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Abstract

In this paper, we study a nonlinear boundary value system with p-Laplacian operator
(@py (u)" + ar(t) f (u,v) =0
(6p, (V') + az(t)g(u,v) =0, 0<t <1,
u(0)) = B1¢p, (w'(0)) = ¢y, (u(1)) + 619y, (u'(1)) = 0,
0(0)) = B2, (V'(0)) = 726p, (v(1)) + G2y, (v'(1)) = 0,

(/

a1¢p1(
a2¢p2(

where ¢y, (s) = [s|Pi"2s, p; > 1,i = 1,2. We obtain some sufficient conditions for the existence
of two positive solutions or infinitely many positive solutions by using a fixed-point theorem in
cones. Especially, the nonlinear terms f, g are allowed to change sign. The conclusions essentially
extend and improve the known results.
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1 Introduction

In this paper, we study the existence of positive solutions for nonlinear singular boundary

value system with p-Laplacian operator

!/

(¢ps (W) +ar1(t) f(u,v) =0, 0<t<1,
(qﬁlz; (W) 4+ az(t)g(u,v) =0, 0<t<1, 1)
A1 Ppy

(u(0)) = B1¢p, (v (0)) = 110, (u(1)) + 616p, (u'(1)) = O,
( (

0(0)) = B2, (V'(0)) = Y26, (v(1)) + G2p, (v (1)) = 0,

042¢p2

where ¢y, (s) are p-Laplacian operator; i.e., ¢p,(s) = |s[Pi72s, p; > 1, and a;(t) : (0,1) — [0, +00),
1 1

¢Qi :((bpi)il?_—i__ :17 (7] >Oa ﬁz 207 Yi >07 52 2072:172
pi 4

)
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In recent years, because of the wide mathematical and physical background [1, 15], the
existence of positive solutions for nonlinear boundary value problems with p-Laplacian operator
received wide attention. Especially, when p = 2 or ¢,(u) = u is linear, the existence of positive
solutions for nonlinear singular boundary value problems has been obtained (see [6, 10, 12, 16));
when p # 2 or ¢p(u) # w is nonlinear, papers [7, 11, 13, 14, 17] have obtained many results by
using comparison results or topological degree theory.

In [10], Kaufmann and Kosmatov established the existence of countably many positive solu-
tions for the following two-point boundary value problem

u"(t) +a(t)f(u(t) =0, 0 <t <1, (1.2)
@(0) =0, u(l) =0, |

where a € LP[0,1], p > 1, and a(t) has countably singularities on [0, 1).
Very recently, authors [13] studied the boundary value problem

{ (@p(u)) +a(t)f(u) =0, 0<t<1,
agy(u(0)) — Bep(u'(0)) = 0, ¥p(u(1)) + d¢p(u'(1)) = 0,

where ¢,(s) is p-Laplacian operator; i.e., ¢p(s) = [s[P~2s, p > 1, and a(t) : (0,1) — [0, +00),

(1.3)

Og = ((bp)fl,1 —i—l =1, a>0 >0 v>0 0>0. Using a fixed-point theorem, we
obtained the existence of positive solutions or infinitely many positive solutions for boundary
value problems (1.3).

In [14], authors studied the boundary value system (1.1) by applying the fixed-point theorem
of cone expansion and compression of norm type. We obtained the existence of infinitely many
positive solutions for problems (1.1).

It is well known that the key condition used in the above papers is that the nonlinearity is
nonnegative. If the nonlinearity is negative somewhere, then the solution needs no longer be
concave down. As a result it is difficult to find positive solutions of the p-Laplacian equation
when f changes sign.

In 2003, Agarwal, Lii and O’Regan [2] investigated the singular boundary value problem

{ (p(y)" +a(t)f(t,y(t) =0, te(0,1),
y(0) =y(1) =0,

by means of the upper and lower solution method, where the nonlinearity f is allowed to change

(1.4)

sign.
In [8], Ji, Feng and Ge studied the existence of multiple positive solutions for the following

boundary value problem
(p(u)) +alt) f(t,u(t)) =0, te(0,1),
u(0) = in:l a;iu(&), u(l) = lbz‘u(&),

1= 7

3

(1.5)

m—2 m—2
where 0 < & < -+ < &, < 1, a;, b; € [0,+00) satisfy 0 < > a;, > b; < 1. The nonlinearity
i=1 i=1

f is allowed to change sign.
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In [9], Ji, Tian and Ge researched the existence of positive solutions for the boundary value
problem

(¢p(u/))/ + f(t’u’u/) =0, te [0’ 1]’

m m (1.6)
u'(0) = El aiu' (&), u(l) = El biu(&;).

They showed that problem (1.6) has at least one or two positive solutions under some assump-
tions by applying a fixed point theorem. The interesting points are that the nonlinear term f is
involved with the first-order derivative explicitly and f may change sign.

To date no paper has appeared in the literature which discusses the coupled systems with
one-dimensional p-Laplacian when nonlinearity in the differential equations may change sign.
This paper attempts to fill this gap in the literature.

In the rest of the paper, we make the following assumptions:

(H1) f,9€ C([0,400) x [0, +00),(—00,+0)), a; >0, 5; >0, 7, >0, § >0, (i =1,2);

(Hz) a; € C[(0,1),]0,00)] and

1 1 s
0< / a;(t)dt < 00,0 < / qui(/ a;(r)dr)ds < oo, i =1,2;
0 0 0

(Hs) f(0,v) > 0,9(u,0) >0, for t € (0,1) and aq(¢)f(0,v),a2(t)g(u,0) are not identically
zero on any subinterval of (0,1).

2 Preliminaries and Lemmas

In this section, we give some preliminaries and definitions.
Definition 2.1. Let E be a real Banach space over R . A nonempty closed set P C F is said
to be a cone provided that

(i) aue P for all u € P and all @ > 0 and

(ii) w, —u € P implies u = 0.

The following well-known result of the fixed point index is crucial in our arguments.
Theorem 2.1.[See 3-5] Let X be a real Banach space and K be a cone subset of X. Assume
r > 0 and that T : K, — X be a completely continuous operator such that Tz # x for
x € 0K, ={x € K : ||z|| = r}. Then the following assertions hold:

(i) If ||Tz|| > ||z||, for x € K, then (T, K,, K) = 0.
(ii) If ||Tz|| < ||z||, for z € OK,, then i(T, K,,K) = 1.

Let E = (0,1} xC|[0,1], then E is a Banach space with the norm ||(u,v)| = ||u||+]v||, where

lu|| = sup |u(t)|, ||v|]| = st |v(t)]. For (x,y), (u,v) € E, we note that (z,y) < (u,v) &z <

) te k)

u, y <wv. Let
K = {(u,v) € E:u(t) >0, v(t) > 0}.

K ={(u,v) € E:u(t) >0, v(t) > 0,u(t), v(t) are concave on [0,1]}.

Then K, K are cones of E.
Let K, = {(u,v) € K, ||(u,v)|| < r}, then 0K, = {(u,v) € K,||(u,v)|| =7}, K, = {(u,v) €
K, [[(u, 0)|| < 7}, ut(t) = max{u(t), 0}.
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Lemma 2.1.[See 13-14] Suppose that condition (Hz) holds, then there exists a constant n €
(0, 3) which satisfies 0 < fnl_" a;(t)dt < 00,7 = 1,2. Furthermore, the functions

Ai(t) = /nt bq; (/St ai(r)dr) ds + tl—n bgi (/ts ai(r)dr) ds, t€n,1—mnl,i=1,2

are positive and continuous on [, 1 —n]|, and therefore A;(t)(i = 1,2) have minimums on [, 1 —n].
Hence we suppose that there exists L > 0 such that A;(t) > L, t € [p,1 —1n], i=1,2.
Lemma 2.2. Let X = C[0,1],P = {u € X : u > 0}. Suppose T': X — X is completely
continuous. Define 6 : TX — P by

(Ay)(t) = max{y(t),0}, for yeTX.

Then
QoT:P— P

is also a completely continuous operator.

Proof. The complete continuity of 1" implies that 7' is continuous and maps each bounded
subset in X to a relatively compact set. Denote Ay by .
Given a function h € C[0, 1], for each £ > 0 there exists § > 0 such that

||Th —Tg|| <e, for ge X, |lg—h|l <é.

Since

(6TR)(t) — (0Tg)(1)] = [max{(Th)(t),0} — max{(Tg)(t),0}|

<|[(Th)(t) = (Tg)(®)] <e,

we have
|(0T)h — (0T )gl| < e, for ge X,|lg—h|| <4,

and so 67 is continuous.
For any arbitrary bounded set D C X and Ve > 0, there are y;(i = 1,2, -+, m) such that
m
TD C U By, e),
i=1

where B(y;, ) = {u € X :||lu — y;|| < e}. Then, for Vg € (6 o T')D, there is a y € T'D such that
7(t) = max{y(t),0}. We choose i € {1,2,---,m} such that ||y — y;|| < e. The fact
max [§(t) —7;(t)] < max |y(t) — ()],

te[0,1] te[0,1]

which implies 7 € B(Y;,¢). Hence (oT')D has a finite e—net and (0o T')D is relatively compact.
Lemma 2.3.[See 11] Let (u,v) € K’ and n of Lemma 2.1, then

u(t) +v(t) = nll(u,v)[,t € [n,1 - ).
Now we consider the boundary value system (1). Firstly, we define a mapping A : K — E:

A(u,v)(t) = (A1(u,v), Aa(u,v))(t),
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given by

o (é /Oal(u,v) al(r)f(u(r),v(r))dr)

1

[ on ([ @) o)) s 0t < oy,

Aq(u,v)(t) =
1 o (61 /01 al(r)f(u(r),v(r))dr>

B! 1(u,v)

1 s
+/t o </01(u’v) al(r)f(u(r),v(r))dr> ds,  Oiup) <t< 1

be, (& /0 72t ag(r)g(u(r),v(r))dr)

el
3 02(u,v)
[ on ([ aatrlgutnotar ) ds, 051 < o,
0 ]

AQ(U7 U)(t) = ¢q2 (5_2
72

/01 az(r)g(u(r), v(r))dr)

2(u,v)

1 s
+/t Ggo (/0 ag(r)g(u(r),v(r))dr> ds, Oy <t <1

2(u,v)
It is clear that the existence of a positive solution for the boundary value system (1.1) is equiv-
alent to the existence of a nontrivial fixed point of A in K (see for example [14]).

Next, for any (u,v) € K, define

B(u,v)(t) = (Bi(u,v)(t), B2 (u, v)(1)),

where

on (5 [ )t o)

a1

+
’ 0<t< O1(u,v)s

+/Ot b (/:uu,v) al(T)f(u(T),v(r))dr) ds

Bi(u,v)(t) =
[% (5_1 / ' ax (r) f(u(r),v(r))dr)

M O1(u,v)

+/tl¢q1</;

+

)

01 (u,w) <t<1

ay (r) f(u(r), v(r))dr) ds

u,v)
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[% (& /Offuu,v) az(r)g(u(r),v(r))dr)

a2
t 02(u,v) +
o ([ axtigtutr)ornar ) ds| 0t < oy,
0 s

By(u,v)(t) = 5y 1
o0 (— [ a2<r>g<u<r>,v<r>>dr>

V2

+
, O2(u,w) <t<1.

[ o </(> ar(r)g(u(r), v(r))dr> ds

For (u,v) € E, define T : E — K by T'(u,v) = (u*,v"). By Lemma 2.2, we have B = T A.
Finally, for any (u,v) € K’, define

F(u,v)(t) = (F1(u, v)(t), Fa(u, v)(1)),

given by

Aeow=y <51

+/tl gy (/S al(r)f‘i‘(u(r),v(r))dr) ds,  Opuw St<1

AeI0=y < N

1 s
+/ Pgs (/ a2(r)g+(u(r),v(r))dr> ds,  Oouu) St
t O2(u,v)

With respect to operator F(u,v), because of

oo (77 a0 @O) o)) 20, 0t < o,

(L,

So the operator F is continuous and Fi(u,v) (0(y,)) = 0, and for any (u,v) € K', we have

(Fi(u,0))'(t) =
a1(7“)f+(u(r),v(r))dr> <0, Oy St

u,v)

(g, (Fr(u,0))(t)" = —ar (D) f* (u(t),0(t)), ace. t € (0,1),
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and F1(u,v)(01(40)) = [F1(u,v)|. Therefore we have Fi(u,v)(t) is concave function. Sim-
ilarly, we have Fy(u,v)(t) is also concave function. Thus F(K') Cc K’', and ||F(u,v)|| =
Fy (u’ v)(al(u,v)) + F2(u’ v)(02(u,v))'

3  The existence of two positive solutions

For convenience, we set

L .
— 1=1,2
2

M; =2 [1+¢ql(ﬁ )] %(/ ai(r)dr), 0<N; <
In this section, we will discuss the existence of two positive solutions.
Theorem 3.1. Suppose that conditions (Hy), (Hz) and (H3) hold. And assume that there exist
positive numbers a, b, d such that 0 < % < a<nb<band f,g satisfy the following conditions
(Hi): f(u,0) >0, g(u,v) >0, foru+v e [db];
a

(H5): f(u,v) < ¢p1(ﬁ1)’ g(u,v) < ¢p2(Mi2)a for u—+ve [O,CL];

(He): f(0,0) > by (50, 9(0:0) > (), for utv € bl
Then, the boundary value system (1.1) has at least two positive solutions (u1,v1) and (ug,v9)
such that
0 < [[(ur, v)ll < a <||(uz, v2)[| <.

Proof. First of all, from the definitions of B and F, it is clear that B(K) C K and F(K') C K'.
Moreover, by (Hz) and the continuity of f, g, it is easy to see that A: K — X and F : K/ — K’
are completely continuous. Using Lemma 2.2, we have B =TA : K — K and B is completely
continuous.

Now we prove that B has a fixed point (uj,v;) € K with 0 < ||(u1,v1)|| < a. In fact,
V(u,v) € 0K, then ||(u,v)|| = a and 0 < u(t) + v(t) < a, from (Hs) we have

[1B1(u,v)|| = max,eqo,y [% (ﬁ /0 T ) (), m)dr)

aq
< maxiegoy max{ (24 "7 av(r)f (), v ))ar

a1

o ([ st v(r)ar ) ds,0)
>

<1 on ) (on [ atr )dr)ds) _

+

~

(u(r), v(r))dr) ds

Similarly, we get

a
1B, v)l| < 5.

Thus,

a a
1B(w, v)l| = [|Bi(w, o)l + | Ba2(u, )l| < 5 + 5 = a=|l(w,0)]|

It follows from Theorem 2.1 that
i(B, Kq, K) =1,
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and hence B has a fixed point (u1,v1) € K with 0 < ||(u1,v1)|| < a. Obviously, (uj,v1) is a
solution of boundary value system(1.1) if and only if (u,v1) is a fixed point of A.

Next, we need to prove that (uj,v1) is a fixed point of A. If not, then A(uy,v1) # (u1,v1),
ie., Ay(ui,v1) # uy or Ag(ug,v1) # vy. Without loss generality, suppose Ay (u1,v1) # w1, then
there exists to € (0,1) such that wui(tg) # Ai(u1,v1)(to). It must be Aj(uy,v1)(tg) < 0 =
ui(tg). Let (t1,t2) be the maximal interval and contains tg such that Aj(ui,v1)(t) < 0 for
all t € (t1,t2). Obviously, (¢1,t2) # [0,1] by (Hs). If to < 1, then ui(t) = 0 for ¢t € [t1,12],
and Al(ul,vl)(t) <0 for ¢ S (tl,tg), and Al(ul,vl)(tg) = 0. Thus, Al(ul,vl)'(tg) = 0.
From (Hs3) we get (¢p, (Ai(ur,v1)')(t)) = —f(0,v) < 0 for ¢t € [t1,t2], which implies that
Aq(up,v1)(t) is decrease on [t1,t2]. So Aj(uy,v1) (t) > 0 for ¢ € [t1,t2]. Hence Aj(ui,v1)(t) <0
and is bounded away from 0 everywhere in (¢1,t2). This forces t; = 0 and A;(u1,v1)(0) <
0, A1 (uy,v1)'(0) > 0. Thus, ¢p, (A1(u1,v1)(0)) < 0,¢p, (A1(u1,v1)'(0)) > 0. On the other
hand, by boundary value condition we have ¢y, (A1 (u1,v1)(0)) = %¢pl(A1 (u1,v1)(0)) and so
&py (A1 (u1,v1)(0)) >0 > ¢p, (A1 (u1,v1)(0)), which is impossible. If ¢; > 0, similar to the above,
we have 1 € (t1,t2), A1(u1,v1)(t1) =0 and Ay (u1,v1)(t) < 0 for t € (t1,t2). Hence Aq(u1,v1)(t)
is strictly decreasing on (¢1,t2). So we have Aj(ui,v1)(1) < 0,A41(u1,v1) (1) < 0. Thus,
&py (A1 (ur,v1)(1)) < 0,¢p, (A1(u1,v1)'(1)) < 0. In fact, by boundary value condition we have
pa (A1 (u1,01) (1) = =26, (A1 (ur,v1)' (1)) and 50 ¢y (A1 (ur,v1)(1) > 0 > ¢y, (A1 (ur,01)(1)),
which is a contradiction. In a word, we have u; = Aj(uj,v;). Similarly, we can get v; =
As(uq,v1). Therefore, we conclude that (uj,v;) is a fixed point of A, and is also a solution of
boundary value system (1.1) with 0 < ||(ug,v1)|| < a.

Next, we need to show the existence of another fixed point of A. V(u,v) € 90K, then
[|(u,v)]| = a and 0 < u(t) + v(t) < a, from (Hs) we have

1F1(w,0)]] = Fi(u,v)(01(u,0))

<60 (2 [ axtrrr i), o0

+ /01 o, ( / T ) f+(u(r),v(r))dr> ds

<1460 @) (s [ axtrianas) =3,

1

Similarly, we get

a
1P, v)] < 5.

Thus,
a a
1w, v)l| = [[F1(u, o) + || F2(u, )] < 5 + 5 = a =]|(w,v)]|

It follows from Theorem 2.1 that
i(F,K,,K') =1.

V(u,v) € O0Kj, then [|(u,v)|| = b. By Lemma 2.3, we have nb < u(t) + v(t) < b, for
t € [n,1 —n]. From (Hg), we shall discuss it from three perspectives.

EJQTDE, 2010 No. 79, p. 8



(i) If oyw) € n,1—mn], by Lemma 2.1, we have

2||F1 (u’ U)H = 2F1(u’ v)(al(u,v))
01 (u,v) O1(u,v)
> /0 g (/S al(r)f+(u(r),v(r))dr> ds

+/01 b </: al(r)f+(u(r),v(7"))dr> ds

1(u,v) 1(u,v)

b T1(u,v) O1(u,v)

— dr|d

wi (e ([ o))
T (Lol o))

+——= ai(r)dr | ds
Nl O1(u,v) " 01 (u,v)

b b
>—A > —1L > 2b.

(ii) If o1(u,e) € (1 = n,1], by Lemma 2.1, we have

11 (u, o) = Fi(w, 0)(01(u,0))

> /Oal(u’v) b </:l(u’v) a1(r)f+(U(r),v(T))dr) ds

> [ ([ )t venar) ds

b
=—Ai(1—-n)>—L>2b>0.
1(L=n) 2 7L >2b>
(iil) If oy(uw) € (0,m), by Lemma 2.1, we have

11 (u, o) = Fi(w, 0)(01u0)

> / b (/ a1<r>f+<u<r>,v<r>>dr> ds

1(u,v)

> ou ([ )t oteyar ) ds

> Nil /nl—n bq1 (/ns al(r)dr) ds

= N%Al(n) > N%L > 2b > b.
So we have
|| F1 (u,v)|| > b.
Similarly, we get
|| Fa(u,v)|| > b.
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Thus,
[ (w, 0)[| = [[F1(u, 0)[] + [ F2(w, 0)[| > 26 > b = [[(u, v)]]
It follows from Theorem 2.1 that
i(F, K}, K') = 0.
Thus i(F, K \ K, K') = —1 and F has a fixed point (u2,v2) in K; \ K.

Finally, we prove that (ug2,v2) is also a fixed point of A in K} \ K. We claim that A(u,v) =
F(u,v) for (u,v) € (K{\K})N{(u,v) : F(u,v) = (u,v)}. In fact, for (uz,v2) € (K;\K,)N{(u,v) :
F(u,v) = (u,v)}, it is clear that us(o1(u,v)) +va(o2(u,v)) = ||(uz,v2)|| > a. Using Lemma 2.3,
we have

pin (uz(t) +v2(t)) = n(ua(on(u,v)) + va(o2(u, v)) = nll(uz, v2)l| > na > d.

Thus for t € [n,1 — n],d < uz(t) + vo(t) < b. From (Hy), we know that fT(ug,ve) =
f(u2,v2), g% (u2,v2) = g(uz,ve). This implies that A(ug,ve) = F(ug,v2) for (uz,ve) € (Kj \
K)) N {(u,v) : F(u,v) = (u,v)}. Hence (u2,v2) is also a fixed point of A in Kj \ K, which is
also a solution of boundary value system (1.1) with a < ||(ug, v2)|| < b. Therefore, we can know
boundary value system (1.1) has at least two positive solutions (uj,v1) and (ug,vs) such that

0 < I(ur, o)l < a <|[|(uz, v2)]| <.

The proof of Theorem 3.1 is completed.

4 The existence of infinitely many positive solutions

In this section, we will discuss the existence of infinitely many positive solutions. We suppose
that
(H’2) There exists a sequence {t;}5°; such that t;y1 < t;, t; < 1/2, lim ¢, = t* > 0,
1— 00

tlir? a;j(t) =00 (i=1,2,---), and

1
O</ a;(t)dt < oo, i=1,2.
0

It is easy to check that condition (H,) implies that

1 s
0< / Oi (/ ai(r)dr) ds < 400, i=1,2.
0 0

Theorem 4.1. Suppose that conditions (H;), (Hy) and (Hz) hold. Let {n;}?, be such that
e € (trt1,tk) (k=1,2,---), and let {ag}22,, {bx}32 1, {dr}72, be such that

d
O<—k<ak<nkbk<bk, k=1,2,---.
Nk

Furthermore, for each natural number k& we assume that f, g satisfy the following conditions

(H'?): f(u,v) >0, %(uav) > 0, for ua+ v E [dk’ bk]a

(Hy):  f(u.0) < 1(5,); 9(u0) < da(5), for utv € [0,ax;
1 2
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(Ho: f(u,0) > (1), glus0) > a(35), for utv € by il
Then, the boundary value system (1.1) has infinitely many solutions (ug,vy) such that ap <
H(uk,vk)H <bg, k=1,2,---.
Proof. Because t* < tj11 < np <t < % (k=1,2,--), for any natural number k and u € K’,
by Lemma 2.3, we have

u(t) = nillull, t € [me, 1 —m]-

We define two open subset sequences {K, }2; and {K, l;k 322, of K by
K, ={ue K" :||lul| <a}, K, ={ue K :|lul| <b}, k=1,2,---.

For a fixed natural number k and V(u,v) € 0K, , then [|(u,v)|| = a and 0 < u(t) +v(t) < az,
from (Hg) we have

[F1(w,0)[] = Fi(u,v)(o1(u,v))

<0 (2 [ astr* i), o0

a1

+ /01 Sas ( / T ) f+(u(r),v(r))dr) ds

B1 ay

<1t g (] (00 [ artrrarias) =2

Similarly, we get a
k
13,0 < .

Thus,
ap A
1 (u, o)l = [[F1(w, o)l + [ Fa(w, 0)l] < 5 + 5 = ar = [|(w, )]
It follows from Theorem 2.1 that
i(F, K, ,K') =1.

V(u,v) € 0Ky, then [|(u,v)|| = by. Using Lemma 2.3, we have ngby < u(t) + v(t) < by, for
t € [, 1 —ng]. Note that [t1,1—t1] C [ng, 1 —n]. We discuss it from the following three ranges.
(i) If o) € [t1,1 —t1], by Lemma 2.1 and condition (Hyg), we have

2HF1(U7U)H = 2F1(u7v)(al(u,v))

Oamw) " ( /:““”” a1<r>f+<u<r>,v<r>>d7") *

+/01 bq </Us al(r)f+(u(r),v(r))dr> ds

1(u,v) 1(u,v)

bk; (/Ul(u,v) (/Ul(u,v) > >
> — ay(r)dr | ds
= Nl t ¢Q1 s 1( )
bk /ltl < S
+-— ) / ay(r)dr | ds
Nl < 1 (u,v) “ 01 (u,v)

by by
> EAI(O-l(u,U)) > EL > 20y
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(ii) If oy(u,e) € (1 —t1, 1], by Lemma 2.1 and condition (Hyg), we have
[E1(u, 0| = Fi(u, 0)(01(u))

> [ o ([T o) i), vlr ) ds

> [ o ([ ) @), oty ) s

1

bk 1—t1 1—t1
> E/t bq (/ al(r)dr) ds
1 s

_ b

b
= A(l —t1) > =L > 2bx > bs.
N, 1( 1)_N1 > 2by, > by,

(iil) If oy(uw) € (0,%1), by Lemma 2.1 and condition (Hy), we have

[ (u, o) = Fi(w, 0)(01 )

> / b (/ a1<r>f+<u<r>,v<r>>dr> ds

1(u,v) 1(u,v)

> [ on ( [t . olr))dr ) ds

bk‘ /1—t1 (/S i )d
> — aip\r)ar S
> [ o ([ a0

= %Al(tl) > JZ—’ZL > 2by, > by.
So we have
[1F1 (u, 0) [ > b
Similarly, we get
|| Fo(u,v)|| > bg.

Thus,
1 (u, 0)[| = [[F1 (u, 0) || + [[F2(u, 0)[| > bg + by = 20 > by, = [|(u, )]]-
It follows from Theorem 2.1 that
i(F, K}, K') = 0.
Thus i(F, K \ K, ,K') = —1 and F' has a fixed point (uy,v;) in Kj \ K, .

Finally, we prove that (uy,vy) is also a fixed point of A in Kj \ K, . We claim that
A(u,v) = F(u,v) for (u,v) € (K \ Kg,) N {(u,v) : F(u,v) = (u,v)}. In fact, for (ug,vy) €
(K{)k \Kg, )N {(u,v) : F(u,v) = (u,v)}, it is clear that ug(o1(u,v)) +vi(o2(u,v)) = ||(ug, vi)|| >
ar. By Lemma 2.3, we have

popin (i (t) + k(b)) = i (un(o1(w,0) + vrlo2(u,0))) = 0il| (s, vl > ek > di

Thus for t € [, 1 — |, di < up(t) + vi(t) < by. From (Hy), we know that fT(ug,v) =
fug,vr), 9" (ug, vi) = g(ug,v). This implies that A(ug,vy) = F(ug,vx) for (ug,vy) € (K{)k \
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K, ) N{(w,v) : F(u,v) = (u,v)}. Hence (ug,vi) is also a fixed point of A in Kj \ Ky, , which
is also a solution of boundary value system (1.1) with ay < ||(ug,vg)|| < bg. Therefore, by the
arbitrary of k, we can know boundary value system (1.1) has infinitely many solutions (ug, vy)

such that ag < ||(ug,vr)|| < bp k=1,2,---. The proof of Theorem 4.1 is completed.

5 Remarks

In the section, we present some remarks as follows.
Remark5.1.[See 11] We can provide an function a(t) satisfying condition (Hy). In fact, let

A= \/5 m ) to = o th =1 ng_l ! =1,2
f— _ = P — P p— S n P LRI
3 4] 0 167 n 0 paet (Z 2)47 ) 4y

o
Consider function a(t) : [0,1] — (0,+00) given by a(t) = Y an(t), t € [0,1], where
n=1
1 tny1+tn
MOES) aeE=mE 0<t <=5,
%’ % <t < ty,
Altn—t)2
an(t) = 1 tn_1+t
1> tn S t S %7
Alt—tn)2
2 tn—1+tn
P CES) P — 5o <t<1l
It is easy to know t; = i < %, ln —tnt1 = m (n=1,2,---), and
5o 1 21 7t 1
h = 1 pin F X 1 2 h
where ngl ~1 = gg- From n{:l -3 = %, we have
S [Lap(t)dt = 3 2 s e S B
n2::1 0 an( ) B nXZ:I n(n+1) * a nXZ:I {fw (tn*t)% ” ftn (t*tn)%
o0 1 1
=2+ % > [(tn —tnt1)2 + (tno1 — tn)Q}

Hence

/01 a(t)dt = /01 nian(t)dt - ni/ol an()dt < oo,

which implies that condition (Hj) holds.
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