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Abstract. In this paper, combining the upper and lower solution method with per-
turbation theory, we study the asymptotic behavior of entire large solutions to Eq.
Apu = b(x)f(u), u(x) > 0,x € R, where b € CE _(RN) (¢ € (0,1)) is positive in

loc
RN (N > 3), f € C![0,0) is positive on (0,00) which satisfies a generalized Keller—
Osserman condition and is rapidly varying or regularly varying with index y > p — 1.
We then discuss the uniqueness of solutions by the asymptotic behavior of entire large
solutions at infinity.
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1 Introduction

In this article, we study the exact asymptotic behavior of entire large solutions u € Wllo’f (RM)N
CA(RN) (a € (0,1)) to the following quasilinear elliptic equation

loc
Apu=0b(x)f(u), u(x)>0, xeRV, (1.1)

where A,u := div(|Vu|P~?Vu) stands for p-Laplacian operator with 1 < p < N (N > 3). The
entire large solution means that u solve Eq. (1.1) in RN and u(x) — oo as |x| — co, which is
also called “entire blow-up solution” or “entire explosive solution” in many different contexts.
The nonlinearity f satisfies the following hypotheses:

(f1) f € C'0,00), f(0) =0, f/(t) >0 and f(t) >0 for t>0;

(f2) the following generalized Keller-Osserman condition holds,

[0/~ D)0t < oo, Fo) = [ pls)as
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(f3) there exists Cy > 0 such that

(p-1)/p
lim _ (E(®)

) .
E 70 ) s 2D (2

the weight b satisfies
(b1) b e C:_(RN) (a € (0,1)) is positive in RY;

loc

(bz) there exist a positive constant A and a function k € K such that

b(x) b(x)

< b :=limsup 5 < ™,

0 < by := liminf
DR et R

x|seo || ~AKPL(|x])

|x|—c0
where
Aelppa), i pe(L,2;
A€ lp,p2), if pe(2,N),
t;o kTs)lds < 0o, if pe(1,2]and A = p;
:}O kpfs(s)ds <oo, if pe(2,N)and A = py,
with

pr=((p—2)N+p)/(p—1) and py= (p*(N+1)—p(N+3))/(p*—3),

moreover, K denotes the set of Karamata functions k defined on [tp, o) by

t
k(t) :== cexp < y(s)ds>, t>tg>0

b S
with ¢ > 0 and y € C|[to, o0) such that lim;_,. y(t) = 0.

For p = 2, Eq. (1.1) has been extensively investigated by many authors and the link be-
tween Eq. (1.1) and geometric problem has been known for a long time, for instance, when
b=1inQ, f(u) = ¢" and N = 2, Bieberbach [7] first analyzed the existence, uniqueness
and asymptotic behavior of boundary blow-up solutions to Eq. (1.1) with p = 2 in a bounded
domain Q C RN with C?-boundary. In the case, Eq. (1.1) plays an important role in the the-
ory of Riemannian surfaces of constant negative curvatures and in the theory of automorphic
functions. Later, Rademacher [40], using the ideas of Bieberbach, extended the results to a
bounded domain in IR®. On the other hand, when f(u) = u7, v = (N +2)/(N — 2), Yamabe
[45] showed the relationship between solvability of Eq. (1.1) with p = 2 and the existence
of a conformal metric on the Euclidean space RY, with a prescribed scalar curvature. It is
worth while to point out that, Keller [25] and Osserman [39] carried out a systematic research
on Eq. (1.1) with p = 2 and gave, respectively, the necessary and sufficient condition for the
existence of large solutions when b = 1 in bounded domain Q) and b = 1 in RN. Then Lazer
and McKenna [29], Lair [26-28], Cirstea and Radulescu [10], further investigate the existence
of large solutions to Eq. (1.1) in bounded and unbounded domains.

Motivated by certain geometric problems, for b = 1 in bounded QO C RN and f(u) = u7,
v = (N+2)/(N—-2) with N > 2, Loewner and Nirenberg [31] proved Eq. (1.1) with p = 2
has a unique positive large solution u in () satisfying

lim w(x)(d(x))N"2/2 = (N(N —2)/4)(N-2)/4,
d(x)—0
where d(x) := dist(x,9Q)). If f satisfies (f1)—(f2) with p = 2 and the condition that
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(fo1) there exist & > 0 and to > 1 such that f(&t) < ¢!*0f(t) for each & € (0,1) and t > t4/¢,

Bandle and Marcus [5] further analyzed the asymptotic behavior of large solutions to Eq. (1.1)
with p = 2 in a bounded domain QO C RN by a appropriate comparison function.
If f satisfies (f1) and the condition that

(fo2) flt % < oo, the limit lim; o+ f'(t) too j% := L exists and satisfies £ > 0;
(fo3) there exist y > 1, ty > 0 such that t — f(t)/t" is increasing if t > t,
the weight b satisfies

(b(n) beCt

loc

(Q) (a € (0,1)) is positive in bounded domain Q;
(boz2) there exists B € (0,2) such that limy(,)_,o b(x)(d(x))P =by >0,
then Garcia-Melidn [18] derived that

(i) when £ > 1, every large solution u of Eq. (1.1) with p = 2 in bounded domain Q) satisfies

. u(x) . . . bo
i S(A@@)EF) L M AT G e pE -+ 1)
and & satisfies
[E e
o) f(s) 7 ’

(ii) when £ =1 and tf/'(®(t)) > 1 for small enough t > 0, (i) still holds.

When b = 1 in a bounded domain (), the existence of large solutions to Eq. (1.1) was first
studied by Diaz and Letelier [16] for f(u) = u” (v > p — 1). Then, Matero [33] studied the
existence and asymptotic behavior of large solutions to Eq. (1.1) in a bounded smooth domain
with a C?-boundary. If b = 1 in bounded domain Q C RY and f is a smooth, positive,
and increasing function which satisfies (f,), Gladiali and Porru [21] showed that if F(t)t 7 is
increasing for large ¢, then any weak solution u to problem (1.1) satisfies

u(x) — 9(d(x))] < cd(x)p(d(x)) near IO

with -
Lo/ (= FE ™ ras =1, t>0 (1.9
y(t
Furthermore, they showed that, under the additional assumption F(t)t 2’ — oo as t — oo,
one obtains
u(x) —¢(d(x)) -0 asd(x) — 0.

If b is non-negative and continuous on a bounded domain Q) C R¥ and satisfies some appro-
priate additional condition, Mohammed [36] established the existence and asymptotic behav-
ior of large solutions to Eq. (1.1). Then, when b satisfies some suitable integral condition and
p € (1,N) (N > 2), Covei [15] studied the existence of entire large solutions to Eq. (1.1) in
RN. On the other hand, for the cases of f(u) = u” with v > p—1 and f(u) = e*, Garcia-
Melian [19,20] investigated, respectively, the existence, uniqueness and asymptotic behavior
of boundary blow-up solutions to Eq. (1.1) in a smooth bounded domain.

In different direction, by applying Karamata regular variation theory Cirstea and Rad-
ulescu [11-14] opened up a unified new approach to studied the boundary behavior and



4 H. Wan

uniqueness of large solutions to Eq. (1.1) with p = 2 in a bounded domain, which enables us
to obtain some significant information about the qualitative behavior of large solutions in a
general framework. Later, Mohammed [37], Zhang et al. [46], Zhang [47-49], Huang et al. [23],
Huang [24], Mi et al. [34], Mi and Liu [35] apply similar techniques to further study asymp-
totic behavior and uniqueness of boundary blow-up solutions to (1.1) in a bounded domain
O C RN. Most recently, inspired by the above works, we [44] investigated the asymptotic
behavior of entire large solutions to Eq. (1.1) with p = 2 in RN by using Karamata regular
variation theory.

For further insight on Eq. (1.1), we refer the interested reader to the papers [1-4,6,9,17,22,
30,38,43] and the references therein.

In this paper, we investigate the exact asymptotic behavior and uniqueness of entire large
solutions to (1.1) in RN. Let f satisfy (f1)-(f2), ¥ be the solution of (1.3), we conclude by
Lemmas 3.1 and 3.2 (v) that

(i) if (f3) holds, then C; < 1/p;

(ii) if (f3) holds with Cy = 1/p, then f is rapidly varying to infinity at infinity (please refer
to Definition 2.2);

(iii) (f3) holds with Cy € (0,1/p) if and only if f € RV(,a1cp)-1)/(1-pc;) (Please refer to
Definition 2.1);

(iv) if f € RV,_4, then (f3) holds with C; = 0 and in the case, ¢ is rapidly varying to infinity
at zero (please refer to Definition 2.3).

Our results are summarized as follows.
Theorem 1.1. Let f satisfy (f1)—(f3), b satisfy (b1)—(b2).
(I) If Cf € (0,1/p] in (f3), then any entire large solution u of problem (1.1) satisfies

éépcf*l)/pcf < liminf u(x) :
|x| =00 lp((J“st(l—)\)/(p—l)k(s)ds)(?_ )/p)
(1.4)
< hmsup M(X) =Y < éipcfil)/pcf,
| x| 00 1#((]“;5(1—/\)/(17—1)]((5)(15) p P)

where  is uniquely determined by (1.3) and

bip? e
gi = ( — : 5 ) ,  i=1,2
(p—1)P3[p(A, p, N)pCs + (p — 1)2(A — p)]
with
o(A,p,N):= p>(N+1)+ A3 —p*) — p(N +3).
In particular,
(i) when by = by = by in (by)
lim u(x)
0o 00 _ _ -1)/
lx|— ll]((fm s(1=1)/(p Uk(s)ds)(” ) p)
bop? (pCs=1)/p*Cy
B ((P—l)”‘3[p(A,P,N)PCf+(P—l)Z(A—p)]> '
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(ii) when Cy=1/pin (f3)

1i u(x)
el % (1=A)/(p—1) (P—1)/p
P(( i stMVk(s)ds) )

=1

(IT) If C¢ = 0in (f3), then any entire large solution u of problem (1.1) satisfies

lim lim sup u(x) = <1
lim lim inf — u(x) = > 1, |
e—0 |x|—o0 IP(TZ(IM 5(1—/\)/(P—1)k(s)ds) p P)

where 7 = (& — ng/bl)l/pr n = (& + Ség/bQ)l/p with §; = ((Pfl)l’]’i’%)up'

i=1,2.
Theorem 1.2. Let f satisfy (f1)—(f3) with C¢ € (0,1/p] and further satisfy the condition that
(f1) t > f(t)t'7P is nondecreasing on (0, o),
b satisfy (b1)—(ba) with by = by, then problem (1.1) possesses a unique entire large solution.
t (1)

Remark 1.3. k € K is normalized slowly varying at infinity and lim;_,« VOl 0.

Remark 1.4. Some basic examples of the functions which satisfy (f1)—(fs) are

0, if t=0;
F(t) = '
tP(Int)PP, if t € (0,00),

(1) Let

where f > 1. Then a direct calculation shows that C; = 0 and
p(t) =exp (P =1)/p)!7 (B = 1OV ), > 0.

(2) Let
Ft) = {ﬁ(t), if te[0,e];

trB(14+co(Int)~1), if t € (e,00),

where ¢ > 0,8 > 0, F € C'0,¢] is a differential continuation of the function
t > PP (14 co(Int)~!) on (e, 00), which satisfies F and F’ are increasing on [0, ¢] and

(0) = F'(0) =0, Fle) = (1+co)exp (p+B),

F
Fe)=(p+B+(p+B—1)co)exp(p+p—1).

In the case, a simple calculation shows that Cy = B/(p(p + p)). Since

(p—1)/p)V/7 /tm (s"P(1+co(ins) ™)) " Pds ~ (p—1)/p) /P (/B F/P, = o0,

we arrive at

p(t) ~ (((p=1)/p) VP (/p)) P, =0,
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0, if t=0;
F(t) = { exp(B)exp (B(1— 1), i £ € (0,1]
exp(Bt), i £ e (1,00),

where § > 2. In the case, a straightforward calculation shows that C =0 and
¥(t) =—(p/B)In((p—1)/p)"/?(B/p)t) ~ —(p/B)Int,  t—0".

The paper is organized as follows. In Section 2, we give some bases of Karamata regular
variation theory. In Section 3, we collect some preliminary considerations. The proof of
Theorem 1.1 is given in Section 4. Finally, Section 5 is devoted to prove the uniqueness of
entire large solutions.

2 Some basic facts from Karamata regular variation theory

In this section, we introduce some preliminaries of Karamata regular variation theory which
come from [32,41,42].

Definition 2.1. A positive continuous function f defined on [a,0), for some a > 0, is called
regularly varying at infinity with index y, denoted by f € RV, if for each ¢ > 0 and some
#ER,

lim &Y =M. (2.1)
In particular, when p = 0, f is called slowly varying at infinity.

Clearly, if f € RV, then L(t) := f(t)/t! is slowly varying at infinity.
We also see that a positive continuous function / defined on (0,4) for some a > 0, is
regularly varying at zero with index y (written as h € RVZ,) if t — h(1/t) € RV_,,.

Definition 2.2. A positive continuous function f defined on [a,00), for some a > 0, is called
rapidly varying to infinity at infinity if

tlim f(t) =oco for each u > 0.
—00

Definition 2.3. A positive continuous function % defined on (0, 4], for some a > 0, is called

rapidly varying to infinity at zero if

lim h(t)t" = oo for each p > 0.

t—0*

Proposition 2.4 (Uniform convergence theorem). If f € RV, then (2.1) holds uniformly for
&€ ey, with0 < ¢1 < c.

Proposition 2.5 (Representation theorem). A function L is slowly varying at infinity if and only if
it may be written in the form

L(t) = ¢(t)exp </t y(ss)ds) . t>a,
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for some ay > a, where the functions ¢ and y are continuous and for t — oo, y(t) — 0and ¢@(t) — co,
with co > 0. If ¢ = co, then L is called normalized slowly varying at infinity and

f(6) =t'L(t),  t=a,
is called normalized regularly varying at infinity with index y (written as f € NRV),).
A function f € NRV), if and only if

ff/( ) _
€ C'la;,00), forsome a; >0 and lim
Proposition 2.6 (Asymptotic behavior). If a function L is slowly varying at infinity, then for

t — oo,

/°° SML(s)ds ~ (—p — 1) VL), for p < —1.
t

3 Auxiliary results

In this section, we collect some useful results.
Lemma 3.1. Let f satisfy (f1)—(f2).

(i) If f satisfies (f3), then C < 1/p.

(11) If (f3) holds with Cf S (0,1/]9) z'fand Oﬂly fo S RV(P(1+Cf)—1)/(1—pCf)'
(iii) If f € RV}_1, then (f3) holds with C¢ = 0.

iv) If (f3) holds with C¢ = 1/p, then f is rapidly varying to infinity at infinity.

£3) holds with C; /b, th s rapidly varying to infinity at infinity
Proof. (i) Let
(6 = (F@)) [ (Fs)™rds, >0
t

Integrate | from a > 0 to t > a and integrate by parts, we obtain that

t 00 )
/ T(s)ds = (F(t))l/”/ (F(s))_l/”ds—(lf(a))l/p/ (F(s)) VPds+t—a, t>a (3.1)
a t a
It follows by L'Hospital’s rule that

0 < lim (F(tz)l/p/too(F( ))"YPds = lim J(t) — 1, (3.2)

t—o0 t—rco
ie.,
(r=1)/
)
t—eo f(t) [ (F(s))~"/Pds
(ii) (Necessity.) By (3.1) and L'Hospital’s rule, we have
(p=1)/p p foo
LR L (F() O [
t—yc0 tf(t) t~>00f ft ( 1/Pds t t
L (E)
t—oo f(t) ft (F(s))~Vrds

(L ?>‘+fWH®f”/WG@»*W%_t_”>

a t
L FE) () 1)
t—oo  f(t) ft‘x’ s))~1/rds

<1/p.

= (1—pCf)/P.
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So, F € NRV,/(1-pc,), i-e., there exist a large constant t; > 0 and a slowly varying function at
infinity L € C?[ty, o) such that

F(t) = t#/0=PCIL (1), t € [to, 00),
where

t
L(t) = cexp ( y(s)ds> with ¢ > 0, y € C!([ty,00)) and lim y(t) = 0.

to S t—o0

Furthermore, we have

() = tPEEDTE) (p/ (1= pCp)) +y())L(E), ¢ € [to,00),

ie.,
f € RVipascp-1/a-pcp-

= /Otf(s)ds = /01 tf(tt)dt

By Lebesgue’s dominated convergence theorem, we have

(Sufficiency). Let

f o= L)1/ (0-pC)) gy — (1 —

tlim tf t_m/ T dt = (1-pCs)/p. (3.4)

This implies that F € p/(1 — pC f). On the other hand, by using reduction to absurdity we
can see that Y
4

tim OV o, (5)

t—ro0 t

Combining (f,) with (3.5) we can apply L'Hospital’s rule to obtain

m LEO)VP O ) P
I TR (E(s)) Vrds P (pF(t) 1) - 1-pCy

This together with (3.4) implies (1.2) holds.
(iii) From the similar calculation as (3.4), we arrive at

. E() _
tlg?o W =1/p. (3.6)
On the other hand, by using L'Hospital’s rule, we have
—1/p
lim oi(F(t)) = lim (tf(t) - 1) =0. (3.7)
toeo [F(F(s))"Vrds e \pE(t)

We conclude by (3.6)-(3.7) that (f3) holds with C¢ = 0.
(iv) When C¢ = 1/p, from the similar calculation as (3.3), we can see that

F(t
lim ﬁ =0. (3.8)
t—o0 tf(t)
So, for an arbitrary > 1, there exists ty > 0 such that

J;Eg > (14+9)t71, t> t.



Asymptotic behavior and uniqueness 9

Integrating the above inequality from t to t, we obtain

InF(t) —InF(ty) > (1+v)(Int —Inty), t > to,

ie.,
F(t) F(to)t
tT > t(1)+7 p t > to.

Letting t — oo, the Definition 2.2 shows that F is rapidly varying at infinity. This combined
with (f1) shows that f is also rapidly varying at infinity. O

Lemma 3.2. Let f satisfy (f1)—(f3) and y is the solution of problem (1.3). Then
(D) ¢'() = =((p/ (p = DIFON ", [ (D297 (1) = (p = 1) 7LF (1), (1) > 0, £ > 0;
(i) Tim, o (1) = oo

(iii) lim, o % = —pCy;

<\ s 1
(iv) lim; o+ % = pg L, where Cy € (0,1/p];
(v) when Cy = 0in (f3), ¢ is rapidly varying at zero.

Proof. (i) By the definition of ¢ and a straightforward calculation, we can show that (i)—(ii)
holds.
(i)

li - — _pCy.
0 () -0t P(t)) fz/z 1)/p)E(s))/rds PCs
(iv) By using (3.1) and L'Hospital’s rule, we obtain

tim W0 _ _ p FON /too(F(S))—l/Pds

Y _ (_p) ((p/(p - ))F(lﬁ(t)))(p’”/p

0+ (t) et 69)
t) ftoo(F(s))*l/Pds 1 pCy '
TR TRy e T T e

(v) It follows by the similar calculation as (3.9) that

/
lim ty'(t) =
t—0+ l[J(t)
Hence, for an arbitrary 7y > 0, there exists a small enough t; > 0 such that
¥ (t)
¥(t)

Integrate it from ¢ to ¢y, we obtain that

In (p(£)) —In (P(to)) > (1+7)(Into —Int), t € (0,to],

> (149, e (0,t)]

ie.,
p(OE > o)y, e (0, k).
Letting t — 07, we see by Definition 2.3 that ¢ is rapidly varying to infinity at zero. ]
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Lemma 3.3 ([8, Lemma 2.4]). Let k € IC, then

k()
I TR g
[i =2ds

0o S

If further ft;o %S)ds < oo, then
k(t)

t—o0 °°k(75) -
; —ds

Lemma 3.4 (Weak comparison principle). Let Q) be a bounded domain and G : 3 x R — R be
non-increasing in the second variable and continuous. Let u, w € WVYP(Q) satisfy the respective
inequalities

/\Vu]p’2Vu-Vgodx§/ G(x,u)pdx; (3.10)
0 0
/|Vw|”_2Vw-Vgodx2/ G(x, w)qdx, (3.11)
0 0

or all non-negative @ € Wo'" (Q)). Then the inequality u < w on Q) implies u < w in Q.
8 % 0 q Y p

4 Proof of Theorem 1.1

In this section, we prove Theorem 1.1.

Proof. Lete € (0,b1(p —1)/2) and

1= (& - /(ip-1))"", = (e (a(p-1))"".
It follows that
(1/2)1/’751 <n<n< (3/2)1/;762.

For any constant R > t (t is given by the definition K), we define Qg := {x € RN : |x| > R}.
From (b1)—-(b2), Proposition 2.6 and Lemma 3.2 (iii), we see that corresponding to ¢, there
exist sufficiently small 6, > 0 and large enough R, > 0 such that for any (x,r) € Qg_ % (0,25;),

o) = (= /PP p = 1) = (o= 0/pr (3 - p) /)

" (r)
(O NODk(x)  A—p
S =N/ (p-Di(t)dt p—1

|x]

¥'(r) |2l (Ix) -
_ r * X
— T =0/ =D kD
N (r
=(5) e w17 L 1| < er2

and

x| 7Mk([x]) (b1 — e/ (2(p = 1))) < b(x) < |2l k(x) (b2 +e/2(p—1)),  x €O (42)
Take

o0 (p=1)/p
o€ (0,0) witho < (1/2)1/p§1</ s(l)‘)/(pl)k(s)ds>

€
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and let u be an arbitrary entire large solution of Eq. (1.1).

Define
D7 := Qg \ Q7, DY = Qg \ QF,
where
o0 (p=1)/p
Q7 = {x € Og, : T1</x| s“‘“”’”‘”k(s)ds) < (7}
and

o0 (p=1)/p
Ol = {x € Or,41: lp(Tz</|x| s(l)‘)/(’”l)k(s)ds> —|—0> < u(x)}. (4.3)

We may as well assume that

[N (p—1)/p
(3/2)<P1>/P§2< /| | s<“)/<r’1>k(s)ds> <3, x€Og

and set

o (p=1)/p
Uy = 1/)<T1 </ | s(l)‘)/(’”l)k(s)ds> - 0'>,

o0 (p=1)/p
U, = 1[J<T2</ | s(l_)‘)/(p_l)k(s)ds> + (7).
X

A straightforward calculation combined with (4.1) and (4.2) shows that for any D”
Apite — b(x) f ()
B A b(x)
< (—y' p—=2 1,1 Arp—1 I R S o
< (9 2 Ol 15D ) = (e ) (0= D)

p
" G) (p =P (oA, p, N)pCr + (p = 1)*(A = p)) = ba(p — 1)} <0

with
00 (p—1)/p
r:n</|N”VWﬂuow) o
X

This implies that 1, is a supersolution of Eq. (1.1) in D7.
In a similar way, we can show that u, is a subsolution of Eq. (1.1) in D .
We assert that there exists a large constant M > 0 independent of ¢ such that

u(x) <ue(x)+ M, x e DY (4.4)
and
u(x) <u(x)+ M, x € Qp,. (4.5)

In fact, we can choose a positive constant M independent of ¢ such that when x € {x € RV :
|x| = R¢}, we have
u(x) <iu(x)+M (4.6)

and
u(x) <u(x)+ M. 4.7)
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Moreover, we also see
) (p—1)/p
u(x) <o, =00, x € {x e RN : T1</ | s(l_)‘)/(p_l)k(s)ds) = 0‘}.
X

This implies that, we can take a sufficiently small p > 0 such that

sup u(x) <u(x), x€D”\D7, (4.8)
xeD?

where
D7 = Qgr, \ o

with
B ) (p—1)/p
Q% = {x € Og, : Tl(/ | s(l)‘)/(lgl)k(s)) <o(1 —l—p)}.
X
Combining (4.6) with (4.8), we have
u(x) <u(x)+M, x€a(D7).
On the other hand, we conclude by (4.7) and the definition of Q) (please refer to (4.3)) that
u(x) <u(x)+ M, x € 9(DY).

We note that u and u, both satisfy (3.10) in D? and DY, respectively. Moreover, by (f;) we
obtain that i, + M and u + M are both supersolutions in D’ and DY, respectively. It follows
by Lemma 3.10 that

u(x) <ue(x)+M, xeD7 (4.9)

and
u,(x) <u(x)+ M, x € DY. (4.10)

Indeed, (4.9) combined with (4.8) implies that (4.4) holds, and (4.10) together with (4.3) implies
that (4.5) holds. Hence, letting o — 0, we have for x € Qg_,

u(x) 14 M ‘
2 s(1=1)/(p=1) (P=1)/py = ® (1-A)/(p—1) (r=1/py’
lP(Tl ( f\x| 5 P k(S)dS) ) IP(Tl ( f|x| S P k(S)dS) )
u(x) - M
2 s(1=1)/(p=1) (r=1/py = ® (1-7)/(p—1) (p=1)/py"
lP(Tz( f\x| 5 P k(S)dS) ) IP(TZ( f|x| S P k(S)dS) )

Consequently, by Lemma 3.2 (ii), we have

u(x)

lim sup TN
|x| =00 I’U(Tl(fl;j S(lfA)/(pfl)k(S)dS) P 17)

@ 4.11)
lim inf ad

= ([ sO-2/ (- k(s)ds) VD7)
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If Cs € (0,1/p], then it follows by Lemma 3.2 (iv) that
lim sup u(x)

|x| 00 w((f“;s(l—A)/(p—l)k(S)dS)(P—l)/P)

(1= - (r=1)/

= limsup u(x) i lP(Tl(fMS(l A/ (p=Dk(s)ds) 4 p)
) _ _ 1)/ ¥l —s00 P _ B 1/

|x| =00 4’(T1(f|x| s(1=1)/(p l)k(s)ds)(P ) P) |x[— ll’((f‘x‘s(l A/ (p 1)k(s)d5)(p ) p)

(pCr—1)/pCs

<7
lim inf u(x) o
|x|—c0 lp((f‘zcis(l—)\)/(p—l)k(s)ds) p=1/py
= liminf u(x) " p(n( fy s(1=1)/(p ”k(s)ds)(” ) h

x| o0 © (1-)/(p-Dk(s)ds) P~ 1/P [x|voo © ((1-1)/(p-Dk(s)ds) P~ VP
P(r2( fiy (s)ds) ) P((Jiys (s)ds) )

> PG
Letting ¢ — 0, we obtain (1.4).
If Cf =0, then (4.11) implies that (1.5) holds. O

5 Proof of Theorem 1.2

Proof. The existence of entire large solutions follows from Theorem 1.3 of [15]. Inspired by
the ideas of Mohammed in [37], we prove the uniqueness. Suppose u; and u; are entire large
solutions of problem (1.1). It follows by Theorems 1.1 that

i )
x| o0 U (X)

So, for fixed € > 0, there exists a large constant R, such that
(1 —e)uz(x) <uy(x) < (1+4¢e)ua(x), x € Qg,. (5.1)

Define
ut(x) = (1£e)ua(x), x € RV,

By using (f4), we obtain
Apu™ <b(x)f(u™) and Apum <b(x)f(u”) inRN.
Let ug is the unique solution of
Apug = b(x)ug, x € Qo, ulyn, = U1,
where Qg = RN \ Q.. We conclude by Lemma (3.4) that
u (x) <up(x) <ut(x), x€Qy. (5.2)
Noting 1o = 11 on (), so it follows by combining (5.1) with (5.2) that
(1—e)ua(x) <up(x) < (14 ¢€)ua(x), x € RN =0y U Q..

Letting ¢ — 0, we obtain u; = u; in RN. O
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