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Abstract. We consider the existence of least energy sign-changing (nodal) solution
of Kirchhoff-type elliptic problems with general nonlinearity. Using a truncated tech-
nique and constrained minimization on the nodal Nehari manifold, we obtain that the
Kirchhoff-type elliptic problem possesses one least energy sign-changing solution by
applying a PohoZaev type identity. Moreover, the energy of the sign-changing solution
is strictly more than the ground state energy.
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1 Introduction

In this paper, we are concerned with the following Kirchhoff-type elliptic problem with gen-
eral nonlinearity:

<u + A/ |Vu|*dx + Ab/ uzdx> [~Au+bu] = f(u), xRV, (1.1)
RN RN

where a,b > 0 are constants, A > 0 is a parameter and N > 3. Moreover, f € Cl(]R, RT)
satisfies the following hypotheses:

(1) 1F(B)] < C(Jt+ [H7) for g € (2,27), 2° = @5
(f2) f(t) =o(]t]) as t —0;
(fs) lim L = +oo;

too 1

(f1) % is strictly increasing in R\ {0}.
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Kirchhoff-type problems are often referred to as being nonlocal because of the presence
of the integral terms. It is related to the stationary analogue of the equation that arise in the
study of string or membrane vibrations, namely

0%u Py E [Lou,,\ du

which was presented by Kirchhoff [10] in 1883. This model is an extension of the classical
d’Alembert wave equation by considering the effects of the changes on the length of the
elastic string during the free vibrations. The parameters in the Kirchhoff’s model have the
following meanings: L is the length of the string, h is the area of cross-section, E is the Young
modulus of the material, p is the mass density and P, is the initial tension. Some early classical
studies of Kirchhoff-type equations were those of PohoZaev [22] and Bernstein [3]. However,
Kirchhoff’s model received great attention only after Lions [13] proposed following abstract

framework for the model (1.2),
{utt —(a+0 [ |VulPdx)Au = f(x,u), x€Q,
(1.3)

u=20 x € 0Q).

The existence and concentration behavior of solutions to Kirchhoff-type elliptic problem
have been extensively studied in the past decade. Most researchers paid their attention to fo-
cus on existence of positive solutions, ground state, radial and nonradial solutions and semi-
classical state under some different assumptions, see for example [1,4,6,7,11,12,17,19-21,24,26]
and references therein. While existence of sign-changing solutions has been received few at-
tention, and there are very few results on existence of sign-changing solutions to Kirchhoff-
type problem. Only Zhang et al. [18, 28] investigated the existence of sign-changing solution
of the Kirchhoff-type problem (1.4),

{—(a +b [, |Vuldx)du = f(u), x€Q,
(1.4)
u=20 x € dQ),

wherea >0, b > 0and QO C RN (N > 1) is a bounded domain with smooth boundary. By
using variational methods and invariant sets of descent flow, they demonstrated that equa-
tions (1.4) possesses a sign-changing solution with nonlinearity f satisfying some suitable
conditions.

In recent years, there has been increasing attention to the existence of sign-changing
(nodal) solutions to Kirchhoff-type problem. In [23], Shuai considered equations (1.4) in
N =1,2,3 with f € C!(R, R) satisfying following conditions:

(Hh) f(t) = o(lt]) as t = 0;

(Hy) for some constant p € (4,2%), tlim {;(—2 = 0, where 2* = 40 for N = 1,2, if N = 3,
— 0
2* = 6;

(H3) lim % = +oco, where F(t) = fotf(s)ds;

li
t—o0

(Hy) % is an increasing function in R\{0}.
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Employing constraint variational method and quantitative deformation lemma, author as-
serted that there is one least energy sign-changing solution (nodal solution), which has pre-
cisely two nodal domains. Moreover, the energy of sign-changing solution is strictly larger
than the ground state energy. While Figueiredo and Nascimento in [5] discussed the following
more general problem than (1.4), for N = 3,

—M( [ |VulPdx)Au = f(u), xe€Q, (15)
u=0 x € 90, '

where M, f € C}(R,R) fulfill some assumptions:
(M) function M is increasing and M(0) := mp > 0;
(Mz) @ is a decreasing function for > 0;
(H3) there is 6 € (4,6) such that 0 < 8F(t) < f()t, for t # 0.

Under the conditions (M), (M,) and (H;), (Hz), (H3), (Hy), they explored that there
exists one least energy nodal solution to the problem (1.5). For more results, we refer to
[2,16,27] for some variant version of Kirchhoff-type problem.

From the discussion above, we discover that researchers usually need suppose that f sat-
isfies (Hy) and (H3) or (Hj), which ensure the boundedness of a minimum sequence for
the corresponding functional of the Kirchhoff-type problem. As well it also guarantees that
the nodal Nehari manifold of corresponding functional of the Kirchhoff-type problem is not
empty. Then their results can be derived by usual variational methods and quantitative de-
formation lemma. In this paper, we replace the conditions (Hy) and (H3) or (H3) by the
hypotheses (fs) and (f3), which is weaker than the conditions in foregoing literatures. A
typical case is that f(u) = |u|P~1u for p € (1,5), however, the results in the references above
is valid only for p € (3,5). To the best authors” knowledge, there is no result on the existence
of least energy sign-changing (nodal) solution to Kirchhoff-type problem with nonlinearity f
satisfying the hypotheses (f3) and (fa).

To character our results, we need first to introduce the energy functional for corresponding
Kirchhoff-type problem (1.1) and nodal Nehari manifold. Let H'(RN) be the usual Sobolev
space equipped with the inner product and norm

(u,v) = /3 VuVo + buvdx, ||u| = (u,u)'?,
R

and LP(RRV) is the usual Lebesgue space endowed with the norm

1/p
’M|p = (/]RN |u‘de> , for 1 < p < 0, |u’oo = sup |1/l(X)|,

x€RN

as well as

DY2(RN) := {u € L¥ (RN) : Vu € L*(RN)}
with norm [|u|pi2ryy = [Vu|a. It is well known that the embedding of H'(IRY) into L (RN)
for p € [2,2*] is continuous but not compact. Denote the subspace H!(RN) := {u €

H'(RYN) : u is radial symmetric function} and hereafter, for simplicity, H := H}(RY). Then
H < LP(RN) compactly for p € (2,2*), see [25, Corollary 1.26].
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Define the energy functional associated with equation (1.1), ], : H — R given by

_ a4y A 4_/
Jatu) = Sl + = [ Plaja
Obviously, J, belong to C*(H,R). For any u,v € H, there is

(4 (1), 0) = a(u,v) + Al|u)|>(u,0) — /H{Nf(u)vdx.

It is well-known that each weak solution of equation (1.1) corresponds a critical point of J,.
We define the Nehari manifold for the corresponding energy functional [

Ny = {u € H\{0} : (J)(u),u) = 0},
and the nodal Nehari manifold

My ={ueH:u"#0,(Jj(u),u*) =0},

where
ut(x) = max{u(x),0} and u (x)=min{u(x),0}.

Moreover, denote
Cr:=inf{Jy(u) :u € Ny} and ¢, :=inf{Jy(u):u € M,}.

When u is a nontrivial solution to equation (1.1) and J,(u) < J)(v), where v is any solution
of equation (1.1), then we say that u € H is a ground state (least energy) solution to equation
(1.1) and u is one sign-changing (nodal) solution to equation (1.1) if u* # 0. By Lemma 2.3
below, we have that /) and M, are not empty and M, C N,. From the definition of N/, and
M, we know that all nontrivial solutions and sign-changing solutions to equation (1.1) are
included in V) and M,, respectively.

Now, we give our main results as follows.

Theorem 1.1. Assume the conditions (f1)—(fa) hold. Then there exists a positive A such that, for any
A € (0,A), the problem (1.1) have a ground state solution u, which is constant sign and a least energy
sign-changing solution v, satisfying

ca = Ja(va) > Ja(uy) = ¢ > 0.

The remainder of this paper is organized as follows. In Section 2, we present the abstract
framework of the problem as well as some preliminary results. Theorem 1.1 will be proved in
Section 3.

2 Preliminaries

In this section, we show examples how theorems, definitions, lists and formulae should be
formatted.

In this section, we give some notations and lemmas. According to the foregoing discussion,
we know that it is very difficult to obtain bounded minimum sequences for the associated
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functional J,. So we here use a truncated technique, following [8,9,11], to handle it. We
introduce a cut-off function ¢ € C*(IR,R) satisfying

9(t) = teo1],
0< qb(t) te(1,2),
p(t) =0, t € [2,00),
9]0 <2,

and then consider the following truncated functional ], , : H — R defined by

Pl = [ s,

i) = o (145).

It is easy to know that J, . belong to C!(H,R). For x > 0 enough large, we can take advantage
of J) . to obtain a critical point w, of ], ,, then, by the definition of ¢ and J, ., we know that
w, is a critical point of ], if we show that ||w,|| < k. We define the Nehari manifold of ], , as
follows

a
ue(u) = 3l +

where for every x > 0,

Nyx = {u € H\{0} : (J} . (u),u) = 0}
and the nodal Nehari manifold
My,={ueH: ut #£0, (]A,K(u),ui) = 0}.

Moreover, denote

Crxi=1inf{ ] (1) : u € Ny}, Crxi=Inf{Ja (1) 1 € M)}

Notation 2.1. Throughout this paper, we denote by “—" and “—" the strong and weak con-
vergence in the related function space, respectively. B,(x) := {y € RN : |x —y| < r}. We use

0(1) to denote any quantity which tends to zero as n — o0. We will use the symbol C and C;
for denoting positive constants unless otherwise stated explicitly and the value of C and C; is
allowed to change from line to line and also in the same formula.

Lemma 2.2. Forall u € N, , the following results hold:
(i) for any A > 0, There exists r > O such that ||u|| > r;
(ii) Jax has a lower bound in N .

Proof. For any u € N, , there is

2
ol + Al + e (L) 11 = [ plwpa, e

By (f1), (f2) and Sobolev’s inequality, it is easy to obtain the result (i) if ||u||* > 2«2, otherwise,
the following inequality holds

]
ol -+ A Callal® + 50" (105 ) 1l 2l = 1,
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owing to (f1) and (f2), we have, for small ¢ > 0,

/]RN f(u)udx < elul3 + Celulf. (2.2)

Combining the three formulas above and Sobolev inequality, we obtain that
A
alfu[* = 5 [lu|® < /H{Nf(u)udx < eful5 + Celul§ < eCalful|* + Ca|u]".

It follows the assertion (7).
Next we show the item (ii). If ||u]|?> > 2«2 for all u € N, by the definition of ¢, we observe

ATV
Isw) = 3l = [ oy,
and by (2.1), it holds
2 _
allul? = [ flu)udx.

Since (fi) implies that 2F(t) < f(t)t for t € R, we deduce that ], (1) > 0 and the result is
finished. Suppose, by contradiction, that there is u € A such that ||u||?> < 2x2. In which case,
the result is valid by ], , € C!(H,R). Thus the conclusion is established. O

Lemma 2.3. For any u € H with u™ # 0, then there is a pair (ty,s,) € RT x R" such that
tuu™ + syu € M for A small. In particular, M . # @ and for all (t,s) € RT x R, there is

o (butt™ +syu™) > Jae(tu’ +su™).
Proof. For any u € H with u® # 0, define function g : [0,00) x [0,00) — R given by
g(t,s) := ax(tu” +su)
and its gradient @ : [0,00) x [0,00) — R X R, denoted by

O(t,s) = (D1(t,s), Da(t,s)) = (%(t,s),%—f(t,s))

= (Ualen 500,00, et 507),00)).

We simply compute, by (f1)(f2) and Sobolev inequality,
at? o oo P IR T q1,— 1
8(tys) = —-[lu™||” —et*[u” |z — CHu |g + —-[u™ |7 — es|u~ |3 — Csu~

2
as _ _ _
[ |2 = eCat? || — Co[u || + —- (||| — eCas®[[u |2 = CasJu" ",

Y]

for small ¢ > 0 and some positive constants C; (i = 1,2,3,4). Therefore, g(t,s) is positive for
(t,s) small. Since (f3), for t large enough, there exists a large M > 0 such that

£(t) > M) 23)
Thus, for (t,s) large enough, we compute
glt,s) = Jax(tu® +su”)

A
= Ei,‘zHquHz + E52]|LF||2 + She(tut +su) ||t 4 su ||t — / F(tu™ +su™)dx
2 2 4 .

(2.4)
— S|P S 2~ [ () + FlsuT)dx
2 2 RN
< 2P0ut|+ 5

< 52||u—||2—Mt2/ |u+|2dx—Msz/ Iu|Pdx,
2 JIRN RN
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therefore, for (f,s) large enough, we have g(t,s) — —co. So there is a pair of (f,,s,) such that
8§(tu,su) = rtgggg(tIS)-

We next claim that t,,s, > 0. Indeed, without loss of generality, assuming the pair of (t,,0) is
a maximum point of g(¢,s), we get that

3 A . . .
558 (uss) = as||u HZJFZhK(fu’ﬁﬂLS“ )(dtgs|lu|[[u~|1* + 48°([u||)
+ Z%h;(tuw su )t s [P = [ fewudy @)

_ . As _ _
> aslju | = [ flou)udx = S a4 su” | P,

since condition (f,), for A,s enough small, we see that % g(ty,s) > 0, which implies that
Q(ty,s) is increasing for s small. This contradicts that the pair of (t,,0) is a maximum point of
¢(t,s). Consequently, (t,,s,) is a positive maximum point of g(¢,s).

Finally, we prove that t,u™ +s,u~ € M, ,. According to the definition of ®, we note that
tyu™ +syu” € M, is equivalent to ®(t,s) = 0 for any t,s > 0. Because the pair of (t,,s,) is
a positive maximum point of g(t,s), we observe that

0 d
gg(frsﬂ(tu,su) = gg(l‘rs)ktu,su) =0,

is equal to
(Dt +syu™),u™) = (J(tuu™ +su™),u") =0,
which is same as
d(ty,,s,) =0.
Thence, by virtue of the definition of nodal Nehari manifolds, we show that t,u™ + s,u™ €

M «, which finishes the proof. O

Corollary 2.4. For any u € H\{0}, then there exists a t, € R such that t,u € N , for A small. In
particular, N  # @ and for all t € R™, there is

]/\,K(tuu) > ]}\,K(tu).

Lemma 2.5 (see Lions [14,15]). Let r > 0 and p € [2,2*). If {u, } is bounded in H and

lim sup |un|Pdx =0,
n—oo yeRN B:(y)

then we have u, — 0 in L1(RN) for g € (2,2%).

Lemma 2.6. Let {u,} C N be a minimum sequence of ], . at level ¢ ., then {u,} is bounded in H.

Proof. Arguing by contradiction, suppose ||u,| — o0 as n — oo, and set v, := ﬁ Then there

exists a v € H such that v, — v in H, up to a subsequence. Moreover, for p € [2,2*), we have
either {v,} is vanishing, i.e.,

lim sup |0, |Pdx =0
n—ooyeRN 7 Br(y
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or non-vanishing, i.e., there exist r,d > 0 and a sequence {y,} C RNsuch that

lim |on|Pdx > 6 > 0.
n—oo Br(yn)

We next shall prove neither vanishing nor non-vanishing occurs and this will provide the
desired contradiction. If {v,} is vanishing, by Lemma 2.5, this implies v, — 0 in L7(RN) for
g € (2,2*). Then, for every t > 0, we have, in view of (f1), (f2) and Sobolev’s inequality,

E/\,K +0(1) = ]/\,K(un) > ])\,K(tvﬂ)

= ol + Sh(on) ol - [ Flto)dx
- 2 n 4 n n RN n

t2
> % - €t2/ v2dx — Cgt"/ |0, |1dx

RN RN

tZ

> % —eCyt? — Cgt‘?/ |vn|Tdx
RN

t2

— % — 8C1t2,

as n — oo. This yields a contradiction for enough large ¢ .
Should non-vanishing occur, we then check that for enough large n, by (f3)

0< ]A,K(un) — E _/ P(un) |vn|2dx
RN

= a2 s
F F
S E_/ (Zﬂ)’vn|2dx_/ (L;”)|vn]2dx
2 Jjl>M Uy jun| <M Uy
<Z_ M/ |0, [*dx
2 [ty |>M
< a_ M/ |vn|2dx
2 (1| >M] By ()
<% M |0, |*dx
2 B (yn)
<2_Ms
2
<0,
where M is enough large. This is a contradiction and completes the proof. O

Lemma 2.7. Let {u,} C M, be a minimum sequence for ] , at level c, ., then {u,} has a conver-
gent subsequence in H.

Proof. Let {u,} C M, be such that
Jax(tin) = Crx, asn — oo,

Then, by Lemma 2.6, we know that u, is bounded in H and there exists a u € H, up to a
subsequence, such that

u, =~ u in H,

u, — u in LP(RN) for p € (2,2%), (2.6)

U, — u a.e.in RY.
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From (f1) and (f2), we have, for & small,
If(t)| < elt| + Ce|t|T™t, foranyt € R, (2.7)

thus by Holder’s inequality and Sobolev’s inequality, we get

o f ) (uy — u)dx

< élutnla|itn — ul2 + cg/ 1[0y — 11|l
IRN

(2.8)
< elutn|a|n — ]2 + Celttnld ™ 1tw — ul-
Thus thanks to boundedness of {u,} in H and (2.6), we obtain that
o fun)(uy —u)dx — 0 asn — oco.
Then note that for n enough large,
o(1) = <]/A,K(”n)r”n —u) = a(uy, uy —u) + AhK(”n)H”nHz(”nr”n —u)
+ o)l —w) = [ ) —wdx o)

A
- <a +/\h,<(un)]|un||2 + szh;(un)HunH‘L) (Uy, uy —u) +o0(1).

It forces, as 1 — oo,
2 A / 4 —
a -+ Ahye(u)||un||* + @han)uun“ (tn, un — 1) = o(1).
From the definition of i, we easily obtain (u,, u, —u) — 0 and ||u,|| — ||u||. Combining this

with (2.6), we demonstrate that 1, — u in H. This finishes the proof. O

When {u,} C N, using similar procedure of the proof above, we know that result of
Lemma 2.7 also holds at level ¢, .

Lemma 2.8. The c) , is attained by some u € M  for A small, which is a critical point of [, . in H.

Proof. Let {u,} C M, be such that J) (1) — ¢y, as n — co. By Lemma 2.7, we know that
there exists a u € H such that

Uy — U,
ul — v, (2.10)
u, —w,
in H as n — oo. Since u, € M,
A
|y 117 M () [0 | |10 || + @%(“n)””n”‘lﬂuﬁ = /H{Nf(ui)uidx (2.11)

Then, by (f1), (f2) and Sobolev’s inequality, we have

A
ol |2 = 4wt < o P = Sl 12 < e [t P Ce [t

< eCrlluf |7 + Calluif |7,
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So |lu;f|| > C3 > 0, similarly, ||u;, || > C4 > 0. This implies that v, w # 0. Since H is a Hilbert
space and the project mapping u + u™ is continuous in H, we get u* = v and u~ = w, then
u = ut +u" is a sign-changing function. Next we prove u € M, ,. From u, € M, , note
that

a1ty ) = (T (an), 1) = 0,
by (2.10) and passing to the limit, we obtain

<];L,K(u)’u+> = <]/,\,K(u)’u7> =0,

which implies u € M, and J «(u) = cy . Consequently, ] |1, attains its minimum at u,
then u is a nontrivial critical point of ], , in M .

It remains to see that u is a critical point of J) , in H. Because u is a critical point of ], , in
M., we have that J) (u) = 0in M, ,. Moreover, there exists a Lagrange multiplier x such
that

Taw(u) = p¥'(u) =0, (212)
where ¥ (u) = (] . (u),u). It suffices to prove that y = 0. By (2.12), we have

(Jox(u),v) —u(¥'(u),v) =0, foranyo e H. (2.13)

Taking v = u, we compute that
! 2 4 51 / 6 A " 8 1 2
(¥ (u), ) = 2al|ul]” + 4R () []|* + —5 e ) [[ul|” + b (u) [ —/ fr(u)u® + f(u)udx

4 1
:A(zhx<u>||u||4+th;<u>r|u||6+4h" Wll*) = [, £ 0 = Flu)uds
<A(8K + 64x* + 16K 1! (u / ' (u)u? — f(u)udx.

In virtue of (f4), we know that there exists a positive constant a such that

i f'(u)u? — f(u)udx > a > 0.

Therefore, (¥'(u),u) < 0 for enough small A, together with (2.13), it showes that 4 = 0. The
proof is completed. O

Corollary 2.9. The ¢, . is attained by some u € N ,, which is a critical point of ], , in H.

The proof is similar to that of Lemma 2.8, hence it is omitted here.

3 Proof of main results

According to the lemmas and corollaries in Section 2, we easily obtain the following results.

Theorem 3.1. Assume the conditions (f1)—(fa) hold, for A small, functional ], , possesses one least
energy critical point uy which is constant sign and one least enerqy sign-changing critical point v).
Moreover, the energy of the sign-changing critical point is strictly greater than the least energy, that is,

Cae = Iax(Un) > Tax(up) =y > 0.
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Proof. By the the lemmas and corollaries in Section 2, we know that |, , possesses a least
energy critical point u) and a least energy sign-changing critical point v,.

For ZJ;\L, in view of the foregoing discussions, there exists a t = t(v}“) > 0 such that
tv} € Ny, then

0 < Crx = ax(up) < nx(tvy) = Ina(tof +007) < Jax(vF +05) = caxe
Finally, we will prove that u, is constant sign. Suppose that u, is sign-changing, then u, <
M, , and
O = Iax(r) = Jax(oa) = cane > O

this is absurd. We complete the proof. O

Next we give an important identity to obtain that u, and v, are bounded uniformly in H.

That is a PohoZaev type identity, which was proved in [11, Lemma 2.6], here we omit the
details.

Lemma 3.2. If u € H is a weak solution of
A
(a A o) P + 2thic<u>||u||4) —Au+bu] = f(u), x€RY, 1)

then for A small, the following PohoZaev type identity holds

N-2 2 Nb 2 2, A 4
( 7 [ VuPdx+ =2 [l dx) <a+AhK(u)||u|\ ()l

=N | F(u)dx. (3.2)
RN

Lemma 3.3. For u, and v, obtained in Theorem 3.1, if x > 0 is large enough and A > 0 is sufficiently
small, then u, and vy are bounded in H, that is, ||u,||, |[oA] < .

Proof. This result was proved in [11, Lemma 2.7]. However, it plays a key role in proving
Theorem 1.1 and for the sake of completeness and convenience to reader, we here give the
detail. From ] (v)) = c) , we also write it as

1 1
SN2+ g NBe(@)lleal* =N [ F(oa)dx = cpeN (3.3)

By J} «(v1) = 0, we know that (3.2) holds. Combining (3.2) and (3.3), we get that, for A small,

a A
2 |y IVorPax < (a4 Mo [oalP + 5 @) oallt) | Vo Pdx
R 2K R (3.4)

A AN
=c\xN + EZ\UIK(?JA)HUA||4 + @%(Z’A)HWW

Now we start to estimate the right hand side of (3.4). As the procedure in the proof of
Lemma 2.3, we have, by the definition of h,

CAx S ])\,K((P + ¢)
a a A
= SIolP+ 2191E + helo+Wllo+ vl = [ Flo+y)dx

_a  a A 4
=545 | E@+9dx+Thlo+9)lo+yl
a a

<7+f—c/ 2 —c/ 2dx + C + Ak
=272 U T T M e T
§C1—|—AK4
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We also have that
A
ZNhK(UA)]|vAH4 < ANx*,

and

4x
Then together with (3.4), we have

AN
2

h;(m)]ymuﬁ < 4ANK,

%/N |Voa|2dx < NCy + 6ANK?.
R

Since J} . (v1) = 0, we have

AN
aljoal? + At (o) [loall* + 55 (o) [loall®

452
_ 2 2
= /IRNf(UA)UAdx < 8/]RN vydx + Ce /]RN vy dx. (3.5)

Therefore, by D2(RN) C L2 (RN) and Sobolev’s inequality,

(a=e)lloal’ < Ce [ oF dx— Tl oal?
<G [ IVorPdx -+ 8 (3.6)
R
< C4(NGCy + 644272 81k,

Arguing by contradiction, suppose ||v,|| > «. Then, by (3.6), we have
K% < [loal* < Cs(NCz + 6Ax*)* /2 4 8CeAx*,

which is impossible with « large and A small. So ||v,|| < «, similarly, we get ||u,|| < x. The
proof is finished. O

In what follows, we start to prove Theorem 1.1.

Proof of Theorem 1.1. Let x and A be large and small, respectively. By Theorem 3.1, we know
that ] , possesses a least energy critical point u, at level c, , and a least energy sigh-changing
critical point v, at level c, ., and according to Lemma 3.3, we obtain ||u,]|,|va| < x, then
Jax = Ja and u,,v, are critical point critical of J, at level c) and c,, respectively. There-
fore, equation (1.1) has a least energy signed solution u, and a least energy sigh-changing
solution v, .

Finally, we will see the energy of sign-changing solution is strictly more than the least
energy. From |, , = J) and Theorem 3.1, we have

cx = Ja(va) > Ja(up) =cy > 0.

Thus the proof is complete. O
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