Electronic Journal of Qualitative Theory of Differential Equations
2011, No. 43, 1-11; http://www.math.u-szeged.hu/ejqtde/

STABILITY IN NONLINEAR NEUTRAL DIFFERENTIAL EQUATIONS WITH
VARIABLE DELAYS USING FIXED POINT THEORY

ABDELOUAHEB ARDJOUNI AND AHCENE DJOUDI

ABSTRACT. The purpose of this paper is to use a fixed point approach to obtain asymptotic stability
results of a nonlinear neutral differential equation with variable delays. An asymptotic stability
theorem with a necessary and sufficient condition is proved. In our consideration we allow the
coefficient functions to change sign and do not require bounded delays. The obtained results improve
and generalize those due to Burton, Zhang and Raffoul. We end by giving three examples to illustrate
our work.

1. INTRODUCTION

Since 1892, the Lyapunov’s direct method has been successfully used in establishing stability
results for a wide variety of ordinary, functional and partial differential equations. Yet, there is a
large number of problems which remain unsolved. Particularly, the application of this method to
problems of stability in differential equations with delay has encountered serious obstacles if the delay
is unbounded or if the equation has unbounded terms [2 — 4]. Recently, investigators such as Burton,
Furumochi, Zhang, Raffoul and others concentrated on new avenues and began a study in which they
have noticed that some of these difficulties vanish or might be overcome by means of fixed point theory
(see [1 —13,15]). Not only the fixed point method solve problems on stability but has interesting
features of averaging nature while the Lyapunov’s conditions are usually pointwise (see [2]).

With this in mind, we consider, in this paper, the nonlinear neutral differential equation with

variable delays
t)=—a@)xt—m () +tct)d t—72(t)+Gt,z(t—T71(t),x({t—72(t)), (1.1)
with the initial condition
x(t) = (t) for t € [m(tg),to],
where ¢ € C ([m (to) ,to],R) and for each ¢y > 0,
mj (to) = inf{thj (t), tZ to}, m(to) = min{mj (to), j = 1,2}

Here C'(S1,52) denotes the set of all continuous functions ¢ : S; — Se with the supremum norm ||.|| .
Throughout this paper we assume that a € C (RT,R), ¢ € C* (R*,R) and 71,72 € C (RT,R*) with
t—71(t) — o0 and t — 12 (t) — o0 as t — oo. The function G (¢, z,y) is locally Lipschitz continuous
in  and y. That is, there are positive constants L; and Lo so that if |z|, |y, |z, |w| < L for some
positive constant L then

G (t2,y) = Q(t 2,w)| < Ly [z = 2| + L2 [ly — w|| and G (¢,0,0) = 0. (1.2)

Equation (1.1) and its special cases have been investigated by many authors. For example, Burton
in [4], and Zhang in [15] have studied the equation

2 () =—at)z(t—7 (1), (1.3)
and proved the following.
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Theorem A (Burton [4]). Suppose that T (t) = T and there exists a constant o < 1 such that

t t s
/ |a(s+7)|d5+/ |a(s+7)|e_f;“(“+7)d“ (/ |a(u+7)|du) ds < a (1.4)
t—1 s—T

for all t > 0 and fo s)ds = oco. Then, for every continuous initial function ¢ : [—7,0] — R, the
solution x (t) = x (¢,0 1/)) Of (1.3) is bounded and tends to zero as t — oo.

Theorem B (Zhang [15]). Suppose that 71 is differentiable, the inverse function g of t—7 (t) exists,
and there exists a constant o € (0,1) such that for t >0, tlggo inf fg a(g(s))ds > —oo and

t t
— tll u U
/t el / e~ J1 alal@)dn | ()71 (5)] ds

+/0 e 2 alg(u))du la (g (s))] (/i " la (g (u))] du) ds <a. (1.5)

Then the zero solution of (1.3) is asymptotically stable if and only if fot a(g(s))ds — oo as t — oo.
Obviously, Theorem B improves Theorem A. On the other hand, Raffoul in [13] considered the

following nonlinear neutral differential equation

o (t)=—a(t)z(t)+c(t)z' (t—m ) +G(txt),z(t—"(t), (1.6)
and obtained the following.
Theorem C (Raffoul [13]). Suppose (1.2) holds, and there exists a constant « € (0,1) such that for
t>0, fota(s)dSHoo as t — oo, and

t g
O | [ e )4 L+ Lalas < (.7

[c@a(®)+OIA -7 (1) +clt) ()

where ro (1) = 5 . Then every solution x(t) = z(t,0,v) of
(1—75(t)
(1.6) with a small continuous initial function v is bounded and tends to zero as t — oo.
Our purpose here is to give, by using the contraction mapping principle, asymptotic stability
results of a nonlinear neutral differential equation with variable delays (1.1) . An asymptotic stability

theorem with a necessary and sufficient condition is proved. In this work we do not force the delays
to be bounded and allow the coefficient functions to change sign. Three examples are also given to
illustrate our results. The results presented in this paper improve and generalize the main results in
[4,13,15].

2. MAIN RESULTS

For each (tg,v) € Rt x C([m(to),to],R), a solution of (1.1) through (¢g,%) is a continuous
function x : [m (to),to + @) — R for some positive constant o > 0 such that x satisfies (1.1) on
[to,to + @) and & = ¢ on [m (to),to]. We denote such a solution by x(t) = x (t,tg,v). For each
(to,v) € RT x C([m (to),to] ,R), there exists a unique solution z (t) = z (¢,to,) of (1.1) defined
on [tg,00) . For fixed tg, we define ||¢]| = max {|¢) (¢)| : m (to) <t < to}. Stability definitions may be
found in [2], for example.

Our aim here is to generalize Theorems A — C to (1.1).

Theorem 1. Suppose (1.2) holds. Let 1y be differentiable and T2 be twice differentiable with 74 (t) # 1
for all t € RT. Suppose that there exist continuous functions hj : [m; (to) ,00) — R for j =1,2 and a
constant o € (0,1) such that fort >0

hm mf/ H (s)ds > —o0, (2.1)
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and

wlt E}[ﬁm st [ eSO (mas) 4 i s =2 () (1 = 7 9)

+lh2 (s — 72 (S)) (1 —73(s) —r(s)[+ L1+ Lz}ds

_e@HB+OIA -7 ) +c@) 5 ()
(1—75(t)°

. Then the zero solution

where H (¢ Zh ) andr (

of (1.1) is asymptotzcally stable if and only if

t
/ H (s)ds — 0o ast — oo. (2.3)
0

Proof. First, suppose that (2.3) holds. For each ty > 0, we set

K =sup {ef Js H(S)ds} . (2.4)
>0

Let ¢ € C ([m (to),to],R) be fixed and define

Sy ={p e C(m(to),00),R): o (t) = 0ast— o0, p(t) =9 (t) fortelmit),to]}-

This Sy is a complete metric space with metric p (z,y) = sup {|z (t) —y (¢)|}.
t>to

H(u)du

Multiply both sides of (1.1) by eJio and then integrate from g to ¢ to obtain

£ () = (t) o MO 3™ / e Ty (5) 2 (5) ds
*[V*ﬁ“”“&ﬂ@z@fn@»+d@f@7a@»
+G (s,x(s—T11(8)),x(s—T2(8)))}ds.
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Performing an integration by parts, we have

(t) = (w (to) = 1 C(Tzogto)w(to —7 (to))) o S H(w)du
<) x(t—72(t 2 tefstH(u)dud< S h; (u)z (u du)
Tl ())+;/t0 /”j(s) () ()

+ Zl /to e ST H@du L (s — 7 (5)) (1= 70 (s) J o (5 — 75 (5)) ds

n /t o= JLH(uwdu {—a(s)x(s—711(s)) —r(s)z(s—712(s))

0

+G(s,z(s—711(8)),z(s—72(s)))}ds

- (1/] (to) - 1 C(Ttéogto)w (to — 72 (to)) — ; /too‘l'j(to) hj(s)v(s) dS) e~ Jiop Hwdu
cl) - T 2 t i(s)x(s)ds
BT 2<t))+;/t_7j(t)ha() (s)d

*/t e ST HWA L g (s) 4 hy (s — 71 () (1= 71 () 2 (s — 71 (5))

0

+(h2 (s =72 (s)) (1 =73 (5)) =7 (s))w (s =12 (s)) + G (5,2 (s =71 (5)) 2 (s — 72 (5))) } ds

_ Zl/to effst H(u)duH (S) </: hj (u)x(u) du) ds. (2.5>

—75(s)

Use (2.5) to define the operator P : Sy, — Sy by (Py) (t) =9 (¢) for t € [m (to) ,to] and

(Pe) )= {1/’ (t0) = = (rtgogm“/’ (to =7 (t0)) = Y / ) RAICE <s>d5} ¢ Iy Han
c(t) 2ot
e LCIEDS IR

+/t e LA L () 4 hy (s — 71 () (1= 7] () @ (5 — 71 (5))

0

+(h2 (s =72 (s)) (1 =72 (5)) =7 (s)) (5 =72 (5)) + G (5,0 (s =11 (5)) , (s — 2 (5))) } ds

- te_f;H(u)du s ) (u) o (u)du | ds )
Z/to H”(/S_Tj(s)’”( Jol >d>d, (2.6)

j=1

for ¢ > to. It is clear that (Py) € C ([m(ty),o0),R). We now show that (Py)(t) — 0 as t — oo.
Since ¢ (t) — 0 and t — 7; (t) — oo as t — oo, for each ¢ > 0, there exists a 11 > ¢o such that s > T}
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implies that ¢ (s — 7 (s))| < € for j = 1,2. Thus, for ¢t > T, the last term I5 in (2.6) satisfies

S

2 t
I => / e~ Jo HEdu g (5) ( / hy (U)so(U)dU> ds
j=17%to s=;(s)
2 Tl S
<> / ef5H<“>d“|H<s>|</ |hj<u>||sa<u>|du>ds
j=1 to S

—75(s)

S

2 t
+y / e” JoHd | (5)] ( / Iy (u)] Isﬁ(U)IdU> ds
j=1 Ty S_Tj(s)
2 Tr . S
< sw lp@I [ e-sz<“>d“|H<s>|</
j=1"1to0 s

o>m(to)

|hj (w)] du) ds

—75(s)

S

2 t
= / o= I HGdu | () ( / Ih, (u)|du> ds.
=1 T s—;(s)

By (2.3), there exists T > T3 such that ¢ > T implies

S

a>m(to) —7;(s)

t 2 Ty
— swp [p(o) ey e-fs“H<“>d“|H<s>|< /
j=1"to s

a>m(to)

s o) Y [ lefs‘H<“>d“|H<s>|</ |hj<u>|du> ds

S

|hj (w)] du) ds < e.

—75(s)

Apply (2.2) to obtain |I5| < € + ae < 2¢. Thus, Is — 0 as t — oo. Similarly, we can show that the
rest of the terms in (2.6) approach zero as t — oo. This yields (Py) (t) — 0 as t — oo, and hence
Py € Sy. Also, by (2.2), P is a contraction mapping with contraction constant . By the contraction
mapping principle (Smart [14, p. 2]), P has a unique fixed point x in Sy which is a solution of (1.1)
with z (¢) = (¢) on [m (tg) , to] and z (t) = x (¢, t0,¥) — 0 as t — oc.
To obtain the asymptotic stability, we need to show that the zero solution of (1.1) is stable. Let
g > 0 be given and choose § > 0 (d < &) satisfying 2K e’ Hwdu  qe < e If ¢ (t) = x (¢, to, %) is
a solution of (1.1) with ||¢|| < d, then z (t) = (Pz) (t) defined in (2.6). We claim that |z (¢)| < e for
all t > to. Notice that |z (s)] < € on [m (to),to]. If there exists t* > to such that |z (t*)] = € and
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|z (s)] < e for m (tg) < s < t*, then it follows from (2.6) that

2 to £*
o< ol (14| s S [T sl | et e
t

1 - Té (t0> j=1 Uf’rj(to)
2 t*
c(t%) /
+e|l————|+e€ |h; (s)|ds
1—75 (t*) J; tx—7; (%) !

*

+ e/ e OB (5) by (s — 71 () (1— 14 (9))]

+1ha (s =72 () (1 =73 (s)) = ()| + L1 + Lo} ds

S

2 t* .
+GZ/ o JE b 5 () </ Ih, (u)|du> ds
j=1 to s—T5(s)

< 26Kef(;50 H(uwdu 4 e < €,

which contradicts the definition of t*. Thus, |z ()] < e for all ¢ > ¢y, and the zero solution of (1.1) is
stable. This shows that the zero solution of (1.1) is asymptotically stable if (2.3) holds.
Conversely, suppose (2.3) fails. Then by (2.1) there exists a sequence {t,}, t, — 00 as n — oo

such that lim fot " H (u) du =1 for some [ € RT. We may also choose a positive constant J satisfying
n—oo

[2%
—J < H (u) du < J,
0

for all n > 1. To simplify our expressions, we define

w(s) =|=a(s)+hi(s =71 (s) (L =71 (s))| +[ha (s = 72(5)) (1 = 735 (s5)) — 7 (s)]

2 s
Pt Lt HEIY [ by wlde
=1 s—T;(s)
for all s > 0. By (2.2), we have

tn,
/ e o Hwduy, (s)ds < a.
0

This yields

tn,
/ elo H(wduy, (s)ds < aelo™ H(wdu < J
0

The sequence { fot" elo Hw)duy, () ds} is bounded, so there exists a convergent subsequence. For

brevity of notation, we may assume that

tn,
lim elo HWduy, (6) ds = -,

n—oo 0
for some v € RT and choose a positive integer m so large that

tn
/ elo Hwduy, (5) ds < §o/4K,
tTrL

for all n > m, where &y > 0 satisfies 260 Ke” +a < 1.
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By (2.1), K in (2.4) is well defined. We now consider the solution z (t) = z (t,tm, ) of (1.1) with
Y (tm) = do and |9 (s)| < dp for s < t,,,. We may choose ¢ so that |z (¢)] <1 for t > t,, and

B (tm) = T (0 = 7o Z/

It follows from (2.6) with z (t) = (Px) (¢) that for n > m

(s)ds > %50.

@

c(tn) "
x(tn) — -T(t — T2 (tn)) - / h; (S).T(S) ds
= 2™
tn
. %506_ Jim H(uwydu _ / e~ Jim H(u)du, (s)ds
tm
tn
_ %506— Jin HOdu _ — [in H(u)du / eli Heduy (5) ds
tm

tTI,
— o Sl Hw)du (%50 — e~ Jom H(w)du / elo Hwduy, (5) dS)
t

tTI,
> e ftt:,: H(u)du (%50 N K/ efOS H(u)duw (S) d8>
tm

1 n 1
> 1506_ fttm H(u)du > 150672'] > 0. (27)
On the other hand, if the zero solution of (1.1) is asymptotically stable, then x (t) = x (¢, tym, ) — 0

as t — oo. Since t, — 7; (t,) — 00 as n — oo and (2.2) holds, we have

c(tn
x(tn)_#é()t) (th — 72 ( Z/tn T](t) x(s)ds — 0 as n — oo,

which contradicts (2.7). Hence condition (2.3) is necessary for the asymptotic stability of the zero
solution of (1.1). The proof is complete. O

Remark 1. It follows from the first part of the proof of Theorem 1 that the zero solution of (1.1) is
stable under (2.1) and (2.2). Moreover, Theorem 1 still holds if (2.2) is satisfied for t > t, for some
te €RT.

For the special case ¢ (t) = 0 and G (¢, z,y) = 0, we can get

Corollary 1. Let be differentiable, and suppose that there exist continuous function hy : [mq (tg) ,00) —
R for and a constant « € (0,1) such that for t >0

t
lim inf/ hi (s)ds > —o0,
0

t—o0

and

t t
[ m s [ e EOm a ) s (s = (5)) (1 7 ()] ds
t—T1(t) 0

t s
+/ e~ Jimwdu ()] (/ |hy (u)|du> ds <a. (2.8)
0 s—71(s)

Then the zero solution of (1.3) is asymptotically stable if and only if

¢
/ hi(s)ds — 00 as t — 0.
0
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Remark 2. When 11 (s) = 7, a constant, hy (s) = a (s + 1), Corollary 1 contains Theorem A. When
hi(s) =a(g(s)), where g (s) is the inverse function of s — 1 (s), Corollary 1 reduces to Theorem B.

Letting 7 = 0, we have

Corollary 2. Suppose (1.2) holds. Let 11 be differentiable and 1o be twice differentiable with 74 (t) # 1
for allt € R*. Suppose that there exist continuous functions h; : [m; (to),00) — R for j =1,2 and a
constant o € (0,1) such that for t >0

hm mf/ H (s)ds > —o0,

and

}%:5)@)} +/ttw) s (s)| ds

*/0 e S (| (5) 4 hy (5)| + |ha (5 — 72 (5)) (1 = 7 (5)) — 7 ()] + L1 + La) ds

t s
+/ e*f;H(u)du|H(S)| (/ |ha (u)|du> ds <a, (2.9)
0 s—1a(s)

_e@®HO+IOIA -7 @) +c) s 1)
(1—75(t)°

. Then the zero solution

where H (¢ Zh ) andr (
of (1.6) is asymptotzcally stable if and only if
/ H (s)ds — 00 as t — 0.
0

Remark 3. When hi (s) = a(s) and ha (s) = 0, Corollary 2 contains Theorem C'.
3. THREE EXAMPLES

In this section, we give three examples to illustrate the applications of Corollaries 1 and 2 and
Theorem 1.

Example 1. Consider the following linear delay differential equation

Zt)=—a)x(t—m7(1)), (3.1)
where T (t) = 0.272t, a (t) = 1/ (0.728t + 1). Then the zero solution of (3.1) is asymptotically stable.
Proof. Choosing hy (t) = 1.31/ (¢t + 1) in Corollary 1, we have

! k 1.31 t+1
/ |ha (s)] ds = / 3o 13im— L 0.4159,
t—71(t) o72st S+ 1 0.728t + 1

t . s t t 1.31
/ e~ Jomdu p ()| / |ha ()| du | ds < / e~ o (131 (ut))du _27 () 4159ds < 0.4159,
0 s—71(8) 0 1+ s

and

Lo ! 1-1.31x0.72
/effihl(u)d“|—a(s)+h1 (s—71(s) (1 =7 (S))|d5:/ eff;(l.Bl/(qul))duwds
0 0

0.7285 + 1

1-1.31x0.728 (" _ 111 31 /(us1))au 131

- ol X000 2 (131/(u —2ds < 0.0486.
1.31 x 0.728 /0 ¢ s+1

It is easy to see that all the conditions of Corollary 1 hold for o = 0.41594-0.4159+0.0486 = 0.8804 < 1.

Thus, Corollary 1 implies that the zero solution of (3.1) is asymptotically stable.
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However, Theorem B cannot be used to verify that the zero solution of (3.1) is asymptotically
stable. In fact, a (g (¢)) =1/(t+1). As t — oo,

/t |a(g(8))|ds=/ Logs—m—"1 09,

n
—71(t) orast S 1 0.728t+ 1 -

t + S t 1 S 1
— [ alg(w)du / du ) d :/ L)L (/ J >d
e a(g(s a(g (s u | ds e u | ds
/ a( <>>|< [ el ) 0 ([

t

In(s+1) —In(0.728s + 1)] ds — —1In (0.728),

T ir1 0
. t
. 0.272 s+1
— [* a(g(u))du () ds — d
/0 e la (s)[ |71 (s)| ds 41 /0 0.7285 + 1

0.272 ¢ 0.272\° In (0.728t+ 1) 0.272
= — — .
0.728¢t 41 0.728 t+1 0.728
Thus, we have

t t
limsup{/ la(g (S))|d8+/ e St o ()| |7] (s)] ds
t 0

t>0 —71(t)

+ [ e dtatsn o g ) ( JAR <s>>|du> ds}

0.272
— —21n(0.728) 4+ —22 ~ 1.0085.
n (0.728) + 5—og

In addition, the left-hand side of the following inequality is increasing in ¢ > 0, then there exists some
to > 0 such that for ¢t > tg,

t t
/ la (g (3))]ds + / e~ J2 oo | ()] |74 (5)] ds
t

—71(t) 0
t S
+/ e~ J2 alg(u))du la (g (s))] (/ la (g (s))] du) ds > 1.008.

0 —71(s)

This implies that condition (1.5) does not hold. Thus, Theorem B cannot be applied to equation
(3.1). O

Example 2. Consider the following linear neutral delay differential equation
Zt)=—a®)z@)+ct)x (t—T12(t)), (3.2)

where T2 (t) = 0.06t, a (t) = 1/ (t + 1) and ¢ (t) = 0.55. Then the zero solution of (3.2) is asymptotically
stable.

Proof. Choosing hq (t) = 1/(t+1) and hy(t) = 0.27/(t+1) in Corollary 2, we have H (t) =
1.27/ (t+ 1),

=055 0.586,

’ ) |_
0.94

1—5(s)

t t
0.27 41
/ Iy ()| ds = / ds = 0.27In — < 0.017,
t (t) 0.94¢ s+ 1 094t + 1

—T9

t s t
1.2
/ e S Hwdu b ()] / |ho (u)| du | ds </ o= L1021/ eeran 12T 6 61740 0.017,
0 s—12(s) 0 s+1
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and

/ e” ST | g (s) + hy (5)] + |ha (s — 72 (5)) (1 — 75 (5)) — 7 ()]} ds

0

t
0 094s+1  094(s+1)

0.55 027\ [ _ rt(1 99/ (ut1)yau 1:27
2 2122/ (ut))du 20 g6 (0,373,
< (0.94 1.27>/0 ¢ sy <037

It is easy to see that all the conditions of Corollary 2 hold for @ = 0.586 + 0.017 + 0.017 4+ 0.373 =

0.993 < 1. Thus, Corollary 2 implies that the zero solution of (3.2) is asymptotically stable.
However, Theorem C' cannot be used to verify that the zero solution of (3.2) is asymptotically

stable. Obviously,

‘ c()

¢
_ j‘sf a(u)du _ 055 (2t + 1)
=) Jr/o e |re (s)|ds = ——— (3.3)

0.94(t+1)

Since the left-hand side of (3.3) is increasing in ¢ > 0 and

0.55 (2t + 1)

I Zoleb T )
lmsup{ 0.4 (f+ 1)

t>0

} ~ 1.1702,

then there exists some tg > 0 such that ¢ > t,

‘ c(t)

t
I SV —fst a(u)du d 1.1
=1 (5) +/ e |r2 (s)|ds > 1.17.

0

This implies that condition (1.7) does not hold. Thus, Theorem C' cannot be applied to equation
(3.2). O

Example 3. Consider the following linear neutral delay differential equation
Zt)=—at)x(t—71(t)+ct)d' (t—712(t)), (3.4)

where 11 (t) = 0.05¢t, 72 (¢) = 0.07¢, a (t) = 0.95/(0.95¢ 4+ 1) and c(t) = 0.36. Then the zero solution
of (3.2) is asymptotically stable.

Proof. Choosing hy (t) =1/ (¢t + 1) and hy (t) = 0.32/ (¢ + 1) in Theorem 1, we have H (t) = 1.32/ (t + 1),

’&
)

0.36
_ 955 388
0.93 = 0t

2 t

t 1 t0.32
Z/ |hj(s)|ds:/ ds+/ ds
t—7;(t) 095t §+1 0.03t 1

=1
111 t41
—n(— ) fo0s2m(— ) <0075
n(0.95t+1)+ n(0.93t+1) < 001,

2 t s t

' 1.32
§ / e JSHOdu FF (4] / |hj ()] du ds</ o 10132/t 1))du 132 x 0.075ds < 0.075,
j=170 5=7;(s) 0 s+1

—T5(s
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and

e IO as) (5 = (9) (L= (6D b (5 = 72 (5)) (= 7 (9) = () s

0

t
_ / e~ f;(1.32/(u+1))du 0.32 x 0.93 . 0.36 x 1.32
0 0.93s+1 0.93(s+1)

t
0 S + 1

093 1.32

It is easy to see that all the conditions of Theorem 1 hold for a = 0.388 4+ 0.075 + 0.075 + 0.145 =

0.683 < 1. Thus, Theorem 1 implies that the zero solution of (3.4) is asymptotically stable. ]
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