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1 Introduction

Currently, there is increasing interest in Atici-Eloe fractional difference equations, with pio-
neering papers by Atict and Eloe [2-4] and Goodrich [6,7] driving much of this interest. It is
natural to investigate questions for Atici-Eloe fractional difference equations devoted to the
important results, such as those obtained in [1,5,9,10,12]. That is the goal of this paper for
fractional difference equations involving Lidstone boundary conditions.

In 2008, Graef, Kong and Wang in [9] obtained periodic solutions for a boundary value
problem for a second order nonlinear ordinary differential equation depending on a positive
parameter A. Under different combinations of superlinearity and sublinearity of the nonlinear-
ity, the authors obtained various existence, multiplicity, and nonexistence results for positive
solutions in terms of different values of A. Following that paper, Anderson and Minhos [1] ap-
plied a symmetric Green’s function approach to investigate the fourth-order discrete Lidstone
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problem with parameters:

Ay(t—2) — BA?y(t—1) = Af(ty(t)), tef{a+1l,a+2,...,b—1},
y(a)=0=A%(a—-1)=0, yb)=0=A>y{b-1)=0.

In a recent paper [10], under the same boundary conditions, Graef et al. studied a nonlinear
discrete fourth-order equation with dependence on two parameters:

Au(t —2) — BAu(t — 1) = A[f(t,u(t), u(t)) +r(t,u(t))]

fort € {a+1,a+2,...,b—1}. Two sequences were constructed so that they converged
uniformly to its unique solution.

Motivated by the above works, in this paper, for b € IN and b > 3, we are concerned with
the parameter dependence for existence, nonexistence and multiplicity of nontrivial solutions,
as well as the uniqueness of solutions, for the vth order Atici-Eloe fractional difference equa-
tion,

ANyt —2)—BA 2y(t—1) = Af(t+v—1y(t+v—1)) (1.1)

fort € {1,2,...,b}, satisfying the discrete Lidstone boundary conditions

yv—4)=0 y(v+b-2)=0, 1.2)

A=2y(—1) =0, A""%y(b) =0, '
where AV is the vth Atici-Eloe fractional difference with 3 < v < 4 a real number, § > 0
and A > 0 are parameters, and f : {v,v+1,...,v+b—1} x [0,00) — [0, 00) is a continuous
function with f(-,y) > 0 for y > 0. By a positive solution of the BVP (1.1)—(1.2), we mean
a function y : {v—4,v—3,...,v+b—2} — R that satisfies both the equation (1.1) and the
boundary conditions (1.2), and is positive on {v —3,v—2,...,v+b—3}.

The rest of this paper is organized as follows. In Section 2, we give some preliminary
definitions and theorems from the theory of cones in Banach spaces that are employed to
establish the main results. In Section 3, we give main results. We first construct some Green'’s
functions, evaluate bounds for the Green’s functions and define a suitable cone in a Banach
space. Then, we derive existence, nonexistence and multiplicity results for nontrivial solutions
to the BVP (1.1)—(1.2) in terms of different values of A, as well as the unique solution for the
BVP, which depends continuously on the parameter A.

2 Preliminaries
We shall state some definitions from fractional difference equations along with some defini-
tions and theorems from cone theory on which the paper’s main results depend.

Definition 2.1 ([2,8]). Let n — 1 < v < n be a real number and t € {a +v,a+v+1,...}. The
vth Atici-Eloe fractional sum of the function u is defined by

AVu(t) = r(lv) T (1 —s— 1) Du(s),

where t") = T(t +1)/T(t + 1 — v) is the falling function. If t + 1 — v is a pole of the Gamma
function and t 41 is not a pole, then t) = 0. Also, the vth Atici-Eloe fractional difference of
the function u is defined by

Avu(t) _ An—(n—v)u(t) — AH(A;(H7V)M(1')),
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where A is the forward difference defined as Au(t) =u(t+1) — u(t), and A'u(t) = A(A " u(t)),
i=23...

Remark 2.2. We note that for u defined on {a4,a+1,...}, then A;"u is defined on {a + v,
a+v+1,...}. We shall suppress the dependence on a in A, u(t) since domains will be clear
by context.

Remark 2.3. From the definition of vth Atici-Eloe fractional difference, we have A" A"u(t) =
A"y (t) forn—1 <v <n,mmn € N, m,n > 1. However, in general, A¥A"u(t) # A**Vu(t)
form—-1<v<mn—-1<v<n.

Remark 2.4. It is easy to check that x(*) is an increasing function for x € {v,v+1,...}.
We also require the following operational properties of fractional sum operator.
Lemma 2.5 ([2]). Let 0 <n—1< v <n. Then
ATVA u(t) = u(t) + etV 4otV et
forsomec; € R, withi=1,2,...,n.

Let (B, | - ||) be a real Banach space. P C B is a cone provided (i) au + v € P, for all
a, > 0 and for all u,v € P, and (ii) PN (—P) = {0}. A cone P in a real Banach space B
induces a partial order on B; namely, for u,v € B, u < v with respect to P, if v —u € P.

For our existence results, we will employ the theorem below which is due to Krasnosel’skif
[11].

Theorem 2.6. Let B be a Banach space, P C B be a cone, and suppose that ()1, Q) are bounded open
balls of B centered at the origin, with Oy C Q. Suppose further that A : PN (O \ Q) — Pisa
completely continuous operator such that either

Au|| < JJul|, wePnoQq and |Aul| > |jul|, ue€ PNy,

or
|Au|| > ul, uePndQ and ||Au| < |ul, uePnoQ,

holds. Then A has a fixed point in P N (Qa \ ).

3 Main results

First, let us consider the following boundary value problems

—(Nu(t—1) —Bu(t)) =h(t+v—-1), t€{0,1,...,b+1}, 3.1)
u(0) =0, u(b+1)=0 '
and
{—szy(t— D =u(t), te{1,2,...,b}, 62
yiv—4)=0, ylv+b—-2)=0,

respectively. Anderson and Minhos [1] derived the expression for the Green'’s function G (¢, s)
for the BVP (3.1),

Gi(t,s) = (33)

1 I(¢,0)I(b+1,s), t<s,
I(L0)I(b+1,0) |1(s,0)I(b+1,t), s<t,
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where (t,s) € {0,1,...,b+1} x {0,1,...,b+ 1}, with

I(t,s) =x"°—x*" forx= %([3—1—2—1— \/B(B+4)) > 1.

Also, by direct computation, we can get the Green’s function G,(t,s) for the BVP (3.2),

(v=3) _o_n\v=3)
= (v 4b—s—2) , (ts)eT,
1 (v+b—2)r=3)
Go(t,s) = =—— (3.4)
T(v—2) t(v—3>(v+b—s—2)<v—3)_(t_s)(H) (ts) e T
(1/—|—b—2)(1’*3) ’ ’ 2,
where
Ty:={(ts)e{v—4v—-3,...,v+b—-2} x{0,1,...,b+1}: 0<t—v+4<s<b+1},
T:={(ts)e{v—4v—-3,...,v+b—-2}x{0,1,...,b+1}: 0<s < t—v+3<b+1}.
Next, we consider the Banach space (B,| - ||) of real-valued functions on {v — 4,

v—3,...,v+b—2} with the norm
lyl| := max{|y(¢t)|: te{v—4,v—3,...,v+b—2}}.

From the following result we can see that the Green’s function of the vth order boundary
value problem is a convolution of (3.3) and (3.4).

Lemma 3.1. Let h : {v,v+1,...,v+b—1} — [0,+00) be a function. Then the linear discrete
Lidstone BVP

Ay(t—2)—BA2y(t—1) =h(t+v—1), te€{1,2,...,b}, (3.5)
y(v—4)=0=y(v+b-2), A" 2y(-1)=0=A""2y(b) '
has the solution
b+1b+1
y(t) =Y. ) Ga(t,s)Gi(s,2)h(z+v—1) forte{v—4v—3,...,v+b—2}
s=02z=0
Moreover, y(t) > o||y|| for t € {v—4,v—3,...,v+b—2}, where
2
. 1%(1,0)1(b,0) M (3.6)

2((b+1)/2,00[(b+1,0) My’

M; = min{Gy(v —3,b), Go(v+b—3,1)},
M, = max {Go([(b+1)/2] +v—4,[(b+1)/2]), Go([b/2] +v —3,[b/2]),
G([(b+1)/2] +v—5,[(b+1)/2] = 1), Go([b/2] +v—4,[b/2] —1)}

with [[r] denoting the smallest integer larger than or equal to r.

Proof. Since G(t,0)G1(0,z) =0 = Ga(t,b+1)G1(b+1,z) and G;(5,0) =0 = Gy(s,b+ 1), the
solution of BVP (3.5) can be written as
b b
y(t) =YY Ga(t,s)Gi(s,2)h(z+v—1) forte{v—4v—3,...,v+b—2}

s=1z=1
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Since y(v —4) = y(v + b — 2) = 0, the maximum of y occurs on {v —3,v—2,...,v+b—3}.
Applying the methods used in [4, Theorem 3.2], we can show that G,(t +1,s) > Gy(t,s) for
(t,s) € Th and Gy(t+1,s) < Gaft,s) for (t,s) € Tp. So, fort € {v—3,v—2,...,v+b—3}, we
have

Gy(t,s) > min{Gy(v —3,s), Go(v+b—3,s)}
and
Gyo(t,s) <max{Gy(s+v—4,s), Gy(s+v—3,5)}.

Well,

Go(v—3,5) = —— (v=3)+b-5s-2)"3 (vtb-s-2)0"
’ T T(v-2) (v+b—2)v=3) T (v+b—2)3 7

which is decreasing with respect to s according to Remark 2.3. So, for s € {1,2,...,b}, we
have Gy(v —3,s) > Ga(v — 3,b). Also,
GZ(V + b— 3, S)

_ 2\(v-3) o _7\w-3)
_ 1 (V+b 3) (V+b S 2) —(V+b—s—3)(v_3)

I'(v—2) (v+b—2)v3)
Cw+b=3)w+b-5s-2)"3  (v4+b-2)" V(v +b—5-3)"5
B T(v—2)(v+b—2)v-3) T(v—2)(v+b—2)v3

v —3)v=4)(y s 3)(v4)
_ +F}(V322)(V(+J;ﬁz)(v33)) b +1)(v+b—s—2)—(v+b—2)(b—s+1)]

_ (v+b-s-3)
~rb_arw_2 Vs
_ (v+b-s—3) s

- WwH+b—-2T(v—-3)°

Let ¢(s) := (v +b—s5—3)""¥s. Then

Ag(s) = (v4+b—s—4)"Hs4+1)— (v+b—s—3) Vs
=(wHb—s—4)"I[(b-s+1)(s+1)— (v+b—s—3)s
=W4+b—s—4)"I[(b+1-5)+ (4—v)s]
>0,

fors € {1,2,...,b}, thatis, Go(v + b — 3,s) is increasing with respect to the variable s. So,
Gy(v+b—3,s) > Go(v+b—3,1). Hence, Gy(t,s) > min{Gy(v—3,b), Go(v+b—3,1)} := M
on{v—-3,v—2,...,.vu+b—-3} x{1,2,...,b}.

Let

(s+v—4) 3D v4b—s—-2)v3
T(v—2)(v+b—2)03
(s+v—3) "3 (v4b—s—-2)v3
T(v—2)(v +b—2)03)

7

p(s) = Ga(s+v—4,s) =

- 1.

4(s) = Ga(s +v —3,5) =
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Then,

Ap(s) = p(s+1) = p(s)

5+ =-3)Nw+b—-5s-3)"  (s+v-4) D +b-s-2)3
B T(v—2)(v+b—2)t-3) - T(v—2)(v+b—2)v-3)
(v -4+ b—s-3)0H
B T(v—2)(v+b—2)v3)
(st v =)V +b—s-3)
B T(v—3)(v+b—2)v3)

So, Ap(s) > 0fors < (b+1)/2and Ap(s) <0 fors > (b+1)/2. Then,

p(s) < max{p([(b+1)/2]), p([(b+1)/2] - 1)}.

Jv+s=3)(b—s+1)—(v+b—s—2)s]

-(b+1—2s).

Similarly,

Aq(s) = q(s +1) —4(s)

s+ =2) w4+ b-5s-3)"  (s+v-3) "Dy +b—s-2)"3

T(v—2)(v+b—2)t3) B T(v—2)(v+b—2)¥73)
(s +v =3 +b—s-3)3

B F(v—2)(v+b—2)v3)
(s v=3) (v +b—s-3)0

B F(v—3)(v+b—2)v=3)
So, we obtain g(s) < max{q([b/2]), q([b/2]] — 1)}. Hence, we have

Go(t,s) < max{p([(b+1)/2]), p([(b+1)/2] —1), q([b/2]), q([b/2] — 1)} =: M>.
At the same time, for (s,z) € {1,2,...,b} x {1,2,...,b}, it is straightforward that

Jv+s=2)(b—s+1)—(v+b—s—2)(s+1)]

(b —2s).

min{l(s,0),I(b+1,s)} 1(1,0) 1(1,0)I(b,0)
> > > =
Gils,z) 2 1(b+1,0) G1z2) 2 137,005 2 g, — M
Likewise,
(01,5 P(50)

< < =

Gi(s2) < G122 < A 065 1,0)  IL0)I(b+1,0)

where we are allowing / to be evaluated as a function over the real numbers, not just over the
integers.
Then,

=:Mmy,

Mymq
Mpmy

y() 2 Tyl = olyll,  te {1,2,...,b). =

For ¢ > 0 as in (3.6), define the cone P C B by
P={yeB:yv—4)=y(v+b—-2)=0,y(t) >0y, te{v-3,v—2,...,u+b—3}}.
Define for t € {v —4,v—3,...,v+ b — 2} the functional operator A: B — B as

Ay(t) = i i Gao(t,8)Gi(s,z)f(z+v—1Ly(z+v—1)).

s=1z=1
By Lemma 3.1, the fixed points of AA are solutions of the BVP (1.1)—(1.2).

Now, we deduce the following four existence results by employing Theorem 2.6 due to
Krasnosel’skii.
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Theorem 3.2. Suppose that there exist positive numbers 0 < r < R < oo such that for all t €
{v—3,v—2,...,v+b—3}, the nonlinearity f satisfies

Y y
< — > o0).
(H1) f(ty) < ANyb fory e [0,r] and f(t,y)> Moo fory € [R, +00)

Then the BVP (1.1)—(1.2) has a nontrivial solution y such that

or <y(t) <§ forte{v—-3,v—2,...,u+b—3}.

Proof. If y € P, then Ay(v —4) = 0 = Ay(v+b—2) and Ay(t) > o||Ay| for t € {v -3,
v—2,...,v+b—3} by Lemma 3.1. So A(P) C P. Moreover, A is completely continuous
using standard arguments. Define bounded open balls centered at the origin by

R
Q= rePilul <rh and On={yeplyl < 5.

Then 0 € Oy C . Fory € PNoy, |ly|| = r, we have

AAy(t) = A Xb: Xb: Go(t,8)Gi(s,z2)f(z+v—1Ly(z+v—1))

s=1z=1
b b
<AMpmp Y Y fz+v—1y(z+v—1))
s=1z=1
1 b b
Sﬁ;_ly(ZJﬂf—l)

<yl te{v—-3,v—2,...,v+b—3}.

Thus, |[AAy| < |ly|| for y € P N9Q;. Similarly, let y € P Ny, so that ||y|| = R/c. Then,
y(t) >olyll=R te{v—-3,v—2,...,v+b—3}, and

b b
AAy(t) > AMymy Z Zf(z+1/ —Ly(z+v—-1)) > |yl

s=1z=1

So, ||AAy|| > |ly|| for y € P NoQy. By Krasnosel’skii’s theorem, AA has a fixed point y €
PN (0O \ O1), which is a nontrivial solution of the BVP (1.1)(1.2), such that r < ||y|| < R/0.
From the fact that y € P and the definition of ¢ in Lemma 3.1, we have

R
or <y(t) < lyll < O

The proof of next theorem is similar to that just completed.

Theorem 3.3. Suppose that there exist positive numbers 0 < r < R < oo such that for all t €
{v—=3,v—2,...,v+b— 3}, the nonlinearity f satisfies

(H2) f(ty) < Y fory € [R,+o0) and f(t,y) > # fory € [0,7].

/\Mz?flzb2 ﬂ’Z10'b2

Then the BVP (1.1)—(1.2) has a nontrivial solution y such that

or < y(t) Sg forte{v-3,v—2,...,v+b—3}.
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With an additional assumption one can show the existence of at least two nontrivial so-
lutions to the BVP (1.1)—(1.2). The proofs of next two theorems are modifications of that in
Theorem 3.2, so we omit them here.

Theorem 3.4. Suppose that there exist positive numbers 0 < r < N < R < oo such that for all
te{v—3,v—2,...,v+b—3}, the nonlinearity f satisfies

Yy
(H3) ft,y) < ANl fory € [¢N,N] and
Y

O > e

e fory € [0,7] U[R, +00).

Then the BVP (1.1)—(1.2) has at least two nontrivial solutions y1 and y, such that ||y1]| < N < ||y2|]
and

R
or <y1(t) <N, oN < y(t) < p forte{v—-3,v—2,...,v+b—3}

Theorem 3.5. Suppose that there exist positive numbers 0 < r < N < R < oo such that for all
te{v—3,v—2,...,v+b—3}, the nonlinearity f satisfies

¥
(H4) f(t,y) > Ao M b2 fory € [cN,N] and
Yy
< — .
flty) < AN b? fory € [0,7] U[R, +00)

Then the BVP (1.1)—(1.2) has at least two nontrivial solutions yy and y, such that ||y1]] < N < ||y2]]
and

R
or <y (t) <N, oN < y(t) < g forte{v—-3,v—2,...,v+b—3}
We summarize the above results in the following theorem in terms of the parameter A.

Theorem 3.6. Fort € {v—3,v—2,...,v+b—3}, define

fo(t) := lim fty) and  feo(t) := lim M (3.7)

y=0t Y ymee Y
Then, for t € {v—3,v—2,...,v+ b — 3}, we have the following statements.

() If fo(t) = 0 and fo(t) = oo, then the BVP (1.1)—~(1.2) has a nontrivial solution for all A €
(0, 00).

(i) If fo(t) = oo and feo(t) = O, then the BVP (1.1)—~(1.2) has a nontrivial solution for all A €
(0, 00).

(iii) If fo(t) = feo(t) = oo, then there exists Ag > O such that the BVP (1.1)—(1.2) has at least two
nontrivial solutions for 0 < A < Ay.

(iv) If fo(t) = fe(t) = O, then there exists Ao > 0 such that the BVP (1.1)-(1.2) has at least two
nontrivial solutions for A > Ay.

(V) If fo(t), feo(t) < oo, then there exists Ag > 0 such that the BVP (1.1)—(1.2) has no nontrivial
solution for 0 < A < Ay.

(vi) If fo(t), fe(t) > 0, then there exists Ag > 0 such that the BVP (1.1)—~(1.2) has no nontrivial
solution for A > Ay.
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Proof. If fo(t) = 0 and feo(t) = oo forallt € {v—3,v—2,...,v+b— 3}, then (H1) is satisfied
for sufficiently small » > 0 and sufficiently large R > 0.

If fo(t) = o0 and feo(t) =0forallt € {v—3,v—2,...,v+b— 3}, then (H2) holds.

Likewise, if fo(t) = fo(t) =coforallt € {v—3,v—2,...,v+b— 3}, then (H3) is satisfied
for A > 0 sufficiently small, and if fo(t) = fe(t) =0forallt € {v—-3,v—2,...,v+b—3},
then (H4) holds if A is sufficiently large.

To see (v), since fy(t), feo(t) < oo forallt € {v—3,v—2,...,v+b— 3}, there exist positive
constants #, 172, ¥ and R such that r < R and

f(t,y) <my forye[0,r] and f(t,y) <my fory € [R, ).
Let 7 > 0 be given by

f(ty)
y

Then f(t,y) < nyforally € (0,00) and t € {v —3,v—2,...,v+b—3}. If x is a nontrivial
solution of the BVP (1.1)—(1.2), then AAx = x. We have

q:max{m, 12, max{ te{v—-3,v—2,...,v+b—-3}, y e [r,R]}}.

[x|| = [[AAx[| < ApmaM, Z Z x(2) < AnmaMab?||x|| < x|
s=1z=1

for0< A <1/ (17m2M2b2), which is a contradiction.
The proof of part (vi) is similar to (v) and thus omitted. O

The final theorem in this section is obtained for the uniqueness of the solutions for the BVP
(1.1)-(1.2) and the continuous dependence on the parameter A under specialized conditions
when the nonlinear term f is a separable form.

Theorem 3.7. Assume f(t,y) = g(t)w(y), where ¢ : {v,v+1,...,v+b—1} — [0,00) with
Yo g(t+v—1)>0,and w: [0,00) — [0,00) is continuous and nondecreasing, and there exists
6 € (0,1) such that w(ky) > k’w(y) for k € (0,1) and y € [0,0).

Then, for any A € (0,00), the BVP (1.1)~(1.2) has a unique solution y,. Furthermore, such a
solution y, satisfies the following properties:

(i) ya is nondecreasing in A;
(i) limy o+ [lyall = 0 and limy e [[ya | = oo;
(iii) y, is continuous in A, i.e., if A — Ag, then ||[yy — ya,|| — 0.

Proof. We first show that for any A € (0, 00), the BVP (1.1)—(1.2) has a solution. It is easy to see
that A is nondecreasing. For k € (0,1), there exists 6 € (0,1) such that

bob
AA(ky(t)) = /\Z Z 2(t,8)G1(s,2)g(z+v —Nw(ky(z+v — 1))
keii (t,5)Gi(s,2)g(z +v —Dw(y(z +v—1))

fory € Pwithy(t) >0fort € {v—3,v—2,...,v+b—3}. Let L=bY" ,g(z+v—1),and

t—v—4v+b 2,
/\L te{v—-3,v—4,...,v+b—3}
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Theny € Pand y(t) >0fort € {v—-3,v—4,...,v+b—3}, and

b b
Ay(t) = mMiw(0) Y Y g(z+v—1) = myMw(0)L,
s=1z=1

bob
AY(t) < maMyw(AL) Y Y g(z+v —1) = myMow(AL)L.

s=1z=1

Thus,
mMyw(0)L < Ay < myMpw(AL)L.

Define ¢ and d by
c:=sup{x:Lx < Ay(t)} and d:=inf{x: Ay(t) < Lx}.

Clearly, ¢ > m;Mw(0) and d < myMow(AL). Choose ¢ and d such that

L
0 < ¢ < min{1, Ellfﬂ} and max{1, d"*

} <d < oo

Define two sequences {uy(t)}°; and {vi(t)}zo; b

0 (£) = 0, t=v—4,v+b-—2,
! AL, te{v—3,u—4,...,v+b-3},

up1(t) = AMug(t), te{v—4,v-3,...,v+b-2}, k=1,2,...

and

(1) = 0, t=v—4,v+b-—2,
! dAL, te{v—-3,v—4,...,v+b—3},

Vg1 (F) = AAog(t), te{v—4,v-3,...,v+b-2}, k=1,2,...

From the monotonicity of A, we have
C/\L:ulguZS"'Sukg"'<Uk§"'§02§01:dAL'

Letd =c¢/d € (0,1). We claim that

ug(t) > 591(710]((0 forte {v—4,v-3,...,v+b—2}.

(3.8)

In fact, it is clear that u1 = dv; on {v —4,v—3,...,v+ b —2}. Assume (3.8) holds for k = n,
ie., uy(t) > 59}1710”(0 fort € {v—4,v—3,...,v+b—2}. Then, from the monotonicity of A,

we can obtain

gt (F) = AAun(t) > AAG 0a(8)) > A6 )P Avy () = A6%" Avy () = 6% 0,51 (),

fort € {v—4,v—3,...,v+b—2}. It follows from mathematical induction that (3.8) holds.

Then, for a nonnegative integer /, we have

0 < gy (£) — ug(t) < oi(t) — () < (1= 6" Yoy(t) < A(1— 6" )dL

fort € {v—4,v—3,...,v+b—2}. Hence,

k—
lugsr — el < [Jox — mi]| < A1 =6 ")dL.
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Then, there exists a function y € P such that

lim u(t) = lim v (t) = y(t) fort e {v—4,v—3,...,v+b—2}.
k—o0 k—oc0
Clearly, y(t) is a positive solution of the BVP (1.1)—(1.2).

Next, we show the uniqueness of solutions for BVP (1.1)=(1.2). Assume, to the contrary,
that there exist two positive solutions y; (t) and y»(t) of BVP (1.1)—(1.2). Then A Ay (t) = y1(t)
and Ay, (t) = yao(t) for t € {v—4,v—3,...,v+b—2}. We note that there exists « > 0 such
that y1(t) > aya(t) on {v—4,v—3,...,v+b—2}. Letag = sup{a : y1(t) > ay2(t)}. Then
ag € (0,00) and y1(t) > agya(t) fort € {v—4,v—3,...,v+b—2}. If ayp < 1, then there exists
0 € (0,1) such that w(agy2(t)) > adw(y2(t)) > aow(y2(t)) on {v —4,v—3,...,v+b—2}.
This, together with the monotonicity of f, implies that

y1(t) = AAy1(t) > AA(aoy2(t)) > agAA(ya(t)) > aoya(t)

fort € {v—4,v—3,...,v+b—2}. Thus, we can find T > 0 such that y;(t) > (2o + T)y2(t)
on {v—4,v—3,...,v+b—2}, which contradicts the definition of ay. Hence, y1(t) > y2(t)
fort € {v—4,v—3,...,v+b—2}. Similarly, we can show that y,(t) > y1(t) for t € {v —4,
v—3,...,v+b—2}. Therefore, the BVP (1.1)—(1.2) has a unique solution.

In the following, we give the proof for (i)-(iii). Assume that Ay > A > 0. Let y,, and
Y, be the unique solutions of the BVP (1.1)—(1.2) in P corresponding to A = A1 and A = A,
respectively. Let

Y= sup{'y P Yn > r)/y)\z}'
We assert that 7 > 1. In fact, if 7 € (0,1), we have

a - A
yr, = MAy, > MATY,) > MT Ay, = )T;’rsyh-

From the definition of 7, we have 7 > /\—17‘9 e,y > (%)11?9 > 1, that is a contradiction. So,
YA, = 7YY, > Yo, This proves (i).

Now, we show (11) Set Ay = A and fix A, in (i), we have y, > ( )l 7Yy, for A > Ay,
Further, ||y,] > (Az)] 7 |lya, || for A > Aj. Recalhng that 6 € (0,1), we have lim) e [[ya ]| = oo.

Let A; = A and fix A1, again we obtain y, < (4 )1 7y),. Then, lim, o+ [lyA|| = 0.
Finally, we prove the continuity of y, (t) Correspondmg to A. For given Ag > 0, by (i),
Ya, = Ya forany Ag > A. Let A\g = Ay and A = A as in the proof of (i). Then,

Moo AL ANTT
Yry = T YA e, Ya )T on =\ Yro-
So,

1
A\ T
lya —yall < [(Ao) —1] [ya,]l =0 as A — Ag—0.

Similarly, we can obtain
lya —=yaoll =0 as A — Ag+0.

Consequently, (iii) holds. 0
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