.1), the slower that x(f) — 0 as t — oco. Therefore, we see that the faster that T(f) — oo
as t — oo, the slower that x(f) — co as t — oo. This makes intuitive sense, as the longer the
“memory” of the equation, the slower the convergence of asymptotically stable solutions to
the equilibrium should be.

The limit (5.1) reveals that the rate of decay of x(t) — 0 increases as a increases and de-
creases as b increases, as should be expected; the greater the negative instantaneous feedback
and the less the positive delayed feedback of the delayed term, the more rapidly solutions of
(1.1) should converge to zero.

The limit (5.1) also reveals that the stronger the nonlinearity g local to zero, the faster the
rate of convergence of x(t) — 0 as t — oo. Consider the solutions x1 and x; of (1.1) in the case
when ¢ = ¢1 and ¢ = g» respectively. By (5.1), we have

loggi(x1(t) _ ay o logga(n(t) _ a
Jim ZEEET T = —log (), lim SR < —log ().
0 o(s) 0 o(s)

Therefore
loggi(x1(t) _
m-—=°— -7’7 =
t=0 log 82(x2(t))
This limit is interesting in itself as it shows the impact of different nonlinearities on the rate
of convergence of solutions, even when the auxiliary function ¢ is not known.
To give a concrete example where we get different convergence rates arising from different
nonlinearities, suppose that g1 € RV((B1) and g2 € RV (p2) where 2 > 1 > 1. Then

(5.12)

. loggi(x) . loggo(x)

xlg%)l* log x =Py xlg%)1+ log x = P2 (5-13)
Then

g2(x)

lim log = lim logx

<10ggz(x) _ loggl(x)) C e
x—0 9 (x) x—07F ’

log x log x
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so g2(x)/g1(x) — 0 as x — 0T and therefore g; dominates g local to zero. We should
therefore expect that x; tends to zero more rapidly than x;. By (5.13) and (5.12) we have

logxi(t) _ .~ logxi(t) loggi(xi(t)) logga(xa(t)) _ f2

= = > 1.
elogaa(t)  treloggi(xi(f) logga(xa(h)  logxa(t)  p

Hence as t — o0, we have

log x1 (t)
1 t t)) =1 t) —1 t) =1 H| ————1 —
og(x1(1)/32(1)) = logx1(1) ~log xa(t) = log ra(t) ({213 ~1) = —oo
so x1(t)/x2(t) — 0 as t — oo. Thus x; converges to zero more quickly to zero than x, as
t — oo, as we anticipated.

5.3 Motivation for results

In rough terms, Theorem 5.1 is proven by constructing one-parameter families of functions xy .
and xy; ¢ to act as upper and lower solutions of the differential equation (1.1). A corresponding
construction and result is equally effective for dealing with the rate of decay of the FDE (1.2),
under the asymptotic conditions on the delay T and related auxiliary function ¢ that prevail
in Theorem 5.1. The result for the max-type equation appears later as Theorem 8.4: we
concentrate for now on the result for the equation (1.1).

As to the construction of the upper and lower solutions, we take

g(xre(t)) = x1(e) exp <—C1(e) /O t 1) ds) , (5.14a)

o(s
g(xue(t)) = x2(€) exp <—C2(e) /Ot (T(ls)ds> . (5.14b)

where the monotonicity of g ensures that the functions x; . and xy; . are well-defined.

These functions are constructed so that they are upper and lower solutions of the solution
x of (1.1). This is achieved because x1(€), x2(€), C1(€) and Cy(€) can be chosen so that there
are Ty (€), To(e) > 0 such that

xpe() < —ag(xpe(t)) +bg(xLe(t —T(t))), > Ti(e),
Xipe(t) > —ag(xue(t)) +bg(xue(t — (1)), t> Tale).

We choose x1(€) so small and x,(e) so large so that x; () < x(t) for t < Ty(e) and xy¢(t) >
x(t) for t < Tp(e). The values of x1(€) and x;(€) play no role in the differential inequality.
The parameters C;(€) and Cz(€) are chosen so that the differential inequalities are satisfied on
[T1(€),00) and [T»(€), c0) respectively. The values of T;(€) and T(€) are chosen so as to use
asymptotic information about ¢ and 7 that is present in (3.12) and in (3.13) especially: this
information is mainly used to satisfy the differential inequalities. The comparison principle
now implies that xp () < x(t) < xye(t) for all t > 0, and hence that g(x1c(f)) < g(x(t)) <
Q(xue(t)) for all t > 0. The upper and lower estimates on g(x(t)) are known explicitly by the
construction (5.14). Finally, we send the parameter ¢ — 07: the exact asymptotic limit (5.1) is
obtained because C;(€) and Cy(€) have been designed so that both tend to the same limit as
€ — 07. Roughly speaking for each estimate, we need two adjustable constants x; and C; to
satisfy two inequalities: one for the differential inequality on (T;(€), o) and one for the “initial
condition” on [—7T, T;(€)]. The free parameter € is used at the end of the proof to match exactly
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the upper and lower estimates. In fact, to give sufficient flexibility in the construction of the
upper and lower estimates, we sometimes have additional free parameters C; and C, which
can be sent to C;(€) and C;(€) in advance of taking the limit as e — 0.

These are the broad guidelines followed in constructing the upper and lower estimates,
and do not cover all the subtleties encountered: sometimes the objectives are in conflict and
the construction can become quite delicate and require some iteration. As a general rule, it is
more difficult to construct a very good upper estimate as there is some interaction between
all three terms in the differential inequality for xy;. For the lower estimate, the presence of
the derivative term can generally be ignored by using the fact that the estimates constructed
are decreasing functions; therefore the relative size of the two terms on the right-hand side
of the differential inequality for x; is all that matters. The monotonicity of the estimates also
allows the analysis to be extended easily to the equation (1.2) with a maximum functional,
and simplifies the choice of estimates that must be taken in order to satisfy constraints on the
“initial conditions”.

We motivate now the functional forms of x; and x{; and the hypotheses required in Theo-
rems 5.1. If a function y is written in the form

|
(1) = gy ewp (- [ 1 as)), 515)
as g isin Cl itis easily seen that

y'(£) +ag(y(t) — bg(y(t —(t)))
1 C

_ Cloagasf 1 € _ Cftt‘r(f)alsds}
y(0)e © { W) o +a—be © (5.16)
with a similar equality holding when y/'(t) +ag(y(t)) — b suptfr(t)gsgtg(y(t —17(t))) is on the
left-hand side. Therefore analysis of the right-hand side of (5.16) is the same whether we
consider equation (1.1) or (1.2). A reasonable objective now is to ensure that the term in curly
braces in (5.16) is negligible (at least as t — o) so that y can be close to a solution of (1.1).
In order that y(t) tends to zero, we need fot 1/0(s)ds — oo as t — oo, while a condition of
the form o(t) — oo as t — oo will preclude exponential decay. Moreover, as mentioned in
the discussion after Theorem 5.1, the assumption that o(t) — oo as t — oo is consistent with
T(t) — oo as t — oo. This explains the rationale behind the conditions (3.12). Moreover, if
y(t) — 0 as t — oo, then ¢'(y(t)) tends to a nontrivial limit by (1.3d), so as we suppose that
o(f) — o0 as t — oo, the first term in the curly brackets in (5.16) tends to zero as t — oo.
Therefore, in order for y to be in some sense “close to” a solution of (1.1), we need a condition
of the form L

S

t
lim a — be< Ji-c 7
t—o0

=0,

which makes sense of the hypothesis (3.13) on ¢, if we choose C = log(a/b). Now, if we take
logarithms across (5.15) and use C = log(a/b) and (3.13) we have

los,;g(ly(t)) _ IOgtg(ly(O)) ~log (g) .
IN 6] ds Io 6] ds
Taking limits as t — oo gives

limw = —log(a).

oo t b
t— fO %ds b
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Since y should be close to the solution x of (1.1), this motivates the claimed result (5.1), and
therefore the construction of x; and x; in (5.14).

Of course, this argument is a long way from being a rigorous proof; it however motivates
the choice of conjecture, and an identity of the form (5.16) in fact plays an important role in
the proof of Theorem 5.1.

In some sense, our calculation leaves the functional form of ¢ undetermined: it is left as
an open question whether a function ¢ exists which obeys the conditions (3.12) and (3.13)
required in order to approximately fit y as a solution. This leaves the question of how to
find such a function open. However, examples of equations whose asymptotic behaviour is
determined by finding an appropriate ¢ are given at the end of the section. More about the
role of the function ¢, and its connections with the solution of a class of functional equations
(called Schroder equations [25]) is written in [3].

6 Summary of main results and examples in regularly varying case

6.1 Unifying the main results

Since the condition that o(t)/t — 0 as t — oo implies that 7(t)/t — 0 as t — oo, o(t)/t tends
to a finite limit as t — oo implies 7(f)/t — q as t — oo for some g € (0,1), and (3.14) implies
that 7(t)/t — 1 as t — oo, we can unify Theorems 4.1, 4.3, 4.4 and and 5.1 by means of the
parameter A in (5.4).

In order to state a result which does this, we first unify the hypotheses (4.13) and (4.1) on
g to give

g(0) =0; (6.1a)

g(x) >0, x>0; (6.1b)

there is §; > 0 such that ¢ € C(0,4;) with g’(x) > 0 for x € (0,6,); (6.1¢)
there is B > 1 such that ¢’ € RVo(B —1). (6.1d)

Theorem 6.1. Let T obey (1.6) and (3.2). Suppose that o and T obey (3.11)—(3.13), and that there
exists A € [0, 00] such that o obeys (5.4). Let a > b > 0, g satisfy (6.1), and 1 obeys (1.7). Suppose
also that the solution x of (1.1) obeys x(t) — 0 as t — oco.

(i) If A = 0, and G is defined by (1.4), then x obeys

Cox(t) 1)
fim S ~ @) '

(ii) If0 < A < 1 log(a/b), A is defined by (4.8), and G is defined by (1.4), then x obeys

B
.. ox(b) . x(t)
< <
A< lninf e < Imsup a5

< 400

(iii) If% log(a/b) < A < +oo, then x obeys

logx(t) 11 a
e logt ﬁAlog( )

(iv) If A = oo, then x obeys
lim logx(t) _ 1log (a> .

t—o00 fOtLds N ﬁ

o(s)
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6.2 Examples

In the following section, we show the versatility of the results in the last section, by considering
a selection of examples with with different rates of growth in the delay t. We state the results
for each example in turn.

In order to do this, we must determine how the auxiliary function ¢ can be chosen for
a given problem. The role of the function ¢ is explained further in [3]. In the problems
here to which Theorem 5.1 or 8.4 could be applied, we do not have that T is asymptotic
to o, as scrutiny of the calculations involved in Examples 6.6 and 6.5 reveal. The relationship
between ¢ and T is nontrivial and must be determined for each problem by analysis of (3.13),
thereby justifying general theorems such as Theorem 5.1 and 8.4. The introduction of the
function ¢ also enables us to remove monotonicity and differentiability conditions on T often
required in the study of differential equations with delay. Moreover, the asymptotic form
of the condition (3.13) shows that it is the behaviour of 7(f) as t — oo that determines the
asymptotic behaviour of solutions of (1.1) and (1.2); the behaviour of 7(¢) on any compact
interval [0, T] is not material.

In each case the common hypotheses are that the solution x of equation (1.1) is studied,
with 7 a continuous and non-negative function, where —T = inf;>ot — 7(t) is finite and
t—1(t) — oo as t — oo. We have a > b > 0, the initial function ¢ € C([—T7,0]; (0,00)). We
suppose that x(f) — 0 as t — oo. All results stated here for solutions of (1.1) apply equally to
the max-type equation (1.2).

We consider for concreteness two functions for g: let g : [0,00) — [0,00) : x > g1(x) = xP
for B > 1. Such a function obeys all the conditions in (6.1). We can also consider the non-
polynomial function g> such that g, : [0,6) — [0,00) obeys g2(x) = xPlog(1/x) for 0 < x <
0 < 1and ¢2(0) = 0. Such a function g, also obeys all hypotheses in (6.1). Therefore we
can determine the asymptotic behaviour of x using Theorem 5.1 or Theorem 4.1 if g = g1 or
8= &2

In order to apply Theorem 4.1 it is first necessary to determine the asymptotic behaviour
of Gi’l(x) as x — oo for i = 1,2. To do this we compute G; and G,. First we have that

o1 1 X 1
G1(x) /x 1()du 1 ()— 1x , x—07".

_GiY(w) B 1 \ V(B
lim = <ﬁ — 1> .

X—»00 xl/(lfﬁ)

Therefore

For G, we see that

5 1 1 .
Gz(x)—/x Flog(1/1) du ~ B 12F Tlog(1/3) as x — 0%,

Hence - 1
lim yG, ' (y)P ' log(1/G ™! (y)) = lim 21(") =
y—+oo x—0 P Tog(1/x) ’B —

From this it can be shown that G, !(x) ~ x~/ (=D (log x) =1/ (F~1) as x — c.
We should note that it is not necessary that ¢ assume exactly the form of g; or g, above in
order for us to determine asymptotic results. Suppose merely that

lim 8% 4
x—0t gi(x)
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where i = 1,2. Then g € RV((f), and moreover we can show that

-1
lim G (x)

Y

Therefore, if ¢ is a function which is positive on (0, o), is increasing and continuously differ-
entiable on an interval (0,47), and obeys g(0) = 0, we can still apply Theorem 4.1.
Example 6.2. Suppose that T is bounded, or that T(t) — co but 7(t)/t — 0 as t — oo.

(i) If

and x(t) — 0 as t — oo then

‘ 1 1 1/p-1
0= (G=oG=n)

(i) If
: 8(x)
xlgg+ xPlog(1/x)

and x(t) — 0 as t — oo, then

, x(t) 1 \VA
lim = .
teo t—1/(B-1) (log t)*l/(ﬁfl) a—>

Example 6.3. Suppose 7(t)/t — q € (0,1) as t — oo with a > b(1 —q)~F/(F-1),

(i) If
tim 8 _ 4
x50t xP

and x(t) — 0 as t — oo then
0< liminftﬁx(t) < limsuptﬁljx(t) < Ho00.
t—oo t—rc0
(i) 1f
. 8(x)

lim — <\

0+ xP log(1/x)
and x(t) — 0 as t — oo, then

0 < liminf x(t) < limsup x(t)

T D (log ) VB = PP T T (log ) /BT S T

Example 6.4. Suppose T(t)/t — g € (0,1) as t — co witha < b(1 —q) B/F=V_1f x(t) — 0 as

t — oo, then
logx(t) 1 1 a
e logt  Blog(1/(1—q)) log (E) '
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Example 6.5. Let C >0, v >0,
im t—1(t)
t—oo t/log" t o

If ¢(x) ~ g1(x) or g(x) ~ g2(x) as x — 0" and x(¢t) — 0 as t — oo then

logx(t) 11 a
t—o logt/ loglogt - By Og( )

Example 6.6. Let C >0,y € (0,1),

t—T(t
lim T(t)
t—o0 Y

= C.

If g(x) ~ g1(x) or g(x) ~ ga(x) as x — 0" and x(t) — 0 as t — oo then

logx(t) 1 1 a
et loglogt  PBlog(1/7) log (b> '

As we move down through this list of examples, the rate of growth of the delay becomes
faster; the rate of growth of the auxiliary function ¢ will also be shown to be faster; and
the rate of decay of the solutions becomes slower. Example 6.4 deals with an equation with
(approximately) proportional delay. In this case our results are consistent with more precise
results which have been determined for the so-called pantograph equation when g = 1.

7 Equations with non-regularly varying coefficients

We can apply theorem 3.2 and 3.3 to equations where the function g is not in RV((p) for some
B > 1. The results are as follows. We first consider hypotheses on ¢ which enable us to
consider equations with slowly growing delay :

2(0) = 0; (7.1)

g(x) >0, x>0; (7.1b)

there is 6; > 0 such that g is increasing on (0, 6;); (7.1¢c)
g0G 1 €RVy,(—1), G !€RVL(0). (7.1d)

The hypothesis (7.1d) represents a strengthening of hypothesis (3.4d) in the case v = 1. We
may now apply Theorem 3.2 directly to the equation (1.1).

Theorem 7.1. Let T obey (1.6) and (3.2). Suppose also that there is q € [0,1) such that T obeys (3.5).
Suppose that a > b > 0 in such a manner that

1
a> bﬂ > 0. (7.2)

Let g satisfy (7.1) and ¢ obey (1.7). If the solution x of (1.1) obeys x(t) — 0 as t — oo, and G is
defined by (1.4) then

. ox(t)
im ooy = b 7:3)
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Therefore if y is the solution of the corresponding non-delay equation (4.5), we have that
lim x(t) =1
t—o0 y(t)

Our next result deals with the case when g € (0,1) is so large that it does not satisfy (3.9). The
hypotheses on g in this case are a special case of the hypotheses (3.8)

g(0) =0; (7 4a)

g(x) >0, x>0; (7.4b)

there is J; > 0 such that ¢ € C(0,4;), with ¢’(x) > 0 for x € (0,6;); (7.4¢)
g og™! € RVy(1). (7.4d)

It turns out that the hypothesis (7.4d) often implies (3.4d). The following is therefore a simple
application of Theorem 3.3.

Theorem 7.2. Let T obey (1.6) and (3.2). Suppose also that T obeys (3.5) for some q € (0,1), that
a > b > 0 and moreover that

1

Suppose g satisfies (7.4) and ¢ obeys (1.7). If the solution x of (1.1) obeys x(t) — 0 as t — oo then

logg(x(t)) _

a
e logt  log(1/(1—q)) log (5) ' 76)

Finally, we can apply Theorem 3.4 to get the following result in the case when the delay
grows rapidly.

Theorem 7.3. Let T obey (1.6) and (3.2). Suppose also that o and T obey (3.11)—(3.14). Leta > b > 0
and g satisfy (7.4) and suppose P obeys (1.7). If the solution x of (1.1) obeys x(t) — 0 ast — oo,

then
tim (B8] _ o () 7)
S

7.1 Examples

The difficult conditions to verify are (7.1d) (for Theorem 7.1) and (7.4d) (for Theorem 7.2). We
now consider two examples of ¢ that are so flat at 0 that the above results apply. However, this
necessitates finding the asymptotic behaviour of rather complicated functions such as g’ o g7*
and g o G~1. We record our findings in the following lemmata.

Lemma 7.4. Suppose that a« > 0 and that g obeys

im S5 _ g (7.8)

x50+ e 1/x*

Then

() -1
lim —~— =1 RV (0), 7.
50 (logy)—1/e G~ € RV(0) (7.9)

lim [(y) - % T'=g0G ! €RVy(-1). (7.10)
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Lemma 7.5. Suppose that « > 0 and that g obeys

!/
. gl
R e

Then Ty = ¢’ 0 ¢! obeys

I'(y)
1 —1, T; € RVy(1).
750+ alog(1/y) @D /ay 1 € RVo(1)

Lemma 7.6. Suppose that g obeys

lim _ 8 1.
x—0+ exp(—el/¥)

Then

G y) _ -1

lim [) =1, T=g0G ' €RVs,(-1).

y=e1/(ylogy(log, y)?)
Lemma 7.7. Suppose that g obeys

!/
I g'(x) _1
0 x—2¢1/% exp(—el/¥)

Then Ty = g’ o ¢! obeys

. I'i(y)
1 =1, TI; € RVy(1).
I Tog(1/y) log, (177 2y 1 € Rvo(1)
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(7.11)

(7.12)

(7.13)

(7.14)

(7.15)

(7.16)

(7.17)

With these asymptotic results to hand, we can obtain precise rates of convergence to 0 of

the solution of (1.1) for the functions g above.

Example 7.8. Suppose thata > b > 0, 7(t)/t — q € [0,1), that g(0) = 0, g is positive, g is

increasing on (0,47), and x(t) — 0 as t — oo

(a) Suppose that a > b(1 — ¢q) L. If there is & > 0 such that

lim 8x) =

X0+ e 1/x"

then
lim x(t)(log t)1/* = 1.

t—o0

(b) Suppose that a < b(1 —g)~L. If there is a > 0 such that
: g
xlgg1+ ax—(@tl)e=1/x

then

_ 1/«
tlgngo x(t)(log )/ = (logl(olg/((al/b)q))> .

(7.18)
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(c) Suppose that g =1 and that there is C > 0 and > 0 such that

. t=T(t)
N Eog )7

If g obeys (7.18), then

1/a
I logt/logy )" = [ — ) .
tg?ox(t)( ogt/log, 1) <log(a/b)>

(d) Suppose that g = 1 and that there is C > 0 and y € (0,1) such that

t—
lim ()
t—o0 1Y

=C.

If g obeys (7.18), then

. e (log(1/1)\V*
fim x(£) (log, ) _(log(a/b) '

Example 7.9. Suppose thata > b > 0, 7(t)/t — g € [0,1), that g(0) = 0, g is positive, g is
increasing on (0,41), and x(f) = 0 as t — o

(a) Suppose that a > b(1—q)~ L. If

lim — 8% _q
x—0+ exp(—el/x)
then
tlg(r)lo x(t)log, t = 1.
(b) Suppose thata < b(1 —q)~ L. If
lim g'(x) —1, (7.19)

x—0+ x~2el/X exp(—el/¥)

then
lim x(t)log, t = 1.

t—ro00
(c) Suppose that 4 =1 and that there is C > 0 and > 0 such that
lim o) T(t) =
t—oo t/(logt)7
If g obeys (7.19), then
lim x(t)log, t = 1.

t—o0

(d) Suppose that g = 1 and that there is C > 0 and y € (0,1) such that

t _
lim LT
t—ro0 [t

=C.

If g obeys (7.19), then
lim x(t)log, t = 1.

t—o0
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8 Equations with maximum functionals

We may also consider the asymptotic behaviour of solutions of the equation (1.2). The proofs
of the asymptotic results for this equation are the same as those for (1.1) except at one stage of
the proof. , This is because the functions used as upper and lower solutions in Theorem 4.1 and
5.1 are also employed for (1.2), in the sense that the functional dependence of the comparison
functions on the solution of the underlying functional differential equation and data are the
same in both proofs (they are not the same functions because the solutions of (1.1) and (1.2)
are not the same, in general). These comparison functions are monotone decreasing and small
on their domain of definition, and g is assumed to be increasing in some neighbourhood to
the right of zero, so we may write
L max_g(xu(s) =gt —7(t), +>7T

where x(; is the upper comparison function, and T > 0 is sufficiently large. The same iden-
tity holds for lower comparison functions. Therefore the upper comparison function which
satisfies the differential inequality

xy(t) > —ag(xy(t)) + bg(xy(t—7(t))), t>T

also satisfies

/ p—
¥u(t) > —ag(xu() +b_max_glru(s)), £>T,

with an analogous pair of inequalities holding for the lower comparison functions. The com-
parison principle now shows that these upper and lower comparison functions bound the
solution above and below. Therefore we have a direct analogue of Theorems 5.1. If an ana-
logue of Theorem 4.1 can be shown, then the analogue of Theorem 6.1 follows directly. The
relevant results are now stated.

Theorem 8.1. Let T obey (1.6) and (3.2). Suppose also T obeys (4.2). Let a > b > 0, g satisfy (4.1),
and  obey (1.7). If the solution of (1.2) obeys x(t) — 0 as t — oo, and G is defined by (1.4) then

lim CEW) _ (8.1)

t—ro0 t -

Moreover )
o X))
im =iy — @b '
The comparison approach gives that x obeys
Go(x(t)) <at, t>0; Go(x(t))>NAt, t>1

for some A1 > 0, where Gy(x) = fxx(o) 1/g(u) du. The proof that this implies (8.1) is given in
the final section.

Theorem 8.2. Let T obey (1.6) and (3.2). Suppose also that T obeys (3.5) for some q € (0,1), that
a > b > 0 and moreover that a, b, p and q obey (4.7). Let A obey (4.8). Suppose g satisfies (4.1) and
suppose ¢ obeys (1.7). If the solution x of (1.2) obeys x(t) — 0 as t — oo, and G is defined by (1.4)
then there is Ay > 0 such that

0<Ap < liminfG(xt(t)) < limsup G(xt<t>) < A—(B-D),

t—o0 t—v00
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Moreover

e X)) x(t)
< — < .
A< h{gg\f G = lim sup G1(0) < t+oo

Theorem 8.3. Let T obey (1.6) and (3.2). Suppose also that T obeys (3.5) for some q € (0,1), that
a > b > 0 and moreover that a, b, B and q obey (4.14). Suppose g satisfies (4.13) and suppose 1 obeys
(1.7). If the solution x of (1.2) obeys x(t) — 0 as t — oo then

t—o0

logx(t)__l a
e logt 510g(1/(1—q))1°g(b)’

Theorem 8.4. Let T obey (1.6) and (3.2). Suppose that o and T obey (3.11)—~(3.14). Leta > b >0, g
satisfy (4.13) and ¢ obey (1.7). If the solution of (1.2) obeys x(t) — 0 as t — oo, then

. logg(x(t) _ a
fim = = s (5): ©2)
0 o(s)

Moreover, (8.2) is equivalent to

. logx(t) 1 a

lim = ——log .
f

t—o00 fO U(ls) ds ‘B ( )

These results can be unified, just as we had for (1.1) in Theorem 6.1.
Theorem 8.5. Let T obey (1.6) and (3.2). Suppose that o and T obey (3.11)—(3.13), and that there
exists A € [0, 00| such that o obeys (5.4). Let a > b > 0, g satisfy (6.1), and ¢ obey (1.7). Suppose

also that the solution x of (1.2) obeys x(t) — 0 as t — co.

(i) If A =0, and G is defined by (1.4), then x obeys

Cox(t) e
fim o=y = (@~ b) '

(i) If0 < A < Extlog(a/b), A is defined by (4.8), and G is defined by (1.4), then x obeys

k() x(t)
< <
A< 11{gg1f G = hﬁs;,lp G1(0) < 400

(iii) If% log(a/b) < A < +oo, then x obeys

. logx(t) 11 a
M Togt ﬁAlog(b>'

(iv) If A = oo, then x obeys

. logx(t) 1 a

lim = ——log .
A

= fO 0(15) ds ﬁ ( )
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9 Proof of general results

9.1 Proof of Theorem 3.1

To prove part (a), let € > 0 and define for all + > —T the function xy; by xye(f) = € +
max_z<s<o P(s) =: Me > 0. Then x5 ¢(t) > x(¢) for all t € [—T,0]. For t > 0 we have

X e(t) +ag(xue(t)) — bg(xue(t — (1)) = (a — b)g(Me) > 0.

Hence

Xipe(t) > —ag(xue(t) +bg(xue(t — (1)), >0
xue(t) > x(t), te[-7,0].

Therefore x(t) < xye(t) = Me = € + max_z<s<o §(s) for all t > —7. Letting € — 0T gives
(3.1).
It is a consequence of (3.1) that there is x* € [0, c0) such that

x* = limsup x(¢).
t—oco

We suppose that x* > 0 and show that this leads to a contradiction, proving that x(t) — 0 as
t — oo. Since x* > 0, (1.3c) implies that g(x*) > 0. Let €y > 0 be so small that

—ag(x*(14+2¢€)) +b(1+2¢)g(x*) <0, —a+b(1+2e)<0, 0<e<ep. 9.1)

The existence of such an ¢y > 0 follows from the continuity of ¢ and the fact thata > b > 0
and g(x*) > 0. Since T obeys (3.2), and g is non-decreasing and continuous, we have

lim sup g(x(t — 7(t))) = g(x").

t—o0

Therefore for every € > 0 which obeys (9.1), there exists T(e) > 0 such that
gx(t—1(t)) < (1+e)g(x"), x(t) < (T+e)x", t>T(e).
Therefore we have
x'(t) < —ag(x(t)) +b(1+€)g(x*), t>T(e), x(T(e)) €[0,(1+¢€)x"]. 9.2)
Define x, ¢ by
Yy e(t) = —ag(xie(t) +b(1+2e)g(x"), t>T(e); x1e(T(e)) =x"(1+2e).  (9.3)

Therefore x(t) < x(t) for t > T(e). By (9.1) we have x/, [(T(e)) < 0. Define Ge(x) =
—ag(x) + b(1+ 2¢)g(x*) for x € [0,x*(1 + 2¢)]. By the second statement in (9.1) we have
Ge(x*) < 0 and as g is non-decreasing, G, is non-increasing. Since G.(0) = b(1+ 2¢)g(x*) >0
there is a maximal x,(€) € (0,x*) such that G¢(x) < 0 for all x > x.(€) and Ge¢(x.(€)) = 0.
We have x/, ((t) = Ge(x1e(t)) for t > T(e) and x4 (T(e)) = x* (14 2€) > x* > x.(e) and so
X4 is decreasing on [T(€), o) and attains the limit lim;_,e x4 ¢ () = x4 (€). Therefore

x* = limsup x(t) < tlim Xpe(t) = x:(€e) < x7,
—00

t—o0
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a contradiction. Hence we must have x* = 0, proving that x(¢) — 0 as t — oo as required.
The proof in part (b) is almost identical. Again set x(j¢(t) = € + max_z<s<o P(5) =: Me.
Then by reprising the argument in part (a), we get

Xe(t) > —ag(xue(t)) +b max  g(xye(s)), t>0

t—7(t)<s<t

xue(t) > x(t), te[—-7,0].

Therefore x(t) < xy¢(f) = Me = € + max_z<s<o (s) for all t > —7. Letting € — 0" gives the
upper bound.

To show that x(t) — 0 as t — oo, we already have that there is x* € [0,00) such that
x* = limsup, . x(t). We suppose that x* > 0 and show that this leads to a contradiction.
Since x* > 0, (1.3c) implies that g(x*) > 0. Let ¢9 > 0 be so small that (9.1) holds: its existence
has been justified in the proof of part (a). Since T obeys (3.2), and g is non-decreasing and
continuous, we have

hrf‘j?pt_ﬁ})aég (x(s)) = g(x7).

Therefore for every € > 0 which obeys (9.1), there exists T(e) > 0 such that

max g(x(s)) < (1+4e€)g(x*), x(t) <(14e€)x*, t>T(e).

t—T(t)<s<t

Thus x obeys (9.2). Defining x4 ¢ by (9.3), we have x(t) < x4 (t) for t > T(e). In the proof of
part (a), we showed that lim;_,e X4 ¢(t) = x4(€) < x*. Therefore

x* = limsup x(t) < tlim Xie(t) = xi(€) < x7,
—00

t—o0

a contradiction. Hence x(f) — 0 as f — oo, as claimed.

9.2 Proof of Theorem 3.2

We first need to prove that

G(x(t)) > At, t>1. (9.4)
Define Gg by
x(0) 1
Go(x :/ ——du, x>0. (9.5)
=L

Note that Gy is decreasing on (0, c0) is therefore invertible. Since x(¢t) > 0 forallt >0, > 0
and g(x(t —t(t))) > 0 for all t > 0 we have

x'(t) > —ag(x(t)), t>0.
Hence

A ot X (s)
—Go(x(t)) —/X(O) g(u)du_/o mdsz —at, t>0.

Therefore
Go(x(t)) < at,

t>0
Note that there exists ¢ € [—o0,0) such that Gy : (0,00
Go(x(0)) = 0 and Gy is decreasing. Therefore G, : (—c,
I':[0,00) = (0,00) by

> 0. (9.6)
0

) — (—c, ), because Gy(0) = oo,
c0) — (0,00). Hence we may define

T(x) = g(Gy ' (x)). 9.7)
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Therefore I' € RV (—7).
Since a, b, q and <y obey (3.6), we may fix € € (0,1) so small that

a>bllj(l—q—e)’7, 1—-g—€e>0. (9.8)

Define 7(e) € (0,1) so that

n(e) < a(l—lq—e) (a—bll_e(l—q—e)V) . (9.9)

Therefore for the same € € (0,1), since I' € RV (—7), we have

. T((A—g—¢€)x) _
xlgrolo I'(x) o (1_q

—€) 7.

Therefore there exists x1(e) > 0 such that

[(x(1—g—¢)) 1 1 7
< > . .
I'(x) “1l—-e\l—g—€) ' x 2 x(e) (-10)
Next, as Go(x) — o0 as x — 07, and ¢ is increasing on (0, d;), there is 6(e¢) > 0 such that
1(€)Go(6(€)) > x1(e), 1(e)(1—¢—€)Go(d(e)) > Go(é1)- (9.11)

Since x(t) — 0 as t — oo and 7(t)/t — g as — oo, there is a Ty (€) > 0 such that

x(t) <é(e), t(t) <(g+e)t, t>Ti(e). (9.12)

By (9.6), (9.12), (9.11) and using the fact that Gy is decreasing, we have

i) 2 Golx(Ti(e)) 2 Gofd(e)) > 2 ©13)
Next define 0 1Go(5(e))
_ me)iI—g—¢€)bolole
0<Ae) = e . (9.14)
Then by (9.13), as aT;(e) > Go(é(€)), we have
Go(
Me) = n(e)(1—g - R <ape)1-g o)
By (9.9), we therefore have
Ae) <a— bllj(l —q—e) P/, (9.15)
Define x(; ¢ by
xue(t) = Gy t(A(e)t), t> Ti(e). (9.16)
Since t — 7(t) — oo, there exists T (€) > Ti(e) such that Ty (¢) = sup{t > Ti(e) : t —T(t) =

1(
Ti(e)}. Then we have t — 7(t) > Ty(€) for all t > T, (e) and T4 (€) — (T4 (€)) = Ti(€). Since
T.(e) > Ti(e), we have T(T+(€)) < (g9 + €)T+(€e). Hence with Ty(e) := T1(e)/(1 — g —€), we
have T,(e) > Ti(e) and

Ti(e) = Ti(e) = ©(T+(€)) > Ty () — (g +€)Ti(e).
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Therefore T(e) = Ti(€)/(1 — g —€) > T4 (€). Thus for t > Tr(e) > T (e) we have t — T(t) >
Tl (e)
For t € [T1(€), T2(€)] we have that x;¢ is decreasing, so by (9.16) and (9.14) we have

By (9.9), 17(€) € (0,1), so we have Go(6(€)) > 1(€)Go(6(€)). Since G, is decreasing, 5(€) =
Gy H(Go(6(€))) < Gyt (1(€)Go(d(€))). Therefore for t € [Ti(€), Ta(€)] we have xy¢(t) > (e).
By (9.12) we have

Xue(t) > 6(e) = x(t), te[Ti(e), Ta(e)]. (9.17)

Next we show that for t > Tj(e) we have xy¢(t) < 61. To see this, note that xye is
decreasing on [T;(€), o), we have

xue(t) < xue (Tl(e))

Since G, ! is decreasing, the second member of (9.11) yields G, * (17(€)(1 — g — €)Go(6(€))) < 1.
Hence
Xue(t) <01, t2>Ti(e). (9.18)

For t > Ty(e) > Ti(e), we have t(t) < (g +€)t by (9.12). Thus t —t(t) > (1 —g — e)t.
Since x; is decreasing on [T;(€), ), and for t > T»(e) we have t — 7(t) > (1 —g —e€)t >
(1—g—¢€)Ta(e) = Ti(e), we have xye(t — T(t)) < xue(t(l —g—¢€)) < xue(Ti(€)). By (9.18)
we have xy¢(t — T(t)) < xye(t(1 —g—€)) < 1 for t > T(e€). Since g is increasing on (0, d;)
we have

8(xue(t—1(t))) <glxue(t(l—g—e¢))), t>Tae). (9.19)
For t > T,(€), we have Go(xu,(t)) = A(€)t, so Gy(xu,e(t))xy () = A(€). Thus

xe(t) = —A(e)g(xue(t)), t> Ta(e). (9.20)

Therefore for t > T>(e) using (9.20), (9.19), (9.16) and (9.7) in turn we have

X1 (1) + ag(xue(t)) — bg (xue(t — (1))
— A(©)g(xue(t)) + aglrue(r)) — bg(xue(t — (1))
B gt - (1)
«—anku»{a Ae) —pS e }
N gt — g —€)))
Me FETRO) }

er {

{ v (Mdﬂl—q—d»}
xlle a (
xlle {

Gy '(Ae)t))

LOIUS RIS

)t
a-Me T
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Therefore

e (1) + ag (xue (1)) — bg(xue (£ — (1))
> glauelt)) {a = ate) - oF LU= 12 o). 021

Fort > Ty(e) = T1(e)/ (1 — q — €), we have by (9.14), (9.11)

AMe)t > A(e)fﬁe — 1(€)Go(d(€)) > x1(e).

Therefore by (9.10) we have

T'(A(e)t(1—q—e€)) 1 1
T  “1—e (

_€>7, t > Ty(e). (9.22)

By (9.21) and (9.22) we have for t > Ty (e)

) + ag(xue () — Bluelt — 7(0)) > gl {a -2 b (== ) '}

By (9.15) we have
x/u,e(t) > —ag(xye(t)) +bg(xue(t —t(t))), t> Ta(e). (9.23)

By (9.17) and (9.23), by the comparison principle we have x(t) < xy¢(t) for all + > Ty(e).
Therefore x(t) < Gy'(A(e)t) for t > Ti(e). Hence Go(x(t)) > A(e)t for t > Ti(e). Since
€ € (0,1) obeying (9.8) is fixed we have (12.1). Therefore (4.9) holds, once we remember that
G also obeys (9.6), together with the fact that Gy(x)/G(x) — 1 as x — 0.

9.3 Proof of Theorem 3.3

Let A =1log(1/(1—gq)) > 0. Define o(t) = A(t+T+1) for t > —7. Since t(t)/t = g € (0,1)
as t — oo, we have that ¢ obeys (3.11), (3.12) and (3.13).

We first get an upper bound. By (1.3c), we note that there is a §p > 0 such that ¢’(x) > 0
for all x € (0,8). Hence g~ : [0,g(60)] — [0,60]. Clearly there is a 6; > 0 such that 6; < g(dp),
or g71(61) < &. Then for x € (0,5;), we may define I'y : (0,61) — (0,0) by

I1(x) =g'(g7' (%), x€[0,61).

By (3.8d), we have I'1 € RVy(1/7).

1 q ! !

log(a/b) < Avy.

we have

Therefore we can choose € € (0,1) so small that

1— }ylog(a/b) (1+¢€)*2>0. (9.24)

> =
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Since I'; € RV(1/7), there exists 0 < d2(€) < & such that g(d2(€)/2) < 1 and
2/ <1y (x) < oM/ e (0,8(82(€) /2)).

Let 63 > 0 be so small that g(d3/2) < 1. Now, let 5(e) = min(dp, b1, d2(€),d3). Since é(€) < J,
we have 6(€)/2 < 65(€)/2 < 60/2 < &y. Therefore g(é(€)/2) < g(é2(€)/2) and so we have

1 logI'1 (x)

0 < By(e) := ;(1 —e)* < Tlogr (9.25)
< fy(l 1 €)= By(e), x € (0,4(5(e)/2)],
¢(6(e)/2) <1, ¢'(x)>0, xe(0,4(e)). (9.26)

Since x(t) — 0 as t — oo, there exists Tp(e) > 0 such that x(t) < d(e)/2 for all t > Ty(e).
By (3.11) and (3.13) for each € € (0,1), there is a Ty (e) > 0 such that

t 1

——ds<1+e, t>Ti(e). 9.27

/tr<t> o(s) = Tie) -27)

Now let 0 < ¢ < cp(€), where cz2(€) € (0,log(a/b)) is the solution of g.(c) = 0, where the
function g, is defined by

ge(x) = —xe +a—be*17¢), x>0,

The existence and uniqueness of the solution are guaranteed by the fact that g.(0) > 0,
ge((1+€)"tlog(a/b)) < 0 and g is continuous and decreasing on (0,c0). Note moreover
that as € | 0, we have that c»(¢) — log(a/b). A further consequence of the construction is that

1

Cr <
2 1+e€

log(a/b).
Since o(t)/t — A as t — oo, we have

t
foﬁds_ 1

e logo(t) A

Therefore there exists 01 (€) > 0 such that

Jostrds 1

> <= V24> :
o(t) >e log () = A(1+€) , t>0i(e)
Therefore for t > 61(e) we have
log o(£) — ~ o (u/b)(1+e)/t1ds
g y g 0 o(5)

1 | 1 1
Zl/)\(l—ke)l/z/o a(g)ds—ylog(a/b)(l—i—e)/o mds

S +Ae)1/2 /ot U(ls) as {1 - iilog(a/b)(l +e)3/2} .
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The quantity in curly brackets is positive by (9.24). Therefore as fot 1/0(s)ds — oo as t — oo,
for every € € (0,1) obeying (9.24), there exists T»(e¢) > 0 such that

logo(t) — rlylog(a/b)(l +e€) /Ot U(ls) ds+ Ba(e)logg(6(€)/2) > log(1/€), t> Tr(e). (9.28)

Since x(t) — 0 as t — oo, there exists a Tz(e) > 0 such that
g(x(t)) < g(d(e)/2)e7?2, t = Ty(e). 9.29)

Let Ty(e) = max(Ty(€), T1(€), Ta(€), T5(€)). Since t — T(t) — o0 as t — oo, there exists T5(€) >
Ta(€) such that Ts(e) = sup{t > Tu(€e) : t — T(t) = Tu(e)}. Also t — T(t) > Tu(€) for t > Ts(e).
Define x,(€e) by

Ty(€)
x2(€) = g(6(e) /2)e 0" 7t %, (9.30)
Then for t > Ty4(€) we have
. Ty (€) .
0< xo(e)e Jo s — g(5(e)/2)e” Jo* Sty s gea Jy ety s <g(d(e)/2) < 1.
Since &y < 6(€), we have that g71: [0,¢(6(€))] — [0, 5(¢)]. Therefore, we can define
-1 —C2 ft 1 _gs
xue(t) =g [ xa(e)e 20e@™ ), t > Ty(e). (9.31)

Therefore we have
xue(t) <o(e)/2, t>Ta(e); gxue(t)) <1, t2> Ty(e).

Next for t € [Tu(e), Ts(€)], noting that Ts(e) — T(Ts(e)) = Tu(e) and Tu(e) > Tz(€), we have
by (9.29), (9.30) that

g(x(6))e B M < g(x(e))er ™ ot
< g(8(e)/2)e 227 S5 s du
= g(6(e)/2)e 2™ Jo? 0T ez, o) —e(rs(e)) 700 48
= g(d(e)/2)e 2 10 G g2 S ntryey oy

T5(€) 1
xa(€)e 22 . 2 sl -rrsio 7 M,

Since Ts(€) > Ty(e) > Ti(e), by (9.27) for t € [Ty(€), T5(€)] we have
g(x(t))ecz f(; ﬁdu < x2(€)€_2C2 .ecz(l—&-e) — x2(€)€—cz(1—e) < XQ((:‘).
Hence for t € [Ty(€), T5(€)] we have

g(x(1)) < ma(e)e W AT = g(xue(1)) < g(8(6)/2) < g(6(6)) < g(bo).

Therefore we have
x(t) < xye(t), te[Tu(e), Ts(e)]. (9.32)
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Since ¢ € C1(0,6), and 6; < g(&o), we have that g=! € C!(0,6;). Now for t > Ty(e) we
have g(xy¢(t)) < 6(€)/2 < 5(€) < 64, so therefore xi; € C[T5(€), 00) and

t
Xe(t) = — e ))xz(e)ffc2 bzt > Ts(e).

o(t)g' (xue(t

For t > Ts(¢), we have that t — 7(t) > Ty(€). Therefore we get

Xy (t) + ag(xue(t)) — bg(xue(t — 7(t)))

t t
= XZ(G)eicz J ﬁds <_g/(Xu€C(2t))0'(t) +a — be ft*T(r) ”(ls)ds> , t> TS(G)- (9.33)

Next we estimate ¢’ (xy;¢(t))o(t) for t > Ts(e€). Since this quantity is positive, we may consider
log(g' (xue(t))o(t)). Since (9.25) holds and g is increasing on (0,6(€)/2) we have

logI'1 (g(x))
Bi(e) < loglw < By(e),

Since t > Ts(€) > Ta(e), we have xy¢(t) < 5(e)/2. Therefore

x € (0,d(e)/2].

0< By(e) < 1015021; (a(cZiE())))) < Byle), t> Ts(e).

For t > Ts(€) > Tu(e), we have that g(xye(t)) < g(6/2) <1, s0logg(xue(t)) < 0. Hence

Bile) logg(rue(1)) > "5 1S tog gy (1) > Bafe) ogg(auelt)). 039
Hence for t > T5(e) > Ty(€), by using (9.34), (9.31), and (9.30) in turn we get
: _ log I'1 (g (xue(t)))

log(§/(x1(1) (1)) = Iogo(t) + 5 LE I tog g (1)
> log o(t) + Ba(€) log g (xu(+))
= logo(t) + Ba(e€) <log x2(€) — cZ )
=logo(t) + Ba(€e)log g(d(€) cz/T
> loga(t) + Ba(e) log g(4(e) ez [ 0(15)
=logo(t) + Ba(e)logg(d(e)/2) — — 1 + e)zcz /Ot 015

Since c; < (1+¢€)~!log(a/b), we have

1 | 1 |
7(1+€)202/0 U(S)ds<ry(1—|—e)log(a/b)/0 @ds.

Hence for t > Ts(€) > Ty(e) we have

log(g'(xue(t))o(t)) > logo(t) + Bz(e)logg(d(e)/2) — i(l +€)log(a/b) /Ot 0(15) ds.
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Therefore, by (9.28), we get
¢ (xue(t))o(t) >1/e, t> Ts(e). (9.35)

Since t > Ts(€) by inserting (9.35) and (9.27) into (9.33)

e [fL
el0) + 8(ru(0)) — Bgruelt = (1) > (e B (% g petisn )
The quantity in brackets is nothing other than g.(cz) > 0. Thus we have that

e(t) > —ag(xue(t)) +bg(xue(t —7(t))), > Ts(e),
xue(t) > x(t) >0, te[Tue), Ts(e)].

Therefore x(t) < xy¢(t) for all t > Ty(e). Hence

g(x(H) < xale)e Pha®, > Ty(e).

Thus
lim sup M < —c
t—o0 0 % S
Letting ¢z 1 c2(€), we get
lim sup logtg(lx(t)) < ()
t—ro0 0 75 ds

Finally, because letting € | 0 yields c2(e) — log(a/b), by taking the limit as € — 0, we get

lim sup gi(l(ciz) < —log (g) . (9.36)
o(s

t—o0
)

We now determine a lower bound for x. By (3.11) and (3.13), for each € € (0,1) there is
Te(€) > 0 such that

fo
——ds>1—¢, t>T .
/tra) o eztme 12Tele)

Also, letc; > c1(€) = (1—¢€) 1log(a/b) > 0. Note that the definition of Ty gives x(t) < 5(e)/2
for all + > Ty. Define T(e) = max(Ty, T¢(€)). Since t — T(t) — oo as t — oo we have that there
is Tg(e) > Ty(e) such that Tg(e) = sup{t > Ty(€) : t — (t) = Ty(e)}. Then t — t(t) > Ty(e)
for all t > Tg(€). Next define

x1(€) = %min {T7( min  g(x(s))e" Jo ﬁd”,g(é(e)/z) el 17(11 }

€)<s<Tg(e)

so that

xi(e) < min  g(x(s)e KA, xi(e) < go(e)/2)e B it

T7(e)<s<Tg(e)

For t > T;(e) we have

0 < xi(e)e @ h e ® < xi(e)e I AL < ¢(5(e)/2) < g(8(e)).
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Since ¢ is increasing on (0,6(¢)), we may define ¢! : [0,¢(5(€))] — [0,6(€)] and therefore the
function xp . given by

1 —c ftids
xpe(t) =g (x1(e)e 0@ )t > Ty(e)
is well-defined. Then x1 ¢(t) < ¢ for all t > Ty(e) and

grLe(t) = xa(e)e B ®, > Tye).
Then for t € [T (e), Ts(€)] we have

ctis
glxpe(£)e o 7 E = xy(e)

s 1
< . c fy mdu
(el (o S (E))e

< g(x(t))er et ?

Thus g(xre(t)) < g(x(t)) for t € [Ty (€), Ts(€)], so therefore x ((t) < x(t) for t € [T;(€), Ts(€)].

To see this, suppose to the contrary that there exists t; € [Ty(€), Tg(€)] such that xp¢(t;) >

x(t1). Since x (1) < 6(€) we have g(x(t1)) < g(xLe(tl)) ( (€)). Since we must also have

Q(xpe(t1)) < g(x(t1)) there is a contradiction; hence xp¢(t) < x(t) for t € [T7(e), Ts(e€)].
Since g is in C1(0,6(€)) and ¢ is continuous xj . is in Cl(T7( ), 0) and moreover

yuuwmpmz—ﬂwm@f”M@$

Since x1¢(t) € (0,6(e)) we have x} .(t) < O for all t > T7(e). Moreover, because t — T(t) >
Ty (€) for all t > Tg(e), we have

XLe(t) + ag(xLe(t)) — by (xpe(t — (1))

_ —cy féﬁs)ds _ 1 c1 _ pett s (1) 75 48
Tile)e Sy T |
For t > Tg(e) > Ty(e), we have

ey 7T 95 . per(1-€)

Thus for t > Tg(€), as §'(x¢(t)) > 0and o(t) >0

1 1 a [ o ds 1—
_g/(JCLe(i'))O'(i')+a_belft (t) a(s) <a—bec1( e)<0.

Thus

xpe(t) < —ag(xpe(t)) +bg(xLe(t — (1)), t> Ts(e),
xpe(t) < x(t), te[Ty(e), Ta(e)].
As g is increasing on (0,d(¢e)) and x(t — 7(t)) and xy(t — 7(t)) are both in (0,6(€)) for

t > Tg(e), a standard comparison argument now shows that x(t) > xp () for all t > T (e),
which gives

g(x(t) > g(xre(t) = m(e)e hAE, t > To(e).
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Since fot o(s)"1ds — coast — oo,

li{ninf1 %g(lx(t)) > —cy.
—00 0 Ws) d

Hence, letting ¢ 1 ¢1(€), we get

log g(x(t)) 1 a

11¥gg1f P14 = 1—¢ 08 (E)
0 o(s)
Letting € | 0 yields
lim inf 710%3*(1)((1‘)) > —log (%) . (9.37)
t—o0 fO @ d

log g(x(t)) a
1 = —log (-
(e t ’
t— 0 % dS (b)
Finally, because
. Joam s 1
lim ———— = —
t—o0 logt /\
we have
m logg(x(t)) _ — lim log g(x fO als = —log(a/b) - A
t—eo  logt t—oo fo Ul ds logt

Since A = log(1/(1 —g)) we have

logg(x(t)) _

a
oy logt log(1/(1—gq)) log <E> ’

as required.

9.4 Proof of Theorem 3.4

We first need to prove a preliminary lemma.

Lemma 9.1. Suppose that o obeys (3.11), (3.14). Then

an

s log(T( ) - ©.38)
Proof. In the case when 1/0 € L! (0,00), (9.38) is automatically true. On the other hand, when
(3.12) holds, the limit in (9.38) (if it exists) is of indeterminate form. By (3.14), for every M > 1,
there exists T(M) > 0 such that o(t)/t > M for all t > T(M). Therefore for t > T(M) we
have

b b
4 </  ds= — (logf — log T(M
/T(M)U(S) o< [ W% = L (logt ~ log T(M)).
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Also for t > T(M) we have logo(t) > log M +logt > logt. Thus for t > T(M) we have

ftLds fT(M)Lds th —L_ds

0 o(s) _J0 o(s) + (M) o(s)
logo(t) log o (t) logo(t)
T(M)
<f0 ﬁds_i_i'logt—logT(M)
- logt M logt '
Hence ;
lim su L ﬁs) i 1
ol Toga(t) — M’
Letting M > 1, which is arbitrary, tend to oo, we get (9.38). O

Proof of Theorem 3.4. We first get an upper bound. By (1.3c), we note that there is a §9 > 0 such
that ¢/(x) > 0 for all x € (0,6). Hence ¢! : [0,¢(60)] — [0,00]. Clearly there is a ; > 0 such
that 81 < g(8), or §71(d1) < &. Then for x € (0,41), we may define I'; : (0,6;) — (0,0) by

[i(x) =g'(g7'(x)), x€0,).
Therefore I € RV((1/). Therefore

logTi(x) 1

lim —o 1)

x—0+ logx 0%

7

and so there is 0 < J, < §p such that g(6,/2) < 1 and

1_11<10gfl(x)<1

11

Let 03 > 0 be so small that g(d3/2) < 1. Now, let § = min(dy, 41, d2,93). Since & < Jp, we have
0/2 < 62/2 < 9/2 < . Therefore g(6/2) < g(62/2) and so we have

1 11 logli(x) 1 11
=2Vl D D = .
O P= 720 S Tlogy Sy T2y T x € (0,8(6/2)], (9.39)
g(6/2) <1, g(x)>0, x€(0,0). 9.40)

Since x(f) — 0 as t — oo, there exists Ty > 0 such that x(¢t) < §/2 for all + > Tp.
By (3.11) and (3.13) for each € € (0,1), there is a T1(e) > 0 such that

t 1
—ds<14e t>Tye). 9.41
/H(t) ) s<1l+e, t>Ti(e) (9.41)

Now let 0 < ¢ < c2(€), where c(€) € (0,1og(a/b)) is the solution of ge(c) = 0, where the
function g, is defined by
ge(x) = —xe +a—be*179), x> 0.

The existence and uniqueness of the solution are guaranteed by the fact that g.(0) > 0,
ge(log(a/b)) < 0 and g is continuous and decreasing on (0,00). Note moreover that as
€ | 0, we have that cx(e) — log(a/b).
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Since o (t)/t — oo as t — 00, by Lemma 9.1 we have that

t
IN %ds

e log o (t) =0.

Hence for every € € (0,1), there exists To(€) > 0 such that

t
logo(t) + Bylogg(6/2) — B2C2/0 (7(15) ds >log(1l/€), t> Tu(e). (9.42)

Since x(t) — 0 as t — oo, there exists a Tz(€) > 0 such that
g(x(t)) < g(6/2)e™2, t> Ts(e). (9.43)

Let Ty(e) = max(Ty, T1(€), T2(€), Tz(€)). Since t — T(t) — o0 as t — oo, there exists T5(e) >
Tu(€) such that Ts(e) = sup{t > Tu(e) : t — T(t) = T4(e)}. Also t — T(t) > Tu(e) for t > Ts(e).
Define x,(€) by

Ty(€)
x(€) = g(6/2)e” ot s, (9.44)
Then for t > Ty(e) we have
Ty (€)
0 < xz(€)e @ Jo ot @5 — g(6/2)e" Jo* ot ds g Jo o s <g(6/2) < 1.
Since &y < &, we have that ¢7! : [0,¢(6)] — [0, 6]. Therefore, we can define
X | - fo ﬁds S
ue(t) =g | x2(e)e , 1> Ty(e). (9.45)

Therefore we have
xue(t) <6/2, t>Tu(e); glxue(t)) <1, t> Ty(e).

Next for t € [Ty(€), T5(€)], noting that Ts(e) — 7(T5(e)) = Tu(e) and Tu(e) > T3(e), we have
by (9.43), (9.44) that

g(x(t))ecz IN A4 < g(x(t))eCZ 0T5(6) oy e
< g(6/2)e 22 o oty
_ g(5/2)6_2C2662 jOS(E) 7(Ts(€)) ﬁdu & fT (e))ir(%(e)) ‘T(l”) du
= g(6/2)e %27 34 ey e fTT55<e>)—r(Ts<e>> 7w

Since T5(e) > Ta(€) > Ti(€), by(9.41) for t € [Tu(€), T5(€)] we have
g(x(t))ecz fot ﬁdu < x2(€)6—2c2 .ecz(l—&-e) — x2(€)€—cz(1—e) < xz(e).

Hence for t € [Ty(€), T5(€)] we have

$(x(1)) < xa(e)e NI M = g(xy(1)) < 8(6/2) < §(6) < g(60)-
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Therefore we have
x(t) < xye(t), te[Tu(e), I5(e)]. (9.46)

Since ¢ € C'(0,6), and 6; < g(&o), we have that g=! € C!(0,8;). Now for t > Ty(e) we
have g(xy¢(t)) < 6/2 < 8 < 81, so therefore xy . € C[T5(€), ) and

/ _ & fczfotﬁds
el = g )2 12O

For t > Ts(¢e), we have that t — 7(t) > Ty(€). Therefore we get

Xye(t) + ag(xue(t)) — bg(xue(t — 7(t)))

= xz(e)e_cz fo ﬁds <_g/(xuec(2t))0'(t) +a— b€C2 '[;77(0 ‘7(15)ds> , > T5(€). (947)

Next we estimate g’ (xy7¢(t))o(t) for t > Ts(e). Since this quantity is positive, we may consider
log(g' (xue(t))o(t)). Since (9.39) holds and g is increasing on (0,6/2) we have

<1o8T8W) p, e (0,672,
log g(x)

Since t > Ts(e) > Tu(e), we have xy1¢(t) < /2. Therefore

log I'1 (g (xu,e(t)))
0<B; < loglg(in(t)) < B, t>Ts(e).

For t > Ts(€) > Tu(e), we have that g(xye(t)) < g(6/2) <1, s0logg(xue(t)) < 0. Hence

t))
)
Hence for t > Ts(€) > Ty(€), by using (9.48), (9.45), (9.44) and (9.42) in turn we get

/ B , logT1(g(xue(t)))
log (8 (xue(t))o(t)) =logo(t) + log g(xu,e(t))
)

> logo(t) + Bylog g(xue(t))
=logo(t) + By (log x2(€) — 2 /Ot 0_(15) ds)

t
=logo(t) 4+ Bylogg(d/2) — Bzcz/ 1 ds

log I'1 (g(xue(
log g(xure(t

Bylog g(xu.(t)) = log g(xue(t)) > Balogg(xue(t))- (9.48)

log g(xue(t))

Ti(e) 0 (5)
t1
> logo(t) + Bylogg(6/2) — Bzcz/o o0 ds
> log(1/¢€).
Therefore
g (xue(t))o(t) >1/e, t> Ts(e). (9.49)

Since t > Ts(e€) by inserting (9.49) and (9.41) into (9.47)

el0) + g (1) — byt~ (1)) > ma(ele et (g = peartsa)).
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The quantity in brackets is nothing other than g¢(c2) > 0. Thus we have that

Xue(t) > —ag(xue(t)) +bg(xue(t—7(t))), t>Ts(e),
xue(t) > x(t) >0, te[Tue), T5(e)].

Therefore x(t) < xy¢(t) for all t > Ty(e). Hence

2(x(D) < xa(e)e 2D ATE 1> Ty(e).
Thus
lim sup %g(x(t)) < —cp.
t—o0 0 %ds

Letting ¢z 1 c2(€), we get
limsupw < —ca(e).
t—ro0 fo ﬁ dS

Finally, because letting € | 0 yields c2(e) — log(a/b), by taking the limit as € — 0, we get

lim sup w < —log (Z) . (9.50)

We now determine a lower bound for x. By (3.11) and (3.13), for each € € (0,1) there is
Te(e) > 0 such that

fq
——ds>1—¢, t>T .
/tra) e eztme 12Tl

Also, let ¢; > c¢1(€) = (1 —€)'log(a/b) > 0. Note that the definition of Ty gives x(t) < 6/2
for all + > Ty. Define T(e) = max (T, Ts(€)). Since t — T(t) — oo as t — oo we have that there
is Tg(€) > Ty(e) such that Tg(e) = sup{t > Ty(e) : t — T(t) = Ty(e)}. Then t — t(t) > Ty(e)
for all t > Tg(€). Next define

. 1 . . o fy ﬁdu c1 fOT7<€) ﬁdu
x1(€) = 5 min {E(e)rgsl%s(e) g(x(s))e ,8(6/2)e

so that

s T (€)
x1(€) < Tﬂg)rgsi?&(e)g(x(s))eﬁ o ﬁdu, xi(e) < g(8/2)¢" 7 e

For t > T;(e) we have

o T (€)
0 < x1(e)e 1o % < x(€)e” ! Jo7 S s < g(6/2) < g(8).

Since g is increasing on (0, J), we may define ¢~! : [0,¢(6)] — [0,6] and therefore the function
X1 given by

mAﬂzy%m@eﬂwﬂﬂ,tzn@

is well-defined. Then x1¢(t) < J for all t > Ty(e) and

g(xre(t) = 1i(e)e TR A ® > T(e).
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Then for t € [Ty (¢€), Ts(€)] we have
§(rLe()e B 7T = x(e)

s 1
< min x(s))e” Jo w
mg)gsgs(e)g( (s))

< glx(e))e b ™
Thus g(x1(t)) < g(x(t)) for t € [T;(€), Ts(€)], so therefore xp ¢(t) < x(t) fort € [T7(e), Ts(€)].
To see this, suppose to the contrary that there exists t1 € [Ty(€), Tg(€)] such that xp (t) >
x(t1). Since xp¢(t1) < 6 we have g(x(#1)) < g(xpe(f1)) < g(6). Since we must also have

Q(xpe(t1)) < g(x(t1)) there is a contradiction; hence xp¢(t) < x(t) for t € [T;(e), Ts(€)].
Since g is in C'(0,6) and ¢ is continuous x; . is in C!(T(€), o0) and moreover

—cy [P gs
§ (rLe(®)relt) = = mle)e T 0™
Since x1¢(t) € (0,6) we have x} .(t) < 0 for all t > T7(e). Moreover, because t — 7(t) > T7(e)
for all t > Tg(€), we have
Xpe(t) +ag(xpe(t)) — bg(xe(t — T(£)))
1

_ cu‘o’ws<_161 _ pe ”ds>
= x1(€)e +a— be 7@ * ),
1o REROIED

For t > Tg(€) > Ty(€), we have

t
&° Ji—ete) 71y 95 ci(l—e)

Vv

e

Thus for t > Tg(e), as §'(xre(t)) > 0 and o(t) > 0
1 C1

g (xre(®) o(h)

b
ta—bet i 7T < g — pear(1-9) < g,

Thus

), t>Tg(e),
€)].

xpe(t) < —ag(xpe(t)) + bg(xpe(t — T(t))
xpe(t) < x(t), t€([Ty(e), Ts(

As g is increasing on (0,6) and x(t — T(t)) and xy;¢(t — T(t)) are both in (0,6) for t > Tg(e), a
standard comparison argument now shows that x(t) > x .(t) for all t > Ty(e), which gives
t
$(x(1) > glxLe(h)) = m(e)e T PTTE, b= Ty(e).

Since fot o(s)"lds — coast — oo,

li¥ni flogtg(lx(t)) > —cq.
—00 fO @ ds
Hence, letting ¢1 1 ¢1(€), we get
.. logg(x(t)) 1 a
hmgf F1 g 2 1—¢ log (5)
0 o(s)
Letting € | 0 yields
- logg(x(t)) a
Iiminf —22~—~22 > —log (- ). 9.51
t—o00 Ot ﬁ ds - & (b) ( )

Combining (9.51) and (9.50) gives (3.15). O
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10 Proof of results for sublinear delay

10.1 Proof of Theorem 4.1

Since ¢ € RVy(B) for B >1,1/g € RVy(—B), so Gy € RVy(1 — B). Since B > 1 we have G, ' €
RVe(—1/(B—1)). Since —1/(B—1) < 0 and ¢ € RVy(B) we have I' € RVo(—B/(B—1)).
Therefore g obeys (3.4d) with v = /(B —1) > 1, and so Theorem 3.2 applies. Therefore (9.4)
and (9.6) hold, so we are left to prove (4.3).

Since t — T(tf) — o0 as t — oo, there exists Ty > 1 such that t — 7(¢t) > 1 for all t > Ty.
Recalling that x'(t) > —ag(x(t)) for all t > 0, for all + > Ty we have

Go(x(t — T(£))) = Go(x(1)) = / Z(t)m)) g(lu) du = /ttw) gz‘;t))) ds > —at(t),

" Go(x(t)) <at(t) + Go(x(t —t(¢t))), t> T. (10.1)

Define G1(x) = 1/Gy(x) for x > 0. Then G; € RVy(B — 1) and Gy is increasing. Since > 1
we have that G;* € RV((1/(B — 1)). Rearranging (10.1) we have

G =) g 4 oGy (x(t - T(1)), 2 To.

Gi(x(t))
Therefore for t > T, we have
Gi(x(t—7(t))) (t) t t—1(t)
GGEE) T ) G-t (0)

Since 7(t)/t — 0 as t — o0 and (9.4) holds we have

liris;lp G (égt(x_(:)()t))) <1 (10.2)

Therefore for every € € (0,1) there is Ty (€) > 0 such that
Gi(x(t—1(t))) < (14+€)Gi(x(t)), t> Ti(e).

Therefore as G, !is increasing, we have

x(t—7(t) _ Gl
x(t) - G

—~
—_
+
m
@)
=
—~
=
—~
—
~—
~—
~—

=
—
—~
—
— |~
=
—
~—
~—
~—

lim sup LT()) < lim

e X)) T e GIHGH(x(1)
Letting € — 07 gives
, x(t —7(t))
limsup ——— < 1.
0

+€)x(t) for all t > Ty(e). Since g

Therefore there exists T»(€) > 0 such that x(t — 7(¢)) < (1
t > Tr(e). Therefore as ¢ € RV((B) and

is increasing g(x(t — t(t))) < g((1+€)x(t)) for all
x(t) — 0 as t — oo we have

lim sup W < lim sup g((1+e)x(t))

- e)B.
nSUP S D PTGy e
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Letting ¢ — 0" we have

limsup &————%22 ,
Pl g(x() =

which implies

(X(t — T(t))) < —(Cl _ b)

: x'(t) : g
lim su =limsup —a+b
hoe D g(x(t) ~ Tt g(x (1)

Therefore, for every € € (0,a — b) there exists T3(€) > 0 such that
—(a—b)+e, t>Tse).

Since t — T(t) — coas t — oo, there is Ty(€) > T3(€) such thatt — 7(t) > Ts(e) for all t > Ty(e).
Therefore for t > Ty(e) we have

Go(x(t — T(t))) — Go(x(t)) = /t;(t) gé{t))) ds < {—(a—b) +e} (1),

Therefore for t > Ty(e) we have Go(x(t — 7(t))) + {(a —b) —e} t(t) < Go(x(t)). Since G =
1/Gg we have

Gi(x(t—1(t)))
1 GG 2 itie-h)—ertG-t1), t=Tie).

Since Gy (x) > 0 for all x < x(0) and 7(t) > 0 for all + > 0 we have
liminf LG —T0)) 5 o
t—o0 G1(X(t))
Combining (10.2) and (10.3) we have
L C1x(E =) _
t—oo G] (X(t))
Proceeding as above, we can show that this implies

p S =)
e g (x()

(10.3)

Therefore we have

. X()
lim = —(a—0).
t—o0 g(x(t))

Hence for every € € (0,a — b) there is Ts(€) > 0 such that

x'(t)
8(x(t))

—(a—b)—€e<

< —(a—b)+e t2>Ts(e).
Therefore for t > Ts(e) we have

(-t - e-neN < [ a<(~-b)+eba-n),

so for t > Ts(e)

{=(a—b) e} (t=Ts(e)) < Go(x(T5(€))) = Go(x(t)) < {—(a—b) +e}(t—Ts(e)),

from which (4.3) follows, by first taking limits as t — oo, and then letting ¢ — 0.
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11 Proof of results for proportional delay
11.1 Proof of Theorem 4.2

We employ the following result in the proof of Theorem 4.2.
Lemma 11.1. Suppose f(t)/g(t) = L > 0ast — oo

(i) Ifg(t) — ocoas t — coand h € RV (7y) is decreasing, then

RO
S TO) L. (11.1)

(ii) If g(t) — 0ast — ocoand h € RV(y) is increasing, then (11.1) still holds.

Proof. For part (i) since h is decreasing, for every € € (0,1) there is a T(e) > 0 such that
h(Lg(t)(1 —e)) > h(f(t)) > h(Lg(t)(1+€)), t>T(e).
Now as g(t) — o0 as t — oo and h € RV (y) we have

oyt — g MR =€) L B(f(E)
A= =lm ==y = P )

SO

h()
BSup ey =1

Similarly, we have

whence (11.1).
For part (ii) since / is increasing, for every € € (0,1) there is a T(e) > 0 such that

h(Lg(t)(1 —e)) <h(f(t)) <h(Lg(t)(1+e€)), t>T(e).

Now as g(t) — 0 as t — co and h € RVy(y) we have

o = i ML =€) o CR(f()
{L(A—e)}" = lim 00 >1 nsup Ly

SO

N0
W0 SUP gty =

Similarly, we have

o RO()
" R =
whence (11.1). O

Proof of Theorem 4.2. Suppose that G(x(t))/t — a — b as t — oo. Therefore

Gx(t—(t))) — lim Glx(t—t(t))) t—7(t) =(a—"b)(1—q).

" t tmoo  t—T(F) t
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Since ¢ € RV((B), we have 1/g € RVo(—B),50 G € RVy(1 — B). Thus G™! € RV (—1/(B—1))
and moreover G ! is decreasing. Therefore by Lemma 11.1 part (i) we get

x(t) _ /(-
fim &=y = @ -0, (11.2)
and
i W = ((a=b)(1—q)) 7P,

Since g is increasing, and g € RV((B), by part (ii) of Lemma 11.1 we have

im SEW) e gy 8T _ B/ (B-1)
fim (e = @0 i Sty = (b P,
Hence

i _ag(x(t);&;lf Ef)(; O aa ) B (0 - b)) PO,

This implies

im Sy BB (b1 — g) BB
}LI?OW— (a—b)~P/(F-1 (a b(1—q) P/ 1>. (11.3)
Now g0 G™! € RVe(—B/(B —1)). Therefore
__log|(goGH(H)] _ B
tlg?o log t - _,3—1'

Since B > 1, —B/(B—1) < —1. Therefore go G~ € L!(0,0); since x(t) — 0 as t — oo, by
L’'Hopital’s rule and (11.3) we get

it e - e )

Since G(0) = +oo we have

Therefore

fim GX(t() n - = (a—b)P/(F71) (ﬂ —b(1 - q)’ﬁ/(ﬁ’”) :

Now (11.2) implies x(t)/G~(t) — (a —b)~#-1 as t — oo, so we must have
(a—b)"VEY = (g —p)~F/(B-D (a ~b(1— q)fﬁ/(571)> _

Since a > b this implies
a—b=a—b(1—q) P/ FD,

and as b > 0 we have 1 = (1 — ) #/(#=1), which implies 1 — g = 1 or 4 = 0, which contra-
dicts (3.5). O
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12 Proof of Theorem 4.3

We are going to prove this result in two parts: first, we will show that there exists A; > 0 such
that
at > Go(x(t)) > Mat, t>1. (12.1)

where Gy is defined by (9.5). From this the result

x(t) . x(t)
G i) = PP G

liminf < 400
t—o0

holds. Then we will use this estimate to show that

o x(t)
—_— >
11¥gg1f G = A (12.2)

where A is given by (4.8).
We first note that (12.1) holds. Define Gy by (9.5); once again we note that Gy is decreasing
on (0, c0) is therefore invertible. We may also deduce (9.6) viz.,

Go(x(t)) <at, t>0.

As before define I' : [0,00) — (0,00) by (9.7). Then T € RV(—B/(f —1)), and so g obeys
(1.3d) (and (3.4d) in particular) with v = B/(B —1). Since 4, b, B, q obey (4.7) and g € [0,1),
they obey (7.2). Since T obeys (3.5), all the hypotheses of Theorem 3.2 hold, so we have that
(12.1).

12.1 Proof of (12.2)

We show when 4, b, g and B obey (4.7), and T obeys (3.5) that we can to obtain the limit

e x(H)
>
it Gy =

where A is defined by (4.8). To do this we first need two preliminary lemmata.

Lemma 12.1. Leta > b > 0, p > 1, q € (0,1) obey (4.7), and let A be given by (4.8). Define
A = a= Y B=1), Then there is a sequence (A, ),>1 defined by

oM = Apr +bAR(L—q) P/ B, n > (12.3)
such that A, € [a=V/ BV, A) forall n > 1, (Ay)y>1 is increasing, and A, — A as n — oo.
Proof. Write the n-th level hypothesis as
(Aj)j<n is well-defined by (12.3) and increasing A; € [a VD A), j<n
We have that the first level hypothesis is true. Suppose the n-th level hypothesis holds. Define
FaA) =aAP — A —bAB(1—g) /-1, A e0,Al
Note that aAf — A — bAP(1 —q)~#/(F=1) = 0. Therefore as A, € (0, A) by hypothesis

Fu(A) = aAP — A —bAB(1 — q)F/(B=D) = p(1 — )P/ (B-D) (Aﬁ - AE) > 0.
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Also
fuld) = a2 = Ay = b2 (1 = ) #/ D =2, { (a—b(1 — ) #/EV) Af T — 1)
= M((An/A)PE—1) <0

Therefore there exists A,41 € (Ay, A) such that f,(A,11) = 0. Such a A, obeys (12.3).
We now show that (12.3) uniquely defines A,+1 € (/\ ,A\). Since fi(A) = aprf~1 —1 and

7(A) = aB(B — 1)AP=2 > 0, we have that f/(A) > f/(A,) = apAb ' —1 > B—1 > 0, because
Ay > a V(-1 Since fn is increasing on (A,, A) C (a _1/(/5_1),/\), Ayt is uniquely defined
by (12.3). Therefore the (n + 1)-th level hypothesis holds. Since (A,),>1 is increasing and
bounded above by A, we have that A, = A, € (afl/(ﬁfl),A]. By (12.3) we have aAf — Ay —
bAL (1 — q)~B/(B=1) = 0, which implies A, = A. 0

Lemma 12.2. Let g obey (4.13) and G be given by (1.4). Let x be positive and continuous with
x(t) — 0as t — oo and suppose that x obeys

x(1)
>
it iy =4 =0

If T is continuous and obeys (3.5) for some q € (0,1) and ¢ is defined by
o(t) = bg(x(t—1(t))), t>0. (12.4)
Ifb > 0, then

cminf P8 S 181 — )-8/ (B-1)
llgglf(}*l(t)_b/\ (1—9) .

Proof. For every € € (0,1) there is a Ty(€) > 0 such that x(t) > A(1 —€)G~1(t) for t > Ty(e).
Since t — T(t) — o0 as t — oo there exists To(e) > Ti(€) such that t — 7(t) > Ti(e) for all
t > Tr(e). Hence x(t — 7(t)) > A(1 — )G 1(t — 7(t)) for t > Ty(e). Since x(t) — 0 as t — oo,
there exists T3 > 0 such that x(t — 7(t)) < ¢ for all t > T3. Also for every € € (0,1) there is
T4(€) > Osuch thatt — 7(t) < (1+€)(1 —g)t forall t > Ty(e). Since G™' € RV (—1/(B—1)),
for every € € (0,1) there exists Ts(€) > 0 such that

G A+e)(1-g)t) > (1 —e){(1+e)(1—q)} PP VG (1), t>Ts(e).
Let To(€) = max(Tz(€), T3, Ta(€), T5(€)). Then for t > Ty(e) we have
S1>x(t—1(t) > A1 —e)G Ht—1(t)) > A(1—€)G (1 +€)(1—q)t).

Therefore
&> x(t—1(8) >A1—e)>{(1+e)(1—q)} VEVGT(H), t> Ts(e).
Hence as g is increasing on [0, J1] we have

gx(t—1(1)) > (A1 =) {(1+e)(1 =)} FVGTHE), > Te(e).
Hence
) iming S~ T(0))
t=eo g(G71(1)) t=eo g(GH(H))
81— {(1+e)(1—q)} VDG
=l 3G 0)
= bAP(1— &) {(1+€)(1—q)} P/ B,
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Therefore

Lo Q) B BB
h{gglfg(G—l(t)) > bAP(1—q) ,

as required. N

We are now in a position to prove (12.2). To do this, it is important first to show that
A; € (0,00) defined by

: x(t)
Aj = limsu 12.5
VAR (129
obeys A1 > A. The argument used to prove this can then be adapted easily to prove (12.2).
We formulate the desired result in the following proposition.

Proposition 12.3. Let x be the solution of (1.1) and suppose that all the hypotheses of Theorem 4.3
hold. Then there exists a A1 € (0,00) such that (12.5), and A1 > A where A is given by (4.8).
Moreover x obeys (12.2).

Proof. The existence of a A; € (0, c0) satisfying (12.5) is a consequence of (12.1). We next show
that A1 > A: the proof of this will be by contradiction.

Define Ay = a= /=1 and (A,),>1 by (12.3). Then A, — A as n — 0. Since Go(x(t)) < at
forall t > 0, as G;! € RVo(—1/(B —1) and G, ' is decreasing, we have x(t) > G, '(at).
Therefore

Gy ' (at
lim inf Ji(p > lim inf# =g V-1 = )y,
t—0c0 GO (t) t—o0 GO (t)

Clearly we have A; > Aq. If A; = A4, then

LX)
MGy — M

which produces a contradiction. Therefore A; > Aj.

Suppose that A; < A. By Lemma 12.1 there is a minimal n’ > 1 such that A > A, > A4
but /\n’ < Al.

We will show that the following statements are true:

(@) If A1 < Aq, and

then

(b) If Ayiq > Aq, and

then

im A (12.6)
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The consequence of these statements is that (12.6) holds.
To see this, note that by using statement (a) successively, we have that

lim inf x(t)

_N S, , )
mir Gil(t) > Ay > Ay > > M

Since A,r41 > A by applying statement (b) we have (12.6).

The limit (12.6) now leads to a contradiction, because if lim;_, x(t) /G~ 1(t) is finite and
positive, it must be A. Therefore A; = A. But Ay < A by hypothesis, so this contradiction
forces A1 > A. It therefore remains to prove the inferences (a), (b).

Proof of Statement (a). Let € € (0, 1) be sufficiently small. Since ¢ € RV () we have

lim g()\n-i-l(l B €>X)
x—0+ g(x)

— (Awia(1— ).
Since B > 1 there exists x1(e) > 0 such that x € (0, x1(€)) implies
g1 (1—€)x) < (1—€) BD2(1 - e)fAP o(x), 0<x<xi(e)
Since G~1(t) — 0 as t — oo, there is Ty(€) such that G™1(t) < x1(€) for all t > Ty(e). Thus
gAup1(1—€)G7H(H) < (1—e) V21 —e)PAP o(G7Y(1)), t> Tole). (12.7)

With ¢ defined by (12.4), by Lemma 12.2 we have

o P(t) o aBe1 _ B/ (1)
hgglfg(cfl(t))—b)\”(l q) .

Therefore for every € € (0,1) there exists T;(e) > 0 such that
g(t) > b(1— &) FI2A[(1 — q)F/P-Vg(GTN(H), t> Tie). (12.8)

Let T»(e) = max(To(e), T1(€)). Since limsup, ., x(t)/G1(t) = A4, there exists T3(e) > T»(e)
such that
x(T3(e)) > A (1 —€)G ™ (T5(€)). (12.9)

Since x obeys (1.1), by (12.8), for t > Tz(e) we have
X (1) > —ag(x(t)) +b(1 — ) BHV2)E(1 — gy B/ (B-Ve(G1(1)), t> Ts(e). (12.10)

We define
xpe(t) = Aap1(1—€)G7H(H), ¢ > Ts(e). (12.11)

Since A,41 < Aq by (12.11) and (12.9) we have
xLe(T3(€)) = Aus1 (1= €)GT(Ts(e)) < A1(1—€)GH(Ts(e)) < x(Ts(e)).

By (12.11) for t > T3(e) we have G(xr¢(t)/Ay+1(1 —€)) =t,s0

—— =y = G(GTHN)xL(t) = Awa(1—€), > Ts(e),
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Hence x7 () = —Au41(1 — €)g(G71(t)) for t > T3(e). Thus by (12.7) and (12.3) we get

(1) + g (1) = b(1 =€) P21 — ) /P Dg(G1 ()
= —Au1(1—€)g(GH(t) +ag(An1(1—€)GT (1))
~b(1— ) BN (1 — ) F/ P (G (1))
< =Au1(1=€)g(G7H(1) +a(1 —e)~FV/2(1 — )Pl o(G71(1))
—b(1=e)PTVAL (1 - g)F/ P Vg(G (1)
= { A1 =€)+ (1 =) B2 (aal, — L1 — )P/ F1) b g(G7 (1))
= M1 —e) {1+ (1 -e)F 2L g(G7(1)).
Since B > 1, we have
XL (1) + ag(xpe(t)) — b(1 — &) EFV2AL(1 — )P/ BVg(G7(1)) <0, t> Ts(e).
Using this inequality, (12.9) and (12.10), the comparison principle implies that
x(t) > xpe(t), t2> Tz(e).

Therefore

L. x(t) .. xLe(t)
> 4 = —€).
iminf gy = i iy = A1 €)

Letting € — 0" gives us the required limit.

Proof of Statement (b). Since Ay < A,41, we have f,(A,11) =0 > f,(A1), we have
ozA’l8 — A+ b}\g(l —q) P/ <.
Therefore we may find € € (0,1) sufficiently small that
aAb(1—e) B2 _ A (1—€) +bAB(1 — ) P/ (1 —¢)(F+D/2 < 0, (12.12)
Arguing as above for every € € (0,1) there exists Ts(e) > 0 such that
(A (1—€)GH (1)) < (1—e)B12(1 —e)PAPg(GT(t)), t> Ts(e), (12.13)
and there is Ty(€) > 0 such that
@(t) > b(1— ) BTD/2)B(1 — )= B/B-Dg(G1(1)), t> Te(e). (12.14)

Let T7(e) = max(Ts, Tg). Since limsup, ., x(t)/ G 1(t) = A4, there exists Tg(e) > Ty(€) such
that
x(Tg(e)) > A1(1—€)G1(Tg(e)). (12.15)

We define
xpe(t) = A(1—€)G7Y(t), t> Tgs(e). (12.16)

By (12.16) and (12.15) we have

xr,e(Ts(€)) = A (1 —€)G(Ts(e)) < x(Ts(e)). (12.17)
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By (12.16) for t > Tg(e) we have x7 (t) = —A1(1 —€)g(G'(t)) for t > Tg(e). Therefore by
(12.13), for t > Tg(e) we have

X, (1) +ag(xpe(t)) — b(1 — ) BN (1 — )P/ Dg(G (1)
= —A1(1-€)g(GTH(1) +ag(A1(1 - e)GH(1))
—b(1— e)(ﬁﬂ)/z}\ﬁ(l —q)” B/ (B—1) (G (1)
< =M1 —e)g(GTH (1) +a(1—e) B2 (1 —e)fAlg(GT (1)
—b(1 =€) PN (1 — )PP (G (1)
= { M=) + (1) P72 (Al —bAR(A — )PPV ) fg(GT(1)
<0,
where we have used (12.12) at the last step. Therefore we have
x,e(t) < —ag(xpe(t)) +b(1 — )PV 2AL (1 — )P/ B Vg(GH(t), > Ty(e).
By (12.14) we have
¥ (£) > —ag(x(t) +b(1— ) FV2AL(1 —g) P/ EDg(GTH (1), t> Ts(e).
Using these two inequalities and (12.17) by the comparison principle we get
x(t) > xpe(t) = A(1—€)G(t), t> Tg(e).

Therefore we have

e X(f)
hgglf G0 > Ai(1—e).

Letting € € (0,1) gives

i =)
Since we also have limsup, . x(t)/G~1(t) = A1, we get lim;_, x(t)/G1(t) = A4, proving
statement (b).
We now come to the question of determining a lower bound on the liminf. Scrutiny of the
proof of statement (a) above reveals that the argument is still valid in the case when A; > A.
We still have

x(t _ _
hmmfG (1()) >a V1D = )y,

and Ay < A < Ay. Now since A; > A we have by Lemma 12.1 that A, < A foralln € IN,

and that A, — A as n — oco. Therefore, we may apply statement (a) arbitrarily many times:
since Ay < A1, and

o X(8)
—_— >
ll{gglf G = A1,

by statement (a) we have

N0
> As.
i inf &=y = 12

Since A3 < A1, by statement (a) we have

~—

lim inf x(t) >

mint =5 = A
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Continuing in this manner we find that

o x(t)
> .
hgglf G*l(t > Ay, forallme N

~—

Letting n — oo we get (12.2). O

13 Proof of results for linear delay

13.1 Proof of Lemma 5.2

We first consider the case when A in (5.4) obeys A € (0,c0). Then for every ¢ € (0,1) there
exists Tp(e) > 0 such that
1 1 1 1 1

1 - < < — E t> To(e)
Al+et “o(t)  Al—et’ L)

Since T obeys (3.2), there exists T1(e) > Tp(e) such that t — 7(t) > Tp(e) for all + > Tj(e).
Therefore for t > Tj(e) we have

1 1 t 1 t 1 1 1 t 1
d -d </ — ds< = / —ds.
A1+8/tr(t)s 5= t—z(t) 0(s) =1 t—(t) S *

Therefore by (3.13) we have

lim su li10 ! <1 liminfl L lo ! >1
t_>oop/\1+s & t—t(t)) = Tise Al+e & t—t(t)) =
This implies

. t
frm log <t—T(t)> =4

Rearranging and using the continuity of T we have (5.5).

Next we consider the case when A = 0. Then for every ¢ € (0,1) there exists Tp(e) > 0
such that o(t) < et for all t > Ty(e). Since T obeys (3.2), there exists T;(¢) > To(e) such that
t—1(t) > To(e) for all t > Ty (¢). Therefore for t > Tj(e) we have

1 t 1t 1 S
“log [ ——— :f/ ~d </ ——ds.
€ Og(t—f(t)) erans T Do)

Therefore by (3.13) we have

t
li 1 — | <e
maplos (75 <

Since 7(t) > 0 for all ¢ sufficiently large we have t — 7(t) < t. Therefore log(t/(t — 7(t))) > 0
for all t sufficiently large. This implies that

t
0 <limsuplog | —— | <,
=Y g(t—r(t))—

and so

. E
fim log <t_T<t>> =0

This rearranges to give 7(t)/t — 0 as t — oo, which for A = 0 implies (5.5).
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Finally, we consider the case when A = co. Then for every M > 0 there exists To(M) > 0
such that o(t) > Mt for all t > To(M). Since T obeys (3.2), there exists Ty (M) > To(M) such
that t — 7(t) > To(M) for all t > T;(M). Therefore for t > T;(M) we have

1 t 1 1 f 1

—1 — | == —ds > / ——ds.

M8 (t - T(O) MJia) s = Sy o) ©
Therefore by (3.13) we have

t
. > M
11¥gglflog <t — T(t)) > M

Since M > 0 is arbitrary, we have

limlog () = e

e B\ i) T
This rearranges to give 7(t)/t — 1 as t — oo, which for A = oo implies (5.5), if we interpret
1—e~* = 1 in this case.

13.2 Proof of Theorem 5.1

By (1.3c), we note that there is a §p > 0 such that ¢/(x) > 0 for all x € (0,0p). Hence
¢ 1:10,4(80)] — [0,80]. Clearly there is a ; > 0 such that §; < ¢(dp), or g~ (1) < &. Then
for x € (0,61), we may define I'; : (0,41) — (0, 00) by

[1(x) =g'(g7'(x)), x€[0,0).

Since ¢’ € RVy(B —1) and g(0) = 0, we have that g € RV((B). Therefore ¢~! € RVy(1/B).
Hence I't € RVy((B —1)/pB). Therefore we may apply Theorem 3.4 to get the desired result.

13.3 Proof of Theorem 4.4

Let A =log(1/(1—¢q)) > 0. Define o(t) = A(t+T+1) for t > —7. Since t(t)/t — g € (0,1)
as t — oo, we have that o obeys (3.11), (3.12) and (3.13).

By (1.3c), we note that there is a éy > 0 such that g’(x) > 0 for all x € (0,dp). Hence
¢ 1:10,4(80)] — [0,80]. Clearly there is a ; > 0 such that &; < ¢(dp), or g~ 1(61) < &. Then
for x € (0,41), we may define I'y : (0,7) — (0,00) by

1(x) =g'(g7'(x)), x€[0,01).

Since g’ € RVy(B — 1) and g(0) = 0, we have that ¢ € RV(B). Therefore ¢~! € RV,(1/B).
Hence I'y € RV(((B —1)/B), which implies that g obeys (3.8) with v = B/(p —1). We note
that (4.14) implies (3.9), so all the hypotheses of Theorem 3.3 hold, and so

lim 7logtg(x(t)) = —log (E) .
toeo [0 % ds b
Since ¢ € RV (p), we have log g(x)/logx — B as x — 0T. Since x(t) — 0 as t — oo, it follows
that log ¢(x(t))/ log x(t) — p as t — co. Since

t
o ﬁs) ds
lim ——— = —,
t—oo  logt A
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we have
logx(t) . logx(t) logg(x fo (s 1 1
e logt o {logg(x(t)) I als ds logt B log(a/b) A
Since A = log(1/(1 —¢)) we have
logx(t) 1 1
MR Tlogt —  Blog(1/(1— ) B/

as required.

14 Proof of Propositions 5.4 and 5.3

14.1 Proof of Proposition 5.4

Since ¢ obeys (5.8a), there exists x; > 0 such that ¢(x) > e for all x > x7. Let xp = log x3.
Therefore log ¢(e*) > 1 for all x > x,. Define 1 : [x,00) — [1,00) by

n(x) =logg(e*), x> x. (14.1)

By (5.8a), 1 is increasing and continuous on [x3, c0) with #(x) — oo as x — co. Also 7(logt) =
log ¢(t) > 1 forall t > x;.
Define ¢ : [-7,0) — R by
_ xin(logx1), te[—7T, x1], (142)
tn(logt), t> xq.

Then ¢ € C([—T,),(0,00)) and is non-decreasing, so obeys (3.11). By construction ¢ obeys
(5.10), and lim;_,, 0(t) = o0 as t — oo, which is the second statement in (3.12). We next show
that the first statement in (3.12) also holds and establish that (5.11) holds.

For t > x1 by (14.1) and (14.2) we have

t 1 logt 1
/ o /x L (14.3)
(

Since 17 € RV (0) we have 1/ € RV(o0), s

X
e fxl i 2

=1. 144
X—>00 x/17( ) ( )

Since x/1(x) — oo (x — x/7(x) is in RV(1)), fxtl 1/0(s)ds — oo as t — oo, which establishes
(3.12). Moreover combining (14.3) and (14.4), we get (5.11).

It remains to verify that o obeys (3.13). By (5.9) for every ¢ € (0,1) there exists T;(e) > 0
such that

<t—1(t) < (1+£)q)(tt)’ t> Ti(e).

x < (1—8)4)&)

Therefore for t > T;(e) we have

f 1 S t 1
—ds</ —ds</ — s, t>Ti(e). 145
/<1+s>t/¢<t> o(s) t-(t) 0(s) (1-e)t/q(t) 0 (8) 1(e) (149
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For t > Ty(e), by setting z(t) := logt > log T1(€), and using (14.2) and (14.1) we have

t 1 z(t) 1
/ ——ds = / du, (14.6)
(1te)t/o(t) 0(5) 2(t) =1 (2(t))+Hog(1+e) 17 (14)

by making the substitution s = e".
We have (1+¢€)t/¢(t) > x; for all t > T;: therefore

xp =logx; <log(1+¢)t/¢(t) =log(1l+¢)+logt—loge(t) =log(l+e)+z(t) —n(z(t))

Since 7 is non-decreasing on [xz, o), for t > Tj(e) we have

t 1 d t 1 d
e N >
/tw) o(s) 1+€)f/40( ) o(s)

1
_ 1,
z(t)—n(z(t))+log(1+e) 77(11)

z(t)
> / 1 du
2(t) - (z(t)+log(1+¢) 11(2(t))
n(z(t)) —log(1+e)
n(z

—log
(z(1))
Therefore ;

lim inf b ds > 1. (14.7)
t—o0 t—1(t) O'(S)

We have (1 —e)t/¢(t) > x; for all t > T;: therefore
xp = logx1 <log(l—¢e)t/¢(t) =log(l—e)+logt—loge(t) =log(l—e)+z(t) —n(z(t))

Since # is non-decreasing on [xz, ), for t > Tj(¢) we have

t 1 p t 1 J
—ds < — as
/tf(t) o(s) /1 e)t/qv() o(s)
1

_/ ——du
2(6)—n(=(t))+log(1—e) 17 (1)

z(t) 1
= /z(t>—n<z<t>>+log<1—e> 70— 7 (=(D) +log1 ) "
() —log(1—¢)
1(z(t) = 5(2(t)) +log(1 —¢))’
Since 7 is regularly varying, we have (x —c¢)/n(x) — 1 as x — oo for any ¢ € R. Using this
and the fact that #(z) — oo as t — oo, we get

t _ _
lim sup € ds < limsup 1(z) ~ log(1 —¢) = limsup 1)

t—oo  JE=T(t) U(S) z—>00 77(2 - 77(2) + log(l - S)) z—00 77<Z - 77(2)) .
Since 17 € RV« (0) we have 0 < 7(z) << z!/2 for all z > z;. For every € € (0,1) there
is zp(€) > 0 such that z1/2 < ez for z > z(€). Therefore for all € € (0,1) there exists
z3(€) = max(xz2/ (1 —€),2z1,22(€)) such that z > z3(e) implies 0 < 7(z) < ez. Hencez —y(z) >
(1 —€)z > xp for z > z3(€). Therefore 77(z —n(z)) > 1((1 — €)z). Hence

. t 1 . 1(z) . 1(z)
lim su / — —ds <limsup ———~4— <limsup ———~4+— = 1.
roa? Jie) 0(5) el iz —1(2) Tt (21— €))

Combining this and (14.7) give (3.13).
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14.2 Proof of Proposition 5.3
Define ¢ : [T, ) — R by

log(1/n)e, te[-1,e, (148)
log(1/7y)tlogt, t>e. '

Then o € C([—7, ), (0,00)) and is non-decreasing, so obeys (3.11). Since ¢ (t) — co as t — o0
and

t 1 1 log(t) 1 1
L om® = g b w™ gy oelost)
o obeys (3.12).
It remains to verify that o obeys (3.13). Define 6(t) = t — 7(t) for t > —7. By (5.6) we have

that loo 8(t
() = B

log — 1 ast— oo,

Therefore for every € € (0,1) such that 7(1+¢€) < 1 we have (1 —¢€) < 5(t) < (1 +¢€) for
all t > Ty(e). Define Ty (e) = max(1, To(e),exp(e/n(1 —€))). Since log 6(t) = 1 (t) logt we get
e<n(l—e)logt <logb(t) <n(l+e)logt, t> Ti(e).

Therefore for t > T;(e) we have
t L d t L d t 1 d >
\/t?](l*’f) @ s < /tT(t) @ s < /”(176) @ S, t = Tl (8) (149)
For t > Ty(e), we have logt > log T1(€) > e/n(1 —€), so (1 —€)logt > e. Therefore by (14.8)
we have , oot log( )
1 08 1 og(l*e
——d :/ ——du=1—- —"2———". 14.10
/ﬂi(liS) o(s) ? n(1+e)logt log(1/1)u ! log(1/7) ( )
By (14.9) and (14.10) we have
log(1+¢) /t 1 log(1—¢€)
- < ——ds<1——"2—2=, t>Te).
log(1/1) ~ Jixy o(s) log(1/m) =11
This implies (3.13).
15 Proofs for max-type equation
15.1 Proof of Theorem 8.1
We first need to prove that
G(x(t)) > At, t>1. (15.1)

Since @ > b we may fix € € (0,1) so small that (9.8) holds. Define Gy by (9.5). Then
Go is decreasing on (0,00) and therefore invertible. Since x(t) > 0 for all t > 0, b > 0 and
g(x(t —t(t))) > 0 forall t > 0 we have
x'(t) > —ag(x(t)), t>0.

This gives (9.6), as required. Define I : [0,c0) — (0, 00) by (9.7). Therefore for € € (0,1), there
is a x1(€) > 0 such that I" obeys (9.10). There also exists d(e) > 0 defined in terms of Gy, €,
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x1(€) which obeys (9.11), and for € € (0,1), because x(t) — 0 as t — co and T(t)/t — 0 as
t — oo, there is a Ty (€) > 0 such that

x(t) <d(e), 7T(t) <et, t>Ti(e). (15.2)
Next define ) ol
0< A(e) = &L _;1) (60)( (€). (15.3)
Define x; ¢ by
xue(t) = Gyt (A(e)t), t> Ti(e). (15.4)

Define T(€) := T1(e)/(1 —€) > Ti(e). For t € [T1(€), T2(€)] we can prove as in Theorem 4.1
that
Xue(t) > 6(e) 2 x(t), te€[Ti(e) Ta(e)]. (15.5)
and also that
xue(t) <61, t=>Ti(e). (15.6)

Proceeding as in the proof of Theorem 4.1 it can then be shown that

Xe(t) > —ag(xue(t))+b max  g(xye(s)), t> Ta(e), (15.7)
t—T(t)<s<t
using the fact that xy; is decreasing on [Tj(€),00) to simplify the right-hand side of (15.7),
because

max _ g(xue(s)) = g(xue(t — 7(t)))-

By (15.5) and (15.7), by the comparison principle we have x(t) < xy(t) for all t > Tj(e).
Therefore x(t) < G, '(A(e)t) for t > Ti(e). Hence Go(x(t)) > A(e)t for t > Ty(e). Since
€ € (0,1) obeying (9.8) is fixed we have (15.1).

Armed with (15.1), we now prove (8.1).

Since t — 7(t) — o0 as t — oo, there exists Tp > 1 such that t — 7(¢t) > 1 for all t > Tj.
Recalling that x'(t) > —ag(x(t)) for all t > 0, for all t > Ty and s € [t — 7(t), t] we have

A [t X (v)
Go(x(s)))—Go(x(t))—/x(s) g(u)du—/s ey 0= el -9)

Go(x(t)) <a(t—s)+ Go(x(s)) <at(t)+ Go(x(s)), t>Ty, se]t—1(t),t] (15.8)

Define Gi(x) = 1/Gp(x) for x > 0. Then G; € RVy(B — 1) and G is increasing. Since § > 1
we have that G; ' € RV(1/(B — 1)). Rearranging (15.8) we have

Gi(x(s)) <1+at(t)Gi(x(s)), t>Ty, se][t—1(t),t].

G(x(t))
Therefore for t > Ty we have for s € [t — T(t), ]
Gi1(x(s)) T(t) ¢ s
G =TS Gl ()
<1+ a@ . t sup i

tt—1(t) .sthT(t) Go(x(s))’
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Therefore
max;_ () <s<¢ G1(x(s))

t
G o T T S GG

Since Gj is increasing we have

Therefore as 7(t)/t — 0 as t — o0 and (15.1) holds we have

. G ( maX;_r(t)<s<t x(s))
1 == <1.
i Gi(x()) -

Therefore for every € € (0,1) there is Ty (€) > 0 such that

G1 ( max x(s)) < (1 +€)G1(x(t)> , t>Ti(e).

t—t(t) <s<t

Therefore as G; 1is increasing, we have

Now Gi(x(t)) — 0as t — o0 and G; ' € RVy(1/(B—1)), so

fmsup Tz T G4 GG()
N0 =T G (G ()

Letting € — 07 gives
maX;_(y)<s<t ¢ x(s)

limsu <1.
S0
Therefore there exists T>(¢) > 0 such that max,_ - )<s<t x(s) < (14 €)x(¢) for all t > Ty(e).
Since g is increasing g(max;_(;<s<¢ X(s)) < g((1+€)x(t)) for all t > Ta(e). Therefore as
g € RVy(B) and x(t) — 0 as t — oo we have
g(max;_r(yy<s<; x(8)) g((1+e)x(t))

lim sup < limsup = (1+e)P.

v g(x(5) =l g(x(®)

Letting € — 0" we have

<1

lim sup 8( maX;_r(t)<s<t x(s))

t—o0 g(X(

= maxtfr(t)ésétg(x(s)) SO

L maX e 8(5(6))
imsup

f—rc0 g(x(t))

On the other hand it is trivially true that max; _;()<s<;g(x(s)) > g(x(t)). Therefore

<1

lim inf maX; (1)< <s<t 8(x(s))

mi S (x(1)) =1
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Combining these limits gives

which implies

X)L max; (n<s<t §(x(5)) |
M o) A {_”“’ 2(x(8)) } = —(a=b).

Proceeding as we did at the end of the proof of Theorem 4.1, we obtain (8.1), as required.

16 Proofs of lemmata and justification of claims from Section 7

16.1 Proof of Lemma 7.4

Then Y
X 1 -2 Y 1 -2

. G(x) .. h 1/0)Y do _ S s/ ¢ do

eor et/ et — UL el/x" ya+1 N yl—r& ey~ (atl)
Therefore ) )

. G(x) s/9)Y

lim - = lim - - .

0+ el/x® yat1 y—o0 —(Dé + 1>ey yf(zxqtl)fl + aytx—ley y*(ﬂtﬁ’l)
Hence

, G(x) . y2 1
x11)0+ el/x“xuc-f—l - yh~>oo —(lX + 1)]/—06—2 + le_z - E (161)
Now this implies

. y 1
yh_rgo el/Gfl(y)“Gfl(y)aﬂ T

4

SO

y—00

lim {logy - G_ll(y)a —(a+1)log G_l(y)} = log(1/a).

Since G~1(y) — o0 as y — oo we have

. 1 —1 © . . -1 o -1 —
Jim o5 {67 ) logy =1 (6 +1)G (1) 10g G () } = log(1/x),
from which (7.9) can be inferred.
Now we turn to the asymptotic behaviour of T'(x) = ¢(G~1(x)). By definition T(G(x)) =

g(x). Therefore by (7.8) we have

1, TG00
x0+t e 1/x

=1.

By (16.1) we have
1 e /X 1
im ————— = — 16.2
o0+ xF1/G(x) o (162)

so therefore we have the limit

—1/x"
lim I'(G(x)) ~ lim _© 'F(G(xz) _ 1
=0t X4/ G(x)  xo0+ x4/ G(x) e/ «
Therefore o
fim —Tw o TGH) 1

y—oo G1(y)atl/y — xoot x4t /G(x)
Combining this with (7.9) yields (7.10).
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16.2 Proof of Lemma 7.5

Since ¢(0) = 0, integration yields

glx) lim og()ds

li = = 16.3
xg(I)1+ e~ 1/x* o+ fox ns—a—le=1/s* dg ( )
Therefore
im —~  —1
x50+ e—1/87H(x)" '
Hence we have 1
xli}rg+ {— log(1/x) + gl(x)”‘} =0.
This implies
-1
lim — & Xy (16.4)

x—0+ log(1/x)~1/2
We have T'1(x) = ¢'(¢7(x)), so T1(g(x)) = ¢'(x). Therefore

L)

x50+ ax e lem 1/

Therefore by (16.3)

which implies

By (16.4) we have (7.12). Since for any p > 0 we have lim,_,o+ T'1(py)/T1(y) = u, it follows
that I'; € RVy(1) as required.

16.3 Proof of Lemma 7.6

First we have

1 Y -
lim G(X) — lim fx (1) du = lim w
-0+ exp(el/X)e 1/xx2 T a50t exp(el/x)e~1/xx2 T S exp(e¥)e Vy=2"

Hence by L'Hopital’s rule, we have

1,2
lm G(x) ~ lim g1/yY
v—0+ exp(el/¥)e=1/x2  y—w exp(e¥)y 2 + exp(e!) (—2e Yy 3 — e ¥y 2)

1
— 1
el —e vy 1+1)

Therefore

Yy

% exp(@ /S e 17 TG

which implies

lim {logy — (/') —1/G7}(y) +210g G'(y)) } = 0.

y—00
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This implies that there is a function 6 with 6(y) — 0 as t — oo such that

ey ( logy _
ylgroloe (el/Gl(y) 1-0(y) 0,

from which we infer
el/G71 (y)
lim =1.
y—roo log y

Taking logarithms and arguing in a similar manner we obtain (7.14).

To determine the asymptotic behaviour of I', we note that I'(G(x)) = g(x) so

lim GO
x—0+ exp(—el/x)

Since 1 )
o
lim w =1,
x—0+  exp(el/x)
we have )
1= lim [(G(x))e!*x2G(x) = lim [(y)e"C WG 1(y) 2.
x—0F Yy—o0
Therefore

1= lim I'(y)e/S WG 1(y) 2y = Jim I'(y)log y(log, y)y,

y—o0

which is (7.15).

16.4 Proof of Lemma 7.7

Since g(0) = 0, integration yields

i g(x) K Ox g'(s)ds _q
o0+ exp(—el/x) 0 o 572" /s exp(—el/s) ds -
Therefore x
lim =1.

x—0F exp(—el/gfl(x))

Hence we have )
lim {~log(1/x) +¢s '™} 0.

x—0t
['his implies
1/g71(x) -1
e . 1/g7 (%) 1

xhj& log(1/x) " x-0+log,(1/x)
We have I'1(x) = ¢'(¢7'(x)), so T1(g(x)) = ¢'(x). Therefore

lim I (g(x)) _1
x—0+ x~2el/X exp(—el/¥) ’

Therefore by (16.5)
N TFLES I
x—0+ x~2el/Xg(x)
which implies
. T'1(y) _
B gy 2y

(16.5)

(16.6)

By (16.6) we have (7.17). Since for any p > 0 we have lim,_,o+ I'1 (uy) /T1(y) = p, it follows

that T'; € RV((1) as required.
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16.5 Justification of Example 7.8
16.5.1 Justification of part (b).

Since lim; oo g(x(t)) /e~ 1/*M" = 1, we have so

lim {log g(x(t)) +1/x(t)*} = 0.

t—o0
By Theorem 7.2 we have
L logg(x(t) __log(a/b)
im = — ,
t—eo  logt log(1/(1—gq))
SO
lim 1 log(a/b)

t—e0 x(t)* log t - log(1/(1—4q))’

and the result follows.

16.5.2 Justification of part (c).

It can be shown that the function o'(t) = (¢t + 2T + €*) log, (t + 2T + ¢2) for t > —T obeys
(3.11)~(3.14) with

t
hagds
t—oo % logt/log, t '

Therefore by Theorem 7.3 we have

L) S, (%)

1 =
t—oo % logt/ log2 t

from which the result follows.

16.5.3 Justification of part (d).

It can be shown that the function o defined by o(t) = log(1/v)(t +27 +1)log(t+ 2T+ 1) for
t > —T obeys (3.11)—(3.14) with

t 1
ds
li fO o(s)

t=eo L Jog

log(1/7)
Therefore by Theorem 7.3 we have
-1 ®
t—ro0 Tog(177) log, t

from which the result follows.
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16.6 Justification of Example 7.9
16.6.1 Justification of part (b).
Since lim; o g(x(t))/ exp(—e/*®)) = 1, we have so

: 1/x(t) _
tlbnoqo {logg(x(t)) +e } 0.

By Theorem 7.2 we have

L logg(x(t) ___log(a/b)
t—eo  logt log(1/(1—¢q))’
SO
el/x(t) log(a/b)

tlgzralo log t B log(1/(1—gq))’

and the result follows.

16.6.2 Justification of part (c).

It can be shown that the function o(t) = y(t + 27 + ¢?) log, (t + 2T + ¢*) for t > —7 obeys
(3.11)~(3.14) with

t
IN ﬁs) ds

im ———— =1

toe0 logt/ log, t
Therefore by Theorem 7.3 we have

) el/x(t) 1 a
tlg?o logt/log,t ;log <5) '

Hence

. B 1 a
tlgglo 1/x(t) —log (logt/ log, t) = log <’Y log (b)) ,

from which the result follows.

16.6.3 Justification of part (d).

It can be shown that the function ¢ defined by o (t) = log(1/7)(t + 27 + 1) log(t + 27 + 1) for
t > —T obeys (3.11)—(3.14) with

b1
—~ds
L L L
f—o0 k)g(T’y) logz t
Therefore by Theorem 7.3 we have
' el/x(t) 1 a
fim log,t log(1/7) log (5) '

Hence
a

. 1
i 1/x(1) — log, = log (bg(wlog (b)> :

from which the result follows.
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