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Abstract: In this paper we study Neumann-type p(x)-Laplacian equation with nonsmooth

potential. Firstly, applying a version of the non-smooth three-critical-points theorem we obtain

the existence of three solutions of the problem in W 1,p(x)(Ω). Finally, we obtain the existence

of at least two nontrivial solutions, when α− > p+.
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§1 Introduction

The study of differential equations and variational problems with variable exponent has

been a new and interesting topic. It arises from nonlinear elasticity theory, electrorheological

fluids, etc. (see [1, 2]). It also has wide applications in different research fields, such as image

processing model (see e.g. [3, 4]), stationary thermorheological viscous flows (see [5]) and the

mathematical description of the processes filtration of an idea barotropic gas through a porous

medium (see [6]).

The study on variable exponent problems attracts more and more interest in recent years,

many results have been obtained on this kind of problems, for example [7-14].

In this paper, we investigate the following Neumann-type differential equation with p(x)-

Laplacian and a nonsmooth potential:










− div(|∇u|p(x)−2∇u) + |u|p(x)−2u ∈ λ∂j(x, u), in Ω,

∂u

∂γ
= 0, on ∂Ω,

(P )

where Ω is a bounded domain of R
N with smooth boundary, λ > 0 is a real number, p(x) ∈ C(Ω)

with 1 < p− := min
x∈Ω

p(x) ≤ p+ := max
x∈Ω

p(x) < +∞, ∂j(x, u) is the Clarke subdifferential of

j(x, ·), γ is the outward unit normal to the boundary ∂Ω.
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In [7], Dai studied the particular case p(x) ∈ C(Ω) with N < p−. He established the

existence of three solutions by using the non-smooth critical -points theorem [15]. In this paper

we will study problem (P ) in the case when 1 < p(x) < +∞ for any x ∈ Ω. We will prove that

there also exist three weak solutions for problem (P ), and existence of at least two nontrivial

solutions, when α− > p+.

This paper is organized as follows. We will first introduce some basic preliminary results

and lemma. In Section 2, including the variable exponent Lebesgue, Sobolev spaces, generalized

gradient of locally Lipschitz function and non-smooth three-critical-points theorem. In section

3, we give the main results and their proof.

§2 Preliminaries

In this part, we introduce some definitions and results which will be used in the next section.

Firstly, we introduce some theories of Lebesgue-Sobolev space with variable exponent. The

detailed can be found in [8-13].

Assume that p ∈ C(Ω) and p(x) > 1, for all x ∈ Ω. Set C+(Ω) = {h ∈ C(Ω) : h(x) > 1 for

any x ∈ Ω}. Define

h− = min
x∈Ω

h(x), h+ = max
x∈Ω

h(x) for any h ∈ C+(Ω).

For p(x) ∈ C+(Ω), we define the variable exponent Lebesgue space:

Lp(x)(Ω) = {u : u is a measurable real value function
∫

Ω
|u(x)|p(x)dx < +∞},

with the norm |u|Lp(x)(Ω) = |u|p(x) =inf{λ > 0 :
∫

Ω |u(x)
λ

|p(x)dx ≤ 1},

and define the variable exponent Sobolev space

W 1,p(x)(Ω) = {u ∈ Lp(x)(Ω) : |∇u| ∈ Lp(x)(Ω)},

with the norm ‖u‖ = ‖u‖W 1,p(x)(Ω) = |u|p(x) + |∇u|p(x).

We remember that spaces Lp(x)(Ω) and W 1,p(x)(Ω) are separable and reflexive Banach

spaces. Denoting by Lq(x)(Ω) the conjugate space of Lp(x)(Ω) with 1
p(x) + 1

q(x) = 1, then

the Hölder type inequality
∫

Ω

|uv|dx ≤ (
1

p−
+

1

q−
)|u|Lp(x)(Ω)|v|Lq(x)(Ω), u ∈ Lp(x)(Ω), v ∈ Lq(x)(Ω) (1)

holds. Furthermore, define mapping ρ : W 1,p(x) → R by

ρ(u) =

∫

Ω

(|∇u|p(x) + |u|p(x))dx,

then the following relations hold

‖u‖ < 1(= 1, > 1) ⇔ ρ(u) < 1(= 1, > 1), (2)

‖u‖ > 1 ⇒ ‖u‖p−

≤ ρ(u) ≤ ‖u‖p+

, (3)

‖u‖ < 1 ⇒ ‖u‖p+

≤ ρ(u) ≤ ‖u‖p−

. (4)

Hereafter, let p∗(x) =











Np(x)

N − p(x)
, p(x) < N,

+ ∞, p(x) ≥ N.

Remark 2.1. If h ∈ C+(Ω) and h(x) ≤ p∗(x) for any x ∈ Ω, by Theorem 2.3 in [11],

we deduce that W 1,p(x)(Ω) is continuously embedded in Lh(x)(Ω). When h(x) < p∗(x), the

embedding is compact.
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Let X be a Banach space and X∗ be its topological dual space and we denote < ·, · > as

the duality bracket for pair (X∗, X). A function ϕ : X 7→ R is said to be locally lipschitz, if for

every x ∈ X, we can find a neighbourhood U of x and a constant k > 0(depending on U), such

that |ϕ(y) − ϕ(z)| ≤ k‖y − z‖, ∀y, z ∈ U.

The generalized directional derivative of ϕ at the point u ∈ X in the direction h ∈ X is

ϕ0(u; h) = lim sup
u′→u;λ↓0

ϕ(u′ + λh) − ϕ(u′)

λ
.

The generalized subdifferential of ϕ at the point u ∈ X is defined by

∂ϕ(u) = {u∗ ∈ X∗; < u∗, h >≤ ϕ0(u; h), ∀ h ∈ X},

which is a nonempty, convex and w∗−compact set of X . We say that u ∈ X is a critical point

of ϕ, if 0 ∈ ∂ϕ(x). For further details, we refer the reader to [16].

Finally, for proving our results in the next section, we introduce the following lemma:

Lemma 2.1(see [15]). Let X be a separable and reflexive real Banach space, and let

Φ, Ψ : X → R be two locally Lipschitz functions. Assume that there exist u0 ∈ X such that

Φ(u0) = Ψ(u0) = 0 and Φ(u) ≥ 0 for every u ∈ X and that there exists u1 ∈ X and r > 0 such

that:

(1) r < Φ(u1);

(2) sup
Φ(u)<r

Ψ(u) < r
Ψ(u1)
Φ(u1) , and further, we assume that function Φ−λΨ is sequentially lower

semicontinuous, satisfies the (PS)-condition, and

(3) lim
‖u‖→∞

(Φ(u) − λΨ(u)) = +∞

for every λ ∈ [0, a], where

a = hr

r
Ψ(u1)

Φ(u1)− sup
Φ(u)<r

Ψ(u)
, with h > 1.

Then, there exits an open interval Λ1 ⊆ [0, a] and a positive real number σ such that, for

every λ ∈ Λ1, the function Φ(u) − λΨ(u) admits at least three critical points whose norms are

less than σ.

§3 Existence theorems

In this section, we will prove that there also exist three weak solutions for problem (P ).

Our hypotheses on nonsmooth potential j(x, t) as follows.

H(j) : j : Ω × R → R is a function such that j(x, 0) = 0 a.e. on Ω and satisfies the following

facts:

(i) for all t ∈ R, x 7→ j(x, t) is measurable;

(ii) for almost all x ∈ Ω, t 7→ j(x, t) is locally Lipschitz;

(iii) there exist α ∈ C+(Ω) with α+ < p− and positive constants c1, c2, such that

|w| ≤ c1 + c2|t|
α(x)−1

for every t ∈ R, almost all x ∈ Ω and all w ∈ ∂j(x, t);

(iv) there exists a t0 ∈ R
+, such that j(x, t0) > 0 for all x ∈ Ω;

(v) there exist q ∈ C(Ω) such that p+ < q− ≤ q(x) < p∗(x) and

lim
|t|→0

j(x, t)

|t|q(x)
= 0 uniformly a.e. x ∈ Ω.
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Remark 3.1. It is easy to give examples satisfying all conditions in H(j). For example,

the following nonsmooth locally Lipschitz function j : Ω × R → R, satisfies hypotheses H(j):

j(x, t) =

{

1
β(x) |t|

β(x), if |t| ≤ 1,
1

α(x) |t|
α(x) + α(x)−β(x)

α(x)β(x) t, if |t| > 1,

where α, β ∈ C+(Ω) with α+ < p− ≤ p+ < q− ≤ q+ < β− ≤ β(x) < p∗(x).

In order to use Lemma 2.1, we define the function Φ, Ψ : W 1,p(x)(Ω) → R by

Φ(u) =
∫

Ω
1

p(x) (|∇u|p(x) + |u|p(x))dx, Ψ(u) =
∫

Ω j(x, u)dx.

and let ϕ(u) = Φ(u) − λΨ(u), by Fan [14, Theorem 3.1], we know that Φ is continuous and

convex, hence locally Lipschitz on W 1,p(x)(Ω). On the other hand, because of hypotheses

H(j)(i),(ii),(iii), Ψ is locally Lipschitz (see Clarke [16], p.83)). Therefore ϕ(u) is locally Lips-

chitz. We state below our main results

Theorem 3.1. If hypotheses H(j) hold, Then there are an open interval Λ ⊆ [0. +∞) and

a number σ such that, for each λ ∈ Λ the problem (P ) possesses at least three weak solutions

in W 1,p(x)(Ω) whose norms are less than σ.

Proof: The proof is divided into the following three Steps.

Step 1. We will show that ϕ is coercive in the step.

Firstly, for almost all x ∈ Ω, by t 7→ j(x, t) is differentiable almost everywhere on R and

we have d
dt

j(x, t) ∈ ∂j(z, t). Moveover, from H(j)(iii), there exist positive constants c3, c4, such

that

j(x, t) = j(x, 0) +

∫ t

0

d

dy
j(x, y)dy ≤ c1|t| +

c2

α(x)
|t|α(x) ≤ c3 + c4|t|

α(x) (5)

for almost all x ∈ Ω and t ∈ R.

Note that 1 < α(x) ≤ α+ < p− < p∗(x), then by Remark 2.1, we have W 1,p(x)(Ω) →֒

Lα(x)(Ω)(compact embedding). Furthermore, there exists a c such that |u|α(x) ≤ c‖u‖ for any

u ∈ W 1,p(x)(Ω).

So, for any |u|α(x) > 1 and ‖u‖ > 1,
∫

Ω |u|α(x)dx ≤ |u|α
+

α(x) ≤ cα+

‖u‖α+

.

Hence, from (3) and (5), we have

ϕ(u) =

∫

Ω

1

p(x)
(|∇u|p(x) + |u|p(x))dx − λ

∫

Ω

j(x, u)dx

≥
1

p+

∫

Ω

(|∇u|p(x) + |u|p(x))dx − λ

∫

Ω

j(x, u)dx

≥
1

p+
‖u‖p−

− λ

∫

Ω

j(x, u)dx

≥
1

p+
‖u‖p−

− λc3meas(Ω) − λc4c
α+

‖u‖α+

→ +∞,

as ‖u‖ → +∞.

Step 2. We show that (PS)-condition holds.

Suppose {un}n≥1 ⊆ W 1,p(x)(Ω) such that |ϕ(un)| ≤ c and m(un) → 0 as n → +∞. Let

u∗
n ∈ ∂ϕ(un) be such that m(un) = ‖u∗

n‖(W 1,p(x)(Ω))∗ , n ≥ 1, then we know that

u∗
n = Φ′(un) − λwn
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where the nonlinear operator Φ′ : W 1,p(x)(Ω) → (W 1,p(x)(Ω))∗ defined as

< Φ′(u), v >=

∫

Ω

|∇u|p(x)−2∇u∇vdx +

∫

Ω

|u|p(x)−2uvdx,

for all v ∈ W 1,p(x)(Ω) and wn ∈ ∂Ψ(un). From Chang [17] we know that wn ∈ Lα′(x)(Ω), where
1

α′(x) + 1
α(x) = 1.

Since, ϕ is coercive, {un}n≥1 is bounded in W 1,p(x)(Ω) and there exists u ∈ W
1,p(x)
0 (Ω) such

that a subsequence of {un}n≥1, which is still be denoted as {un}n≥1, satisfies un ⇀ u weakly

in W 1,p(x)(Ω). Next we will prove that un → u in W 1,p(x)(Ω).

By W 1,p(x)(Ω) → Lα(x)(Ω), we have un → u in Lα(x)(Ω). Moreover, since ‖u∗
n‖∗ → 0, we

get | < u∗
n, un > | ≤ εn .

Note that u∗
n = Φ′(un) − λwn, we obtain

< Φ′(un), un − u > −λ
∫

Ω wn(un − u)dx ≤ εn, ∀n ≥ 1.

Moreover,
∫

Ω wn(un − u)dx → 0 , since un → u in Lα(x)(Ω) and {wn}n≥1 are bounded in

Lα′(x)(Ω) , where 1
α(x) + 1

α′(x) = 1. Therefore,

lim sup
n→∞

< Φ′(un), un − u >≤ 0.

But we know Φ′ is a mapping of type (S+)(see [14, Theorem 3.1]). Thus we obtain

un → u in W 1,p(x)(Ω).

Step 3. We show that Φ, Ψ satisfy the conditions (1) and (2) in Lemma 2.1.

Consider u0, u1 ∈ W 1,p(x)(Ω), u0(x) = 0 and u1(x) = t0 for any x ∈ Ω. A simple computa-

tion implies Φ(u0) = Ψ(u0) = 0 and Ψ(u1) > 0.

From (3) and (4), we have

if ‖u‖ ≥ 1, then
1

p+
‖u‖p−

≤ Φ(u) ≤
1

p−
‖u‖p+

; (6)

if ‖u‖ < 1, then
1

p+
‖u‖p+

≤ Φ(u) ≤
1

p−
‖u‖p−

. (7)

From H(j)(v), there exist η ∈ [0, 1] and c5 > 0 such that

j(x, t) ≤ c5|t|
q(x) ≤ c5|t|

q−

, ∀t ∈ [−η, η], x ∈ Ω.

In view of H(j)(iii), if we put

c6 = max{c5, sup
η≤|t|<1

c3 + c4|t|
α−

|t|q−
, sup
|t|≥1

a1 + a2|t|
α+

|t|q−
},

then we have

j(x, t) ≤ c6|t|
q−

, ∀t ∈ R, x ∈ Ω.

Fix r such that 0 < r < 1. And when 1
p+ max{‖u‖p−

, ‖u‖p+

} < r < 1, by Sobolev Embedding

Theorem (W 1,p(x)(Ω) →֒ Lq−

(Ω)), we have (for suitable positive constants c7, c8)

Ψ(u) =
∫

Ω j(x, u)dx ≤ c6

∫

Ω |u|q
−

dx ≤ c7‖u‖
q−

< c8r
q−

p− (or c8r
q−

p+ ).

Since q− > p+, we have

lim
r→0+

sup
1

p+ max{‖u‖p−
,‖u‖p+}<r

Ψ(u)

r
= 0. (8)
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Fix r0 such that r0 < 1
p+ min{‖u1‖

p−

, ‖u1‖
p+

, 1}.

Case 1. When ‖u1‖ ≥ 1, from (6), we have
1

p−
‖u1‖

p+

≥ Φ(u1) ≥
1

p+
‖u1‖

p−

. (9)

From (8) and (9), we know that when 0 < r < r0, Φ(u1) > r and

sup
1

p+ ‖u‖p−
<r

Ψ(u) ≤
r

2

Ψ(u1)
1

p−
‖u1‖p+ ≤

r

2

Ψ(u1)

Φ(u1)
< r

Ψ(u1)

Φ(u1)
.

From (6), we have

{u ∈ W 1,p(x)(Ω) : Φ(u) < r} ⊆ {u ∈ W 1,p(x)(Ω) :
1

p+
‖u‖p−

< r}.

Hence,

sup
Φ(u)<r

Ψ(u) < r
Ψ(u1)

Φ(u1)
.

Case 2. When ‖u1‖ ≥ 1, fixing r as above, with the role of ‖u1‖
p+

above now assumed by

‖u1‖
p−

, we can analogously get

sup
1

p+ ‖u‖p+
<r

Ψ(u) ≤
r

2

Ψ(u1)
1

p−
‖u1‖p−

≤
r

2

Ψ(u1)

Φ(u1)
< r

Ψ(u1)

Φ(u1)
.

From (7), we have

{u ∈ W 1,p(x)(Ω) : Φ(u) < r} ⊆ {u ∈ W 1,p(x)(Ω) :
1

p+
‖u‖p+

< r}.

Hence,

sup
Φ(u)<r

Ψ(u) < r
Ψ(u1)

Φ(u1)
.

Thus, Φ and Ψ satisfy all the assumptions of Lemma 2.1, and the proof is complect. @

Thus far the results involved potential functions exhibiting p(x)-sublinear. The next theorem

concerns problems where the potential function is p(x)-superlinear. The hypotheses on the

nonsmooth potential are the following:

H(j)1 : j : Ω×R → R is a function such that j(x, 0) = 0 a.e. on Ω and satisfies the following

facts:

(i) for all t ∈ R, x 7→ j(x, t) is measurable;

(ii) for almost all x ∈ Ω, t 7→ j(x, t) is locally Lipschitz;

(iii) there exist α ∈ C+(Ω) with α− > p+ and positive constants c1, c2, such that

|w| ≤ c1 + c2|t|
α(x)−1

for every t ∈ R, almost all x ∈ Ω and all w ∈ ∂j(x, t);

(iv) There exist γ ∈ C(Ω) with p+ < γ(x) < p∗(x) and µ ∈ L∞(Ω), such that

lim sup
t→0

< w, t >

|t|γ(x)
< µ(x),

uniformly for almost all x ∈ Ω and all w ∈ ∂j(x, t);

(v) There exist ξ0 ∈ R, x0 ∈ Ω and r0 > 0, such that

j(x, ξ0) > δ0 > 0, a.e. x ∈ Br0(x0)

where Br0(x0) := {x ∈ Ω : |x − x0| ≤ r0} ⊂ Ω;
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(vi) For almost all x ∈ Ω, all t ∈ R and all w ∈ ∂j(x, t), we have

j(x, t) ≤ ν(x) with ν ∈ Lβ(x)(Ω), 1 ≤ β(x) < p−.

Remark 3.2. It is easy to give examples satisfying all conditions in H(j)1. For example,

the following nonsmooth locally Lipschitz function j : Ω × R → R, satisfies hypotheses H(j)1:

j(x, t) =











− sin(
π

2
|t|γ(x)), |t| ≤ 1,

1

2
√

|t|
−

3

2
, |t| > 1,

Theorem 3.2. If hypotheses H(j)1 hold, then there exists a λ0 > 0 such that for each

λ > λ0, the problem (P ) has at least two nontrivial solutions.

Proof: The proof is divided into the following five Steps.

Step 1. We will show that ϕ is coercive in the step.

By H(j)1(vi), for all u ∈ W 1,p(x)(Ω), ‖u‖ > 1, we have

ϕ(u) =

∫

Ω

1

p(x)
(|∇u|p(x) + |u|p(x))dx − λ

∫

Ω

j(x, u)dx

≥
1

p+
‖u‖p−

− λ

∫

Ω

ν(x)dx → ∞, as ‖u‖ → ∞.

Step 2. We will show that the ϕ is weakly lower semi-continuous.

Let un ⇀ u weakly in W 1,p(x)(Ω), by Remark 2.1, we obtain the following results:

W 1,p(x)(Ω) →֒ Lp(x)(Ω);

un → u in Lp(x)(Ω);

un → u for a.e. x ∈ Ω;

j(x, un(x)) → j(x, u(x)) for a.e. x ∈ Ω.

By Fatou’s Lemma,

lim sup
n→∞

∫

Ω

j(x, un(x))dx ≤

∫

Ω

j(x, u(x))dx.

Thus,

lim inf
n→∞

ϕ(un) = lim inf
n→∞

∫

Ω

1

p(x)
(|∇un|

p(x) + |un|
p(x))dx − lim sup

n→∞
λ

∫

Ω

j(x, un)dx

≥

∫

Ω

1

p(x)
(|∇u|p(x) + |u|p(x))dx − λ

∫

Ω

j(x, u)dx = ϕ(u).

Hence, by The Weierstrass Theorem, we deduce that there exists a global minimizer u0 ∈

W 1,p(x)(Ω) such that

ϕ(u0) = min
u∈W 1,p(x)(Ω)

ϕ(u).

Step 3. We will show that there exists λ0 > 0 such that for each λ > λ0, ϕ(u0) < 0.

By the condition H(j)1(v), there exists ξ0 ∈ R such that j(x, ξ0) > δ0 > 0, a.e. x ∈ Br0(x0).

It is clear that
0 < M1 := max

|t|≤|ξ0|
{c1|t| + c2|t|

α+

, c1|t| + c2|t|
α−

} < +∞.

Now we denote

t0 = (
M1

δ0 + M1
)

1
N , K(t) := max{(

ξ0

r0(1 − t)
)p−

, (
ξ0

r0(1 − t)
)p+

}
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and

λ0 = max
t∈[t1,t2]

K(t)(1 − tN ) + max{ξp−

0 , ξ
p+

0 }

[δ0tN − M1(1 − tN )]
,

where t0 < t1 < t2 < 1 and δ0 is given in the condition H(j)1(v). A simple calculation shows

that the function t 7→ δ0t
N −M1(1− tN) is positive whenever t > t0 and δ0t

N
0 −M1(1− tN0 ) = 0.

Thus λ0 is well defined and λ0 > 0.

We will show that for each λ > λ0, the problem (P ) has two nontrivial solutions. In order

to do this, for t ∈ [t1, t2], let us define

ηt(x) =



















0, if x ∈ Ω\Br0(x0),

ξ0, if x ∈ Btr0(x0),

ξ0

r0(1 − t)
(r0 − |x − x0|), if x ∈ Br0(x0)\Btr0(x0).

By conditions H(j)1(iii) and (v) we have
∫

Ω

j(x, ηt(x))dx =

∫

Btr0 (x0)

j(x, ηt(x))dx +

∫

Br0 (x0)\Btr0 (x0)

j(x, ηt(x))dx

≥wNrN
0 tNδ0 − M1(1 − tN )wNrN

0

=wNrN
0 (δ0t

N − M1(1 − tN )).

Hence, for t ∈ [t1, t2],

ϕ(ηt) =

∫

Ω

1

p(x)
|∇ηt|

p(x)dx +

∫

Ω

1

p(x)
|ηt|

p(x)dx − λ

∫

Ω

j(x, ηt(x))dx

≤
1

p−

∫

Ω

(|∇ηt|
p(x) + |ηt|

p(x))dx − λwN rN
0 (δ0t

N − M1(1 − tN ))

≤max{[
ξ0

r0(1 − t)
]p

−

, [
ξ0

r0(1 − t)
]p

+

}wNrN
0 (1 − tN )

+ max{ξp−

0 , ξ
p+

0 }wNrN
0 − λwN rN

0 (δ0t
N − M1(1 − tN ))

=wN rN
0 [K(t)(1 − tN ) + max{ξp−

0 , ξ
p+

0 } − λ(δ0t
N − M1(1 − tN ))],

so that ϕ(ηt) < 0 whenever λ > λ0.

Step 4. We will check the C-condition in the following.

Suppose {un}n≥1 ⊆ W
1,p(x)
0 (Ω) such that ϕ(un) → c and (1 + ‖un‖)m(un) → 0.

Since, ϕ is coercive, {un}n≥1 is bounded in W 1,p(x)(Ω) and passed to a subsequence, still

denote {un}n≥1, we may assume that there exists u ∈ W 1,p(x)(Ω), such that un ⇀ u weakly in

W 1,p(x)(Ω). Next we will prove that un → u in W 1,p(x)(Ω).

By W 1,p(x)(Ω) → Lp(x)(Ω), we have un → u in Lp(x)(Ω). Moreover, since ‖u∗
n‖∗ → 0, we

get | < u∗
n, un > | ≤ εn .

Note that u∗
n = Φ′(un) − λwn, we have

< Φ′(un), un − u > −λ
∫

Ω
wn(un − u)dx ≤ εn, ∀n ≥ 1.

Moreover,
∫

Ω
wn(un − u)dx → 0 , since un → u in Lp(x)(Ω) and {wn}n≥1 in Lp′(x)(Ω) are

bounded, where 1
p(x) + 1

p′(x) = 1. Therefore,

lim sup
n→∞

< Φ′(un), un − u >≤ 0.

From [14, Theorem 3.1], we have un → u as n → ∞. Thus ϕ satisfies the nonsmooth C-
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condition.

Step 5. We will show that there exists another nontrivial weak solution of problem (P ).

From Lebourg Mean Value Theorem, we obtain

j(x, t) − j(x, 0) = 〈w, t〉

for some w ∈ ∂j(x, ϑt) and 0 < ϑ < 1. Thus, from H(j)1(iv), there exists β ∈ (0, 1) such that

|j(x, t)| ≤ |〈w, t〉| ≤ µ(x)|t|γ(x), ∀|t| < β and a.e. x ∈ Ω. (10)

On the other hand, by the condition H(j)1(iii), we have

j(x, t) ≤c1|t| + c2|t|
α(x)

≤c1|
t

β
|α(x)−1|t| + c2|t|

α(x)

=c1|
1

β
|α

+−1|t|α(x) + c2|t|
α(x)

=c5|t|
α(x)

(11)

for a.e. x ∈ Ω, all |t| ≥ β with c5 > 0.

Combining (10) and (11), it follows that

|j(x, t)| ≤ µ(x)|t|γ(x) + c5|t|
α(x)

for a.e. x ∈ Ω and all t ∈ R.

Thus, For all λ > λ0, ‖u‖ < 1, |u|γ(x) < 1 and |u|α(x) < 1, we have

ϕ(u) =

∫

Ω

1

p(x)
|∇u|p(x)dx − λ

∫

Ω

j(x, u(x))dx

≥
1

p+
‖u‖p+

− λ

∫

Ω

µ(x)|u|γ(x)dx − λc5

∫

Ω

|u|α(x)dx

≥
1

p+
‖u‖p+

− λc6‖u‖
γ−

− λc7‖u‖
α−

.

So, for ρ > 0 small enough, there exists a ν > 0 such that

ϕ(u) > ν, for ‖u‖ = ρ

and ‖u0‖ > ρ. So by the Nonsmooth Mountain Pass Theorem, we can get u1 ∈ W 1,p(x)(Ω)

satisfies

ϕ(u1) = c > 0 and m(u1) = 0.

Therefore, u1 is second nontrivial critical point of ϕ. @
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