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Abstract. This paper continues the investigation of solvability of product-type systems
of difference equations, by studying the following system with two variables:

a b c d
Zn = KZy_ (W, _o, Wy = Pw, 3z, »,, n &Ny,

where a,b,c,d € Z, a,p € C\ {0}, w_3,w_p,w_1,z2_p,z_1 € C\ {0}. It is shown that
there are some important cases such that the system cannot be solved by using our
previous methods. Hence, we also present a method different from the previous ones
by which the solvability of the system is shown also in the cases.
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1 Introduction

Various classes of nonlinear difference equations and systems have attracted interest of nu-
merous mathematicians (see, for example, [1-4,8-43] and the references therein). After some
starting results on the long-term behavior of solutions to concrete systems, which were usu-
ally natural extensions of some scalar equations and whose study has been essentially initiated
by Papaschinopoulos and Schinas [10-12], several authors have continued their investigation
in a few different directions (see, for example, [3,4,8,9,13,14,16,17,21-28,30-43]). One of
the directions is the classical problem of solving the equations and system and their ap-
plications [1,5-7], a topic which has regained some popularity recently (see, for example,
[2,3,15,18,20-33,35-43] and the references therein). The main ideas in our paper [18] have
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attracted some interest and have been used frequently in the last decade (see, for example,
[2,3,15,20,22,24,25,29,33,35-39] and numerous related references therein). An interesting
system, which has been treated in another way and is motivated by the system in [23], can be
found in our recent paper [31].

Having studied the equations/systems which are obtained from the product-type ones
by acting on their right-hand sides by some standard operators (usually the translation or
max-type ones, see, for example, [19] and [34] and the references therein), we have turned
to the product-type systems, but on the complex domain. The case of positive initial values
is essentially known since the corresponding theory is based on the theory of linear differ-
ence equations with constant coefficients which is one of the basic and classical ones [1,5-7].
An interesting max-type system of difference equations has been reduced to a product-type
system of this type in [21] and solved essentially by using the theory. However, there are
several problems in dealing with difference equations and systems on the complex domain.
One of them is that many basic complex functions are multi-valued. Hence, the product-type
systems whose initial values are real or complex are of some interest. Another problem is
that the transformation methods similar to those ones in [3,15,18,20,22,24,25,29,33,35-39],
cannot be easily used for the case of product-type systems on the complex domain, unlike
the case of positive initial values. Recently, we have noticed that some product-type systems
are solvable on the complex domain (see [28,32,40]). It can be immediately noticed that the
systems in these three papers do not have arbitrary multipliers. Soon after that it was shown
that two multipliers can be added to the system in [32] so that such obtained system is also
solvable [41]. The motivation for adding multipliers stemmed from previously published pa-
per [26]. Three other related product-type systems have been studied recently in [30], [42] and
[43]. Product-type equations have appeared recently also in [29], where can be found several
methods and tricks for solving difference equations. What is quite interesting in the research
of product-type systems of difference equations of the form in [26,30,41-43] on the complex
domain, is the fact that there are just a few cases of solvable ones in closed form, which is con-
nected to the impossibility of solving polynomial equations which are of degree five or more.
Of course, there are many product-type systems which are theoretically solvable. However,
for these systems we only know the form of the formulas for their general solutions, but do
not have explicit (closed form) formulas for them. Thus, the problem of finding all practically
solvable product-type systems is important.

If k and I are two integers such that k < [, then j = k,I denotes the set of all j € Z such
that k <j <. Also, as usual, we regard that Zf-zs ; =0, if t < s, and where {; are some real
or complex numbers.

Continuing our previous investigations on product-type systems of difference equations,
especially the ones in [26,30,41-43], here we will consider the following system:

zZn = azp qwh o, wy = Pwh 328 ,, 1 €Ny, (L1)
where parameters 4, b, ¢, d are integers, while parameters & and § and initial values w_3, w_»,
w-_1, z_2, z_1 are complex numbers.
If some of the initial values w_;, i = 1,3, z_ j» ] = 1,2, are equal to zero and min{a,b,c,d} <
0, then such solutions are not defined. Hence, of a much greater interest is the case when for
the initial values of system (1.1) the following relations hold:

w_i#0, i=13 and z_;#0, j=12 (1.2)

Therefore, the case will be considered in this paper. If « = 0 or f = 0, then in the case
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min{a,b,c,d} < 0, appears the same problem. Hence, we will also assume that « # 0 and
B #0.

Our aim is to prove the (practical) solvability of system (1.1) under above posed conditions.
A bit surprisingly, we show that the methods applied in papers [26,30,41-43] cannot be used
in dealing with the problem of solvability of the system in all the cases. For this reason we
devise another method which will help in solving the problem.

2 Main results

The main results concerning the solvability of system (1.1) are presented in this section. Five
theorems are proved. Some results give closed form formulas for solutions to system (1.1),
whereas the others present methods for getting the corresponding closed form formulas. The
first theorem deals with the case ¢ = bd = 0, the second with the case b = 0 # ¢, the third
with the case d = 0 # ¢, the fourth with the case ac # bd # 0, and the fifth with the case
ac = bd # 0.

Before we state the results, note that

zo = az® jw’,, wy = puc 4z,
z1 = a2 Wt wy = Bz, (2.1)
Z = al—i—a—&-a ‘Bbzbd z% 1wb Bwu bwab Wy = Dédﬁza,dlwb_dzwc,l,

and that from a, p € C\ {0}, w_3,w_p,w_1,z2_3,z_1 € C\ {0} and the equations in (1.1) we
get

z, 720, n>-2, and w, #0, n > —3. (2.2)

Theorem 2.1. Assume thata,b,d € Z,c =0,bd =0,a,p € C\ {0} and w_3, w_p, w_1,z_2,z_1 €
C\ {0}. Then the following statements hold.

(a) If a # 1, then the general solution to system (1.1) is given by the following formulas

1—q"t1 1-a"—1 a1 n—1
zp = 1o B 2wt Wb, (2.3)

and

—u”71 n—
wy = [Xdl 1-a ﬁ dal 1’ (24)
forn > 2.

(b) If a =1, then the general solution to system (1.1) is given by the following formulas

zy = "Bz 0t ywt (2.5)
and
w, = a0z (2.6)

forn € IN.
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Proof. First note that in this case (1.1) is

Zn = QZj Wy, Wn = PZy_y, 2.7)

for n € Ny.
Using (2.7) and condition bd = 0, we get

b.a
Zn = &f’zy 4,

forn > 2.
Thus

n—1

zn = ()57, 2.8)

for n > 2, which along with (2.1) yields

-2 i -
2w = ()50 7 (@1 2wy )"

n i by 24 n+l n n—1
= aZ;:o“ ﬁ; Z%:Oa Z?—l ZU??ZZUéﬁl ; (2‘9)

for n > 2. Note that (2.9) holds for n = 1 and a # 0, too.

From (2.9) it easily follows that (2.3) holds if a # 1, whereas (2.5) follows immediately by
taking a = 1.

From (2.7), (2.9) and bd = 0, it follows that

dyj o plbd Sl A a2 g

’a)n:a -1

n—2 _j n—
= ldej:(J alﬁz‘ﬁll 1, (210)

for n > 4. In fact, (2.10) holds for n > 2, and even for n = 1, if a # 0 (see (2.1)).
From (2.10) is easily get that (2.4) holds if a # 1, whereas (2.6) immediately follows by
taking a = 1 in (2.10). O

Theorem 2.2. Assume that a,c,d € Z,b =0 #c, a,p € C\ {0} and w_3,w_p,w_1,z_3,z_1 €
C \ {0}. Then system (1.1) is solvable in closed form.

Proof. First note that in this case (1.1) is

Zn = QZp_q, Wy = 5w;_3zﬁ_2, (2.11)
for n € Ny.
From the first equation in (2.11), we get
2y = ali07 2, (2.12)
for n € Ny, from which we have that
Zn = a2 (2.13)

ifa #1, and
z, = a2z 4, (2.14)

if 2 = 1. Note that formula (2.12) also holds for n = —1 if a # 0.
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Employing (2.12) in the second equation in (2.11), we get

d Z]n 2al Zda wc

Wp = ﬁa 1 n—3s

for n > 2, and consequently

N dzﬁarf*z Al _qgdnti-1_
Wani = Pa 70 TZT W g4
fornre Nandi = —-1,0,1.
From (2.16) we get
o AXST A gdn+icl dynii=Sal_ggdn+i-4 . c
Wapti = po ==0 "z (Ba" =m0 T28 Wi, g)4)
Bn+i=2 gj 3n+i=5 ;j g 3n+i-1 3nti-4 2
_ 514-5“(12}:0 a +dCZJ:O a Z{ﬂzl”*‘ +dca®t we

3(n—2)+i’
forn>2andi=—-1,0,1.
An inductive argument along with (2.16) shows that
n—j)+i— k=1 j 3(n—j)+i—1
. Zklcj dzkldz j)+i=2 ] dz lel k
Wapti = P70 =0 Z_4 WS () 4ir

foreveryn > kand i = —1,0, 1.
By taking n = k in (2.18) we get

1
Cj d):f (}C]Z n—j)+i— Zu]ZdZ” c]a 3(n—j)+i-1

an
p= 0

— C
W3p+i = wi ,

foreveryn € Nandi = —-1,0,1.
From (2.19) and (2.1) it follows that

PO T L AT

W3p—1 = w4,
-1 -1 i —j)— n—1 .j 3(n—j)—1
Lyl dzrf_lcfﬁﬁn D=2 4 dz-zoca g et
W3y, = P70 Tt Hi=0 © im0 z (B 4z%,)°
J d n—1j (n—j)-2 l dZ" 15]” (n=j)-1 n_ontl
= pro° T /i Z_4 25wy,
and
n=1j,3(n—j)
_ En 1C] dzn C]Z -1 1 dz Cll c d o
W31 = B0 j=0 = H= (Bw,z%,)
n_ d i 14 dz" i)
— '32, o€ Zj c Z] w <,
for n € IN.
Case c # 1 # a® # c. From (2.20)—(2.22) we have
=t gynd o 1=a®n =372 dZ" 1cfa (n=j)=2
W3p—1 = Teca =0 1-a Z1 W,
1_ct o d 1-c" ”3n_cn ad“
— ﬁ 1,‘75 alfa( 1—c a 3¢ )Zil a°—c wc_nl
1 (a3 —c+(c+ata?)(1—a)c" +(c—1)a>"+1) uda3”—c” ;
= ﬁ T—c i (1-a)(1—c)(a3—c) z 4 a3—c C—l/

(2.15)

(2.16)

(2.17)

(2.18)

(2.19)

(2.20)

(2.21)

(2.22)

(2.23)
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1
Ll gy il 331 Y, clg3n=i)-1 dehentl

Wi =p a0 ez ) W3
_ntl d [1—c o gBn_cn 2 a3"—c"
— ﬁl 1Cjc “ﬂ( lfc —a %)Zid ad—c dC cntl
3 2 n 3n+2
1_cntl d(a®—c+(c+ac+a=)(1—a)c" +(c—1)a ) Zda T e
= [B T-c (1—-a)(1—c) (a3 —c) )Z_] a’—c lﬁf 73 ,
and
1+l dZ” 1ojl= 2313 dz” ol g3(n=j) o+l
W3n+1 = ‘B T—c 1—-a 71 w_2
3n+3_ n+1
1_en+l  d 1-c" 3 3n7cn 44 —c 1
— C,C lxl—n( 1—c Pc I )Z_l a3—c cj;
3 3y n+1 3n+3 3n+3_ n+1
1+l d(a®—c+(1—a°)c +(c—1)a )y d& c 1
= ‘B 1= o (1—a)(1—c)(a3—c) z_, a3—c wc_”;f ,
for n € IN.
Case ¢ = a®> # 1. From (2.20)-(2.22) we have
17,13;1 -1 43j 1 3132 d):n 1 43j g8(n—j)—2
_ dz ]7 31
w?ﬂl*l - ,B 1-a3 = Z—l w_l

13 d(1—a%" —n(1-a%)a%"—2)
—Braa  0a0d) e

1—a3”+3
— —a3 1-
w3y, = P 1 zZ_4
1_g3n+3  d(1—a"—n(1-a3)a3" 1)

=B 1A g God) ety

-1

and

1—g3n+3
W3py1 = p 17 ,

1_g3n+3 d(l—(n+1)a37’ +nadn+3)

Case ¢ # 1 = a. From (2.20)—(2.22) we have

1-c"

B AT I Bn=))=2) A=

W3p—1 = -1

—c" d((3n—2) 11’°C —

n d(3n—2—(3n+1)c+2c”+c”+] 1—c
L 2 45
= ﬁ 1-c (1=c) Z*l

(1—a)(1—a3) Z‘i({l+1)a3n

3n—-2 a3n

w,

dzn 1,3j1-a%"= 31 ! b3 a%ad3n=)) ]Zd 3 g3n+3

wl;

daBn u3n+3
—2 W_3 ,

Zn 1,31= 11311” 3j dzn 231 g3(n—j) 233
zZ w

-2

a3n+3

wl, , nmelN

Cil
-1

1—nc" =14 (n—1)c" 1-c"
Jc—F— 0 —— diS
(1-0)? z iic wcnl

ﬂadi}';(}cf(s'(n—j)—l) al= e e

W3y = p 1 21 ZoW.3
_ -1 _ n
1_ch+1 d((371—1) 11_Cc CM 1-c n n+1
_ o - 1-02 T—c dc
— ¢ (1=c) Z.1 ZW_j3
Lt dBn=1-(@n42)ete 42t =< e i
= ’B T-c (1-¢)? z 1 < w 3

(2.24)

(2.25)

(2.26)

(2.27)

(2.28)

(2.29)

(2.30)
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and

-2
1 1) n+1
1l 34 1" 4 (n—1)c dl=c 1
S =" (s e (1-0)? )2_1176 ZUC_nZ+
_ 1 +1
1 ntl gt (n41)c+c"t dl—c” nal
— 1-c (1_5)2 Z_.117C w(iz ’ n e N-

Case 1 # ¢ # —1 = a. From (2.20)—(2.22) we have
_ d 11:1 j(—1)3(m—j)-2
Wan_1 = BEI0 ¢ T ¢ 5l - 1)’27?70 (1)

_ 1—(~1)3(n—j)—2 iy l=(=o)"
_ /311 1= N, ! Cj)fzd( D" =5 W

d~———
1+c C
T+c )Z 1 w 1

n d(+c—(1—c)(=1)"—2c" 1) g 0=

= ‘B T-c 2(1—c2) Zil 1+c wi”l/

‘BZJ Oc] dE” C’Z[ 2(71)12112}1;01Cj(71)3(”*]‘)’1 o
-1

Z_zw_

C»1+1
3

11— (—1)3(n—j)—1 1 1—(=c)
_ 18171{1:1 lxdz;? Olcfl(l)fzd(l_l)n 1 1(+CC) e "w n3+1
el o 1 (—c) - (="
= ! lcfc “g(llfc +(_1)n 1(+CC> )Zil 1+c Z(Eﬁ;wc_’l’;l
1ol dlrer(1-qgCDT-2eh) G- ontl
:/3 T 2(1-c2) z T+e chzw .
and
j ~1 jy3(n—j)-1 I dZ” d (—1)3(—) 1
— g0 A T (=) A= ot
W3pq1 = P07 & =0 7 =1=0 1 w®,
el AT jl=E3TD gy ()i
=p Ljo O g et
L+l dQe=(1—o) (=1 —2cF1) dc"+1 ot
2 c
= ’B T-c 2(1—c?) _1 1+c S,
for n € IN.

Case ¢ = 1 # a. From (2.20)—(2.22) we have
n 11-g (n /) -2 dzn 1 3(n j)—2
way—1 = B a4 =0  z_ ) w_1

@ —ain(1-a3)) ad”S;*l
= ﬁ”a (1-a)(1—a3) 271“ Tw_q,

3(n—j)—1 dz}jl:—ola3(n—j)—1

_ gl AN Fh— d
w3, = P =z z8 w3
d(@ 22 4 n(1-43)) azda3"71
Y T 3_
— an-i-l[X (1—a)(1-a3) Z,l a3-1 Z{Zw—3/

and

311] d n —
1 dzn 11— a E
W3n 41 —;Bn

d(u3”+3—(n+1)a3+n) da3"+3—1

=gty e g BT gy,

(2.31)

(2.32)

(2.33)

(2.34)

(2.35)

(2.36)

(2.37)
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for n € IN.
Case c = a = 1. From (2.20)—(2.22) we have
Way_1 = ﬁnlxd ?;(]1(3(”—j)—2)zdrzlw_l

n(3n—1)
= g 2wy, (2.38)

n—1 AN
Wsy, = ﬁ"+ladzf:0 (B(n—j)—1)_dn d2

2 z% w3
= ﬁ”*lad@z‘ﬂz‘izw%, (2.39)
and
Wayyq = e T (D) A0y,
_ ﬁn+1a3dwzﬂiql+l)w72, (2.40)
for n € IN. O

From the proof of Theorem 2.2 we see that the following corollary holds.

Corollary 2.3. Consider system of difference equation (1.1) where a,c,d € Z, b =0 # ¢, a,p €
C\ {0} and w_3,w_n,w_1,2_2,z_1 € C\ {0}. Then the following statements hold.

(a) If c # 1 # a® # c, then the general solution to system (1.1) is given by formulas (2.13), (2.23)-
(2.25).

(b) If c = a3 # 1, then the general solution to system (1.1) is given by formulas (2.13), (2.26)—(2.28).
(c) If c # 1 = a, then the general solution to system (1.1) is given by formulas (2.14), (2.29)—(2.31).

(d) If 1 # c # —1 = a, then the general solution to system (1.1) is given by formulas (2.13), (2.32)—
(2.34).

(e) If c =1 # a, then the general solution to system (1.1) is given by formulas (2.13), (2.35)—(2.37).

(f) If c = a =1, then the general solution to system (1.1) is given by formulas (2.14), (2.38)—(2.40).

Theorem 2.4. Assume that a,b,c € Z,d =0 # c,a,p € C\ {0} and w_3,w_p, w_1,2_2,2_1 €
C \ {0}. Then system (1.1) is solvable in closed form.

Proof. Since d = 0, system (1.1) is
zn = az’_wh o, w, = pu s, (2.41)

for n € Ny.
Second equation in (2.41) yields

Wanti = PW3(_1)4ir (2.42)
for n € Ny and i = 0,2, from which it follows that

noof n+1
Wi = 0wl 5, (2.43)
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forn € Npand i =0, 2.
Hence, from (2.43) we have that

W3y = P 1-¢ wi 3, (2.44)
for n € Ng and i = 0,2, when ¢ # 1, whereas
Wanti = B wis, (2.45)

forn € Npand i =0,2, when ¢ = 1.
By iterating the first equation in (2.41) in variable z twice, we get

_ a b a..b
Zn = (X(DéZn an,3) Wy—2
_ 1+a a2 ba b

- Zy—2Wy_3Wy 2

1+a( a b ba b

= XZy _3Wy 4) wn 3wn 2

14-a+a? ba ba

_ b
= Wy _3Wy ZZn 37

for n > 2, from which it follows that

_ o d4a+a® ba ba b a
Z3n =& W3y 4W3, 3W3y 225, 1) (2.46)
_ o d4a+a® ba ba b a
Z3nt1 = K& 3n—3W3n W3, 123(n 1)+1 (2.47)
_ 1+a+a? ba ba b
Z3n42 = & W3y 1w37l23(n 1)+2° (2.48)

By iterating relations (2.46)—(2.48) in variable z and using an inductive argument similar to
the one in the proof of Theorem 2.2, is obtained

a3(”*j*1)

_ = 1+a+u ba, b
j=
3 12 1 1 b b . 23(n—=j-1)
_ +a+a®, ba a
Z3n41 = 21 (zx w3 w3]+1w3]+2> (2.50)
j=0
g3(n+1) K 1+a+a? ba bu b a0
j=0

for n € Ny.
Using formula (2.43), along with the first equation in (2.41) with n = 0, 1, into (2.49)—(2.51),
we get

23110“] ba? En 1C]ﬂ (n=j=1) bz" cda 3(n—j) baczn lclg (n—j-1)
w w w
-1 -2

Z3y -3
n—1 j 3(n—j—1) 2\ yn—1 3(n—j-1) y/=1 i 3441
% ‘Bb(l-i-a) Z]:O ca +b(1+(l+ﬂ )ijo a 21:0 ¢ Zu—l , (252)
. a23n+1 g b ):7:0 3= wba ):]{1:0 ol a3n=9) wbazc Z]”;Ol cig3(n=i—1)
3n+1 = W_q -2 -3

2y yn—1 3(n—j-1) ] i 3p+2
% ﬁb(1+u+a pany Yioc L (2.53)

_1 7
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Z3n+2a] ba):” c/a3n=) ba Yo dJad3(n=) bc):” dJad3tn=))

Z3p42 = A0 _2 _3
x BrLi-o Ja ) +b(1+a+a?) Tiga’" ) Ef:éclz”f;wn, (2.54)
for n € Ny.
From formulas (2.52)—(2.54), similar to the proof of Theorem 2.2, are obtained closed form
formulas for subsequences (z3,+i)neN,, | = 0,2, in all possible cases, which is omitted. ]

Theorem 2.5. Assume that a,b,c,d € Z,ac #bd #0,a, € C\{0}and w_3,w_p,w_1,2_2,2_1 €
C \ {0}. Then system (1.1) is solvable in closed form.

Remark 2.6. Before we prove Theorem 2.5 we want to explain why the method which was
successfully used in [26,41-43] fails for the case of system (1.1). Namely, note that (2.2) holds
so that (1.1) yields

wh_, = “ZZZ”l, (2.55)
and
w? = prwte 420, (2.56)
for n € Npy.
Combining (2.55) and (2.56) we get
Znio = &' B2 26 2 (2.57)
for n € Npy.
Letd = ocl‘C,Bb,
m=a b;=0, ¢cg=c¢, di=0bd—ac, (2.58)
=1L (2.59)

Then by using the procedure in [26,41-43], it is obtained that

" by d
Znsz = 02 o 2 Z (2.60)

for k,n € N, wheren > k—1, and

A = aag_1 + b1, b = biag_1 +cr_q, 2.61)
cx = C1ag—q1 +dx—1,  dp = diag_q,

Yk = Yk—1 + k1. (2.62)

Setting k = n + 1 in (2.60), using (2.1), (2.61), (2.62) and by some calculation, is obtained

a b c d
Zn+2 — §yn+l Z]n+1 Zon+1zl11rlz_nz+1

4

— ,wasfcynﬂ'Bbynﬂz(b;l—uc)an Zan1+3wba£+2wbu{,+1 (2_63)
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for n € No.
From (2.61) it easily follows that a; satisfies the following difference equation

ax = a1ax_1 + biax_o + c1a_3 + d1ax_a, (2.64)

for k > 5. Since equation (2.64) is a linear difference equation of the fourth order it can be
solved in closed form. From this, since yx = 1+ Z;:ll aj, and since the last sum can be
calculated in closed form (due to the special form of ay, see, e.g. [1,5,7]), using (2.63) is proved
the solvability of equation (2.57).

We also have

Zy o = , (2.65)
"2 pw;,_5
and
24 = a8zl (2.66)
for n € Ny.
Combining (2.65) and (2.66) we get
Wo = o B0y g _qwi (2.67)
for n € Ny.
As above, from (2.67) we get
b d
W2 = WL W, W0 (2.68)

for every k,n € N such that 1 < k < n+ 1, where 1 = 2?8177, sequences (ax)ren, (br)ren,
(ck)kens (di)ken satisfy (2.58) and (2.61), whereas sequence (i )ren satisfies (2.59) and (2.62).
For k = n + 1, equation (2.68) along with (2.1), (2.61) and (2.62) yields

b d
Wpio = ﬂyn+1w‘;n+1w0n+lwc11{rlw 142+1

_ “d}/n+1ﬁyn+3—ﬂyn+zzd(§n+2 aam)zdalmwC(ngfaam)

a aa a aa
X W nir4 n+3w n+3— n+2’ (269)

for every n € Ny, from which the solvability of equation (2.67) follows.

However, although (2.63) and (2.69) are solutions to equations (2.57) and (2.67) respectively,
a direct check easily shows that they are not solutions to system (1.1). Namely, note that w,
depends, among others, on initial value w_3 if ¢ # 0, which is not the case with z,,, from which
the claim easily follows along with the equations in (1.1). Such a situation has not appeared
in our previous papers on the topic so far (see [26,41-43]). Hence we need an alternative
approach in dealing with the solvability of system (1.1).

Proof of Theorem 2.5. From the first equation in (1.1) and since z; depends on all the initial
values w_3,w_p, w_1,z_3,z_1 (see (2.1)), a simple inductive argument shows that z,, depends
on these initial values for each n > 2, while from the second equation in (1.1) and by a simple
inductive argument is obtained that w, also depends on all these initial values for each n > 4.
Hence, z, and w, can be written in the following form:

zp = o Bz, Z W 3wd L™, (2.70)
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forn > —2, and

_ u v Xy :B" Tn Jn n
wy = o przz wwrw™,

forn > —3.
Employing (2.70) and (2.71) in both equations in (1.1) we get
zw = w(or Bz 2w o )"

Up—2 QUp—2 %n—2 Bu—2_ Yu-2., 0n-2, Hn-2\b

X (atn=2 pn=2z7 277 2y 2™ 2w )
ax,_1 +bun,z+113ayn,1+bvn,zzllﬂn71 +hﬂénfzzﬂbn—1 +bBn—2

-2 -1

% wa_C§71 +bvn-2 wa_dé/l—l +bdy—2 w”ie;—l +b77n—2’

=K

forn > —1, and
_ Up—3 QUp—3 ~Xn—3 ﬁn—S Yn—3.,0n-3, Mn-3\c
wy = a2 pr3z ) 22w P w ™ w )
Xp—2 o n—2.bu-2_ cn2_ dn2_ en-2\d
x (a2 B2z 2zt tw Mty fw )
_ ‘xdxil—2+cun—3Iden—2+Cvn—3+1zt?2”*2+can73Zdbn*2+clg’7*3

-1

X wicg—2+c7n73 wid£1—2+C5n—3w‘i_eiz—2+cﬂn—3/

for n € Ny.

(2.71)

(2.72)

(2.73)

From (2.70)-(2.73) it follows that sequences xy, Yy, an, bu, cu, dn, €n, Un, Vn, &n, Br, Yn, On,

1, satisfy the following systems of difference equations

Xy = axy—1 +buyo+1,  uy, =dx,_o+cu,_3,

Yn = ayn—1+boy 2, Un =AYy +cvp3+1,
Ay = aay_1 +bay 2, &y = day_o + cay_3,
by = ab,_1 +bPy_2, Bn = dby,_2 +cBn_3,
Cn = acy—1+byn-2, Yn = dcp—2 + CYn-3,
d, =ad,_ 1+ bd,_», by =ddy_p+cdy_3,
en = aey—1 + bipn—2, n = dey—2 + cljy—3,

for n € Ny, and the following initial conditions

u3z=0 wv3=0 a3=0 pf3=0 g3=1  63=0,
Xx2=0, yo2=0 a,=1, b, =0, c,=0, d,=0,
Uu_=0, v,=0 a,=0 pfo2=0 F2=0 J,=1,
x1=0 y1=0a1=0, b_1=1, c.1=0, d,1=0,
u_1=0, wv17=0 a1=0 pf1=0 1=0 6_1=0,

Note also that from (2.74)—(2.85) it follows that

X():l, yOZO/ EIO:O, boza/ C():O, d():b/
1/[0:0, Z)0:1/ lXO:d/ ,BOZOI Yo = ¢, 50201
x1=1+4a, y1:0, a; =0, blzaz, c1 =0, di = ab,

ulzol 01:11 “1:0/ ,Blzd/ ’Yl:O/ (Sl:CI

n-3 =0,
e_»=0,
-2 =0,
e_1 =0,
n-1=1
eo =0,
1o =0,
e1=0>b,
m=0,

(2.74)
(2.75)
(2.76)
(2.77)
(2.78)
(2.79)
(2.80)

(2.81)
(2.82)
(2.83)
(2.84)
(2.85)

(2.86)
(2.87)
(2.88)
(2.89)
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which matches with (2.1).
Since d # 0, then from the second equation in (2.74) is obtained

xniz — M, n E NO.
d
By using (2.90) in the first equation in (2.74) we easily get

Upio = AUyyq + clly 1 + (bd — ac)u,—p + d,

for n € Ny
Also from the second equation in (2.75) is obtained

Uy — CUp—3 — 1
yn_zz%, nENO

By using (2.92) in the first equation in (2.75) we easily get
Upta = A0y41 + c0y_q + (bd — ac)v,—p +1—a,

for n € INy.
From (2.76)—(2.80) is similarly obtained

Ky — Cly_3

g = ——F—

b o ,Bn - C,an?)

n—2 — ?/

~ Tn —CYn-3

C2 =

(Sn - C(Snf?)

dy_p = -3
n—2 d

ey_n = %,

for n € Ny, and

Qpyp = Alyi1 + cy—1 + (bd — ac)ay, o,
Bni2 = aPui1 +cBn-1+ (bd —ac)B, 2,
Yn+2 = AYnt1 + Cyu—1 + (bd — ac)yn—2,
Ont2 = ady11 + €y—1 + (bd — ac)d,_o,

Mnt2 = alfus1 + cfu—1 + (bd — ac)ign—2,

for n € INy. Note that (2.91), (2.93), (2.99)-(2.103) hold also for n = —1.

13

(2.90)

(2.91)

(2.92)

(2.93)

(2.94)
(2.95)
(2.96)
(2.97)

(2.98)

(2.99)
(2.100)
(2.101)
(2.102)
(2.103)

At this point it is important to note that all the transformations that we have just done
transform systems of difference equations (2.74)—(2.80) into equivalent ones. Therefore, the

sets of solutions of the original and transformed systems are the same.
Let on the space of all sequences (f,),>_» be defined the following linear operator

for n € Ny.

(2.104)
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Then from (2.91) we have that L(u,) = d, n € Ny, from (2.93) we have that L(v,) =1 —a,
n € Ny, while from (2.99)-(2.103) we have that

L(an) = L(Bu) = L(vn) = L(0n) = L(a) =0,

for n € INjy.
Since the linear difference equation

L(t,) =0, (2.105)

is of the fourth order it is solvable in closed form, so that the sequences ay,, By, Yn, On, #1n, can
be calculated explicitly, by using the corresponding initial conditions in (2.82)-(2.89). Using
such obtained formulas for a,, By, Yn, 6n, s, in equations (2.94)—(2.98) respectively the closed
form formulas for a,, by, cu, dyn, €,, are found. Beside this, the following nonhomogeneous
difference equation

L(t)) = f, (2.106)

where f is a constant is also solvable, since it is well-known that a particular solution to the
equation can be found in the following form

ty = Co + E1n + Con® + E3n° + eqn?,
for some constants ¢;, j = 0,4 (see, e.g., [1,7]). Hence, equation (2.106) can be solved for f = d
and f = 1 — a respectively. From this and by using the corresponding initial conditions in
(2.82)—(2.89) are found the corresponding closed form formulas for the sequences u, and v,
respectively. Using such obtained formulas for u, and v, in (2.90) and (2.92) respectively, we
get closed form formulas for x,, and y, respectively. Finally, using the obtained formulas for
these fourteen sequences in formulas (2.72) and (2.73) are obtained closed form formulas for
solutions to system (1.1), finishing the proof of the theorem. O

Remark 2.7. Since ac # bd equations (2.105) and (2.106) produce solutions not only for
n > —2. Namely, from (2.105) we have that

tpyo — Aty —Clyq
th_o = 2.107
n—2 bd — ac s ( 0 )

while from (2.106) we have that

f _ tn+2 - atn—i—l —Cly1— f
n-2 bd — ac ’

(2.108)

from which ¢, can be calculated for all negative indices if initial values t_»,t_1,ty and t; are
given. Consequently, sequences X,,, Y, An, by, Cn, n, €n, Un, On, &n, Bu, Yn, 6n, n appearing in
the proof of Theorem 2.5 can be also calculated for every n € Z. Hence, formulas (2.72) and
(2.73), among others, hold also for n > —2, that is, n > —3, respectively.

Remark 2.8. The case b # 0 is treated similarly/dually. Namely, from the first equation in
(2.74) is obtained

Xy —ax,_1—1

: , 1€ Ny. (2.109)

Up—2 =
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By using (2.109) in the second equation in (2.74) we easily get
Xpi2 = AXp41 + cxp_1 + (bd —ac)x,—2 +1 —c, (2.110)

for n € Ny.
Also from the first equation in (2.75) is obtained

0y 5 = y%fy‘l n € Np. 2.111)
By using (2.111) in the second equation in (2.75) we easily get
Ynt2 = AYpi1 + Y1 + (bd —ac)y,—» +b, n € No. (2.112)

From (2.76)—(2.80) is similarly obtained

ay — ady—1

Kp—n = T, (2113)

b, —ab,_
Bn_a = ”Tl (2.114)

Cp — AC,_
Tu-a = ", (2.115)
Sun = d”_bad”_l, (2.116)

en — ae,_
oz = (2.117)
Ayip = Ay + cay—1 + (bd — ac)a,_o, (2.118)
byio = abyq + cby—1 + (bd — ac)b,_», (2.119)
Cnia = ACpy1 + ccy1+ (bd — ac)cy—», (2.120)
dn+2 = ﬂdn+1 + Cdnfl + (bd — ClC) n—2s (2121)
ent2 = deyt1 + cey—1 + (bd —ac)e, o, (2.122)

for n € Ny.
From (2.110) we have that L(x,) = 1 —c, n € Ny, from (2.112) we have that L(y,) = b,
n € Ny, while from (2.118)—(2.122) we have

L(ay) = L(by) = L(cy) = L(dy) = L(ey) =0, 1 € No.

From these equations as in the proof of Theorem 2.5 it is showed that closed form formulas
for x,, Yu, an, by, cu, du, ey, can be found, from which along with (2.109), (2.111), (2.113)—(2.117)
are obtained closed for formulas for u,, v,, &u, Bu, Yn, 6n, fn, from which the solvability of
(1.1) also follows under the conditions of the theorem.

The next theorem deals with the case ac = bd # 0.

Theorem 2.9. Assume that a,b,c,d € Z,ac =bd #0,a, € C\{0}and w_3,w_p, w_1,z_2,z_1 €
C \ {0}. Then system (1.1) is solvable in closed form.
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Proof. First note that in this case equalities (2.74)—(2.103) also hold. Since ac = bd and ¢ # 0,
we specially obtain

Uyt = AUpyq + Clly 1 +d, (2.123)
Upt2 = A0y +C0y 1 +1—a, (2.124)
Kp+2 = Ap41 + Chy—1, (2.125)
Bri2 = aBu+1 + cPu-1, (2.126)
Yn+2 = AYn41 + CYn-1, (2.127)
Ont2 = adpy1 + coy1, (2.128)
Mn+2 = Afp41 + Clp—1, (2.129)

for n € Ny, while operator L defined in (2.104) becomes
L(tn) = tpyo —atypq — cty—1.

Now difference equation (2.105) is of the third order, so it is solvable in closed form.
Hence equations (2.125)—(2.129) can be solved, so that the sequences &y, Bn, Y, On, n, can
be calculated explicitly, using the corresponding conditions in (2.82)—(2.89). These formulas
along with (2.94)—(2.98) yield formulas for a,, by, ¢, dy, e,. Further, difference equation (2.106)
is also solvable, since a particular solution to the equation can be found in the following form

th = (dAo + din + don® + 6{3713),

for some constants dAj, j = 0,3. Specially, it is solved for f = d and f = 1 — a, which gives
formulas for the sequences u, and v,, and consequently closed-form formulas for x,, and y,.
Using such obtained formulas in (2.72) and (2.73) we get formulas for solutions to system
(1.1), in this case. O
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