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Abstract. In this paper, we study a cubic predator-prey model with diffusion. We first
establish the global stability of the trivial and nontrivial constant steady states for the reaction
diffusion system, and then prove the existence and non-existence results concerning non-constant

positive stationary solutions by using topological argument and the energy method, respectively.
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1 Introduction

Huang etc. in [6] proposed a cubic differential system, which can be considered a generalization of
the predator-prey models and the mathematical form of the system satisfies the following:

dXx
o = X+ 02X — b3 X?) — by XY,

(1.1)
% = —cY + (aX — BY)Y,

where X and Y represent the densities of prey and predator species at time ¢ respectively. bs, by, ¢, o, 8
are positive constants, and by is non-negative, and the sign of b is undetermined. When b, < 0 and
bs = 0, the system (1.1) becomes the standard predator-prey model. The more detailed biological
implication for the model, one may further refer to [6] and the references therein.

In [6], the authors introduced the following scaling transformations,

x=% y=2 -
« Ié] c

and rewrite ¢ as 7, then system (1.1) turns into

d

d—z: = u(ay + agu — azu?®) — kuw,

q (1.2)
d_: :U(_1+U_U)7

where a; = by /c, as = bay/a, az = bge/a?® and k = by/B. a1 is non-negative, and the sign of as
is undetermined, ag and k are positive constants. For system (1.2), in [6], the authors studied the
properties of the equilibrium points, the existence of a uniqueness limit cycle, and the conditions
for three limit cycles.
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In the case that the densities of the predator and prey are spatially inhomogeneous in a bounded
domain with smooth boundary 2 C R", instead of the ordinary differential system (1.2), we are
led to consider the following reaction-diffusion system:

(
% — d1Au = u(ay + agu — azu® — kv), in Q x (0,00),
@—dAv—v(—l—l—u—v) in Q x (0,00)
a1 2 = ’ ’ ’ (1.3)
Oyu = 0,v =0, on 08 x (0,00),
U(CC,O) = uO(x) >0, ?_é 0, ’U(CE,O) = UO(:C) > 0, 7‘é 0, on ﬁa

where d; > 0 (i = 1,2) is the diffusion coefficient corresponding to u and v. Here, v is the outward
unit normal vector on 9 and 9, = 9/9v. The admissible initial data ug(z) and vg(x) are continuous
functions on 2. The homogeneous Neumann boundary condition means that (1.3) is self-contained
and has no population flux across the boundary 02. The study of predator-prey models has a long
history, we refer to [2,10] for background on ODE models and to [1,3,4,7,12-15,17] for diffusive
models.

First of all, we note that (1.3) has two trivial non-negative constant steady states, namely,
Ey = (0,0), By = (u**,0), where u** = (a2 + \/a3 + 4a1a3)/(2a3). Simple analysis shows that
model (1.3) has the only positive constant steady-state solution if and only if a; + as > az. We
denote this steady state by (u*,v*), where

—k —k)2+4 k
G )+\/(a22 P rdlartklas e
as

Another aspect of our goal is to investigate the corresponding steady-state problem of the
reaction-diffusion system (1.3), which may display the dynamical behavior of solutions to (1.3) as
time goes to infinity. This steady-state problem satisfies

—diAu = u(ay + agu — azu® — kv), in Q,
—doAv =v(=1+u—v), in Q, (1.4)
Oyu = 0,v =0, on 0f).

It is clear that only non-negative solutions of (1.4) are of realistic interest.

The remaining content in our paper is organized as follows. In section 2, we mainly analyze the
global stability of constant steady states to (1.3). Then, in section 3, we give a priori estimates
of upper and lower bounds for positive solutions of (1.4), and finally in section 4 we derive some
non-existence and existence results of positive non-constant solutions of (1.4).

2 Some properties of solutions to (1.3) and stability of (u*,v*)

In this section, we are mainly concerned with some properties of solutions to (1.3) and the global
stability of (u*,v*) for system (1.3). Throughout this section, let (u(z,t),v(x,t)) be the unique
solution of (1.3). It is easily seen that (u(x,t),v(x,t)) exists globally and is positive, namely,
u(z,t), v(x,t) >0 for all z € Q and ¢ > 0.
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2.1 Some properties of the solutions to (1.3)

The following assertions characterize the global stability of each of the trivial non-negative constant
steady states, and the boundedness of the positive solutions to (1.3).

Theorem 2.1 Let (u(x,t),v(z,t)) be the solution to (1.3).
(i) Assume that ap =0, ag <0, then

(u(zx,t),v(x,t)) — (0,0), wuniformly on Q as t — oco. (2.1)
(ii) Assume that a; =0 and 0 < az < ag, or a; > 0 and a1 + ag < as, then
(u(z,t),v(x,t)) — (u**,0), uniformly on Q as t — oc. (2.2)

(iii) Assume that a; >0, aj + ay > ag, then, for 0 < e < 1, there exists to > 1 such that

Vaz+4 Vai+4
u(x,t)§a2+ as + a1a3+€7 (1) < a2 + /a3 + 611613_1
2a 2a3

3

+e, (2.3)
for all z € Q and t > ty.

Before proving the above conclusions, we need to introduce the following lemma, which can be
proved using the comparison principle (see also [17]).

Lemma 2.1 Assume that f(s) is a positive C' function for s > 0, constants d > 0, 3 > 0. Let
T € [0,00) and w € C?1 (2 x (0,00)) N CHO(Q x [0,00)) be a positive function.
(i) If w satisfies

%—j —dAw < ()P f(w) (o — w), (xz,t) € Qx (T,00),
Oyw =0, (xz,t) € 00 x [T, 00),

and the constant a > 0. Then

limsupmaxw(-,t) < o (liminf minw(-,t) > ).

t—oo oo
(ii) If w satisfies
88_? ~ dAw < WP F(W) (@ — w) (z,t) € Qx (T,00),
Do = 0 (z,t) € 09 x [T, 00),

and the constant o < 0. Then

lim sup maxw(-,t) < 0.
t—o0 Q

In the following, we give the proof of Theorem 2.1.
Proof of Theorem 2.1. (i) From the first equation of (1.3) we see that

% — diAu < u?(ag — azu). (2.4)
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Since as < 0, by Lemma 2.1, we have

lim sup max u(-,t) < 0.
t—o00 Q

In view of u is positive, we obtain
lim wu(-,t) =0

t—o0

uniformly on €. For any given £ > 0 small enough, there is a 77 > 1, such that
u(w,t) <e, VzxeQ, t>Ty.

From the second equation of (1.3) we have, for x € Q and t > T,

ov
Y dyAv < v(—1 42— ).
5 doAv < v(—=14¢—v)

Thanks to Lemma 2.1 and the arbitrariness of € > 0, it follows that

lim sup max v(-,t) < 0.
t—o0 Q
Since v is also positive, we arrive at
lim v(-,t) =0

t—o0

uniformly on .

Before proving (ii), we firstly prove (iii). From the first equation of (1.3) we see that

0 — Vaz+4 Vaz+4
ou diAu < u(ay + asu — a3u2) _ agu(u—|- as + /a5 + a1a3) <a2 +Vaj; +4aiaz
ot 2&3 2(13

By Lemma 2.1, one gets

. a Va2 + daja
lim sup max u(-,t) < A ) 2,
t—o0 Q 2a3

For any given € > 0, there exists T > 1, such that

2 4 .
u(x,t)<a2+\/32+ NI e, Ve, t>T.
a

)
3

By the second equation of (1.3) we have, for z € Q and ¢t > Tb,

ov ag + 4/ a’ + 4aias
— —doAv < v(-1 2 — ).
5 2Av <w(—1+ 2a3 +e—0)

Since a; + az > as, then —1 + (ag + v/a3 + 4ajaz)/(2a3) > 0. Thanks to Lemma 2.1 again,

h < ag + /a3 +4ajag
2a3

lim sup max v/,
t—o0 Q

1+4+e¢,

which asserts our result (iii).

(2.5)

).

(2.8)

Now, we begin to verify (ii). In order to obtain the result, we need to consider two different

cases.

EJQTDE, 2011 No. 26, p. 4



Case 1. a1 =0, 0 < ag < ag. By (2.4) and Lemma 2.1 we have

lim sup max u(-,t) < 9. (2.9)
t—o0 Q as

For any given € > 0, there exists T35 > 1, such that

wz,t) < 2 4e, VreQ, t>Ts
as

By the second equation of (1.3) we have, for z € Q and ¢t > T3,

%—dgAvgv(—l—i—Z—i—i-a—v).

Thanks to Lemma 2.1, we obtain

a
limsup maxv(-,t) < -1+ 2 te
t—o0 Q as

By the arbitrariness of € > 0, it follows that

a
limsupmaxv(-,t) < —1+ =2 <.
t—o00 Q as
Since v is positive, we have
lim v(-,t) =0

t—o00

uniformly on .

Case 2. a; > 0, a1 + a2 < as. In this case, the inequalities (2.6)-(2.8) also hold. In view of
a1 + az < as, then —1 + (ag + /a2 + 4a1a3)/(2a3) < 0. By the arbitrariness of € > 0, it follows
that

lim sup max v(+,t) <
t—o0 Q

_1+a2+\/a§+4a1a3 <0
2as -

Consequently,
lim v(-,t) =0

t—oo

uniformly on Q as above. For any given € > 0 small enough, there is a Ty >> 1, such that
v(z,t) <e, VreQ,t>Ty.

From the first equation of (1.3) we have, for x € Q and ¢ > Ty,

% —d1Au > wu(a; + agu — asu® — ke)

—ag + \/a% + 4((11 — ki&)CLg) <a2 + \/CL% + 4((11 — k‘&)ag B u)

- s (u + 2&3 2(13

Also by Lemma 2.1, we have

2 4 —k
lim sup IIEH u(.’ t) Z as + \/a2 + (al 5)0/3 .
t—o0 Q 2&3
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Hence, it follows that

\/ﬁ

lim sup min u(-,t) > G2 1 V65 + 20105
t—oo Q 2as

since ¢ is arbitrary small. This combined with (2.6) yields

Vas+4
lim u(.’t):@—i- ;2—1- a1ag
a

t—o0 3

uniformly on €. Thus, the proof is complete. [

2.2 Local stability of (u*,v*) to system (1.3)

By Theorem 2.1, from now on, without special statement, we always assume that a1 + as > as,
which guarantees the existence of (u*,v*). In this subsection, we will analyze the local stability of
(u*,v*) to (1.3). To this end, we first introduce some notations.

Let 0 = po < p1 < pa < --- be the eigenvalues of the operator —A on ) with the homogeneous
Neumann boundary condition. Set X; is the eigenspace corresponding to ;. Let

X = {(u,v) € [CY Q)] | d,u=08,v=0 on N},
{#j;1 = 1,...,m(p;)} be an orthonormal basis of X;, and X;; = {c¢;;| ¢ € R?}. Here m(y;) is
the multiplicity of p;. Then

m(p;)

o
X=X, and X;= P X;. (2.10)
7=0 =1

Theorem 2.2 The positive constant solution (u*,v*) to system (1.3) is uniformly asymptotically
stable provided that ay + az > az and 4ajaz + 2k(2a3 — az) + a3 > 0 (in the sense of [5]).

Proof. The linearization of (1.3) at (u*,v*) is

9 [ u) _ u filu —u* v —0v*)
) =e(0) (R

where f;(z1,20) = O(23 + 23),i = 1,2, and

ro d1 A — u*(2azu* — a2) — ku*
N v* do A —v* |
For each j, j =0,1,2,---, X; is invariant under the operator £, and ¢ is an eigenvalue of £ on X

if and only if £ is an eigenvalue of the matrix

—dipj — u*(2azu™ — ag) — ku*
A; = ( ’

J *

v — dapj — v
detA; = d1d2u§ + [d1v" + dau” (2a3u” — ag)|p; + wv* (k4 2azu” — as),
TrA; = —(di + do)pj — u* (2a3u” — az) — v* < —u*(2a3u” — az) —v*,

where detA; and TrA; are respectively the determinant and trace of A;. It is easy to check that
detA; > 0 and TrA; < 0 if u* > ay/(2a3), i.e. 4ajas + 2k(2a3 — az) + a3 > 0. The same analysis as
in [16] gives that the spectrum of £ lies in {Re§ < —d} for some positive ¢ independent of i > 0.
It is known that (u*,v*) is uniformly asymptotically stable and the proof is complete. [
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2.3 Global stability of (u*,v*) to system (1.3)
In this subsection, we will be devoted to the global stability of (u*,v*) for system (1.3).

Theorem 2.3 Assume that a1 + as > ag and ayas + k(az — az) > 0, then (u*,v*) is globally
asymptotically stable.

Proof. In order to give the proof, we need to construct a Lyapunov function. First, we define
t
E(u)(t) = / {u(m,t) —u* —u*ln &;)}dx,
Q u
v(z,t)

E()(t) = /Q {v(m,t) —v* —0v*In v—*}dx

We note that E(u)(t) and E(v)(t) are non-negative, F(u)(t) = 0 and E(v)(t) = 0 if and only if
(u(z,t),v(x,t)) = (u*,v*). Furthermore, easy computations yield that

T

u

* 2
= / { - dlu ‘zu’ + (u — u*)(—agu* + as(u*)? + kv* + agu — azu® — k:v)}dx
Q u

= /Q { — dlu*\vuP — [as(w + u*) — as](u — u*)? — k(u — u*)(v — v*)}dg;,

u2
Similarly,
v v* v*|Vol?
B (0D {475 oo
v*|Vol?
_/Q{—dQ ‘UVQ‘ +(v—v*)(—u*+v*—|—u—v)}dx
v* U2
:/Q{—dQ |UVQ| —(v—v*)2+(u—u*)(v—v*)}dx.
Now define
E(t) = E(u)(t) + kE(v)(t).
Hence
dE(t) B dE(u)(t) dE(v)(t)
@ - 4

v

u*|Vul? v*|Vol? N N N
:/Q{—dl% — dok | 5 | —[as(u+u*) — ag](u — u*)* — k(v —v )2}dx
< / { — [as(u + u*) — ag](u — u*)* — k(v — v*)z}dx.
Q
When v* > as/ag, i.e., ajas + k(az — az) > 0 then dE(t)/dt < 0, and the equality holds if and
only if (u,v) = (u*,v*). Hence, the standard arguments together with (iii) of Theorem 2.1 and

Theorem 2.2 deduce that (u*,v*) attracts all solutions of (1.3). This finishes the proof. O
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3 A priori estimates for positive solutions to (1.4)

From now on, our aim is to investigate the steady-state problem (1.4). In this section, we will
deduce a priori estimates of positive upper and lower bounds for positive solutions of (1.4). To this

end, we first cite two known results.

Lemma 3.1 (Maximum principle [8]) Suppose that g € C(2 x R).
(i) Assume that w € C%(Q) N CH(Q) and satisfies

Aw(z) + g(z,w(z)) >0 inQ, Jdyw<0 on IN.

If w(xo) = maxgw, then g(xo, w(xg)) > 0.
(i) Assume that w € C?(Q) N CY(Q) and satisfies

Aw(z) + g(z,w(z)) <0 inQ, Jdyw>0 on IN.
If w(xo) = ming w, then g(xo,w(xo)) < 0.

Lemma 3.2 (Harnack inequality [9]) Let w € C?(2) N CY(Q) be a positive solution to Aw(x) +
c(x)w(z) = 0 in Q subject to the homogeneous Neumann boundary condition where c(x) € C(Q).
Then there exists a positive constant C* = C*(||¢||c0,2) such that

maxw < C* minw.
Q Q

Theorem 3.1 Assume that a; + ag > a3, then the positive solution (u,v) of (1.4) satisfies

vaz+4 Vaz+4
max u(x) < G2t vyt a1a3’ max v(z) < G2+ V0 + daias 1.
Q 2(13 Q 2(13

Proof. Assume that (u,v) is a positive solution of (1.4). We set
u(zr1) = maxwu, v(re) = maxv.
Q Q
Applying Lemma 3.1 to (1.4), we obtain that

ay + agu(zy) — azu’®(x1) — kv(zy) >0, (3.1)

—1+u(xa) —v(xe) > 0. (3.2)

From (3.1), it follows that

azu?(z1) — agu(z1) — a1 < —kv(z1) < 0 = u(r;

as + /a2 + 4aja
)< 2 22 13.

3
If a1 + ag > ag, then in view of (3.2), it is easy to see that

as + /a3 +4araz 1
2a

3

v(zg) <ulxg) —1<
The proof is complete. [

EJQTDE, 2011 No. 26, p. 8



Theorem 3.2 Assume that a1 + ae > ag, let d be an arbitrary fixed positive number, then, there
exists a positive constant C only depending on a1, as,as, k,d and € such that if di,do > d, any

positive solution (u,v) of (1.4) satisfies

minu(zx) > C  minv(z) > C.
Q Q

Proof. Since [, v(—14+u—v)dz = 0, there exists zp € Q such that v(zo)(—1+u(ze)—v(zo)) =
0, that is
u(zo) =1+ v(zo).

It follows that maxgu(x) > 1. Let ¢;(z) = dy *[a1 + azu — azu® — kv], by Theorem 3.1 and Lemma

3.2, there exists a positive constant C, such that

ol 1
min u(z) > maxg u(x)

_— > 3.3
Q - Cy - (3:3)

Now, it suffices to verify the lower bounds of v(z). We shall prove by contradiction.
Suppose that Theorem 3.2 is not true, then there exists a sequence {dg;}°; with da; > d and
the positive solution (u;,v;) of (1.4) corresponding to da = da;, such that

minv;(z) -0 as i — oo.
Q

By the Harnack inequality, we know that there is a positive constant Cs independent of i such
that maxg v;(z) < Comingv;(x). Consequently,

vi(r) - 0  uniformly on Q, as i— oco.

Let w; = v;/||vil|oo and (u;, w;) satisfies the following elliptic model

—di1Au; = ui(ag + agu; — agul2 —kv;) in Q,
—dg,iA’wi = wi(—l + u; — Ui) in €, (34)
ayul- = &/ZUZ' =0 on aQ

Moreover, integrating over 2 by parts, we have
/ ui(ay + agu; — azu? — kvy)dz = 0, / wi(—=1 4+ u; —v;)dx = 0. (3.5)
Q Q

The embedding theory and the standard regularity theory of elliptic equations guarantee that there
is a subsequence of (u;,w;) also denoted by itself, and two non-negative functions u,w € C?(Q),
such that (u;,w;) — (u,w) in [C%(Q)]? as i — o0o. Since ||w;i|joc = 1, we have ||w||s = 1. Since
(u;, w;) satisfy (3.5), so do (u,w), i.e.

/ u(ay + asu — azu?)dz = 0, / w(—1+u)dx = 0. (3.6)
Q Q

By (3.3) and Theorem 3.1, we have 0 < u < (a2 + /a3 +4ajas)/(2a3), and when u lies in
this interval, a; + aou — asu? > 0. As a result, by the first integral identity of (3.6) we obtain

u = (ag + /a3 + 4a1a3)/(2a3). In view of a; + as > ag, so u = (a2 + /a3 + 4araz)/(2a3) > 1,

and the second integral identity of (3.6) yields fQ wdz = 0, which implies a contradiction. This
completes the proof. [
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4 Non-existence and existence for non-constant solutions to (1.4)

4.1 Non-existence of positive non-constant solutions

In this subsection, based on the priori estimates in Section 3 for positive solutions to (1.4), we
present some results for non-existence of positive non-constant solutions of (1.3) as the diffusion
coefficient dy or ds is sufficiently large.

Note that uy be the smallest positive eigenvalue of the operator —A in €2 subject to the homo-
geneous Neumann boundary condition. Now, using the energy estimates, we can claim

Theorem 4.1 (i) There exists a positive constant d; = dy(ay,az,as, k,Q) such that (1.4) has no
non-constant positive solutions provided that pidy > dy and pida > (az + /a3 + 4ajas)/(2a3) — 1;
(ii) There exists a positive constant dy = dy (a1, ag, a3, k,Q) such that (1.4) has no non-constant

positive solutions provided that pids > dy and pidy > ar+ | az | (ag + v/a3 + 4ajaz) /as.

Proof. Let (u,v) be any positive solution of (1.4) and denote g = (1/|Q|) [, gdz. Then,
multiplying the corresponding equation in (1.4) by u — @ and v — ¥ respectively, integrating over
), we obtain

dy /Q V(u—a)*dz = /Q(alu + agu? — azu® — kuv)(u — a) dx
= / {al(u — ) + ag(u® — @*) — az(u® — @) — k(uv — ﬁ@)} (u—u)de
Q

:/Q {al+a2(u+u)—a3(u2+uu+u2)—kv](u—u)zdm—k/u(u—u)(v—v)dx

Q
244
< [alJr | az | (ag + /a5 + 4ajas) +C(€7a17a27a371€79)}/
as

Q

(u — w)’dz + ¢ /Q(v — 0)%dz.

Similarly,

d2/9|V(v—z7)|2dx:/Q(—v—kuv—UQ)(v—T))dx

= — u—(v+0v v—1723: v(u—u)(v—1v)dx
—/Q[H (v + 0] >d+/< ) —5)d

Q
244
< (EVBEING gy [ (o 0Pde+ Cleanan,an b, 9) [ (- 0Pd,
as QO Q

Consequently, there exists 0 < € < 1 which depends only on aq, as, as, k,€) , such that

/ {1V =)+ dl v -o)P}do
Q
2
< |:a1 + | a2 | ((12 + v/ a3 +4a1a3) + C’(e,al,ag,ag,k:, Q)} /(u _ a)2 dz (41)

as Q

Vas +4
i <a2+ ;2+ aijas —1—{—6)/(U—1_))2d$
asz Q

Thanks to the well-known Poincaré Inequality
i [a=aar< [ Vg d.
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we yield from (4.1) that

Ml/ {dl(u—ﬁ)Q—ng(v—@)Z}dm
Q
Vai+4
< |:a1 + ‘ as ’ (612+ a2+ a1a3) +C(€7a17a27a37k79)} /(u—u)2dm (4.2)

as Q

Vas+4
. <a2+ ;2+ ayaz _1+5)/(v—17)2d33.
as Q

It is clear that there exists d; depending only on a1, as, as, k, {2, such that when pi1d; > di and
pida > (ag + /a3 +4ajas)/(2a3) — 1, u = @ =const., in turn, v = ¥ =const., which asserts our
result (i).

As above, we have

2
1 di(u —@)? +dy(v—0)2 bde < a1+’a2‘(a2+ a2+4a1a3)+8
g a
@ 3

X [o(u—1u)*dz + C(e,a1,a2,a3,k,9Q) [o(v —v)*dz.

(4.3)

The remaining arguments are rather similar as above. The proof is complete. [

4.2 Existence of positive non-constant solutions

This subsection is concerned with the existence of non-constant positive solutions to (1.4). The
main tool to be used is the topological degree theory. To set up a suitable framework where the
topological degree theory can apply, let us first introduce some necessary notations.

Let X be as in section 2. For simplicity, we write

u= (u,v), u*=(u",0v").

We also denote the following sets

2 _ 3 _ ok
D - di 0  Gu) = alu + asu asu ; kuv CA- 0 ku 7
0 dy —v+uv—v v* —v*

where 0 = u*(ag — 2azu*). Then DG (u*) = A. Moreover, (1.4) can be written as

“Au—D-!
Au=D""G(u), x € (), (4.4)
d,u =0, x e 0.
Furthermore, u solves (4.4) if and only if it satisfies
fdi,do;u) :==u— (I-A)"{D'G(u)+u} =0 onX, (4.5)

where (I — A)~! is the inverse of I — A with the homogeneous Neumann boundary condition.
Direct computation gives

Duf(dr,dyiu’) =T — (I— A) DA +T}. (4.6)
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In order to apply the degree theory to obtain the existence of positive non-constant solutions, our
first aim is to compute the index of f(di,ds;u) at u*. By the Leray-Schauder Theorem (see [11]),
we have that if 0 is not the eigenvalue of (4.6), then

index(f(dy,ds;-),u*) = (=1)",

where r is the number of negative eigenvalues of (4.6).
It is easy to see that, for each integer j > 0, X; is invariant under Dy f(d, d2;u*), and § is an
eigenvalue of Dy, f(dy,d2;u*) on X; if and only if {(1 + ;) is an eigenvalue of the matrix

M(pj) = pT— D' A = ( g =0 kdy ) :

—vtdyt oyt otdy!

Thus, Dy f(d1, d2; u*) is invertible if and only if, for all j > 0, the matrix ,ujI—D_lA is nonsingular.
Denote

H(p;dy,do) := dydy det M(p) = dydop® + (v*dy — Odo)pn + v* (ku* — 6).

In addition, we also have that, if H(u;;d,d2) # 0, the number of negative eigenvalues of Dy, f(d1, d2; u*)
on X; is odd if and only if H(uj;di,d2) < 0.
Let m(p;) be the algebraical multiplicity of p;. In conclusion, we can assert the following:

Proposition 4.1 Suppose that, for all j > 0, the matriz ;I — DA is nonsingular. Then

index(f(dy,ds;-),u*) = (=1)", where r= Z m(uj).
720,H (pj;d1,d2) <0

Now, we analyze the sign of H(u;dy,dsz). Simple computations give that if
(v*dy — 0do)* — 4dydov* (ku* — ) > 0, (4.7)

then H(u;di,ds) = 0 has exactly two different roots p.(dy,ds) and p*(dy,d2):

1
p(dy, dy) = m{adz —v*dy — \/(0dy — v*dy)? — 4dydov* (ku* — 0)},

1
2d1d,
In fact, we observe that p.(dy,d2) and p*(di,ds) are the two real roots of the matrix M(u).
Moreover, H(u;dy,ds) < 0 if and only if p € (u«(dy, dz), p*(d1,d2)).

We can claim the main result of this subsection as follows.

w(dy,dy) = {0dy — v*dy + \/(0ds — v*dy)? — 4ddydoyv* (ku* — 6)}.

Theorem 4.2 Assume that a1 +ag > az and 4ayaz+2k(2a3 —az) +a3 < 0, or equivalently, 6 > 0,
and satisfies 0/dy € (us, pts+1) for some s > 1. If 3%y m(u;) is odd, then there exists a positive

constant d such that (1.4) has at least one non-constant positive solution for all dg > d.

Proof. First, it is clear that when dy is large enough then (4.7) holds, and a simple computation
gives that the constant term v*(ku* — 6) of H(u;d1,ds) is positive. Hence, we have p*(dy,ds) >
s (di, da) > 0. Moreover

0
lim p*(dy,dy) = — lim . (dy,d) = 0.

do—00 d1 ’ do—00
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As 0/dy € (us, ps+1), it follows that there exists a d such that
(5 (di, do) € (s, frsr1), and 0 < pu(di,do) < pn Vdo > d.

On the other hand, by Theorem 4.1 we know that there exists d; > 0 such that (1.4) has no non-
constant positive solution if d; > d. Moreover, taking a larger d if necessary, we may assume that
0/dy < py for all d; > d > dy. Thus, we have

0 < px(dy,da) < p*(dy,de) < g for any fixed dy,ds > d.

We are now in the position of proving (1.4) has at least one non-constant positive solution for
any do > d under the hypotheses of the theorem. On the contrary, suppose that this assertion is
not true for some dy > d. In the following, we will derive a contradiction by using a homotopy
argument.

For such dy and ¢ € [0, 1], we define

tdy + (1 — t)d 0

D(t) = ( 0 td2+(1—t)c2>’

and consider the problem

(4.8)

—Au =D"1(t)G(u), r e Q,
oyu =0, x e O0f.

It is clear that finding positive solutions of (1.4) becomes equivalent to finding positive solutions of
(4.8) for t = 1. On the other hand, for 0 < ¢ < 1. u is a non-constant positive solution of (4.8) if
and only if it is a solution of the problem

h(u;t) =u— (I—A)"HD 1 (#)G(u) +u} =0 on X. (4.9)
We note that
h(w;1) = f(dy,dosu),  h(w;0) = f(d,d;u), (4.10)

and

{ Dy f(dy,dy;u*) =T —(I—A)"{D A +1}, (4.11)

Duf(d, d; u*)=I— (I—A)"Y{D 1A +1},

D% ).
0 d

It is obvious that u* is the only positive constant solution of (1.4) and by the choice of d, (4.9)

where f(-,-;-) was defined by (4.5) and

has no non-constant positive solution for t = 0, 1.
From Proposition 4.1, it immediately follows that

index(h(-, 1),
index(h(-,0),

u*
u*) = index(f(-,d, d), u*) = (1) = (4.12)
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By Theorem 3.1 and 3.2, there exists a positive constant C' such that (1.4) has no solution on 00,
where

0= {ue [C(Q)2 %C’< (), v(z) < as + W}‘

Since h(u;t) : © x [0,1] — C(Q) x C(Q2) is compact, the degree deg(h(u;t),0,0) is well defined.
By the homotopy invariance of degree, we can conclude

deg((h(+;0),0,0) = deg((h(-;1),©,0). (4.13)

However, as both equations h(u;0) = 0 and h(u;1) = 0 have the unique positive solution u* in ©,
we get from (4.12) that,

S

deg((h('; 1)7670) - index(h('7 1)711*) = (_1)ZJ:1 mips) — -1,

deg((h(;0),0,0) = index(h(-,0),u*) = (-1) = 1.

This contradicts (4.13). The proof is complete. [
Similarly, we have the following result, whose proof is similar to the above and thus is omitted.

Theorem 4.3 Assume that a; + ag > ag and (4.7) hold. Let p.(di,ds) < p*(dy,da) be the two
positive roots of H(p;dy,dy) = 0. If

px(di, d2) € (s 1) and p*(di,dz) € (pg, pg41)  for some 0<1<q,

and Y,y m(py) is odd, then (1.4) has at least one non-constant positive solution.
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