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Abstract. In local terms on finite and infinite intervals we obtain necessary and suf-
ficient conditions for the conjugacy and disconjugacy of the following second order
half-linear difference equation

Alpi| AyilP2Ay;) + vilyica [P 2yiza =0, i=0,1,2,...,

where 1 < p < oo, Ay; = yi11 — vi, {pi} and {v;} are sequences of positive and non-
negative real numbers, respectively. Moreover, we study oscillation and non-oscillation
properties of this equation.
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1 Introduction

During the last several decades the oscillation properties of the half-linear difference equation
have been intensively investigated. There is a lot of works devoted to this problem (see
[2—4,7-12,16-22] and references given there).

We consider the following second order half-linear difference equation

A<pi‘Ayi‘pi2Ayl’) + Ui‘]/i+1|p72]/i+1 = O/ i= 01 112/ ceey (11)

where 1 < p < 00, Ay; = yi+1 — Vi, {pi} and {v;} are sequences of positive and non-negative
real numbers, respectively.

Let IN and Z be the sets of natural and integer numbers, respectively.

Let us remind some notions and statements related to (1.1). Let m > 0 be an integer
number.
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— If there exists a non-trivial solution y = {y;} of the equation (1.1) such that y,, # 0 and
YmYm+1 < 0, then we say that the solution y has a generalized zero on the interval (m, m + 1].

— A non-trivial solution y of the equation (1.1) is called oscillatory if it has infinite number
of generalized zeros, otherwise it is called non-oscillatory.

— The equation (1.1) is called oscillatory if all its non-trivial solutions are oscillatory, oth-
erwise it is called non-oscillatory.

— Due to Sturm’s separation theorem [18, Theorem 3], the equation (1.1) is oscillatory if
one of its non-trivial solutions is oscillatory.

— The equation (1.1) is called disconjugate on the discrete interval [m,n], 0 < m < n,
(further just “interval”) if its any non-trivial solution has no more than one generalized zero
on the interval (m, n + 1] and its non-trivial solution 7 with the initial condition 7, = 0 has not
a generalized zero on the interval (m,n + 1], otherwise it is called conjugate on the interval
[m, n].

— The equation (1.1) is called disconjugate on the interval [m, o) if for any n > m it is
disconjugate on the interval [m, n].

The main properties of solutions of the equation (1.1) are described by so-called “round-
about theorem” [18, Theorem 1] that gives two important methods [8] of the investigation of
oscillation properties of the equation (1.1). Here we use one of these methods called “vari-
ational method”. This method is based on the lemma given below that follows from the
equivalence of the statements (i) and (ii) of Theorem 1 from [18].

Lemma A. Let 0 < m < n < oo, m and n be integers. The equation (1.1) is disconjugate on the
interval [m, n| if and only if
n
(0il Ayil? = wilyita]") = 0 (12)

1=m
for all non-trivial y = {yx }{1}, ym = 0 and y,41 = 0.
Let y = {y;}°, be a sequence of real numbers. Denote that suppy := {i > 0 :y; # 0}.
Let 0 < m < n < co. Denote by )of(m,n) the set of all non-trivial sequences of real numbers

v = {yi}2, such that suppy C [m+1,n], n < co. When n = co we suppose that for any y
there exists an integer k = k() : m < k < oo such that suppy C [m+1,k].

Lemma 1.1. Let 0 < m < n < oo. The equation (1.1) is disconjugate on the interval [m,n] ([m,n| =
[m, 00) when n = o) if and only if
n n
Y vicalyil? <Y pilAyil” (1.3)
i=m i=m
forall y € Y(m,n), where v_y = 0.

Proof. Let the equation (1.1) be disconjugate on the interval [m, 1|, n < co. Then by Lemma A
the condition (1.2) is valid for all y € Y (m, n). Since from y,, = y,1 = 0 it follows that

n n+1 n
Y vilyialP = Y. vialyil? =Y visalyil? (1.4)
i=m i=m+1 i=m

and the sum in (1.2) is finite, then (1.2) is equivalent to the inequality (1.3). Let n = co. Let an
arbitrary integer number 11 be such that m < n;. Then the equation (1.1) is disconjugate on the
interval [m,n,] and by Lemma A the inequality (1.3) is valid for all y € Y (m, n;) C Y (m, o).
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Whence it appears that due to arbitrariness of the number 77 the inequality (1.3) is correct for
all y € Y(m, ).

Inversely, let (1.3) be valid for all y € f/(m,n). For n < oo due to (1.4) we have that (1.2)
holds. Then by Lemma A the equation (1.1) is disconjugate on the interval [m, n]. For n = co
we have that (1.3) is correct for all y € Y(m,n;) C Y(m, ) and arbitrary n; > m. Then by
Lemma A the equation (1.1) is disconjugate on the interval [m, n1]. Due to arbitrariness of n;
we have that the equation (1.1) is disconjugate on the interval [m, c0). The proof of Lemma 1.1
is complete. O

The dual statement to Lemma 1.1 is the following lemma.

Lemma 1.2. Let 0 < m < n < co. The equation (1.1) is conjugate on the interval [m,n] if and only if
there exists € Y (m,n) such that

Z Z)i,l‘gi‘p > Z pi‘Agi‘p. (15)
i=m i=m

The inequality (1.3) is the discrete Hardy inequality

n n

2 Z7i71|yi|p <C Z Pi|Ayi‘p/ ye ?(m,n), (16)

i=m i=m

where 0 < C <1 and C is the least constant in (1.6).

A continuous analogue of the inequality (1.6) is investigated in many works (see e.g. [1],
[14] and [15]). The resume of these works is given in [13]. Here we study the inequality (1.6)
by methods different from the methods used for the continuous case in the mentioned works.

The paper is organized as follows. In Section 2 on the basis of the Hardy inequality (1.6)
we find necessary and sufficient conditions for the conjugacy and disconjugacy of the equation
(1.1) on the interval [m, n]. Moreover, in the same Section 2 on the basis of the first results we
give necessary and sufficient conditions for the oscillation and non-oscillation of the equation
(1.1). In Section 3 we present proofs of the results on the validity of the Hardy inequality (1.6).

Hereinafter “sequence” means a sequence of real numbers. The sums ) /", for m < k and
Yicq for empty () are equal to zero. Moreover, 1 < p < o0 and % + % = 1. The numbers m, n,
t, s, x and z with and without indexes are integers.

2 Main results

Let 0 < m < n < 0. Let us introduce the notations

s—1
ST U;
B,(m,n) = sup Lizt U ,
: m<t<s<n t 1-p’ 1=p n 1-p’ 1=p
- ( i=m pi ) + ( i=s pi )

A1) v 2p (2p P 2p T
&p—iI;EW1 70—70(?)—p+1<p_|_1 p_l

_ [ 2p \'( 2p )”‘1 _ _ p< p )’”‘1
71—71(P)—P<p+1> <p_1 , m=mp) =pp 1 -

~
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Theorem 2.1. Let 0 <m <n < ocoand ) 2, p}_p/ < oo for n = co. The inequality (1.6) holds if and
only if B,(m,n) < co. Moreover,

By(m,n) < C < 2a,B,(m,n), (2.1)

i.e., if the inequality (1.6) holds with C, then B,(m,n) < C; if By(m,n) < oo, then the inequality (1.6)
holds with the estimate C < 2w, B, (m,n), where

3vV5+7
Xy = \/\gj—l' Yo < &p < min{yy, 72,47} forp #2, (2.2)

and C is the least constant in (1.6).

Remark 2.2. We do not use the condition ) ;°; p}fp ' < oo for the proof of Theorem 2.1. How-

ever, when n = oo and } ;- p}fp = o0, there exists an other method that estimates the least

constant C in (1.6) better than (2.1). We turn back to this problem at the end of this section.

The proof of Theorem 2.1 is in the last Section 3. Now we study oscillation properties
of the equation (1.1) that follow from Theorem 2.1, Lemmas 1.1 and 1.2. The relation (2.1)
obviously gives the following corollary.

Corollary 2.3. Let 0 < m < n < oo. If (1.3) holds, then B,(m,n) < 1; and if 2a,B,(m,n) < 1,
then (1.3) holds.

Applying Corollary 2.3, Lemmas 1.1 and 1.2 to the problem of the conjugacy and discon-
jugacy of the equation (1.2) on the interval [m, n], we get the following theorem (let us remind
that [m, n] = [m,o0) when n = o).

Theorem 2.4. Let 0 < m < n < coand } ;> p}fp, < oo for n = oo. Then

(i) for the disconjugacy of the equation (1.1) on the interval [m,n] the condition B,(m,n) < 1is
necessary and the condition Zuchp(m, n) <1 is sufficient;

(ii) for the conjugacy of the equation (1.1) on the interval [m, n] the condition 2a,By(m,n) > 1is
necessary and the condition B,(m,n) > 1 is sufficient.

Proof. If the equation (1.1) is disconjugate on the interval [m, n], then by Lemma 1.1 the in-
equality (1.3) holds. Hence, by Corollary 2.3 we have B, (m,n) < 1.

Inversely, if 2a,B,(m,n) > 1, then by Corollary 2.3 the inequality (1.3) holds. Hence, by
Lemma 1.1 the equation (1.1) is disconjugate on the interval [m, n]. The proof of the statement
(i) is complete.

Let the equation (1.1) be conjugate on the interval [m, n]. Then by Lemma 1.2 there exists
7 € Y(m,n) such that (1.5) holds. This means that the inequality (1.6) is not valid for all
y € Y(m,n) when C < 1, i.e., the least constant C in the inequality (1.6) must be larger than
one. Then from (2.1) it follows that 2a,B,(m,n) > 1.

Inversely, let Bp(m,n) > 1. Then from (2.1) we have that the least constant C in the
inequality (1.6) is larger than one, i.e., the inequality (1.3) is not valid for all y € lof(m,n).
Therefore, there exists § € Y(m,n) such that the inequality (1.5) holds. Consequently, by
Lemma 1.2 the equation (1.1) is conjugate on the interval [m,n]. The proof of the statement
(ii) is complete. Thus, the proof of Theorem 2.4 is complete. O

Corollary 2.5. Let the conditions of Theorem 2.4 hold. Then
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(i) if there exist integers t, s : m < t < s < n such that

s—1 t , 1=p n , 1-p
Y o> (Z o F ) + (Zp}_p ) , (2.3)
i=t i=m i=s

then the equation (1.1) is conjugate on the interval [m, n|;

(ii) if the equation (1.1) is conjugate or disconjugate on the interval [m,n|, then there exist integers
t, s: m<t<s<nsuchthat

s—1 1 t 1—p/ 1-p n 1—p/ 1-p
Y ui>o— | Xp +( e
i—t 2up i—s

i=m

s—1 t , 1=p n , 1=p
Y v < <ZP3P> +<ZP3P> ,
- ‘ i=s

or

respectively.

In particular, from (2.3) we have the following simple condition of the conjugacy of the
equation (1.1) on the interval [m, n]

n—1
Y 0> o+ pa- (2.4)

i=m

The condition (2.4) coincides with the condition of Theorem 5 from [16].
Now we consider oscillation and non-oscillation properties of the equation (1.1).

Theorem 2.6. Let ) °, pg_p, < oo,

(i) For the equation (1.1) to be non-oscillatory the condition B,(m,o00) < 1 for some m > 0 is
necessary and the condition Zapo(n, c0) <1 for some n > 0 is sufficient;

(ii) For the equation (1.1) to be oscillatory the condition 2a, limsup,, . B,(m,00) > 1is necessary
and the condition lim sup,, ,  B,(m,00) > 1 is sufficient.

Proof. The statement (i) directly follows from the statement (i) of Theorem 2.4. Let us prove
the statement (if).

Let the equation (1.1) be oscillatory. Then there exists an integer k : 0 < k < co such that for
all m > k the equation (1.1) is conjugate on the interval [m, o0). Therefore, by Theorem 2.4 we
have that 2« B, (m, o) > 1 for all m > k. Whence it follows that 2a, limsup,, . B,(m, ) > 1.

Inversely, let limsup,, ., B,(m,00) > 1. Then there exists an increasing sequence of num-
bers {m}2; C N such that m; — oo for k — co and B, (my, ) > 1 for all k > 1. Then by
Theorem 2.4 the equation (1.1) is conjugate on the interval [my, c0) for all k > 1, i.e., for all
k > 1 there exists a non-trivial solution of the equation (1.1) that has at least two generalized
zeros on the interval [my, 00). Hence, there exists a sequence {1} C {my} such that on all
intervals [r, 11,1 — 1] some non-trivial solution of the equation (1.1) has two zeros. Then by
Sturm’s separation theorem [18, Theorem 2] there exists a non-trivial solution of the equation
(1.1) that has at least one generalized zero on each interval [my, my1 — 1], k > 1. Thus, this
solution of the equation (1.1) is oscillatory. The proof of Theorem 2.6 is complete. O
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From Theorem 2.6 we have the following corollary.
Corollary 2.7. Let } ;24 pg_p, < o0.

(i) If there exist sequences of integers my, ty and sy, k > 1, such that 0 < my < ty < sy, My — oo
for k — oo and

Skfl t 1—p' 1_p [oe] 1—p' 1_p
Zvi><2m "’) +<Zpi ") (2.5)
i=t i=my i=sy

for sufficiently large k, then the equation (1.1) is oscillatory.

(ii) If the equation (1.1) is oscillatory, then there exist sequences of integers my, ty and s, k > 1,
such that 0 < my < t < sy, my — oo for k — oo and

sp—1 1 tr 1—pf 1=p o 1y 1=p
Youi>s— || L e +| e :
i:tk p i:mk i:Sk

In particular, from (2.6) under the conditions of Corollary 2.7 for the equation (1.1) to be
oscillatory we have the following condition

sp—1

Z Ui > Ot + Psys tr < Sk, tp — oo. (2.6)

i=t

The condition (2.6) coincides with the condition of Corollary 2 from [16]. For example, from
(2.6) for sy — 1 = t; we have

Ut > Pt + Oh+1, ty — oo. (2.7)

Whence it follows that if v; = 0, i # t;, v;, # 0 and (2.7) holds, then under the conditions of
Corollary 2.7 the equation (1.1) is oscillatory.
In the case

/

Yol = @

i=1
oscillation properties of the equation (1.1) are studied in the work [3] on the basis of the
following lemma.

Lemma 2.8. Let n = oo and ) ;24 pg_p " = oo. Then the inequality (1.6) is equivalent to the discrete
Hardy inequality
) k P 00
YooY ail <CY pelal? (2.9)
k=m i=m k=m

for all sequences {ay}to_,, of real numbers. Moreover, the least constants in (1.6) and (2.9) coincide.

For complete presentation we prove Lemma 2.8 in the next Section 3 by a method different
from those in [3].

The inequality (2.9) is well-studied. The main results on the inequality (2.9) are obtained in
the works [5] and [6]. In [13] the summary of these results and estimates of the least constant
C in (2.9) are presented.
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Let us use the following notations:

o n , 1=p n / ! n k / :
Al(n):ZUk<ZP3_p) , A(n) = <EP3_p> Uk(ZP}_p> /
k=n i=m i=m k=m i

- —m

oo -p [, [ r
As(n) = (I{E vk) (2 Pf"’ (;w) )

From [13, Theorem 7] we have the following theorem.

Theorem A. The inequality (2.9) holds if and only if A; = A;(m) = sup,,.,, Ai(n) < oofori=1,
i =2 or i = 3. Moreover, for the least constant C in (2.3) the following estimates

p—1

-1
p p
< < _— .
Al_C_p<p_1> Al/ (210)
;Az <C<(p)A @.11)
and
1\"!
(p,) As < C < pPAs @12)
hold.

In the case (2.8) by Lemma 2.8 for the least constant C in the inequality (1.6) the estimates
(2.10), (2.11) and (2.12) hold. Therefore, the following theorem is correct (see [3, Theorems 2
and 3]).

Theorem 2.9. Let (2.8) hold. Then

(i) the condition lim,, .o Aj(m) < ki for all i = 1,2,3 is necessary and the condition
limy, e Aj(m) < ki for i = 1, i = 2 or i = 3 is sufficient for the equation (1.1) to be
non-oscillatory;

(ii) the condition limy,_.c Aj(m) > K; for all i = 1,2,3 is necessary and the condition
limy, o0 Aj(m) > K; fori = 1,i = 2 or i = 3 is sufficient for the equation (1.1) to be os-

cillatory, whereky = 1, ko = p, ks = (p')P 71, Ky = %(’%1)1}_1, K, = (%)p and K3 = (%)p.

As an application of Theorem 2.4 let us consider the following example.

Example 2.10. ‘ ‘
A Ay P2 Dy;) + kP |yiga P~ 2yi = 0, (2.13)
where k,a, € R, « > p—1and k > 1. From the condition « > p — 1 it follows that
i k=r)
i=m
for any m € IN.
Denote that
s—1|pi
a(t,s) = = —.
(Th,, ke =p)) P (2 ke (-p) P

Then

B,(m,c0) = sup a(t,s).
m<t<s
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Proposition 2.11. Let « > p —1and 1 < p < co. Then the equation (2.13) is
(i) non-oscillatory for p < «;
(ii) oscillatory for p > a.

Proof. (i) Let B < a. In the case B > 0 we have

k(s—tB _ 1 _ ksP
k-1 —kr—1

s—1
Y kP = kP!

i=t

) 1-p
i=s
and
k(B—a)s
- = b(s).
(kP —1)(1 — kx(=p"))p—1
Since f —a < 0 and k > 1, then b(s) | 0 for s — oo. Therefore, there exists m € IN such
that

a(t,s) <

20pBy(m, 00) < 20,b(m) < 1. (2.14)
In the case p < 0 we have

s=1
Y kP < kPl(s—1t)
i=t

and
s—t

kzxs(l _ ka(l—p’))p—l '

has a maximum at the point s = t 4 ﬁ Therefore,

a(t,s) < kP!

For s > t the function Sk;f

k(B—0)tk— i
sup a(t,s) < k@ — ke

In view of B — & < 0, the last inequality gives that (2.14) holds for some m € NN, i.e., by
Theorem 2.4 the equation (2.13) is non-oscillatory.
(ii) Let B > a. Then we have the following estimates
s=1
Y kP> kP (s —t),

i=t

¢ 1-p o 1-p
(Z er(l;f)i) + (Zkac(lp/)i) < KRS < s
i i=s

—
for s > t. Therefore,
kPt(s —t
a(t,s) > ék’"s)

As above, the last inequality gives that

t 1 kﬁt(s —t) 1 K(B—0)tk—mE
stlg)a( ,8) > Eilig Jas T2 alnk

Consequently, in view of B —a > 0, we have that B,(m,c0) > 1 for all m € IN. Hence,
on the basis of Theorem 2.4 the equation (2.13) is oscillatory. The proof of Proposition 2.11 is
complete. O
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3 Proof of Theorem 2.1

Proof. Necessity. Let the inequality (1.6) hold with the least constant C > 0. Let «, t, s and
be integers satisfying the conditionm <a <t <s< B < n.
We construct a test sequence y = {y} in the following way

( _ 1—p! _ 1—y —1
By (Zfzi—lpi p) ;o w<k<t,
1, t<k<s,
yk: 1—p/ 1y -1
Er?:kpi p( i=s 0 p) / s<k<p,
L0, m<k<a or p<k<n.

It is obvious that y € Y(m,n). Let us calculate Ayj.

;

1—7' _ 1—p' -1
pk b (Zg:olt—lpi P) ’ [X_lgkgt_l,
Ay 0, t<k<s,
k= / N —1
1—- 1—
o V(2 ), s<k<p,
0, m<k<a—1or p<k<n.
Then
" =1 A\ ,Blll_P
Y pelAylP = ( B Pi_p> + (Zpi_p) (3.1)
k=m i=ax—1 i=s
and

n S s—1
Yo vialyilh =Y o= ) o (3.2)
i=m i=t

i=t—1
From (3.1), (3.2) and (1.6) we have

s—1 =1 N\ B 1=r
Y uisC (,Zpip> +<_Zpip> :
i=t—1 i=a—1 i=s

Due to independence of the left-hand side of the last estimate from « : m < a < t and
B: s < B < nand independence of the constant C from t,s: m <t <s < n, we have

s—1 =1 1=p noL 1=p
L uscC (ZPI”) + (ZP(”)
i=t—1 i=m i=s

B, (m,n) < C. (3.3)

or

Sufficiency. Let B,(m,n) < . Lety = {y;} € Y (m,n). Without loss of generality, we denote
thaty; > 0,i =0,1,2,... Let A > 1. For any k € Z we define the set Ty = Ty(A) = {i >
m: y; > AF}. Due to boundedness of the set {y;} there exists a number T = 7(y,A) € Z such
that Tr # © and Tyy1 = ©. Let A™ Ty := Ty — Ty1. Then

[m,n]: U Ty = U ATy (3.4)

k=—c0 k=—0c0
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The definition of T, and the relation T; 7& © give ’Fhat Ty # @ forall k < 7. Letk < 7. We
present the set Ty in the form T = Ujlty, sil, [t s Ntk sp] = @ for i # j. We denote that

M = Trs1 ﬂ[tk, sk] Qp = {] M] # @}. Moreover, for j € () we define xk = rmnM] and
zi = max M{(. Then ti < xk, k < sk and

TimnC Uzl A Td U ([tfk,x;—l]U[sz+1,s;]). (3.5)
jEQk jeOk

Let t, < x. Then Yy g < . / > Af*+1 and

1

1
14 x{(fl E
Y. oilayilP |
i=t]

p x?l
1 k
(Z P; ) < ﬁ Z pil AyilP. (3.6)

zti zt/

xifl ,
Ak(/\—l):)»k“—)\kéy/ Y g = ZA%(ZPW)

] )
1=t z_tk

Whence it follows that

Similarly, if z{c < 5;« then

o 1-p g
pk : 1-p 1 ‘ p
2‘ P; < m Z pil Ayl (3.7)
i i

) i
=Zk =%k

gl =y k1, k
Let z; = s;. Thenysg(—yzi>)\ ,yzﬁlg)\ and

j
Sk

MA=1) <yy -y, =—dyy = Y (-8y)
)
zfzk

or

1-p j
1
(ZP ) < (= ZP1|Ay1|p (3.8)

Zk Zk

Similarly, if t;( = x;(, then

x{cfl 1=p 1 ]
pk( Z pl}p) < ( Z pi|AyilP. (3.9)
1

) j
i=t— =t—1

Combining the inequalities (3.6), (3.7), (3.8) and (3.9), we write them in the following way

x{(fl Ly 1op 1 x,; 1
Pk Z pi_p < (/\ Z P1|Ay1|p (310)

i:fi i= t]
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1-p j

st
_y 1
MUY T < T 2 oilAyil?, (3.11)
i:f{< i= zk

where f;( = t;{ for t{; < x£ and f{c = t;{ —1 for t;{ = x{;. From B, (m,n) < co we have

1-p 1-p

z{(fl xifl
1_ /
Y. v <Bp(mmn) || Yo" + 2 0; : (3.12)
i=x)—1 i=F, i=z,
We will use the following notations:
w,j:{jeﬂk:t;(<x{c,z;(<s{(}, wkl—{]EQk t]—xk, <s}
Wk = {jGQk:t{'{ < x{;, z{(:s;{}, w, = {] €Oy : tk—xk, z{c—s{{}

Ay =wf Uwea AL =wfUw, A =w Jwk, By = wp Jwia
It is obvious that (), = w,j Uwi1 Uwi2 Uw, . The relation for A~ Ty from (3.5) gives that
AT | Uxd-11U[l UlE+Ls]]- (3.13)
jEN jens

Now we ready to estimate the left-hand side of the inequality (1.6). If A™Ty # ©, then
A < y; < A fori € A~Ty and

Z Oi— 1|y1|p </\p (k1) Z 0i—1- (3.14)

1€A™ T €A™ Ty

If A=Ty = ©, then by assumption the inequality (3.14) is also correct.
Using (3.4), (3.5), (3.14) and the equality AP¥ = (1 — A7) Yk AP, we get

L 1 -1
F=Y oaulf=Y Y ovaplf< Y A2 Y o,
k=m

k=—00i€A=Tii4 k=—o0 I€EA~ Ty
71 71 k
=AY MY g =ATA-A) Y Y vy YA
k=—o0 1€A™ Tiyq k=—o00icA~Tiyq f=—o0
7—1 Zi 7—1 Zi—l
SAPAP=1) Y MY Y o =20 —1) ¥ AR Y Y o (3.15)
k=—o00 JEO izxi k=—c0 jEQ i:x{(—l

Substituting (3.12) in (3.15) and using (3.10) and (3.11), we obtain

1-p 1-p
-1 xi,] ,
F < AP(AP —1)B,(m, n) Z 2 APk 2 p}"’ APk Z o
k=—o00 je) i:f{( — z
j sl
AP(AP —1 -1 -1
= )(LM)BP(’”’”) L L | L oeildul+ Z pilAyilP | - (3.16)
(A-1) k=—cojey | j=f f

ZZk
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Since

x{c 1 j
Y. (}: oil Ayil? + Z Pszz”)

J€MX% \ i=f zzf<
X -1 s X -1 sl
= Z (ZPszzp+ ZPsz1p> Z ( Z pilAyiP + ZPZA]/ZP)
jewi \i=# i=z) jewry \j= t/ 1 i=z)
] -1 ]
+ Z (Z oil AyilP + ZPZA]/ZP) + Z ( Z pilAyiP + ZPszzp)
Jewra \ j=¢ i Zk JEw, \i= t] 1 i z}(

= (Z i oildyilP + Y SZk PiA%'p)

]‘EA;J i:t{( ].EAZz i:Z{(+l

(Z CNETNEN Y. pziAysz”)

]€Ak,1 ]EAI;Z UAI:F,2
= F1+ Fo,
from (3.16) we have
AP(AP —1) i
< o1y Belmn) kgoo(Fk,l + Fro). (3.17)
Due to (3.13) we have Fr; < Y p;i|Ay;|P and then
€A™ Ty
T T n
Y Ba< ). Y pildul? =) pildyl. (3.18)
k=—o0 k=—o0ic AT} i=m

Since t] —-1= x —1< Afforje Ap; and z > )\k“ forj € A, UAk ,, there exist integers

ki = ki(k,j) < k and ko = ka(k,j) > k such that xk —1€ ATy, and z, € A Ty,. Let us note
that A~ T; = T;. Therefore,

Z Fip < Z Y, pildyil? = szlAyll” (3.19)
k=—o0 k=—c0i€A~ Ty
Thus, from (3.17), (3.18) and (3.19) we get
¢ AP(AP —1
Y vialyilf < ZWBP m,n ZPJA]/JP

The left-hand side of this inequality does not depend on A > 1. Hence, taking infimum with
respect to A > 1 in the right-hand side, we have

n

n
Y vilyil? < 2apBy(m,n) Y pilAyil?,

i=m i=m
i.e., the inequality (1.6) holds with the estimate
C < 2ayBy(m,n)

for the least constant C. The last estimate together with (3.3) gives (2.1). The estimate (2.2)
follows from Lemma 3.1 proved below. The proof of Theorem 2.1 is complete. O
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Lemma 3.1. Let f(A) = ML) X > 1. Then there exists a point Ay such that

-1y
2P A, <min{p,2}, (3.20)
p+1 Pr '
A V5+7
}\gflf( ) =f(Ap) = W’ f(A2) = V51 (3.21)
and for p # 2 the estimate
Yo < f(Ap) < min{yy,72, 47} (3.22)

holds.

Proof. The function f is continuous for A > 1 and lim,_,1+ f(A) = oo, limy ;o f(A) = 0.
Therefore, f has a minimum. The derivative of f we present in the form

oy = PATIr =P pA!
fi(A) = B W E— p(A) = md(/\)/ (3.23)
where (1) = 5 — L5 and d(A) = APTL —2AP + 1. For p = 2 we have that d(A) =
(A —1)(A2 = A —1). It means that d(A;) = f'(A2) = 0 when A; = % Therefore,
infra1 f(A) = f(A2) = Y27 for p =2.
Now we turn to the case p # 2. Let A = 1+ ¢, € > 0. Using Lagrange’s mean value
theorem, we have

e )

#(A) = pe(l+e)p~1 e pe

\Y]

(1+¢e)? 1
(1+e)P—1 e

Whence it follows that ¢(A) > 0. Thereby f'(A) > 0 for A > p. The function d(/\) at the

point A = - p has a minimum, decreases for 1 < A < sz and increases for A > - +1 Since
d2)=1> 0 then d(A) > 0 and f’(A) > 0 for A > 2. Thus, f'(A) > 0 for A > min{p,2}.
Since d(1) = 0, then d( +1) < 0. Therefore, f'(A) < 0 for A < %. Due to continuity
of the function f’(A) for /\ > 1, there exists a point A, satisfying the condition (3.20). Since
f'(Ay) = ¢(Ap) = 0 and the point A, is a point of intersection of two decreasing functions 7

and =3, then the function f (A) decreases forl1 <A< /\p, increases for A > A, and has a
1 p — P
=y or Ap — 12p— Ap(Ap —1),

1
A—T)P
minimum at the point Ay, i.e., infy~q f(A) = f(A;). Since

A” 1
then, substituting the last equality in the expression f(A,), we get f ( ) 0 Al),, 1, ie., (3.21)
P
holds. The function g(t) = W has the least value at the point 5 +1 Since A, > p2+1, then

f(Ap) > g(pH) Therefore,
fAp) =8(Ap) > (Zp> -2 ( 27 )p (p2_p1>p_l = 70 (3.24)

p+1 p+1\p+1
On the other hand )
sy <min{f (S27), so), s} 325)

It is easy to see that f(2) < 47. Since ¢(A,) = 0 and A, < p, then pp 1> 51 Or pPip—1) >
pP — 1. Therefore,

P(pP —1 2p p-1
) = < ot e () (326)




14 A. Kalybay, D. Karatayeva, R. Oinarov and A. Temirkhanova

Moreover,
P _ P, p-1
) = G [0 h) =G v )
p+1 p—1 p+1 p—1 p+1\p+1
2p 4 ( 2p >P 1

_ . 3.27
p (p n 1) b1 2! (3.27)
From (3.24), (3.25), (3.26) and (3.27), taking into account f(2) < 47, we have (3.22). The proof
of Lemma 3.1 is complete. O

Proof of Lemma 2.8. Suppose that Y(m, o) is the set of non-trivial sequences y = {y;},,
which has a finite number of first members equal to zero.
Let wy,(m, o) be the set of all number sequences y = {y;}{>,, with the finite norm

1
=) 4
Hm%=wa+<2mmmﬂ. (3.28)

i=m

Let w%,(m,oo) and d)},(m, o) be the closures of the sets Y (m,00) N w},(m, ) and Y (m, ), re-
spectively, with respect to the norm (3.28).

Let y = {y;}?°, be an arbitrary element a';},(m,oo). Then by the definition of a')},(m,oo)
there exists a sequence {y,} C Y (m, 00) N wy,(m,c0) such that ||y — ynHw% — 0 for n — 0. Then
from the definition of the norm (3.28) it follows that |y, — ynm| — 0 for n — oo. However
Ynm = 0 for all n, therefore, y,, = 0. Now we prove the equality w%,(m 00) = wl (m,00). The

p
},(m, 00) D cf;%,(m,oo) is obvious. Let us prove the inclusion @} (m, ) O w} p(m, 00).

P
Let z = {z;} be an arbitrary element from w;(m, o). In view of the condition )}, pl V' — o

for any n > m there exists an integer number n* such that n* > n and

|aA<z:p?*j

inclusion w

==

(Z pi|Azi| p) (3.29)

Let
Zj, m<i<n-—1,
Ui =z (Tapl ) D n<i<n,
0, i>n*

It is obvious that y, = {y,;} € Y(m, o) for all n > m.
Using the triangle inequality and (3.29), we have

1

12 = ynlley < (Z pilAzi — A}/n,i|p> (Z pil Azl

1 1
n* P n* P
(Z:Pi\Ade) + (Zpi!Ayn,i\p)
i=n . i=n |
) P n*
—2<memﬂ +Vﬂ<ﬂmPP>
i=n i=n

4

IN

oy, mmﬂ

1"\‘“ /—\ \/

==

<3 (ZmlAzN’)

i=n
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Whence it follows that ||z — y,/| wy = 0 for n — co. Therefore, z € @, (m,0), and due to

; b, o).

(m, 00) is the closure of the set Y (11, 00) with respect to the norm (3.28), then

arbitrariness of z € w%,(m,oo) we have w

1
P

the correctness of the inequality (1.6) on the set Y (1, 00) is equivalent to its correctness on the
1 S|

set wy,(m, 00) = w,,(m, ).

1

(m,00) C @p(m, c0). Thus, wy(m, ) = @&
Since the space w

For any y € &} (m, ) and any k > m we have yxy1 = Y*_, Ay + ym = Y5, Ay;. There-

P
fore, the left-hand side of the inequality (1.6) for n = co has the form
) 0o 00 =) 00 k P
Yool = Y, walyl” = Y wilyial? = Y wlyenl? = ) o [ Y Ay
k=m k=m+1 i=m k=m k=m i=m

Now, assuming Ay; = a; in the inequality (1.6), we have that the inequality (2.9) holds. In-
versely, assuming 1, = 0 and yx1 = Y*_, Ay; in (2.9), we get the correctness of the inequality
(1.6) on the set cb;(m,oo). Thus, due to w},(m,oo) = ci’;tlj(m,oo) it is also correct on the set
Y (m,0). The proof of Lemma 2.8 is complete. O
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