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1 Introduction

This work is concerned with the construction of the minimal and the maximal
solutions of the following nonlinear boundary value problem

7(@? (u/))/: (SC,’U,,’U,/), T € (071)7

where ¢, (y) = [y >y, p > 1, f:[0,1] x R2 — R and g, : [0,1] — Ry are a
continuous functions (i = 1,2 ) and ag and a; are two positive real numbers.

Problems with integral boundary conditions arise naturally in thermal con-
duction problems [13], semiconductor problems [21], hydrodynamics problems
[15], underground water flow [18] and medical sciences [see [14] and [23]].

It is well know that the method of upper and lower solutions coupled with
monotone iterative technique has been used to prove existence of solutions of
nonlinear boundary value problems by various authors ( see [3], [6], [9], [16] and
17)).

The purpose of this work is to show that it can be applied successfully to
problems with integral boundary conditions of type (1). Our results improve
and generalize those obtained in [6], [7] and [9].

The plan of this paper is as follows: In section 2, we give some preliminary
results that will be used throughout the paper. In section 3, we state and prove
our main result. Finally in section 4, we give an example to illustrate our results.

2 Preliminary results

In this section, we give some preliminary results that will be used in the remain-
der of this paper.
We consider the following problem

—(pp W)) = F(z,u') = h(z,u), z € (0,1),
u (0) — agt (0) = a, 2)
u (1) 4+ agu’ (1) = b,

where F' : [0,1] x R — R is a continuous function, ho 0,1]] x R—R is a
continuous function and strictly increasing in its second variable, as and a3 are
a positive real numbers, a € R and b € R.

Lemma 1 (Weak comparison principle).
Let uy, ug are such that u; € C* ([0,1]), ¢, (u}) € C1(0,1), i =1,2, and
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—(pp (W) = F (w,u}) + h (2, u1) <
uy (0) — azuf (0) < uz (0) — azus (0),
uy (1) + aguf (1) < uz (1) + asuy (1)

)

then uy () < ug (x), for all x € [0,1].
Proof. Assume that there exists zo € [0, 1] such that

uz (xo) —uy (x9) = Ogirél (ug () —uq (x)) < 0.

Then since (ug —u1) € C1([0,1]), we have (uz —u1)’ (2¢) = 0.
If xo = 0, we obtain the contradiction

0> s (0) — uy (0) > as (u; 0) — (0))

A similar argument holds if o = 1.
If 29 € (0,1), we have

0.

pp (uj (20)) = p (uy (20)),

then since ¢, is strictly increasing, we obtain that

(o ()’ (z0) + (g ()’ (o) = lim —Fr ()2} ¥ &y (1) (2)

T—xo

<0.
r — X9

But on this point, we have
— (pp (b)) (w0) + I (w0, uz (z0)) + (pp (uh))' (w0) = B (w0, ua (o))
> F (o, ub (z0)) — F (x0,u} (x0)) = 0.

Which means that,

— (0p () (x0) + (p () (wo) = P (w0, w1 (20)) — h (2o, uz (20)) -

Since w1 (zg) > u2 (zo) and the function h is strictly increasing in its second
variable, we obtain that

— (pp (uh)) (w0) + (0 (u}))' (w0) > 0.
Which is a contradiction. m

Definition 2.1: We say that « is a lower solution of (2) if
i) e C([0,1]) and ¢, (/) € C1(0,1).

ﬁ){—@ﬂwWSFwﬂv—Ma®

€(0,1),
a(0) —axd (0) <a, a(l)+as

, X
o (1) < b.
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Definition 2.2: We say that 3 is an upper solution of (2) if
i) BeC([0,1]) and p, (3') € C*(0,1).

i { @ 2 E@ R, e 0.,
3(0) — azB (0) > a, B(1)+asB (1) > b.

Now, if moreover F' is a bounded function, then we have the following result.

Theorem 2 Suppose that o and B are lower and upper solutions of problem
(2) such that o (z) < B(x) for all 0 < x < 1. Then the problem (2) admits a
unique solution u € C* ([0,1]) with ¢, (u') € C* (0,1) such that

a(z) <u(z) < p(x), forall0 <z <1.

Proof. Using a proof similar to that of Theorem 1 in [25], we can prove that
the problem (2) admits at least one solution and by Lemma 1, it follows that
this problem admits a unique solution. m

Now, we consider the following problem

where f : [0,1] x R? — R is a continuous function, g; : [0,1] — Ry are a
continuous functions (¢ = 0,1 ) and ag and a; are two positive real numbers.
Definition 2.3: We say that u is a solution of (3) if

i) u e C([0,1]) and ¢, (v') € C*(0,1).
ii) u satisfies (3).

Definition 2.4: We say that u is a lower solution of (3) if
i) we O ([0,1]) and ¢, () € O (0, 1).

—(pp W) < f(z,u,u)), x € (0,1),

ii)

Definition 2.5: We say that @ is an upper solution of (3) if
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i) we C'([0,1]) and ¢, (@) € C* (0,1).

ii)

Now, we define the Nagumo—Wintner condition.

Definition 2.6: We say that f : [0,1] x R?> — R satisfies a Nagumo-—
Wintner condition relative to the pair u and @, if there exist C' > 0 and a
functions Q € L? ([0,1]) and ¥ : [0, +00) — (0, 4+00) continuous, such that

1F (@ u,0)] < W (o)) (Q () + Clol7T) . (4)
for all (x,u,v) € D, where
D = {(z,u,v) € [0,1] x R* :u(z) <u(z) <u(x)}
and

—+o0

/ st = +400. (5)

0

=

We have the following result

Lemma 3 Let f : [0,1] x R? — R satisfying Nagumo—Wintner conditions (4)
and (5) in D. Then there exists a constant K > 0, such that every solution of
problem (3) verifying u (x) < u(x) < w(x), for all x € [0,1], satisfies ||u']|, <
K.

Proof.
Since u (z) < u(z) <w(x), for all x € [0, 1], we have

w(1)—7(0) <u(l) —u(0) <T(1) —ul0).

Let
7 :=max {[u (1) = (0)],[w(1) —u(0)[}.

By the mean value theorem, there exists x¢ € (0, 1) such that

w(l) —u(0) = (z0),
and then,
u' (zo)| < 1.
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We put by definition
L := v (z0)] and 0 := 2max (||ull,,|[Tll,) -
Take K > (n, [|'[|,, |[@']|,) such that

ep(K)

=

S
o (1575
op(1) (|S| )

Now, we are going to prove that |v’ (z)| < K, for all « € [0,1].

Suppose, on the contrary that there exists z1 € [0, 1] such that |u' (z1)| > K.

Then by the continuity of u’, we can choose xo € [0, 1] verifying one of the
following situations:

ds > Q|87 +Co"F . (6)

i) v (xg) =L, v (x2) = K and L </ (2) < K, for all © € (xg,z2).

ii) w (z2) = K, u (z9) =L and L </ (z) < K, for all z € (22, 20) .
ili) v (xg) = =L, v/ (22) = =K and —K </ (z) < —L, for all = € (zg,x2) .
iv) o (x2) = =K, v (z9) = —L and —K < (z) < —L, for all x € (z2,29).

Assume that the case i) holds. The others can be handled in a similar way.
Since u is a solution of the problem (3) and by the Nagumo—Wintner condi-
tion (4), we have

(op (W) (z) < W (u' (x)) (Q (x) +C. (v (ac))fil) , for all z € (zg,z2). (7)
Since L <1 and ¢, is increasing, we have

ep(K) 1 p(K) 1
sP Sp
@p(n) (S ) wp(L) (S )

Now if we put s = ¢, (v (x)), we obtain that

»p(K)

EJQTDE, 2011 No. 6, p. 6



Then by (7) and (8), it follows that

WP(K) 1
S; ds <
@p(n) v (Spil)
<
<
<

2

/&%%%%E@Mw@mﬂx
IX%W@mﬁQm+aw@szx
iwwm%ﬂQ@+aw«m;qm
7@*m%‘ﬂﬂm+07@mwwm
nwp7@wmpyﬂwp;+

+C. 7((“’(50))‘17)1)@5 Al 71ﬁd$ v

—1

e, (u (22) = u(20)) 7+ C. (u(w2) — u(20))" - (w2 — o) "7

1Ql, 8" +C5"".

Which a contradiction with (6). m

3 Main result

In this section, we state and prove our main result.

On the nonlinearity f, we shall impose the following condition:

H) There exists a continuous function h : R — R strictly increasing such
that s — f(z,s,2) + h(s) is increasing for all z € [0, 1] and all z € R.

The main result of this work is:

Theorem 4 Let u and u be a lower and upper solution solution respectively
for problem (3) and such that u <@ in [0,1]. Assume that H) is satisfied and
the Nagumo—Wintner conditions relative to u and w holds. Then the problem
(3) has a mazimal solution u* and a minimal solution wu. such that for every
solution u of (3) with u < uw < @ in [0,1], we have u < u, < u < u* < T in

[0,1].

For the proof of this theorem, we need a preliminary lemma.
Let w, w € C' ([0, 1]) be fixed such that

i) ¢p (W), p (@) € C1(0,1).
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i) u<w<w<7uin [0,1].

Let 6 (v) := max (—K,min (v, K)), for all v € R, where K is the constant
defined in the proof of lemma 3. Then the function § is continuous and bounded.
In fact, we have ¢ (v) = v for all v such that |v| < K; and |6 (v)| < K for all
v eER.

We consider the following problems:

—(pp (W) +h(u) = f(z,w,6(@))+h(@), z€(0,1),

u (0) — apu’ (0) =

u(l)+au’ (1) =

and

(10)

w(l) +au' (1) =

Lemma 5 Let w and w be a lower and upper solution respectively for problem
(3). Assume that H) is satisfied and the Nagumo—Wintner conditions relative
to u and @ holds. Then there exists a unique solution U and U of (9) and (10)
such thatu <w<u<u<w<7.

Proof.
The proof will be given in several steps.
Step 1: w is a lower solution of (9).
Proof: Let x € (0,1), we have

= (p (@) + h (w)

IAIA
- =
®
Bl
ENE
_|_
>
AE

This means that,

Ve (0,1), — (o W) +h(w) <f

—

z,w,w') + h(W).
Now since w is a lower solution of (3) and u < w < @ in [0, 1], then by using
a proof similar to that of lemma 3, we prove that ||w’'||, < K. Hence § (w') = w’

and we obtain that

Vo€ (0,1), — (pp (@)) +h(w) < f(x,w,6w)) +h(®). (11)
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On the other hand, we have

w(0) —aw' (0) <

IN

That is,

w (0) — apw’ (0) < /go (s)w (s)ds. (12)

Similarly, we have

w() +aw’ (1) < /g1 (5)T (s) ds. (13)

Then by (11), (12) and (13), it follows that w is a lower solution of (9).
Step 2: w is an upper solution of (9).
Proof: Let x € (0,1), we have

—(pp (@) + h (@) = f (¢, 0,0) + h ().

Now by using a proof similar to that of lemma 3, we prove that ||@'|, < K.
Hence ¢ (w') = W' and we obtain that

Vaze(0,1), —(pp @) +h@) > f(x,®d@))+h(®). (14)
Also, we have

(s)ds, (15)

gl

T (0) — aow (0) > / g0 (s)
and .
T (1) + @ (1) Z/gl (5)T (s) ds. (16)

Then by (14), (15) and (16), it follows that W is an upper solution of (9).

By Steps 1 and 2 and since the functions (z,u’) — f (z,%,6 (u')) + h (W)
is a bounded continuous function and v +— h(u) is continuous and strictly
increasing, then by theorem 2, it follows the existence of a unique solution u of
(9) such that w < u <.

Similarly, we can prove the existence and uniqueness of a solution to (10),
which we call @ such that w < u < w.
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Finally, by using a proof similar to that of lemma 1, we prove that © < @ in
[0,1]. m
Proof. of Theorem 4

The proof will be given in several steps.

We take Ty = T, uy = u and define the sequences (u,),,~, (%,),,>1by

(Pn+1)

—(2p Wy 1)) + 1 (wnyr) =9 (w10 (1)) +h(u,), =€ (0,1),

Upt1 (1) + alﬂ%ﬂ (1) =

4 (@n+1)
{ .

Step 1: For all n € N, we have

Q§2n32n+1§ﬂn+l Sﬂnéﬂln [071]

Proof:
i) For n = 0, we have

—(pp @) + (@) = f(2,5,6 (@) +h (@), « €(0,1),

(Q1)
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ii)

Since u and @ are lower and upper solutions of problem (3), then by lemma
5, it follows that
u=uy<u <u <u=7uin [0,1].
Assume for fixed n > 1, we have
US U, 1 SU

and we show that
U< Uy SUpyy SUpg1 SUp <Uin [0,1].
Let « € (0,1), we have
—(p @) + (W) = f (&, W1, 8 (@,)) + h (1) (17)
Since u,—1 > U, and using the hypothesis H), we obtain
f @, -1,0 (W) + b (Un-1) = f (2,00, 6 (U)) + (W) . (18)
Then by (17) and (18), it follows that
Ve (0,1), (0 (@) = f(2,0,8(w,)).

Now by using a proof similar to that of lemma 3, we can prove that
|, |, < K. Hence 0 (u;,) = u,, and we obtain that

Ve (0,1),7((,0}0 (ﬂ;))/ > f(x,ﬂn,ﬂ%) (19)

On the other hand, we have

iy (0) — aoliy, (0) =

> 9o (8) Ty (s)ds
That is,
T (0) — ao, (0) > / g (5) Tin () ds, (20)
0
and .
()t () = [0 (5)ds
0
> g1 (8) Ty (s)ds
/
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That is,
1
Uy (1) + a1w, (1) > /g1 (s)an, (s)ds (21)
0
Then by (19), (20) and (21), it follows that @, is an upper solution of (3).

Similarly, we can prove that u,, is a lower solution of (3). Then by lemma
5, there exists a unique solutlon Upt1 and w,; of (Poy1) and (Qn1)
such that

U= Ung1 <

QI
IN
[S

Hence, we have

¥n € N,u < Ty < U S, < yyg <Tin [0,1].
Step 2: The sequence (Uy),,cy converge to a maximal solution of (3).
Proof: By Step 1 and since |[@, ||, < K, for all n € N, it follows that the
sequence (Tp),,cy is uniformly bounded in C* ([0,1]) .
Now let €1 > 0 and ¢, s € [0, 1] such that ¢ < s, then for each n € N, we have

S

|‘Pp (U;Hrl (3)) — ®p (ﬂ;wrl (t))| = / (f (Ta TUp (T),0 (U;Hrl (T))) +h (@, (1)) —

< /\ B Ty (7)) + b (T (7)) -
< (Mi(f)+2Ma(h))]s -1,
where
My (f) == max{|f (z,s,2)|: 2 €]0,1], u<u<Twand |z| <K},
and

My (h) :=max {|h(u)| :u<u<u}.
If we put Ky := My (f) +2M> (h), one has

“PP (U;H-l (3)) — Pp (U:H-l (t))‘ < Kils—tl.

Then if we choose |s — t| < we obtain

€1
- Ky +1
}Sﬁp (W, 41 (5)) —¢p (W yy (t))} < €.

Therefore the sequence (¢, (@,)),,cy i equicontinuous on [0, 1] .
Now since the mapping ¢,

R, we deduce from

[, (s) =, ()] = |y ' (2 (@, () — 05" (0 (@, (1))

is an increasing homeomorphism from R onto
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that the sequence (@, ), oy is equicontinuous on [0,1].
Hence by the Arzéla-Ascoli theorem, there exists a subsequence (ﬂnj) of
(Tn),eny Which converges in C* ([0,1]).

Let
uw:= lim u,,.
n;—+00 7
Then
o= lim u, .

nj—+oo 7

But by Step 1 the sequence (), is decreasing and bounded from below,
then the pointwise limit of this sequence exists and it is denoted by u*. Hence,
we have u = u* and moreover, the whole sequence converges in C! ([0, 1]) to u*.

Let z € (0,1), we have

x

~¢p (@1 (@) = @p (W1 (0))+/ (f (727 (7),0 (41 (7)) + D (1 (7)) = D2 (W1 (7)) d.

0

Now, as n tends to 400, we obtain that
F (0 (1), 8 (g (7)) + 1 (@ (7)) = B (Gngr (7)) = f (70" (1) ,0 (u™ (7))
Also, we have
3K, >0,VneN,Vrel01], [f(rT (1), (@ (7)) + (@ (7)) = b (Tns1 (7)] < Ka.

Hence, the dominated convergence theorem of Lebesgue implies that

x

—op (U™ (2)) = @p (u” (0))+/ (f (ru” (1), 0 (u™ (7)) + 7 (u” (7)) = D (u” (7))) dr.

0

Thus, we obtain

Ve (0,1), — (o) = f (e, W) (22)

Also, by the dominated convergence theorem of Lebesgue, we have

" (0) — agu™ (0) = / g0 (5) u* (5) ds, (23)

and

u* (1) + aqu™ (1) = /91 (s)u* (s)ds. (24)
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By (22), (23) and (24), it follows that u* is a solution of the following problem
—(pp (™)' = f(z,u", 8 (w")), 2 €(0,1),

u* (0) — apu™ 90

() u* (5) ds,
(25)
u* (1) + aqu® g1 (s)u* (s)ds.

<o>]
<1>=]

Now using a proof similar to that of lemma 3, we prove that |u*| < K.
Hence ¢ (u™) = u* and consequently u* is a solution of (3).

Now, we prove that if u is another solution of (3) such that v < v < @ in
[0,1], then u < w* in [0,1].

Since u is a lower solution of (3), then by Step 1, we have

VneN, u<u,.
Letting n — +00, we obtain that

w< lim wu, =u".
n—-+4+oo

Which means that «* is a maximal solution of problem (3).

Step 3: The sequence (u,,),,cy converges to a minimal solution of (3).
Proof: The proof is similar to that of Step 2, so it is omitted.

The proof of our result is complete. ®

4 Application

In this section, we apply the previous result to the following problem

1
— (pp (u) = Nk —uF2 4 Xgukt /|71 in (0,1),
1

0, u(1)+aru (1) = /gl (s)u(s)ds,

0

(26)

u (0) — apu’ (0)

where 0 < k1 < p—1, ks > k1, M1, and are a positive real parameters and
1

{gl (s)ds < 1.

To study this problem, we need first consider the following problem:

—( p(u’))/ =k in (0,1),
{ u((;a):(), u(l) =0, (27)

where k3 > 0 and ks # p — 1.

Theorem 6 The problem (27) admits a unique positive solution Py, p.
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Proof.
Multiplying the differential equation in (27) by u’ and integrating the result-
ing equation over [0, z], we obtain

|U’/ (‘r)|p = |'U// (0)|p — muki‘ﬂ (ZC) , T E [0, 1] . (28)

1 1
We note that v is symmetric about z = 3 and v/ (z) >0, forall z € {0, 5) .

1
If we put by definition p = m{%}i]u (x), then u <§> =pand p > 0.
xe|0,

Now substituting x = 5 in (28), we obtain

1

o () = {m (pho ! — yhatL (x))P , for all z € {0, —} ;

and thus,

' (x)

=1, forall x € [0,1>.

1 2

(pk3+1 — kst (:v))} p

[ p
(p—1) (ks +1)

Integrating the last equality on (0, ), where = € [0, %), we obtain

u(a) )
/ v - = (29)
0

(pk3+1 _ Uk3+1):| p

[ p
(p—1) (ks +1)

1
Letting x — 3 in (29), we obtain

6= [ w F=g

0# 31703117
{@—U%+u”kk k+ﬂ

Thus, if the problem (27) admits a positive solution u, with m[ax]u () =
z€|0,1
1

1
u <§) = p, then we have G (p) = o

Conversely, if G (p) = 3 Defining u via equation (29), we can prove that
1

problem (27) admits a unique positive solution u, with m[ax]u () =u <§) =p.
zec|0,1
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Hence the problem (27) admits a unique positive solution u, with m[ax]u (z) =
z€[0,1

1
U (5) = pif and only if G (p) = 3
Some easy computations shows that

=)y (5 ) L
— + +1) T
G(p)=[p p3 }p 1;3+13 p P

where B (k,!) is the Euler beta function defined by

1
— / (1—6)*'¢dt, k> 0and [ > 0.
0

1
It is not difficult to see that the equation G (p) = 3 admits a unique solution.

Hence the problem (27) admits a unique positive solution. m

Theorem 7 Assume that \y > 1, then the problem (26) admits a mazimal
solution u* and a minimal solution u..

Proof. We put (u, @) = (e®g, p, L) where ¢ and L are a positive constants.
1

First, since <I>/khp (0) >0, <I>k1 » (1) <0and /91 (s)ds < 1 and, it is easy to

0
check that
E(I)kl,p (0) aos@kl P (0) 0,
1
e, p (1) + ala@kl p /91 $)e®@p, p (s)ds,
0

1
L> /91 (s) Lds.

0
Now u and w-are lower and upper solutions of (26), if we have

() + DM@t (0) |2, ()]

PO (2) S MeM @) () — ek ®p2
0> ALk — Lk

n (0,1),

That is
1
eriok <\ — el TR TR (1) 4+ g |2, (0)] T i (0,1),
LF2 > \ Lk,

Since ko > ki, if we choose A1 > 1, e sufficiently small and L sufficiently
large, we obtain that u and @ is a lower and upper solutions of (26).

This implies that the problem (26) admits a maximal solution v* and a
minimal solution u,. m
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