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Abstract

An impulsive boundary value problem with nonlinear boundary conditions for
a second order ordinary differential equation is studied. In particular, sufficient
conditions are provided so that a compression - expansion cone theoretic fixed
point theorem can be applied to imply the existence of positive solutions. The
nonlinear forcing term is assumed to satisfy usual sublinear or superlinear growth
as t — oo or t — 0". The nonlinear impulse terms and the nonlinear boundary
terms are assumed to satisfy the analogous asymptotic behavior.
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1 Introduction

A well-known compression - expansion cone theoretic fixed point theorem due to Kras-
nosel’skii [18] and Guo [16] has been employed extensively to many types of boundary
value problems. We refer the reader to [2] and its bibliography for some of the many ci-
tations. Early applications appear in the case of partial differential equations, [3, 4, 6],
for example; in a landmark paper [14], Erbe and Wang introduced the applications to
ordinary differential equations. For their primary applications, they showed that under
the assumptions that the nonlinear term exhibits superlinear or sublinear growth, the
fixed point theorem applies readily to boundary value problems whose solutions exhibit
a natural type of concavity.
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The purpose of this study is to consider a simple boundary value problem for a
nonlinear ordinary differential equation, simple in the context that solutions exhibit
a natural type of concavity and simple in the context that we restrict ourselves to
a second order differential operator with boundary conditions of right focal type. In
addition to assuming a nonlinearity in the differential equation, we shall assume non-
linear boundary conditions; moreover, we shall assume impact due to nonlinear impulse
effects.

The contribution of this study is two-fold. First, methods of upper and lower solu-
tions (which then employ the Schauder fixed point theorem) and monotone methods
have routinely been employed to problems with impulse or nonlinear boundary condi-
tions, see [8, 12, 13| for example. Applications of cone theoretic fixed point theorems
to problems with impulse are more recent and we cite [1, 5, 15, 19, 20], for example;
so in this article we include dependence on nonlinear boundary conditions as well. Re-
cently, Shen and Wang [21] considered a second order impulsive problem with nonlinear
boundary conditions and they employed the method of upper and lower solutions and
the Schauder fixed point theorem. Second, assuming the nonlinear term in the differ-
ential equation satisfies standard superlinear or sublinear asymptotic conditions that
imply existence of solutions, we stress that the nonlinear boundary terms or impulse
terms can assume completely analogous conditions and obtain sufficient conditions for
the existence of solutions. The article by Lin and Jiang [19] is closely related; however,
they allow impulses only in the derivative and their solutions are piecewise smooth.
Moreover, we exploit that on the boundary in which expansion is employed, only one
of the nonlinear terms needs to exhibit the appropriate asymptotic growth.

Finally, we point out that applications of the cone theoretic fixed point theory are
abundant with applications to multiple (countably infinite) fixed points ([9] or [10]),
nonlinear eigenvalue problems [17], problems with nonlinear dependence on higher
order derivatives [7], or conditions for nonexistence of positive solutions [22]. The
theory applies readily to singular problems or nonautonomous problems. We do not
pursue these variations or generalizations in this short article; we restrict ourselves to
the simply posed problem.

2 Preliminaries

We begin with the statement of the Krasnosel’skii/Guo fixed point theorem [18], [16].

Theorem 2.1. Let B be a Banach space, P C B a cone in B. Assume Qq, €y are
open balls in B with 0 € 1, C Qy. Assume

K:PNn(Q\Q)—P

15 a completely continuous operator such that
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(1) ||Kz|| <||z||,x € PN O, and ||Kz|| > ||z||,2 € PN 0Qy; or
(1) ||Kz|| > ||x]], = € NOQy, and ||Kz|| < ||z||,x € PN OQy.
Then K has a fized point in PN (2 \ Q).
Let 0=ty <ty <--- <ty <tni1 = 1. We shall assume throughout that
f:10,00) = [0,00), a:[0,00) = [0,00), b:[0,00) = [0,00),

ug 1 [0,00) — [0,00), —vg:[0,00) — [0,00), k=1,...,m.

We shall also assume throughout that f,a,b, ux, v, are all continuous functions on
[0, 00).
We shall study the boundary value problem with impulse,

2'(t) + f(x(t) =0, tp<t<tgy, k=0,...,m, (2.1)
{Ax(tk) =ule)) g (2.2)

Az (ty) = vp(z(ty)),
z(0) = a(x), /(1) =b(z), (2.3)

where Axz(t) = limg 4+ z(s) — lims_4— x(s) and z(t;) = lim, - x(s).
Let PC|0,1] denote the set of piecewise continuous functions on [0, 1]. For x €
PCI0,1], for each t <t <tgi1, k=0,...,m, define

_ hrns—»t+ SU(S), tk <t < tk+17
Ti(t) =

limg - z(s), t=tps1.
Define the Banach space B by
B ={x € PC[0,1] : T € Cltg,tgs1),k =0,...m},

with ||z|| = max;—_o,..mmaxe, +,,,] [Tk(t)|. Define an operator K on B by

Kx(t) = b(x)t +a(x) + I(t,z) + /1 G(t,s)f(z(s))ds, 0<t<1, (2.4)

where ‘ '
I(t,x) = — Z vj((t))t — Zvj(x(tj))tj + Zuj(x(tj))a
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ifti§t<ti+1,i:0,...m—1,

I(t,z) =Y (—v(@(t))t; + ui(a(ty))),
7j=1
if t,, <t <1, and
c0< <1
G(t,s):{s 0ss<isl, (2.5)
t - 0<t<s<1.

Lemma 2.2. z is a solution of the boundary value problem, (2.1), (2.2), (2.3), if, and
only if, x € B and z(t) = Kz(t),0 <t < 1.

Assuming the continuity of each of the nonlinear terms, f,a,b, ug, v, k=1,...,m,
standard applications of the Arzela-Ascoli theorem on each subinterval, [ty, ¢4 1], imply
that K : B — B is a completely continuous operator.

If v € C?[0,1], 2”(t) < 0,0 <t <1, z(0) = 2/(1) = 0, then

x(t) >ty max lx(t)| = tmx(1), t, <t<1

Direct calculations also show that

G(t,s) > tnG(s,s) =t, max G(t,s), t, <t<IL.
0<t<1

Motivated by these inequalities, define the cone P C B by
P ={z € B: xis nonnegative and nondecreasing, and x(t) > t,,||z||, t,, <t < 1}.
Lemma 2.3. K : P — P is completely continuous.

Proof. We have already addressed the complete continuity of K. We address K(P) C
P. The conditions on the nonlinear terms imply that if x is nonnegative then Kz is

nonnegative. For t; <t <t 1,1 =1,...,m,
d = !
L Ra(t) =b) = 3 vy(alty) + / Gt $)f(2(s))ds = 0.
dt j=it+1 0

The —uv; terms are all nonnegative and so, Kz is nondecreasing. Finally, note that

m

Kx(t) < b(x)Jra(:E)JrZ —vj(x(tj))tj+z uj(:p(tj))Jr/o G(s,s)f(z(s))ds, 0<t<1.

J=1
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In particular,

|Kz|| < b(x +Z —v;(x(t;))t; +Zuj +/0 G(s,s)f(x(s))ds

Let t € [t, 1]. Then

Ka(t) = b}t + (@) + 3 (—os (o)t + us(a(t;))) + / G(t, 5) f(w(s))ds

=1

>t (b(x —l—i Nt +u;(z /Gss (s))ds)

Jj=1

<.

> b | K.

3 Applications of the Fixed Point Theorem

As stated in the introduction, we note that sublinear or superlinear growth of f couples
very nicely with the compression - expansion fixed point theorem. So in that context,
let
x x
fo= lim —f< ), foo = lim —f( )

z—0t+ X r—00 I

b b
aozlim@, aw:lim@, bozlimﬂ, boo = 1 @
z—0t T T—00 I z—0t I b—oco X
ujp = lim u,(x)’ Ujno = lim ﬂ, 1=1,...,m,
r—0t T rT—00 I
Vip = lim vi(:p)7 ico = liM v,(x)j 1=1,...,m.
z—0t X T—00 I
Note that
1 1 1
/ G(t,s)ds g/ G(s,s)ds = 7 0<t<1, (3.1)
0 0
1
/ G(tm, s)ds| =t (1 —t,). (3.2)
tm

Theorem 3.1. Assume fo = ag = by = ujg = v = 0,4 = 1...,m, and assume
foo = 00. Then the BVP with impulse, (2.1), (2.2), (2.83), has a nontrivial solution,
xe P
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Proof. First, choose H; > 0 such that if 0 < z < Hy, then f(z) < myz where 1 = 2.

Second, choose Hy > 0 such that if 0 < 2 < Hy,—v;(x) + uj(v) < 5. Finally, choose

Hsz > 0 such that if 0 < x < Hj, then a(x) + b(z) < 3. Set H = min{H,, Hy, H3}.
Define ) = {x € B: ||z|| < H}. Let « € PN 0Qy. Then apply (3.1) to see that

m 1
[Ka(t)] < (b(x) + a(@) + > (—v(2(ty) + u(2(t;))) +/0 G(s,s)f(x(s))ds
j=1
1 1 1
<(=+=-+=-)H=H;
< (3 +o+ 3) ;
in particular, ||Kz|| < ||z|| for z € PN 0Q;.
To construct €2y, employ f,, = oo and choose Hy > 0 such that if x > H,, then
f(z) > px, where

0= (b / Gty 8)ds) ™ = (E2,(1 — ). (3.3)

Set H = max{2H, ¢ 'H,} and define Q, = {x € B : ||z|| < H}. Let z € P N 9.
Then x(s) > Hy, if t,, < s <1 and

Kx(ty) Z/t G(tm,s)f(z(s))ds Z,u/t G(tm, s)x(s)ds

1
> it / Gt 8)ds) |2]] > |]]);
tm

in particular, ||Kz|| > ||z|| for x € P N 08s.
Apply Theorem 2.1 and the proof is complete.
O

Note that in Theorem 3.1 each of the superlinear conditions at x = 0 was employed
whereas only one of the superlinear conditions at oo was employed. Variations of The-
orem 3.1 are easily obtained if superlinear boundary conditions or superlinear impulse
conditions at oo are employed.

For example, consider a more specific boundary value problem, (2.1), (2.2), with
boundary conditions

2(0) = 2%(ty,), 2'(1) = b(x). (3.4)

Theorem 3.2. Assume fo = by = ujg = vig = 0,4 = 1...,m. Then the BVP with
impulse, (2.1), (2.2), (3.4), has a nontrivial solution, x € P.
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Proof. The details to construct €; (and H) are precisely as in the proof of Theorem
3.1. To construct €2y, employ the condition, as, = oo, where a(x(t,,)) = 2%(t,,). Choose
H, > 0 such that if z > Hy, then 2? > ux, where

p=(tm)™ .
Set H = max{2H, (t,,) " Hy}. Then, if z € P and ||z|| = H, then

Ka(t)] = 2*(tn)

v

(tm) " @ (tm) = ||2]].
U

Analogous results can be stated if b or if any one of the impulse functions satisfy
superlinear growth at ¢ — oo.

We now address the sublinear case. The sublinear case is the more delicate case
since one must consider bounded nonlinearities or unbounded nonlinearities on un-
bounded domains with separate arguments. Since we consider multiple nonlinearities
and essentially construct {25 as an intersection of unbounded sets, we shall assume a
monotonicity condition in unbounded nonlinearities that is not needed by Erbe and
Wang [14].

Definition 3.3. We shall say that h satisfies Hypothesis H if h : [0,00) — [0, 00)

18 continuous, hs = limg,_, o @ = 0, and either h is bounded or h is unbounded as

t — o0 and h s eventually monotone increasing.

Theorem 3.4. Assume that each of f,a,b,u;,v;,1 = 1... m, satisfies Hypothesis H
and assume fo = co. Then the BVP with impulse, (2.1), (2.2), (2.3), has a nontrivial
solution, x € P.

Proof. Precisely asin (3.3), choose H > 0 such that such that if x < H, then f(x) > uz,
where

1
> (tm/ G(tm,s)ds) ™ = (2,(1 —t,)) "
tm
Let )y ={x e B:|jz|]|<H}.lf x € P and ||z|| = H,
1
Kaltn) 2 [ Gltns)f(a(s))ds = ||
tm
and ||Kz|| > ||z|| for z € PN OQy.

To construct 2, we consider f, the impulses, and the boundary conditions inde-
pendently.
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Suppose f is bounded; assume f(z) < M for all # € (0,00). Choose Hy, >
max{2H, 3M fol G(s,s)ds} = max{2H, 3} Then, if € P, and ||z|| = H,

l

/0 G(t, 5) f(w(s))ds < M /0 (s, 5)ds < % - 2L

Now assume f is unbounded. Let H, > 0 be such that flx) < %x for x > H,.
Let Hy > max{2H, H,}, such that f(z) < f(H,) if 0 < < H,. (Note, as in [14],
monotonicity, introduced in the definition of Hypothesis H, is not needed to imply the
existence of Hy such that f(x) < f(H,) if 0 < # < H,; monotonicity will be applied

later.) Then, if x € P, ||z|| = Ho,

/OG(t,s)f(:p(s))dsg/ G(s,s)f(x(s))ds§/0 G(s,s)f(Hs)ds

0
< — ds = — = —.
3 /0 G(s,s)ds 3 3

Set Hy > H, if f is bounded; set Hy > Ho if f is unbounded. (It is precisely here,
to set Hy > H,, that the monotonicity condition is used.)

The analyses for the impulse effect and the boundary conditions are similar. We
provide the details for the boundary conditions of which there are two. The details for
the impulse effect are completely analogous; we do not provide those details as there
are 2m related conditions.

If b is bounded, say b(z) < M, for all z € (0,00). Choose Hs > max{2H, 6M,}.
Then if z € P and ||z|| = Hs, then b(z) < I 1f a is bounded, say a(z) < M, for
all z € (0,00). Choose H; > max{2H,6M,}. Then if 2 € P and ||z|| = H,, then

a(z) < o,
If b is unbounded, let Hs > 2H be such that if > Hs, b(z) < ¢, and b(z) < b(Hs),
for 0 < = < Hs. If a is unbounded, let Hg > 2H be such that if z > Hg, a(z) <
and a(x) < a(Hg), for 0 < x < Hg.
Now assume for example in a specific boundary value problem, (2.1), (2.2), (2.3),

that f is unbounded, b is bounded and a is unbounded. Set Hy > max{H,, H3, Hg};
if v € P and ||z|| = Ha, then

E4
6’

/01 G(t,s)f(x(s))ds < @

and
b(@)t + alz) < b(z) + a(z) < ”g” + ”2” = ”‘;”.
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We briefly indicate how to finish the argument. Choose an impulse effect, v;, say.
If v; is bounded, say —v;(x) < M, for all z € (0,00). Choose H, > max{2H,6mM,}.
If v; is unbounded, let H, > 2H be such that if x > H,, then —v;(x) < o, and
—vj(z) < wv;(H,), for 0 <2 < H,.

Thus, for a specific boundary value problem, (2.1), (2.2), (2.3), construct 2m + 3
radii depending on the boundedness or unboundedness nature each of the 2m + 3
nonlinear terms. Choose H, greater than or equal to the maximum of 2H and the

maximum of these 2m + 3 radii.
O

As pointed out in Theorem 3.2, there are many related theorems to Theorem 3.4
in which we employ only one sublinear condition at 0.

As a closing comment, consider nonhomogeneous boundary conditions or nonho-
mogeneous impulse effects. So, for example, consider a more specific boundary value
problem, (2.1), (2.2), with boundary conditions

2(0)=a>0, 2/(1)=bz) (3.5)

Theorem 3.5. Assume that each of f,b,u;,v;,1 = 1...,m, satisfies Hypothesis H.
Then the BVP with impulse, (2.1), (2.2), (3.5), has a nontrivial solution, x € P.

Theorem 3.5 can also be obtained by the Schauder fixed point theorem as well. The
domain Q,, constructed in the proof of Theorem 3.4 provides the compact domain that
is needed for the application of the Schauder fixed point theorem. So, a fixed point
exists. All of the sign assumptions on the nonlinear or nonhomogeneous terms give
that the fixed point is nonnegative. Finally, a > 0 implies the fixed point is nontrivial.

References

[1] R. P. Agarwal and D. O’Regan, Multiple nonnegative solutions for second order
impulsive differential equations, Appl. Math. Comput. 114(2000), 51-59.

[2] R.P. Agarwal, D. O’Regan, P. Wong, Positive Solutions of Differential, Difference
and Integral Equations, Kluwer Academic Publishers, Dordrecht, 1999.

[3] C. Bandle, C. V. Coffman, and M. Marcus, Nonlinear elliptic problems in annular
domains, J. Differential Equations 69 (1987), 322-345.

[4] C. Bandle and M. K. Kwong, Semilinear elliptic problems in annular domains, J.
Appl. Math. Phys. 40 (1989), 245-257.

EJQTDE, 2011 No. 21, p. 9



[5]

8]

[10]

[11]

[12]

[13]

[16]

[17]

M. Benchohra and A. Ouahab, Multiple solutions for nonresonance impulsive func-
tional differential equations, Electron. J. Differential Equations 2003(2003), No.
52, 10 pp.

C. V. Coffman and M. Marcus, Existence and Uniqueness results for semilinear
Dirichlet problems in annuli, Arch. Rational Mech. Anal. 108 (1989), 293-307.

J. Davis, P. Eloe and J. Henderson, Triple positive solutions and dependence on
higher order derivatives, J. Math. Anal. Appl. 237(1999), 710-720.

V. Doddaballapur, P. Eloe and Y. Zhang, Quadratic convergence of approximate
solutions of two-point boundary value problems with impulse, Electron. J. Differ.

Equ. Conf. 1(1997), 81-95.

P. Eloe and J. Henderson, Twin solutions for nonlinear multipoint conjugate
boundary value problems, Dynam. Contin. Discrete Impuls. Systems 5(1999), 283~
293.

P. Eloe, J. Henderson and N. Kosmatov, Countable positive solutions of a conju-
gate boundary value problem, Comm Appl. Nonlinear Anal. 7(2000), 47-55.

J. Ehme, Nonlinear boundary value problems for ordinary differential equations,
J. Math. Anal. Appl. 184(1994), 140-145.

J. Ehme, P. Eloe and J. Henderson, Upper and lower solution methods for fully
nonlinear boundary value problems, J. Differential Equations 180(2002), 51-64.

P. Eloe, J. Henderson and T. Khan, Right focal boundary value problems with
impulse effects, Proceedings of Dynamic Systems and Applications 2(1996), 127—
134.

L. H. Erbe and H. Wang, On the existence of positive solutions of ordinary differ-
ential equations, Proceedings of the American Mathematical Society 120 (1994),
T743-T48.

M. Feng, X. Zhang, X. Yang, Positive solutions of nth-order nonlinear impul-
sive differential equation with nonlocal boundary conditions, Bound. Value Probl.
2011(2011), 19 pages.

D. Guo and V. Lakshmikantham, Nonlinear Problems in Abstract Cones, Aca-
demic Press, San Diego, 1988.

J. Henderson and H. Wang, Positive solutions for nonlinear eigenvalue problems,
J. Math. Anal. Appl. 208(1997), 252-259.

EJQTDE, 2011 No. 21, p. 10



[18]

[19]

[20]

[21]

[22]

M. A. Krasnosel’skii, Positive Solutions of Operator Equations, P. Noordhoff,
Groningen, The Netherlands, 1964.

X. Lin and D. Jiang, Multiple positive solutions of Dirichlet boundary value
problems for second order impulsive differential equations, J. Math. Anal. Appl.
321(2006), 501-514.

B. Liu and J.Yu, Existence of solution of m—point boundary value problems of
second-order differential systems with impulses, Appl. Math. Comput. 125(2002),
155-175.

J. Shen and W. Wang, Impulsive boundary value problems with nonlinear bound-
ary conditions, Nonlinear Anal. 69(2008), 4055-4062.

B. Yang, Positive solutions of the (n — 1,1) conjugate boundary value problem,
Electron. J. Qual. Theory Differ. Equ.(2010), No. 53, 13 pages.

(Received January 10, 2011)

EJQTDE, 2011 No. 21, p. 11



