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Abstract. We derive new comparison theorems and oscillation criteria for neutral dif-
ferential equations of third order with negative term. We show that one can deduce
oscillation criteria for the equation with negative term from those for the equation with
positive term. We give some examples and show applications to equation with sym-
metric operator.
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1 Introduction

Functional and neutral differential equations play an important role in many applications and
have a long and rich history with a substantial contribution of Hungarian mathematicians,
among them Tibor Krisztin who focused among others on asymptotic properties of delay and
neutral functional differential equations of first order and applications, see e.g. [11] and [12].

Recently, much attention has been devoted to the oscillation of the neutral differential
equation with a positive term

p(t)

see e.g. [1,2,7-9,15] and references given there.
The aim of this paper is to consider the third-order neutral differential equation with
negative term

(5 (i 0 +astoton]') ) a0 st =o Eh

<r(1t) <p(1t) [z(t) +a(t)z('r(t))]’> ) —q(H)f (z(6(1))) =0 (E-)
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where t > to. Moreover, we will consider the linear version of this equation

/

(r(lt) (pgt) [2(t) —|—a(t)z('y(t))]'> ) —4(H=(6(1)) =o. (L-)

Observe that differential operators in both equations, i.e. in equations (E+) and (E—), are
mutually adjoint and therefore functions in operators are interchanged.
We will always assume that
(A p,r,q, 4,79, 6 € Clty, ), p(t), r(t), q(t), v(t), 6(t) are positive for t > t,
(i) [ p(t)dt = [ r(t)dt = oo,
(iii) y(t) < t, limyeo y(f) = o0,
(iv) im0 6(t) = 00,
(v) 0<a(t)<ag<1fort>ty,

(vi) f € C(R,R), fisodd, f(v)v > 0 for v # 0.
It will be convenient to set for each solution z(t) of (E—)
o(t) = z(t) +a(t)z(y(t)). (1.1)

If v is a function defined by (1.1), then functions

N

(LY 2L Ly
Ok o Gw?) ="

A solution z of (E—) is said to be proper if it exists on the interval [ty, c0) and satisfies the
condition

are called quasiderivatives of v.

sup{|z(s)| : t < s < oo} >0 forany t> t.

A proper solution is called oscillatory or nonoscillatory according to whether it does or does not
have arbitrarily large zeros.

Definition 1.1. Equation (E—) is said to have property B if any proper solution z of (E—) is
either oscillatory or satisfies

lim |2(1)] — oo, (1.2)

t—o0 f;} p(s) ftz r(u)duds

Later we show that (1.2) is equivalent to lim; ’vm (t)’ = oo (see Lemma 3.6). Hence, in
case a(t) = 0 this yields the original definition of property B introduced by I. Kiguradze for
ordinary differential equations (see [10]).

To simplify notation, we set
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2 Preliminaries: linear ODE and FDE

First, consider the special case of (L—), where a(t) = 0 and 6(t) = ¢, i.e. the third-order linear

differential equation
(r(lt) (p(lt)z’(t)> ) —a(H=(t) = 0. 2.1)

For completeness, we summarize basic results concerning the oscillatory behaviour of (2.1),
which we will need in our later consideration.

It is a well-known fact (see for instance [10]) that all nonoscillatory solutions x of (2.1) can
be divided into the two classes:

M = {Z solution of (2.1), 3T, : z(t)zI1(t) > 0, z(1)zP(t) < 0 for t > TZ}
M3z = {z solution of (2.1), 3T, : z(£)zl"(¢) > 0, z(t)zP?/(t) > 0 for t > TZ} :

Definition 2.1. Equation (2.1) is said to have property B if any proper solution z of (2.1) is
either oscillatory or satisfies

‘Z[l}(t)‘/l\oo ast—>00,i:0/1/2-

Equation (2.1) is said to have weak property B if any proper solution x of (2.1) is either
oscillatory or belongs to M3.

Equation (2.1) is said to be oscillatory if it has at least one oscillatory solution, otherwise it
is said to be nonoscillatory.

Theorem A ([6, Theorem 6]). If

/ooq(t) /tr(s) /s p(v)dodsdt < oo, (2.2)

to to to

then (2.1) is nonoscillatory.
Theorem B ([3, Lemma 2.2]). Equation (2.1) has weak property B if and only if it is oscillatory.

Theorem C ([3, Theorem 2.2]). Equation (2.1) has property B if and only if it is oscillatory and

/ooq(t) /tp(s) /sr(v) dvdsdt = co. (2.3)

to to to
Proposition 2.2. The class M3 # @ for (2.1). If (2.2) holds, then My # @ for (2.1).

Proof. The first part follows from [14, Lemma 2]. The second part follows from Theorems A
and B. O

Proposition 2.3. Every solution z of (2.1) from class M3 satisfies
22 (1)] < e
if and only if
0o y s
/ q(t) / p(s) / r(v)dvdsdt < 0.

to to to

Proof. 1t follows from the proof of Theorem 1 in [4]. O
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Proposition 2.4 ([5, Theorem 7]). Consider equation (2.1), where p(t) = r(t) for large t. Then (2.1)
has property B if and only if it has weak property B.

Now consider the linear functional differential equation

(r(lt) () ) —g(0=(6() =0, @y

The classification of nonoscillatory solutions of (2.4) and definitions of property B and weak
property B are the same as for equation (2.1).

One of our main tools will be the comparison method for third-order linear functional
differential equations

Li'y(t) — qu(t)y (61 (£)) =0 (2.5)
and

L'z(t) — q2(t)z(82(t)) = 0 (2.6)

where g1 (f) > g2(t) > 0 and limy_,e 01 (#) = limy_,e0 2(F) = o0.
Proposition 2.5. Assume
01(t) > 0a(t) and qq1(t) > qa(t) for t > ty.
a) If there exists a solution y € My of (2.5), then there exists a solution z € M of (2.6).

b) If there exists a solution y € M3 of (2.5) such that |y(t)| < oo, then there exists a solution
z € M3 of (2.6) such that |z2(t)| < oo.

Proof. 1t follows from [13, Theorem 2-ii)] and its proof. O

Proposition 2.6. If 6(t) < t and

/ooq(t) /t p(s) /Sr(v) dodsdt < oo, (2.7)

to to to
then equation (2.4) has a solution x € Mj such that lim; e |22 (t)] < co.

Proof. By Propositions 2.2 and 2.3, equation (2.1) has a solution z in the class M3 such that
lim; e |218 (£)| < c0. Now the conclusion follows from Proposition 2.5b). O

The following theorem extends Proposition 2.4 to functional differential equations. This
result is interesting in the light of results from the book [17], where various criteria for weak
property B are given.

Theorem 2.7. Assume that p(t) = r(t), 6(t) < t and

29 p(s) f7 p(u) duds
minf — -
o fp(s) Jy p(u) duds

Then (2.4) has property B if and only if it has weak property B.

li

2.8)
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Proof. “=="" It is immediate.
“<=": Assume by contradiction that there exists a solution z € M3 of (2.4) such that
lim; e 22 (£) = ¢ > 0, i.e. there exists ¢ > 0 such that

c—e< z[z](t) <.

Integrating this inequality twice from f( to t we obtain

(c—e¢) /tp(s) /S p(u)duds < z(t) < c/ p(s) /Sp(u)du ds.

fo to fo fo

t

Therefore using (2.8) we get

Lo 200) =9 [ p) f plw) duds (29)
=z Cftip(s) ftz p(u)duds
Consider the linear equation
(p(lt) (v ®) ) - 5250 =0 210)

Then y = z is a solution of (2.10). By Theorem C, we get

/twq(t)z(d(t)) /tt p(s) /s p(v)dodsdt < oo.

Z(t) to

In view of (2.9), we get

/OOQ(f) /tP(S) /sp(v) dvdsdt < co.

to to to
By Theorem A, the linear equation

(Mﬂ) (57 ®) ) —g()x(t) = 0

is nonoscillatory and it has a solution x € M by Proposition 2.2.
Consider the delayed equation

(r)(lt) <p(1t)zl(t)> > - q(t)x(x;(ft)))z((s(t)) = 0. (2.11)

Then z = x is a solution of (2.11). Since x is increasing and 6(¢) < t, we have

x(t)
——<+—>1 forlarge t.
x(0(1)) i
By the comparison theorem for the functional differential equations (Proposition 2.5), equation
(2.4) has a solution x € M, a contradiction. O
Example 2.8. Consider the equation
2" —q(t)z(kt) =0 (2.12)

where 0 < k < 1. A quick computation shows that condition (2.8) holds and therefore (2.12)
has property B if and only if it has weak property B.
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We finish this part by recalling a result concerning equivalence between property B and
property A. Consider the equation

L3x(t) +q(t)x(t) = 0. (2.13)

The equation (2.13) is said to have property A if any proper solution x of (2.13) is either
oscillatory or satisfies [xll(t)| L 0ast — o0, i=0,1,2.

Theorem D ([4, Theorem 1]). Equation (2.13) has property A if and only if equation (2.1) has
property B.

3 Basic properties of neutral equations

In this section we establish some auxiliary results concerning the properties of solutions of
neutral equation (E—).

Lemma 3.1. Let z be a nonoscillatory solution of (E—) and let v be defined by (1.1). Then v, v, v/2!
are monotone for large t.

Proof. The proof is similar to the proof of Lemma 1 in [8] and therefore it is omitted. O

Again, as in the case of ordinary (functional) differential equations, we can divide all
solutions of (E—) into two classes.

Lemma 3.2. Let z be a nonoscillatory solution of (E—) and let v be defined by (1.1). Then there are
only two possible classes of solutions

My = {z solution, 3T, : v(t)ol(t) >0, v(t)o?(t) <0 for t > TZ} ,

Mz = {z solution, 3T, : v(t)ol(t) > 0, v(t)o?(t) > 0 for t > TZ}.

Proof. Without loss of generality we may assume that there exists #; such that z(y(f)) > 0,
z(6(t)) > 0, z(t) > 0 for t > t;. Then v(t) > z(t) > 0 and from (E—)

(02(1) = q(t)f(z(8(t))) > 0.

Therefore v2 is increasing and there exists t, > t; such that there are two possibilities. Either
o2 (t) > 0 or v (t) < 0 for t > t,.
Assume that v[2/(t) > 0 for t > t,. Then there exists an M > 0 such that

2]

ol2l(t) > M > 0.

Integrating from t, to t we get

t
oll(t) > ol(t) + M | r(s)ds.
15}
Letting t — oo and using the fact that ftzor(t) dt = oo, we get vl(t) — oo, ie. l(t) >0
eventually, i.e. z is from the class M3.
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Now assume that v/2 (t) < 0 for t > tp. Therefore ol is decreasing and there exists t3 > t,
such that there are two possibilities, either v!/(t) > 0 or vl!/(t) < 0 for t > t3. Assume that
ol1l(t) < 0. Then there exists a constant N > 0 such that

olll(1) < =N <0.

Integrating this inequality from t3 to t we have
t
v(t) <ov(t) =N [ p(s)ds.
t3
Letting t — oo and using the fact that ftzo p(t)dt = oo we get v(t) — —oo, ie. v(f) < 0
eventually, a contradiction. Hence 9!/ (t) > 0 and z is from the class M. O]
Lemma 3.3. Every solution z of (E—) satisfies
(1 —=ao)[o(t)] < [z(£)] < [o(t)] 3.1)
for t > T, where v is defined by (1.1).

Proof. The proof is similar to the proof of Lemma 2 in [8] and therefore it is omitted. ]

First, we prove a lemma which helps with characterizing solutions from the class Mj.

Lemma 3.4. Assume that z is a solution of (E—) from the class M. Then

lim v (¢) = 0.

t—o0

Proof. Let z € M. Without loss of generality we may assume that z is eventually positive, i.e.
there exists T > tg such that v(t) > 0, vl (¢) > 0, vl (t) < 0 for t > T.
Assume by contradiction that

lim (—o(t)) =1> 0.

t—o0

Then we have

(1)) < —Ir(t)
and by integrating from T to t we get

aWogde—p£4@®.

Letting t — oo we get a contradiction. [

The following lemmas summarize results concerning solutions from the class M3.

Lemma 3.5. Let z be an eventually positive solution of (E—) from the class M3, then

lim [0l (£)| =0, i=0,1

t—o0

Moreover, if f is increasing, f(uv) > f(u)f(v) for all positive u, v and

/:q(s)f </t05(5) p(u) /t: r(w) dw du) ds = o0 (3.2)

lim [0 ()| = co.

holds, then
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Proof. Sety = vl and x = v?l. Then z is a solution of (E—) if and only if (v, y, x) is a solution

of the system
V(1) = p(t)y(t)
y'(8) = r(t)x(t) (33)
X'(8) = q(6)f (2(6(1))) -

Let z € M3. Then the vector (v, y, x) is a solution of system (3.3) such that

sgnz(t) =sgno(t) =sgny(t) =sgnx(t) forlarge t.

We show that

o) = () = i x(f) = o

There exists T > t such that v(t) > 0, y(t) > 0, x(t) > 0 for t > T. As y is eventually
increasing, there exists T; > T and K > 0 such that

o' (t) =p(t)y(t) > p(H)K fort > Ty.

Integrating in [T}, t] we get
t
v(t) > K [ p(s)ds.
Ty
Using the assumption ft:o p(t) dt = co we get lim;_,o v(t) = oo.
Since x(t) is eventually increasing, there exists T, > T; and L > 0 such that

y(t)=r(t)x(t) >r(t)L fort>T,

and integrating in [Ty, t] we obtain
t

y(t) > L i r(s)ds. (34)

Using the assumption ftzo r(t) dt = oo we get lim; ;o y(t) = oo, which completes the proof of
the first part of the assertion.
Now integrating the first equation of (3.3) and using (3.4) we obtain

v(6(t)) > /5(” p(s)y(s)ds > L v p(s) /S r(u) duds.

Ty T Ty

From here and (3.1)

z(6(t)) > L /5(0 p(s) /s r(u) duds. (3.5)

“1—ay/m T
Using the third equation of (3.3) and (3.5), there exists T, > T such that

Y0 = 900f (00) 2 a0)f (122 [ pls) [l duas)

1—ao/m T

Using the fact that f(uv) > f(u)f(v) and integrating the last inequality from T to t we have

w02 (122) [ar ([ [ rtw)dwan) as

and taking into account that (3.2) holds, we get lim; . x(f) = oo, which completes the proof.
d
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Lemma 3.6. Let z be a nonoscillatory solution of (E—) from the class M3. Then

fim (0] = o0

if and only if
2 (t>\

lim = oo. (3.6)
t—eo fto ft u)duds

Proof. Without loss of generality, we may assume that there exists t; > f( such that z(t) > 0,
oll(t) > 0 and 012 (¢) >Ofort>t1

”=": Observe that since ft s) ds is increasing function, there exists t» > t; such that for

T > t, we have

/Tp(t) /tr(s) dsdt > /Tp(t) /tZHr(s)dsdtzK T,

15 ty tr ty 15}
i.e. the fact that ft t) dt = co implies ft ) [fr i, (s) ds dt = co. This justifies the following
computations.
Using (3.1), Lemma 3.5 and the L'Hospital rule we get
lim 2(t) > (1 —ap) lim — Us(t)
t—o0 ffo ft u)duds t—ro0 fto p(s) fto r(u)duds
! ol (¢
—(—a)tim —2 B (1 ap)tim ()
5% p(1) [ #(s) ds t—o0 f
!/

ol
— (1— ap) lim & = (1—ag) lim 0P (¢) = oo,

t—ro00 r

which proves the first part of the assertion.
”<=": Suppose there exists a positive constant L such that vl% (c0) < L, i.e. as v/ is increasing
oll(t) < L for ty < t < oo.

Integrating this inequality twice from ; to t we obtain

o(t) < v(t) +ol(H) /t

f

t s
p(s)ds+L p(s)/ r(u)duds,
t t

which implies

o(t) o(t) oll(t) J p
fttl ft u) duds f ttl ft u) duds ft (s) [0 r (1) duds

Obviously, using L'Hospital’s rule we get

¢
lim ftl 1

t—oo ft ft u)duds fti r(s)ds B

and so

lim ; < 00
t—rco ftl ft u)duds

Since v(t) > z(t), we get a contradiction with (3.6). O
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For equation (L—) we have the following characterization of solutions from the class M.

Lemma 3.7. Let z be a nonoscillatory solution of (L—) from the class M3. Then the following asser-
tions are equivalent:

i)
0 é(s u
/to q(s)/to()p(u) /to r(w)dwduds = oo,

lim [0l (t)| = 00, fori=0,1,2,

ii)

i11)
lim ’Z | = oo0.

t—reo ft f N u)duds

Proof “1) = ii)" It follows from Lemma 3.5.
‘ii) = i)"” Without loss of generality, we may assume that there exists t; > fy such that
z(6(t)) > 0, 0l1(t) > 0 and v/ (t) > 0 for t > t;. Assume by contradiction that

/t /t / ) dw du ds < co. 3.7)

We can choose T > t; such that

/tv/(s) /:(S) p(u) /Tur(w) dwduds < 1

T
for every t > T. Integrating equation (L—) from T to t and using Lemma 3.3 we get

o2l (¢ +/ )ds < ol2/(T +/ (6(s)) ds. (3.8)

We can express v and ol as follows:

/ s)ds = o( +/ (s)oll(s (3.9)

ol (p) )+ / (3.10)
Using (3.10) in (3.9) and setting t = (¢ ) we obtain

()
v(8(t)) = o(T) +ol(T) / s)ds + / / )ol?u du ds. (3.11)
T
Substituting (3.11) in (3.8) gives

t t 4(s)
o) () < oP(T) +0(T) [ q(s)ds +o1(T) [q(s) [ plw)duds
T T T
t 5(s) U
+/ q(s)/ p(u)/ r(w)ol? (w) dw du ds.
T T T
Since v2 is increasing, it follows that
2 t
o) < oPI(T) +o(T) [14(s)ds ‘H’ qu fT u) du ds
1-— qu fT fT w) dw du ds
Moreover (3.7) implies that [ g(s) ds < co and fT fT u) dudt < oo, thus 912 (t) < co.

“ii) <= iii)" It follows from Lemma 3.6.
O
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4 Comparison theorems for the superlinear case

We state separately comparison theorems for neutral linear equation (L—) with the advanced
argument 6(t) > t and with delay argument §(¢t) < t. Similarly, we state comparison theorems
for neutral nonlinear equation (E—). In this section we assume that

li|1;r|1_s)1:op f(uu) < 0. 4.1)
In particular, if f(u) = utsgnu, then (4.1) is satisfied for A > 1.
Theorem 4.1. Assume that 6(t) > t. If the linear ordinary differential equation
Li'y(H) = (1= a0)q(t) y(t) = 0 (42)

has property B, then equation (L—) has also property B.

Proof. Let (4.2) have property B and without loss of generality let z be a solution of (L—) such
that z(f) > 0 for t > t1, t1 > to and v(t) be defined by (1.1). Then v is nondecreasing and so
v(t) < v(6(t)). Using Lemma 3.3 we get the following estimate

o(t ot
| gy < 2000) _2(0() (4.3)
v(o(t) — o)
Assume by contradiction that z € M, and consider the equation
z(6(t
Lyt - a2 ) o 4

This equation has a solution y = v satisfying y(t) > 0, y!I(t) > 0, y@(t) < 0 for large ¢, i.e. y
is a solution of (4.4) from the class M. Since (4.3) holds, equation (4.4) is a majorant of (4.2)
and by Proposition 2.5a), M1 # @ for (4.2), a contradiction.

Now assume that z € M3 and assume by contradiction that lim; ,«, v/ (t) < co. Consider
the equation

2(5(1))
o(t)

This equation has a solution y = v satisfying y(t) > 0, y!I(t) > 0, y2/(t) > 0 for large ¢,
i.e. y is a solution of (4.5) from the class M3 such that lim;_, y[z] (t) < oo. Since (4.3) holds,
equation (4.5) is a majorant of (4.2) and by Proposition 2.5b) there exists a solution y € M3 of
(4.2) such that z[?/(t) < o, a contradiction. O

Li'y(t) — q(t) y(t) =0. (4.5)

We extend the previous theorem for nonlinear equation (E—).

Theorem 4.2. Assume that (4.1) holds and 6(t) > t. If for every K > O the linear ordinary differential
equation

Li'y(t) — Kq(t)y(t) =0 (4.6)

has property B, then equation (E—) has also property B.
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Proof. Let (4.6) have property B for every K > 0 and let v(t) be defined by (1.1). Without loss
of generality, we may assume that there exists t; > f( such that z is a solution of (E—) and
z(6(t)) > 0fort > ty.

Observe that if 0 < z(#) < oo, then f being continuous, we can assume that there exists
¢ > 0 such that

>c
2(4(1))
for large t and if z(t) — oo then (4.1) gives
ot
timine OO g

From here and (4.3)

FE60)) _ FE60))) =(6(0)
o) 2(6(n) o)

Now we proceed similarly to the proof of the previous theorem. Consider the linear equation

f(z(2(1)))

o(t)
Taking K > ¢1(1 — ag), we get that equation (4.7) is a majorant of (4.6) for this choice.

Now assume by contradiction, that (E—) has a solution z € M. Therefore, equation (4.7)
has a solution ¥ = v from the class M. Using Proposition 2.5a) we get that there exists a
solution z € M/ of (4.6), a contradiction.

Now assume by contradiction that equation (E—) has a solution z from the class M3 such
that lim;_,« v/ (t) < co. Then equation (4.7) has a solution y = v from the class M3 such that
lim; . y? () < c0. Using Proposition 2.5b) we get a contradiction. O

> Cl(l — IZQ).

L5y (t) —q(t) y(t) = 0. (4.7)

Now we prove similar theorems for equations with delay, the main difference is in the fact
that now we compare equations (L—) and (E—) with delay differential equations.

Theorem 4.3. Assume that 6(t) < t. If the linear delay equation
L3ty () — (1= a0)q(t) y(6(1)) =0 (48)
has property B, then equation (L—) has also property B.

Proof. Let (4.8) have property B and without loss of generality let z be a solution of (L—) such
that z(6(t)) > 0 for t > t, t1 > to and v(t) be defined by (1.1). Using Lemma 3.3 we get the
following estimate

200) Sy, 4.9)
0(6())
Assume by contradiction that z € M7 and consider the delay equation
z(6(t)
Liy(t) - q(t)vg 5<t>;y(5<t>) -0, (4.10)

This equation has a solution y = v satisfying y(t) > 0, y!!(t) > 0, y12/(t) < 0 for large ¢, i.e.
y is a solution of (4.10) from the class M. Since (4.9) holds, equation (4.10) is a majorant of
(4.8) and by Proposition 2.5a), M7 # @ for (4.8), a contradiction.
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Now assume that z € M3 and assume by contradiction that lim;_,«, v2/(t) < co. Consider
the equation

1) - )"0

This equation has a solution y = v satisfying y(t) > 0, y!I(t) > 0, y?(t) > 0 for large ¢, i.e. y
is a solution of (4.11) from the class M3 and moreover lim;_,q y[z] (t) < oo. Since (4.9) holds,
equation (4.11) is a majorant of (4.8) and by Proposition 2.5b) there exists a solution y € M3
of (4.8) such that z12 () < oo, a contradiction. O

y(t) = 0. (4.11)

Theorem 4.4. Assume that (4.1) holds and 6(t) < t. If for every K > 0 the linear delay equation

Ly'y(t) — Kq(t)y(5(t)) =0 (412)
has property B, then equation (E—) has also property B.

Proof. Let (4.12) have property B for every K > 0 and let v(t) be defined by (1.1). Without loss
of generality we may assume that there exists t; > t; such that z is a solution of (E—) such
that z(6(t)) > 0 for t > #;..

We proceed similarly to proof of Theorem 4.2. If 0 < z(t) < oo, then f being continuous,
we can assume that there exists ¢ > 0 such that

F(2(5(6)
200) ¢

for large t. If z(t) — oo, then (4.1) gives

f(z(6(1))

liminf ———222 > (.

=0 z(5(1))

From here and (4.9) we obtain

FEEW)  FEE0)) 260)
v(4(t)) z(6(t)) (1))

Now we proceed similarly to the proof of the previous theorem. Consider the linear delay

equation

fz(61))
o(s(1))
Taking K > ¢1(1 — ag), we get that equation (4.13) is a majorant of (4.12) for this choice.

Now assume by contradiction, that (E—) has a solution z € M. Therefore, equation (4.13)
has a solution y = v from the class M. Using Proposition 2.5a) we get that there exists a
solution z € M of (4.12), a contradiction.

Now assume by contradiction that equation (E—) has a solution z from the class M3 such
that lim; . v?/(t) < co. Then equation (4.13) has a solution y = v from the class M3 such
that lim;_, y?(t) < co. Using Proposition 2.5b) we get a contradiction. O

Z Cl(l — ao).

Li'y(t) — q(t) y(s(t)) =0. (4.13)

Remark 4.5. There exists various criteria for equation (2.13) to have property A. Using The-
orem D and our comparison theorems for neutral equations we can derive new oscillation
criteria for equations (E—) and (L—), moreover we can derive new criteria even in the case
where g(t) = t. To ilustrate this see Examples 6.1 and 6.2 below.
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Corollary 4.6. Assume that 6(t) < t and there exists function T(t) such that (5.3) holds.
Moreover, assume that

T(t) 5(s) u
lim sup q(s)/ r(u)/ p(w)dwduds > (4.14)

fsoo Jt fo to (1—ao)

Then My = @ for (L—).
If in addition (3.2) holds, then (L—) has property B.

Proof. Applying [16, Theorem 3.5] to equation (4.8) and using Theorem 4.3 we get the conclu-
sion. O

5 Oscillation criteria for the sublinear case

In this section we additionally assume that f is increasing, f(uv) > f(u)f(v) and

. u
lim o) = 0. (5.1)

In particular, if f(u) = u*sgnu, then (5.1) is satisfied for 0 < A < 1. Therefore, we refer to
this case as to the “sublinear” case.

Theorem 5.1. Assume that (5.1) holds, 6(t) is nondecreasing, 6(t) < t and there exists function T(t)
such that

T(t) € C([to, ), R),  T(t)>t,  &(t(t)) <t (5.2)
Moreover, assume that
T(t) 4(s) u
lim sup q(s)f </ r(u)/ p(w) dwdu) ds > 0. (5.3)
t—>00 t to to

Then My = @ for (E—).
If in addition (3.2) holds, then (E—) has property B.

Proof. Let z € M;. Without loss of generality we can assume that z is an eventually positive
solution, i.e. there exists t; > to such that z(t) > 0, ol'/(t) > 0 and v (t) < 0 for t > #;. Let t,
be such that §(t) > t; for t > t,. Because

(0P(1) = q(t)f (2(3(1))) >0
fort > ty, v isa negative increasing function. Therefore we have
0< —ol(t) < e

Integrating equation (E—) from f to co we get

[ee]

ol (c0) — ol (1) = / q(s)f (z((s))) ds.

t

Using the fact that 0 < —v/%(t) < co and Lemma 3.3 we obtain the inequality
~oB(0) = [ g(s)f (2(6())) ds > F(1—a0) [ q(s) (0(8()) ds >
T(t)
> f(1— ao)/t q(s)f (v(8(s))) ds. (5.4)
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Integrating the identity —o[2 = —v[? twice, for the first time from t to co and for the second
time from #; to t, we obtain

o(t) > /t p(s) /oo r(u) (—o?(u)) duds.

t S

By changing the order of integration we get

o(f) > /ttr(s)( —ol2l(s)) /t'sp(u)du ds

for t > t; and therefore for t > t, we have

v(6(t)) > /té(t) r(s)(— v (s)) /s p(u) duds.

t

Substituting the last inequality into (5.4) we get

—ol () > F(1 - ap) /tT(t) q(s)f </t5(t) r(u) (— o (u)) /tu p(w) dwdu) ds.

Considering the facts that —vl?/(t) is decreasing and —o/? (4(t)) is nonincreasing and using
the assumption (vii) we get

—oll(t) > fF(1—ao)f (_0[2} (5(7(1&)))) /tr(t)q(s)f (/:(t)r(u) /tlu p(w) dw du) ds.
Since —v/?(t) is positive, decreasing and 6(t) < t we have

—pl2
1> o2 ()

> SR G)
f(1—ag)f (—vm (5(T(t)))) ftr(t) q(s)f (ft‘ls(t) r(u) [, p(w) dw du) ds

>

N —ol2l(5(z(t)))
By Lemma 3.4, we have lim;_,q vm(t) = 0, and using (5.1) and (5.3) we get a contradiction,
ie. M1 = @. The rest of the assertion now follows from Lemma 3.5. O

6 Applications and examples

The following examples illustrate our comparison theorems.

Example 6.1. Consider the linear neutral equation

(z(t) +a(t)z(v (D))" - t—sz(é(t)) =0
where 6(t) > t. We show that this equation has property B for

2
3(1—ap)V/3'

Indeed, consider the corresponding linear ordinary differential equation

k>

(1) ~ (1~ ao) (1) = 0. 6.)
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Using the result of [8, Example 6.1] we get that equation

y(6) + (1~ a0) (1) = 0

has property A if
2
1—ag)k>— 6.2

and using Theorem D we get that (6.1) has property B if (6.2) is satisfied. Applying Theo-
rem 4.1 we obtain the assertion.

Example 6.2. Consider the neutral equation

(t <z(t) + apz (;>>H>/ - fzz(t) =0

where ay € [0,1). We show that this equation has property B for every k > 0.
Consider the corresponding linear equation

k
(ty" (1) - A ayp?® =0 (6.3)
Applying [8, Corollary 6.3] to equation
k
/ " —
(tx'(£))" + A=a) ag)t3x 0 (6.4)

we obtain that (6.4) has property A for every k > 0 and using Theorem D we get that (6.3) has
property A for every k > 0. Now Theorem 4.1 gives the assertion.

Example 6.3. Consider the equation

(=(6) + a0z (v(1)) "~ [=(6()"sgn ((5(1)) =0, £ >1

where A > 1 and §(t) < t. We show that this equation has property B.
Consider the corresponding delay differential equation

y(6) ~ y(6(6) =0, 65)

where K > 0. Obviously
®© K ® K
/1 t—zdt<oo and /1 ?dt:oo,

thus using [18, Theorem 3.3] we have that (6.5) has property B for every K > 0. Now Theo-
rem 4.4 yields the assertion.

We close with the following application to neutral equations with symmetric operator

<p(1t) (p(lt) [x(t) +a(t)z(7(t))]/) ) +q(t)x(8(t)) =0 S, 5, a)
and /

Following result extends [16, Corollary 4.2] to neutral equations with the delay argument.
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Corollary 6.4. Assume that §(t) is nondecreasing, 5(t) < t and there exists function T(t) such that
(5.3) holds.
Moreover, assume that

T(t) 4(s) u 1
lim sup q(s)/ p(u) / p(v)dvduds > . (6.6)
t—oo  Jt a a 1—ag
Then equation (S, 6, a) has property A and equation (S, 6, a) has property B.
Proof. Using [16, Lemma 3.4] and its proof we get that (6.6) implies that (3.2) hold and
o t s
/ q(t) / p(s)/ r(v)dodsdt = oo.
to to to
Now Corollary 4.6 and [7, Theorem 1] give the assertion. O

Moreover, we have the following corollary for equations with symmetric operator and
advanced argument.

Corollary 6.5. Assume that §(t) > t and
[=9] t
/ q(t)/ p(s)dsdt = oo. (6.7)
to to
Then equation (S, 6, a) has property A and equation (S, 6, a) has property B.
Proof. According [6, Theorem 8 and 10] the linear equation

/

(pgt) (p(lt)) ) (1 - a)g(t)x(t) = 0 (68)

corresponding to (S, J, a) has an oscillatory solution. By [3, Lemma 2.2] any nonoscillatory
solution satisfies x(t)x’(t) < 0 for large t. This property is called weak property A (see e.g. [3]).
From here and the proof of [4, Theorem 1] we get that linear equation

(p(lt) <p<1t)z’> ) — (1 —a0)g(t)z(t) = 0 (6.9)

corresponding to (54, &, a) has weak property B. Using [5, Theorem 7] we get that equation
(6.8) has property A and equation (6.9) has property B. Now the conclusion follows from
Theorems [8, Theorem 5.1] and 4.1. O
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