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Abstract. In this paper, we study the existence and non-existence of traveling waves for
a delayed epidemic model with spatial diffusion. That is, by using Schauder’s fixed-
point theorem and the construction of Lyapunov functional, we prove that when the
basic reproduction number Ry > 1, there exists a critical number ¢* > 0 such that for
all ¢ > c*, the model admits a non-trivial and positive traveling wave solution with
wave speed c. And for c < ¢*, by the theory of asymptotic spreading, we further show
that the model admits no non-trivial and non-negative traveling wave solution. And
also, some numerical simulations are performed to illustrate our analytic results.
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1 Introduction

In [3], the authors derived the following delayed epidemic model with the Beddington-
DeAngelis incidence rate

ds BS(H)I(H)
@ AT - T s T wmi

dI e TS(t—1)I(t—T)
& TrmSt-—1) tml-1) (p+a+7)I(t),

(1.1)

where S(t), I(t) represent the number of susceptible individuals and infective individuals
at time f, respectively. A is the recruitment rate of the population, y is the natural death
of the population, « is the death rate due to disease, B is the transmission rate, a; and a,
are the parameters that measure the inhibitory effect, 7y is the recovery rate of the infectious
individuals, and 7 is the incubation period.
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By constructing the suitable Lyapunov functional, the authors [3] determined the global
asymptotic stability of model (1.1). Clearly, model (1.1) is one of ODE type, which could
only reflect the epidemiological and demographic process as the time changes. We note that
the spatial content of the environment has been ignored in model (1.1). To closely match
the reality, considering a diffusive epidemic model of PDE type is natural and reasonable,
therefore, it gives us the motivation to investigate the PDE type of model (1.1). Here, we
propose the following delayed disease model with spatial diffusion

’s BS(t,x)I(t, x)

or ~ MBS+ A pS(LY) — e (L x) (1.2)
ol B ﬁe_VTS(t—T,X)I(t_T/x> |
5 = BBt x0) + a1S(t — T, x) + al(t — T, %) e,

in which S(t,x) and I(t,x) denote the number of susceptible individuals and infective indi-
viduals at time t and position x € R", respectively. dq,d, > 0 are the diffusion rates, A is the
Laplacian operator. The parameters A, y, B, a1, a2, 7y, T are positive constants as in model (1.1).

In the biological context, to better understand the geographic spread of infectious dis-
eases, epidemic waves play a key role in studying the spatial spread of infectious diseases.
Biologically speaking, the existence of an epidemic wave implies that the disease can invade
successfully and an epidemics arises. The traveling wave describes the epidemic wave mov-
ing out from an initial disease-free equilibrium to the endemic equilibrium with a constant
speed. The wave speed c may explain the spatial spread speed of the disease, which may
measure how fast the disease invades geographically. Recently, many authors have stud-
ied the existence of traveling wave solutions of various epidemic models, see, for example,
[1,2,4,5,7,9,10,13,15-19,21-25] and references therein.

In this paper, we will study the existence and non-existence of traveling waves for model
(1.2). We employ Schauder’s fixed point theorem combining with the upper-lower solutions
to establish the existence theorem (Theorem 3.2). Namely, we will show that when the basic
reproduction number Ry > 1, there exists ¢* > 0 such that (1.2) has a positive traveling wave
solution if ¢ > c*. Further, we shall construct the appropriate Lyapunov functional to show
that the traveling wave converges to the endemic steady state E* = (S§%,I*) as t — +oo.
Moreover, by the theory of asymptotic spreading, we conclude the non-existence of traveling
wave solutions for model (1.2) when Ry > 1 and ¢ € (0,c¢*) (Theorem 3.3). Some numerical
simulations are carried out to validate the theoretical results.

This paper is organized as follows. In Section 2, we give some preliminaries, that is, we
establish the well-posedness for model (1.2), construct a pair of upper-lower solutions, and
verify the conditions of the Schauder fixed point theorem. In Section 3, we give and show the
existence and non-existence of traveling waves of model (1.2). Some numerical simulations
are given in Section 4.

2 Preliminaries

2.1 The well-posedness

For simplicity, let
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and dropping the bars on S, I, a1, ap, B, we obtain the following model

2 — (1) + p(1 = S(6, ) — BF(S ) (1,%), o
o _ dyAI(t, x) + Be "7 F(S, I)(t —T,x) —rl(t, x),

ot

where S(t, )1t %)
t,x)I(t, x
I — 7 7
FE D) = T80 2) + wl,x)’

under the initial conditions

S(t,X) = Gol(tfx) >0, I(i’,X) = §02<t1x> >0 (22)
for all (t,x) € [—7,0] x R", where ¢;(t,x) (i = 1,2) are nonnegative and continuous in

[T, +00) X R, but not identically zero.
As in [3], we define the basic reproduction number Ry as

pe 't
Ry= o
0 r(1+aq)

By a direct computation, we get the following conclusion.
Lemma 2.1.
(1) System (2.1) always has a disease-free equilibrium Eg = (1,0).
(2) If Ro > 1, then system (2.1) has a unique endemic equilibrium E* = (S*, I*), where

T+ page Mt . pe " (a1 +1)(Rp — 1)

S* = , I" = .
rla1(Ro — 1) 4+ Ro] + page=HT rla1(Ro — 1) 4+ Ro] + page HT

Next, we consider the positive invariance and uniform boundedness of solutions for the
initial value problem of system (2.1)—(2.2).

Let X := BUC(IR",IR?) be the set of all bounded and uniformly continuous functions from
R” to R?, and Xy := BUC (]R”,]Ri). Then X} is a closed cone of X and induces a partial
ordering on X. With the usual supremum norm, it follows that (X, || - |x) is a Banach space.
Clearly, any vector in IR? can be regarded as an element in X. For u = (uy,uz),v = (v1,v) €
X, we write u > v(u < v) provided u;(x) > vi(x) (u;(x) < v;(x)),i = 1,2,x € Q. For
T > 0, we define C = C([—1, 0], X) with the supremum norm and C; = C([—7,0],X ). Then
(C,C.) is an ordered Banach space. As usual, we identify an element ¢ € C as a function from
[—7,0] x X; into R? by ¢(x,s) = ¢(s)(x). For any given function u : [-7,0) — X for ¢ > 0,
we define u; € C by u;(0) = u(t+6),0 € [-7,0]. Let D = (dy1,d2)". By [6, Theorem 1.5], it
follows that X-realization DAX of DA generates an analytic semigroup 7 () on X.

For any ¢ = (¢1,¢2) € C4 and x € R", define F = (f1, f2) : C+ — X by

fi(e)(x) = u(1 — @1(0,x)) — Bf (91, 92)(0, x),
f2(@)(x) = Be " f(p1, 92) (=T, x) — r2(0, x).

Then F is Lipschitz continuous in any bounded subset of C,.. Rewriting (2.1) and (2.2) as the
following abstract functional differential equation

dt

%:Au%—F(ut),tZO, u; € C,
ugz(pEC,
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where u = (S, 1), Au := (d1Auy,d2Auz)7, ¢ = (¢1, @2). Define
OM]c={peC:0<¢,x)<M, VxeR"0c[-1,0]}

with 0:= (0,0), and M := (1, L (e #" —ay — 1)) for Rg > 1.

Theorem 2.2. For any given initial function ¢ = (@1, p2) € [0, M]c, there exists a unique nonnega-
tive solution u(t, x; ¢) of (2.1)—(2.2) on [0, 00) and u; € [0,M]c¢ for t > 0.

Proof. For any given ¢ = (¢1,¢2) € [0,M]c and « > 0, we have

{9100, x) +x(u(1 — ¢1(0,x) — Bf (91, 92)(0,x)
?(0,x) +xF(g)(x) = <<oz<o,x> (B F (g, 92) (—T, %) rgoz(o,x»)

L (ron (o 2)

(1 —xr)p2(0,x)

1 }, it follows

1 _x»
T’ au+p

Hence, for 0 < x < min{

(0,)+xF(g) () = ()

On the other hand, for any sufficiently small ¥ > 0 and any fixed up > 0, the functions
up + x(u(l —uy) — Bf(u1,up) is increasing for uq > 0; and (1 — kr)up + kBe H7 f(uy, uz) is
increasing for uq. Then, for 0 < x < % ,

1
P00+ ED) < (1 )05(0,0 + w5701, (. 2)

1
(sertac)

Hence, ¢(0,x) + «F(¢)(x) € [0,M]c. This implies

lim ~ dist(g(0,x) + xF(¢)(x),[0,M]c) =0, ¥ ¢ € [0, M]c.
k—0+0 K
Let K = [0,M]c, S(t,x) = Z(t —s) and B(t,¢) = F(¢). It follows from [11, Corollary 4]
that (2.1)—(2.2) admit a unique mild solution u(t, ¢) with u(t, ¢) € [0,M]c¢ for any ¢ € [0, c0).
Furthermore, since the semigroup 7 (t) is analytic, the mild solution u(t, ¢) of (2.1)-(2.2) is
classic for t > T (see [20, Corollary 2.2.5]). O

2.2 The wave equations and the upper and lower solutions

In this paper, we mainly deal with the existence of traveling waves of system (2.1) connecting
the disease-free equilibrium E((1,0) and the endemic equilibrium E*(S*,I*). Without loss
generality, we consider n = 1. A traveling wave solution of (2.1) is a special type of solution
of system (2.1) with the form (S(t,x),I(t,x)) = (S(x +ct),I(x +ct)), here ¢ > 0 is the wave
speed, and letting x 4 ct by ¢, which satisfies the following wave equation

{ cS'(t) = diS"(t) + u(1 = S(t)) — BF(S, I)(1),

CI’(t) = dZI//(t) —+ ’Be*#Tf(S/ I)(t i CT) s I(t), (2.3)
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and the boundary conditions
S(—o0) =1, S(+o0)=S5% I(—00) =0, I(+c0)=1I" (2.4)

Linearizing of the second equation of (2.3) at Eg(1,0), we get the characteristic equation

AL e) = doA2 — B termr .
(A, c) =daA C/\+1+{Xle r=20

It is easy to show the following lemma, see, [13, Lemma 4.4] or [21, Lemma 3.1].

Lemma 2.3. Assume that Ry > 1. Then there exist two positive constants A* > 0 and c* > 0 such
that

A(A ,C ) = O, ﬁ(/\,c)’(/\*,c*) == 0

Furthermore,
(1) If0 < ¢ < c*, then A(A,c) > 0 forall A € [0,00).

(2) If ¢ > c*, then the equation A(A,c) = 0 has two positive roots A1(c) and Ay(c) with 0 <
Ai(c) < A* < Ay(c) such that

AL >0, VAe(0,A(c))U(A2(c), +00),
(A.©) <0, VA€ (M), Aac)).

In this subsection, we assume that Ryp > 1. In addition, we fix a positive constant ¢ > c*
and always denote A;(c) = A;, i =1,2.
Now, we define four continuous functions as following

I — _ _1 ot pao
S(t) =1, S(t) = max{l g ';40(2—1—5}'

and
2
for t € R, where 0, M, ¢ are three positive constants to be determined in the following lemmas.
Lemma 2.4. The functions S(t) and 1(t) satisfy the inequality
dy 1" (8) — cT'(#) + Be T £(S,T)(t — cT) — rI(t) <0, (2.5)
forall t # t; := /\% In a%(geﬂ” -1 —1).
Proof. If t < t1, then I(t) = eM*. Note that S(t) = 1 and I(t) < eM! for all t € R, then
dy 1" (8) — cI' (1) + Be P £ (S, T)(t — cT) — r I(t)
<dy1"(t) —cI'(t) + Jllem(t —ct) —rI(t)
< eMIA(Ay, )
=0.
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If t > t;, then I(t) = aiz(ge_w — a1 —1). In view of the fact that S(t) = 1 and I(t) <
[Xiz (ée*’” —ap;—1) forall t € R, then

doI" (t) — cI'(£) + Be £ (S, T)(t — cT) — rI(t)
D}Z(ﬁe BT — oq—l) 3

<dy1"(t) —cI'(t) + Be " ; —rI(t)
T+a+2 (e —a —1)
ny \ | ¥ Ky \ | ¥
=0.
This completes the proof. O

Lemma 2.5. Let 0 € (0, A1) be sufficiently small. Then the functions S(t), I(t) satisfy the inequality

di18"(t) —cS'(t) + u(1 = 5(t)) — BF(S, I)(t) >0, (2.6)
forallt # b= LIn W‘;’iﬁ <.
Proof. If t > tp, then S(t) = w;tl;jﬁ' Hence,

diS" (1) — e8'(1) + u(1 — S(1)) — BF(S, T)(1
> di8"(1) ~ e8'(1) + (1 - 8(1) - £ 50)
—u(1-50) - L)
=0.
If t < ty, then S(t) = 1 — Le”*. Note that I(t) < eM! for all t € R, we have

dS"(t) — cS'(t) + (1= S(t)) — BF(S, I)(1)
"(t) —eS'(t) + u(1—5(t) — BS(H)I(t)
d10+c+y> et

It follows from the fact that e(1-9)t < ( /355 ) e

d1S"(t) —cS'(t) + (1 - S(t)) — BF(S, I)(t) > t(dﬂ””f;ﬁ(ﬁ:l;az) V )

AM—0

Note that limg 949 (ﬁj:iﬁaz) o 0. Then, for sufficiently small o > 0,

M0

N B op ‘
d10+c+0 5<ﬁ+wx2> >0, Vi<t

which implies (2.6) holds for t < t,. This completes the proof. O
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Lemma 2.6. Let 0 < ¢ < min{o,Aj,Ay — A1} and M > 1 sufficiently large. Then functions
S(t), I(t) satisfy the inequality

dol"(t) —cI'(t) + Be T £(S,I)(t — cT) — rI(t) >0, (2.7)
forall t # t3:=1ln L.

Proof. 1If t > t3, then inequality (2.7) holds immediately since I(t) = 0 on [t3,00).
If t < t3, then I(t) = eM*(1 — Me®). In view of the facts

M1 — Me®) < I(t) <eMf, 1—-Z¢"<S(t)<1, VteER,

then, for t < t3,

S(t—ct)I(t —cT)
1+ a1+ apl(t—cT)

f&D)(t—cT) =

1 1%
> — — — —
> 1—|—uc1§(t cT)I(t —cT)(1 1+Dé1l(t 7))
1 1 o
> _ 2 po(t—cT) _ __*2 _
> T (1 e )l(t c7)(1 1+0c1l(t 7))
1 1 o
> N _* o(t—c1) N _ 2 20 )
Z T (l(t cT) Ue I(t—cT) T 0611 (t CT))

Hence, for t < t3,
do 1" (t) — cI'(t) + Be T f(S, I)(t — cT) —rL(t)
> A" (t) — eI (F) + —P—e 1T I(t — c1) — rI(1)

B 1+ 5]
B ety - P2 g
a(l—i—oq)e e I(t —c7) (1+Dé1)26 I7(t — c7)
> _ MA (AM+e)t _ ;B o (t—cT)—put ,A1 (t—cT)
> — MA(AM +¢,c)e U(1+“l)e e
_ Ae2)\l(t*fl’)*]ﬂ'
(1 + 061)2
= e()\1+g)t <_ MA(Al _|_ S, C) — Lef(c()\lJ”g—)dhu)Te(U*s)t — Lef(z‘j/\l‘ky)re()\l*g)t) .
c(1+aq) (14 aq)?

Note that 0 < ¢ < min{c, A} and t3 < 0, it follows that e(?~¢* < 1 and e1~9* < 1 for all
t < t3. Therefore,

B —et(M o) —pT (o—e)t X2 @eh )T, (M)t
_ AN [ 1 HT(0—E)l CA1TH)T 1—¢
MAM ¥ e0) = o raye ‘ (T+ )2 ‘
p p
> M - _ ,
= A(A +¢0) A+m) Atan?

Consequently, we only choose

1 B &2
M= max{l, (14+a1)A(A +¢,0) <U + 1+rx1)}’

then (2.7) holds. O
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2.3 The verification of the Schauder fixed point theorem

In this subsection, we will use the upper and lower solutions (S(t),1(t)) and (S(t), I(t)) con-
structed in Section 2.2 to verify that the conditions of Schauder fixed point theorem hold.
Denote

Hi(S,I)(t) == p1S(t) + u(1 = 5(t)) — Bf(S, I)(t),
Hy (S, 1)(t) == Bal(t) + Be " F(S, I)(t — cT) — rI(1).

Choose two constants f1 > u + % and B, > r such that H; is nondecreasing with respect
to the first variable S(t) € [0,1] and H; is nonincreasing with respect to the second variable
I(t) € [0, D}—z(ge_w — a1 —1)] for all t+ € R. H; is nondecreasing with respect to both S(t) €

[0,1] and I(t) € [0, a%(geﬂ” —waq —1)] for all t € R. Clearly, (2.3) is equal to

{dls”(t) —cS'(t) — B1S(t) + Hy(S,I)(t) = 0, (2.8)

dpI" () — ¢ I'(t) — B2I(t) + Ha(S, I)(t) = 0.
Define the set
I'={(5,I) €[0,M]c:5(t) <S(t) <S(t),I(t) < I(t) < I(t)}.
Then the set I' is nonempty, closed and convex in [0,M]¢. Furthermore, define an operator
F:T — C(R,R?) by
F(S,1)(t) = (R(S, 1), (S, 1)) (1),
where
1 t +o0
E(S,I)(t) = ; < / i (t=s) _|_/ e/\iz(t—s)>Hi(S, I)(s)ds, i=1,2,
i J —o0 t
and
c— \/C2+4diﬁi c+ c2+4di,8i
)\il - 7 /\iz = 4
Zdi 2di
Lemma 2.7. The operator F maps I into I

pi = di(Aip — Ain), i=1,2.

Proof. For (S,I) € T, we only need to prove the following inequalities hold.
S(t) <FE(S,I)(t) <S(t), I(t) <ER(S,D(t) <I(t), t e R.

We only prove the first inequality since the proof of the second inequality is similar to that
of the first. Indeed, according to the monotonicity of H; with respect to S and I, we have

Fi(S,1)(t) < F(S,I)(t) < F(S,I)(t), teR.
Thus it is sufficient to verify

S(<RE(SD)<AEDH(H <1, teR 29)
In fact, for t # t,, by (2.6), we have

_ t +oo _
Fi(S,T)(t) = ;( / Put=s) | / e)‘H(t_s)>H1(S,I)(s)ds
1 —00 t

t Foo
. pl ( / Pult=s) | / em<fs>>(ﬁ15<s)+c5’(s> —d18"(s))ds.
1\ /o t
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For t > t, since S'(t,—) < 0 and A1y > 0 > Aq1, we have

Fi(S,T)(t) > —

> m(/_tz + t:>eA“(ts)(515(5)+c5’(s) —dq18"(s))ds

Jr
on ) eM2(75) (815 (s) + ¢S’ (s) — d1S" (s))ds
1
51( 1> A1 an(t-ty) ar
- S t - 11 2 S t —
p1 \ M2 A (®) Ple §'t-)
= S(t) — ﬁe/\u(t*tz)s/(tz_)
S o S
> S(t).

Similarly, we also have F;(S,I)(t) > S(t) for t < t,. By the continuity of both S(t) and
F1(S,I)(t), we obtain F(S,1)(t) > S(t) for all t € R.
1 is

>
On the other hand, note that H; is nondecreasing with respect to S(t) € [0,1], we get

Hy(S,I)(t) < B1S(t) + (1= S(t)) = B

for t € R, then

_ t ~+o0 .
Fi (S, I)(t) = pl</ e)\n(tfs)Jr/ e)\12(ts))Hl( ,1)(s)ds
1 —0o0 t
< & ( /t eM(i=s) + /+oo e)\u(f—s)>ds
Y| —o0 t

51 < B 1>
p1 \ A2 A
=1.

This completes the proof of (2.9). O

Let v > 0 be a constant such that v < min{—A11, —A21 }. Define
B,(R,R?) = {(S,I) € [0,M]c : sup |S(t) e < 4o0, sup |I(t)|e " < —l—oo},
teR teR

with norm

(5,1, = max { sup s(o)le ", sup 1(1)e"1 .

teR teR

It is easy to check that B, (R, IR?) is a Banach space with the decay norm | - |,.
Lemma 2.8. The operator F is continuous with respect to the norm | - |, in B, (R, R?).
Proof. For any (S1,11),(S2, I2) € [0,M]¢, since

|f(S1, 1) () — f(S2, L2)(¢)

|
L(H) (A +al(t))(S1(t) = Sa(t)) + Sa(t) (1 +w1S1(¢)) (L (t) — L(t))
(1 + Oélsl(t) + Oézll(t))(l + quz(t) + Dézlz(t))

(031|11(t) —L(t)] + 032|51(t) - Sz(f>|)f

IN
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let L = max{B1 —p + B ﬁ} > 0, then, forall t € IR,

0y’ oy

|H1(S1, 1) (t) — Hi(S2, ) (1) < L(|S1(t) — Sa(t)[ + [ (t) — L(8)]).
For any (S, 1), (S, Io) € T, then

|F1(S1, 1) (t) — Fi(S2, ) ()|

t +o0
< pl (/ M (t=s) + / e/\12(t—5)> ’Hl(slr 11)(5) — H1(52, IQ)(S)|dS
1 —00 t
L t +o0
< </ M (t=s) +/ e/\lz(fs)>(|51(s) — Sy(s)| + | (s) — Lx(s)|)ds.
—00 t

1

Consequently,

’Fl (Slr Il) (t) -k (SZ/ IZ) (t) |3_V|t‘

< L(/t grlt=s) | /+°° e)‘u(tS)> (EV‘SH’M + €V|S|7V‘t|)d5|5 —1Il,
= p] o t

2L 1 1
= — — S—1|,
01 (/\12—1/ M1 +V>| |V

which follows F; : I' — T is continuous with respect to the norm | - |,. By the similar way, we
also prove that F, : I' — T is continuous with respect to the norm | - |,. O

Lemma 2.9. The operator F is compact with respect to the norm | - |, in B,(R,R?).

Proof. For any (S,I) € T, in view of Aj; < 0 < Ay, we have, for all t € R,

t +oo
[E((S,D(t)| = pll (/_ Aqpeln (=) +/t )\12€A12(ts)>H1(S,I)(S)ds
+00

< w < /t |,\11|e/\11(t—5)d3 + A12e)‘12(t_s)d5)
01 —o0 t

< w' (2.10)
a201

Similarly, we also get, for all t € R,

(s, 1)()] < 22X (ﬁe—f” . 1). @.11)
X202 r
It follows that {F;(S,I)(t) : (S,I) € T} is a family of equicontinuous functions. Thus,
{F(S,I)(t): (S,I) € T'} represents a family of equicontinuous functions.

On the other hand, for any (S,I) €T, it is easy to see that F : T — T follows that

REDOI<1 BEDOI< (Berm-u-1), vier

Hence, for any € > 0, we can find an N > 0(N € IN) satisfies

(IEL(S, I)(£)] + |E2(S, T) (1) )e It < (1 + ;(fe—w —ay — 1))e—vN <e |t >N. (212)

By (2.10), (2.11) and the Arzela-Ascoli theorem, we can choose finite elements in F(I') such
that there are a finite e-net of F(I')(¢) in sense of supremum norm if we restrict them on
t € [-N, N], which is also a finite e-net of F(I')(¢)(t € R) in sense of the norm | - |, (by (2.12))
and implies F is compact with respect to the norm | - |, in B, (R, R?). O
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3 Existence and non-existence of the traveling wave solution
First, using the ideas in [7], we derive some boundedness property of the solution (S(t), I(t))
of system (2.1). That is, we give the following lemma.

Lemma 3.1. Assume that (S, 1) is a positive and bounded solution of (2.1). Then there exist positive
constants L;, i = 1,2,3,4, such that

—L1S(t) < S'(t) < LaS(t), —LslI(t) <I'(t) < Lgl(t), Vt=>0. (3.1)
Proof. We first show that —L;S(t) < S'(¢) for all t > 0, where L, is a positive constant suffi-
ciently large such that both —L;5(0) < S’(0) and L; > % hold. Let
D(t) := S'(t) + L1S(¢t), Vit >0.

We next show that ®(t) > 0 for all > 0 in the following. If not, by ®(0) > 0, then there
exists t; > 0 such that ®(t;) = 0, hence there exist two cases:

Case (i): ©(t) <0, Vt > 1.

Case (ii): ®(t) is an oscillatory function. i.e., there exist some t, > t; satisfy ®(t,) = 0 and
P'(t) > 0.

For case (i), by the definition of ®(f) and in view of ®(t) < 0, we get

cS'(t) < —i—ﬁS(t), Vit>t,
2

since L1 > % Together with 0 < § <1 and m < ;—2, we deduce that

hS"(1) = es'(0)+ B, D0 +us() 1) < ~Ls@y <o, iz,

which implies that S'(t) is decreasing on [t1, +c0). Hence
S'(t) < S'(t1) < —L1S(tH) <0, Vit >t

This implies that S(¢) is decreasing and convex, which contradicts the boundedness of S(t).
For case (ii), since ®(tp) =0, ®'(t2) > 0, we get

S/(tz) = —Lls(tz) <0, S//(tz) > —Llsl(tz) > 0.

Hence, we obtain

> cLyS(t) — wﬁsaz) Ps(t2) >0

0=d15"(t2) —cS'(t2) + pu(1 - S(t2)) — BF(S, )(t2)
;.
2 %)

This is a contradiction. Similarly, we also can show that the other inequations of (3.1) hold for
t>0. O

Now we are in a position to state and show our main results.

Theorem 3.2. Assume that Ro > 1 holds. Then there exists a constant c* > 0 such that for every ¢ >
c*, system (2.1) admits a nontrivial positive traveling wave solution (S(x + ct), I(x + ct)) satisfying
the asymptotic boundary condition (2.4), and

lim e M I(t) =1, lim e ™M (t) = Ay.
f——o00 t——o0
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Proof. In view of Lemmas 2.6-2.9, it follows from Schauder’s fixed point theorem that there
exists a pair of (S,I) € T, which is a fixed point of the operator F. Further, (S,I) is a solution
of (2.1). Consequently, the solution (S(x + ct), I(x 4 ct)) is a traveling wave solution of system
(2.1). Moreover, (S, I) satisfies the following inequalities

1

1-— Ee‘” <S(H) <1, eM(1—Met) <I(t)<eM, VteR,

which follows that

S(—) =1,  I(—0) =0, lim e MfI(t) = 1.

t——o0

Note that (S,I) € I is a fixed point of the operator of F. Applying L'Hospital’s rule to the
maps F; and F, it is easy to see that S’(—c0) = 0 and I'(—o0) = 0. Integrating both sides of
the second equation of (2.3) from —oo to f gives

dol'(t) = cI(t) — Be *™ /toof(S, I)(s —cT)ds + r/:o I(s)ds.

Hence, by tEm e MI(t) =1,

—00

: —Aqtp/ — i _ E —UT 13 —Aqt /t _
tll)r_nooe I'(t) i dze tll)rpooe 7oof(5, I)(s —cT)ds

t
+sztli>glooeiAlt/_oo I(s)ds

T
 d dz/\le tLlr_nooe f(S,I)(t—ct)+ vy

IB —CTA—
—— (ecr N 11”)
drAq (C 1 1—{—0616
= A

Next we claim that, for all t € IR,

U 1 /Be #F o
g SSH<L o< < 072( a0 1). (3.2)

That is, the traveling wave solution of (2.1) is nontrivial positive. Indeed,
S(t) = Fi(S,I)(t) = Fi(S, I)(t)

t +o0 —
_ p1</ M(t=s) +/ e/\lz(f_s)) Hi(S,I)(s)ds
1\ /—o0 f

—y_ £ B
> Br—u & (/t pM(t=s) +/+ e)‘lz(ts)>5(s)ds
- 01 —o0 t B
p
por + B

Similarly, we can prove another inequality is also true.

In the following, motivated by the ideas [3-5,7,10], we construct the Lyapunov functional
to show that the obtained positive traveling wave solutions of model (2.1) connect the endemic
equilibrium E* = (S*, I*). That is, we shall show lim;_,«(S(t), I(t)) = (S*, I*) holds.
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To simplify the notation, let
gx)=x—1—-1Inx, x>0,
it is easy to see that
g(x) >0, x>0, and g(x)=0 ifandonlyifx=1.

By (3.2), we see that (S,I) is a positive and bounded solution of (2.1). Define

D= {(5,1) : WZ“jﬁ <S(t) <1,0 < I(t) < O}Z(W _ —1),

— L1S(t) < S'(t) < LaS(t), —Lal(t) < I'(t) < Lyl(t),t > 0}.
By Lemma 3.1, we see that D # @. For each (S,I) € D, we consider the following Lyapunov
functional V(S,I) : Rt — R as follows
V(S,I)(t) = cVi(S, I)(t) + crI"Vo(S,I)(t) + V3(S, I)(¢),

where

S 1+ a0 4+ aI* S* I
=e S-S5 — — I-I"—T"In —,
Vi(S,I)(t) =e (S S /s T a5 L apl 9d9>+ n

0= [ s(Lerisnm)ay,

t

_ 14+ w1S +arI* S* I*
= dye 78! . (=—-1).
V3(S,I)(t) d1€ S (1—}—&15*—}—&2[* 3 1) —|—d2 (I >

By a direct calculation, we have

dv, _ S* 14+ w15+ arI* 1
bR ST (I —S)—
g = ¢ <1 STtas a21*>(d15 +u(1—=S8)—Bf(S,I)(t))

I*
+ <1 - I> (doI" + Be Tf(S, I)(t — cT) —rI).
From the fact that

u(l—S8%) =e'rl”, Be TS I* = rI" (14 a1 S™ + apl™),

we get
dvy —ut S* 14+ m1S+apl* 1 I* '
B 1-=> d 1— = )doI
. dt ¢ ( S 1+0615*+062[*> 157+ I 2
+pe (ST = S) +r(I" = 1) + Be M (f(S, I)(t —cT) — £(S, I)(1))
ST 1+ SH+al* 1-S 14 01S +apl*
—rl"— +rl
S 1+ a5 +apl*1— 5% 14 01S +apl
P “1;; 2L (s, 1) (t = ct) + 1T, (3.3)
dv, d [t /e hT BeHT
R Dy)—1-1 I
el =g | (B S D) 1= f(S, () ) dy
— BeMTF(S, 1)(E) — Be (S, 1)(t — cr) + 1 in LS €D (3.4)

f(5,D)(1)
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and
dVs o T+ aS +anl* S* " _ 1+al*  S*(5)?
R Ht R — HT
ARG € ey sy o ) E R LS sy
I* I* Il 2
+d2<1 1>I”—d2 (12). (3.5)
Combining (3.3)—(3.5), we obtain
dv _ 14+ al*  S*(S’ I*(1 e §
Frie —dye ”T1+“1S*+“21* (52) —d (2) +pue (ST =8S) +r(I" = 1)
LS 14+ mS+apl* 18 T4+aS+ml* . f(S,I)(t—cT)
Y I Fini2
ST tmS 4wl 1= " TrmS+al 705,00

1+ 0615* + 0(21*
S*I

—rl” f(S,I)(t—cT)+rI*

1+al*  S*(S)? I*(1')? B pe (1 + apl*) (S — S*)?
14+ a1S* +al* S2 I? S(1+0615*+0621*)

. S*(14+aS+axl*) 1+ aS* +apl”
+rl <2 SO+ @S +al) 51 JEDE=eT)
—|—rl*<— I I(l—i—uclS—f—oczI))_i_ﬂ* lnf(S,I)(t—CT).

= — dle_VT — dz

P E I wS + aal) 20
Note that
fSD(t—ct) S (A+mS+al?) o 1+mS" +al” B
NTEEDEH st ms el o7 S5 D(E—cT)
1+D‘15+£¥21
+In

14+ a1S +apl*’

Hence, we get

v _ = —dje M L+all® 5*(s')? 4 (1) _pe T (1 +apl")(S — §*)?
dt 1+ a5 +al* 2 P S(1 4 a15* +af)
<1 S* 1—|—0615—|—0621*) In S*<1+0615—|—0621*)>
S(14 a1 S* + apl*) S(1+4 a1 S* + apl*)
o (1= O s ey SR s o)
. 14 0S4+ apl 14+ 01S +apl
e <1 1+a15+a21*+n1+a15+a21*>
+ﬂ*< 1—|—oc15+oc21 I(l—f—leS—i—zsz*))
1+a15+a21* (14 a1S + apl)
— et 1+"‘21* S*(s")? _dZI*(I')2 pe P (14 apI*) (S — 5*)?
14+ a1S* +apl* S2 12 S(1+ a1S* + apl*)
(ST 4+ 1S+ anl? . (1+a S*—I—DQI
e (S(i +R1;* +D€21*§> —rl < 15*] t_ cT )
. <1+o¢18+(x21> rax(1+ a1S) 2
—rl — (I—I )
1+ a1S +apl* (14 a1S + axl)(1+ a1 S + apl*)

<0.
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Thus, V(t) is non-increasing in + € R*. Furthermore, by Lemma 3.1, one could show that
V(S,I)(t) is bounded below on R". And also, it is clear that

t
d‘ggt) =0 ifandonlyif S(t)=S* I(t)=1", S'(t)=0,I'(t) =0 fort€eR,

and the maximal invariant set of
' dV(t) B
{(5' Di=q = 0}

consists of only point, ie., the equilibrium (5% I*). Then LaSalle’s invariance principle
[8, Theorem 4.3.4] implies that (S,I) — (S*,I*) as t — +oo. Therefore, lim;_, 1o (S(t), I(t)) =
(S*,I*). This completes the proof. O

Finally, we apply the ideas of [10] to establish the non-existence of traveling wave solutions
of system (2.1).

Theorem 3.3. Assume that Ry > 1 holds. Then there exists a constant ¢* > 0 such that for ¢ € (0,c*),
system (2.1) does not admit a traveling wave solution (S(x + ct), I(x + ct)) satisfying (2.4).

Proof. For some ¢; € (0,c*), assume there exists a traveling wave solution (S(x + ct), I(x +ct))
of system (2.1) satisfying (2.4). Let € > 0 such that equation

2 :B - —(Actp)T _ .
doA™ — cA + oo (1—2¢e)e r=0

has no real solution for ¢ € (0, #), which is admissible by Lemma 2.3. By (2.4), we can

take T(e) < 0 large enough such that
1—-e<S(t) <1 foranyt < T(e).
Thus, for t < T(e), we have

al'(B) > doI" (1) + ﬁlej;(llJ:az)ll(gt__;g) —rI(t). (3.6)

According to (3.2), there exists a constant 1 > 0 large enough, such that

—HT — —HT — —
Be HTI(t —c17) < Be HTS(t —c1T)I(t —c1T) E> T(e).
14+ a1 + apl(t — cy7) ] 1 14+ a1+ aI(t—cq7)
In fact, it is equivalent to the following inequality
1
< S(t—c17), t>T(e),
[1+0€1+0€21(t-€11’)]h — ( 1 ) ( )
which is available for i large enough. Then, by (3.6),
—uTy(s
al'(t) > ol (1) + — P IE=aD) s e, (3.7)

[1 + a1 + Oézl(t — C1T)]h+1

Define

o . Be HT(1—¢€)v
blu) = 1 ﬁ1r}f 1+ aq + ago)t1’
(tevra)) B o 2

vE (u,@ =
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Combining (3.7) and (3.8), we can obtain that u(x,t) = I(x 4 c1t) > 0 satisfies

{au(x,t) >d282u(x,t)

u(x,s) =I(x+c¢s) >0, x€R,se(—1,0).

By the comparison principle (see [12, Theorem 2.2]), u(x, t) is an upper solution of the follow-
ing initial value problem

{aw(x,t) >4 *w(x,t)

3 22 +b(w(x,t—1)) —rw(x,t), x€R,t>0,

w(x,s) =I(x+cs) >0, xeR,se(—1,0).
By the theory of asymptotic spreading (see [14, Theorem 2.5]), we obtain that

o c1+c”
< .
llggfw(x, t) >0, |x| < ot
Hence,
.. .. 1+ c*
liminfu(x,t) > liminfw(x,t) > 0, lx] < t. (3.9)
t—o0 t—o0 2

Let —x = #t, then t — co implies that x + c1t — —oo. Consequently,
lim I(x,t) =0,
t—o00

which contradicts (3.9). This completes the proof. O

4 Numerical simulations

In this section, we carry out numerical simulations to illustrate the theoretical results obtained
in Sections 3. For simplify, we use the following trivial functions as initial conditions

01, x=0, 0.0000001, x =0,
S(x,0) = {0 * . 6= {0 * ) @.1)
, x>0, , x >

for 6 € [—T,0].
In view of [3], for system (2.1), we set

d =02 dy=04 wn=025 =20, r=095 wa; =09 ar=02 7=0.875.

Thus, system (2.1) with above coefficients has a disease-free steady state Ey = (1,0) and a
unique endemic E* = (0.0649,0.1977). By the direct computation, one gets Ry = 8.9033 > 1.
It follows from Theorem 3.2 that system (2.1) always has a traveling wave solution with speed
¢ > c¢* connecting Eg and E*. The fact is illustrated by the numerical simulation in Figure 4.1.
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The solution of S(x,t) The solution of I(x,t)

0.064912 0.19773

0.06491 0.197725

0.19772
0.064908

. 0.197715
b
< 0.064906
(]

1(x,t)

0.19771

0.064904
0.197705

0.064902 0.1977

0.0649
10

0.197695
10

Figure 4.1: The traveling wave is observed in the system (2.1) with initial condi-
tions (4.1).
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