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Abstract. We deal with a control problem for a coupled system of two degenerate
singular parabolic equations in non-divergence form with degeneracy and singularity
appearing at an interior point of the space domain. In particular, we consider the well-
posedness of the problem and then we prove the null controllability property via an
observability inequality for the adjoint system. The key ingredient is the derivation of
a suitable Carleman-type estimate.
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1 Introduction and main results

The control of coupled parabolic systems is an important subject which has been recently
investigated in a large number of articles. The main issue is often to reduce the number of
control functions acting on the system.

In this article, we are concerned with a class of control systems governed by degenerate
singular parabolic equations in nondivergence form, in presence of singular coupling coeffi-
cients. More precisely, we study the null-controllability by one control force of systems of the
form

U — a(X)Uyy — bjéc)u — ﬁv =hl,, (t,x)€Q, (1.1)
v — a(X)Vxyx — bz)zi)v — dg;)u =0, (tx)eQ, (1.2)
u(t,0) =u(t,1) = v(t,0) =o0(t,1) =0, te(0,T), (1.3)

where w is an open subset of (0,1), T > 0 fixed, Q := (0,T) x (0,1), 1., denotes the charac-
teristic function of the set w, ug, vy € L% / ,(0,1) are the initial conditions, and / € L% / Q) ==

MEmail: sj.salhi@gmail.com


https://doi.org/10.14232/ejqtde.2018.1.31
https://www.math.u-szeged.hu/ejqtde/

2 I. Salhi

L(0,T; L7 ,,(0,1)) is the control input. Here L}, (0,1) is the Hilbert space

1 442
L3,,(0,1) := {u € L%(0,1) | /0 —dx < oo},
endowed with the associated norm ||u||%%/a(0,1) = fol ”;dx, Vue L}, (0,1).
Moreover, we assume that the constants A;, i, i = 1,2, satisfy suitable assumptions de-
scribed below, and the functions a,b;,d, i = 1,2, degenerate at the same interior point xo €
(0,1). In particular, we make the following assumptions.

Hypothesis 1.1. Double weakly degenerate case (WWD) There exists xo € (0,1) such that a(xg) =
bi(x0) =0, a,b; >0in [0,1]\ {xo0}, a,b; € C}([0,1] \ {x0}) and there exists K, L; € (0,1) such that
(x —xg)a’ < Kaand (x — x)b} < Lib; a.e. in [0,1].

Hypothesis 1.2. Weakly strongly degenerate case (WSD) There exists xg € (0,1) such that a(xy) =
bi(xo) = 0,a,b; > 0in [0,1]\ {x0}, a € C}([0,1] \ {x0}), b; € CL([0,1] \ {x0}) N W>(0,1),
JdK e (0,1),L; € [1,2) such that (x — xg)a’ < Ka and (x — xo)b, < L;b; a.e. in [0,1].

Hypothesis 1.3. Strongly weakly degenerate case (SWD) There exists xo € (0,1) such that a(xy) =
bi(xo) = 0, a,b; > 0in [0,1]\ {xo}, a € C}([0,1] \ {xo}) NW¥*(0,1), b; € CL([0,1] \ {x0}),
JdK € [1,2), L; € (0,1) such that (x — xo)a’ < Ka and (x — x0)b, < L;b; a.e. in [0,1].

Hypothesis 1.4. Double strongly degenerate case (SSD). There exists xo € (0,1) such that a(xg) =
bi(x0) =0,a,b; >0in [0,1]\ {x0}, a,b; € C}([0,1] \ {x0}) NW'>(0,1), there exists K, L; € [1,2)
such that (x — xo)a’ < Ka and (x — xo)b; < Lib; a.e. in [0,1].

For our further results we shall admit two types of degeneracy for the coupling term d,
namely weak and strong degeneracy. More precisely, we shall handle the two following cases.

Hypothesis 1.5. The function d is weakly degenerate, that is, there exists xo € (0,1) such that
d(xop) = 0,d > 0on [0,1]\ {x0}, d € C'([0,1] \ {x0}) and there exists M € (0,1) such that
(x —x0)d" < Md a.e. in [0,1].

Hypothesis 1.6. The function d is strongly degenerate, that is, there exists xo € (0,1) such that
d(xo) =0,d > 0o0n[0,1]\ {xo}, d € C1([0,1] \ {x0}) N WL®(0,1) and there exists M € [1,2)
such that (x — xo)d’ < Md a.e. in [0, 1].

The main controllability result of this paper can be stated as follows.

Theorem 1.7. Under Hypotheses 3.1 and 3.6, for any time T > 0 and any initial datum (ug,vg) €
(L%,,(0,1))?, there exists a control function h € L3 ,,(Q) such that the solution of (1.1)~(1.4) satisfies

u(T,x) =v(T,x) =0, forallxe (0,1). (1.5)

By a classical duality argument (e.g., see [21]), null controllability will be studied through
an observability estimate for the homogeneous backward system associated to (1.1)—=(1.4). To
get the observability inequality, we prove first a particular Carleman estimate, which is by
now a classical technique in control theory. Then, via cut off functions, we prove that there
exists a positive constant Cy such that every solution (U, V) of

M AR
Ut+a(x)uxx+bl(x)Uer(x)V—O, (t,x) €Q,
Vit a( Vi + 2 v M u=o, (x)eQ

br(x) " d(x)

U(t,0) = U(t,1) = V(t,0)=V(t1) =0, te(0,T),
U(T,x) = Ur(x), V(T,x) = Vr(x),
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satisfies, under suitable assumptions, the following estimate:

uZ
W VIO e <Cr [ D e 16)

Let us observe that in (1.6) we are estimating the L 1/o-norm of (U,V)(0,.) by means of the
L3 ,,-norm of the first component of (U, V) localized in w x (0,T). One calls this property
indirect observability since by observing only one component of the solution on w, one can
control all components of the state at the final time. Roughly, the method is the following: we
will start by deriving an intermediate Carleman estimate with two observations which could
be used to show the null controllability of the system with two controls. Then, thanks to an
interpolation inequality, see Lemma 3.8, we deduce a Carleman estimate with one observation
which yields the observability inequality (1.6). As a consequence, using the Hilbert uniqueness
method, we then deduce an indirect null controllability result for the system (1.1)—(1.4), that
is the state-vector vanishes identically at the final time by applying only one localized control
force.

Before dealing with problem (1.1)—(1.4), let us first review some previous results. The gen-
eral framework addressing the controllability problems of nondegenerate parabolic equations
and nondegenerate coupled parabolic systems has been established in earlier papers, and
there is nowadays an extended literature on this topic (see for instance, [2,3,20,23,31,32,34]).
For more details, on actual methods concerning null or approximate controllability of linear
parabolic systems, we refer to the survey [4].

Next results concern control issues for degenerate parabolic equations. In particular, new
Carleman estimates (and consequently null controllability properties) were established for
operators with degeneracy appearing at the boundary of the domain (see, for instance, [5,
14-16] and the references therein). To the best of our knowledge, [10,26,28,29] are the first
papers dealing with Carleman estimates (and, consequently, null controllability) for operators
(in divergence and in nondivergence form with Dirichlet or Neumann boundary conditions)
with mere degeneracy at the interior of the space domain. For related systems of degenerate
equations we refer to [1,11].

Also the question of whether it is possible to control heat equations involving singular
inverse-square potentials has already been addressed both in the one-dimensional and in the
multi-dimensional case, see [22,36] for the case of internal singularity, and [17] for the case of
boundary singularity.

Another interesting situation that has received a lot of attention in recent years is the case
of parabolic operators that couple a degenerate diffusion coefficient with a singular potential.
Among the pioneering related works we mainly refer to the papers [24, 35] in which the au-
thors have studied the control of singular parabolic equations degenerating at origin. These
results are complemented in [27], in which it is considered well posedness and null controlla-
bility for operators with Dirichlet boundary conditions in divergence form with a degeneracy
and a singularity both occurring in the interior of the domain. We refer to the recent paper [25]
for the analogous results for operators in nondivergence form under Dirichlet or Neumann
boundary conditions.

More recently, in [33] the authors treat well posedness and null controllability for coupled
degenerate/singular parabolic systems in divergence form.

However, as it is by now well-known (see, e.g., [9,30]), the equation in non-divergence
form cannot be recast, in general, from the equation in divergence form. Indeed, the neces-
sary condition that ensures the well posedness of the problem (1.1)—(1.4) makes it not null
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controllable. Thus, we cannot derive the null controllabilility for (1.1)—(1.4) by the one of the
problem in divergence form. For this reason, in this paper as in [25], [26] or [28], we prove
null controllability for (1.1)-(1.4) without deducing it by the previous results for the problem
in divergence form.

The object of this paper is twofold: first we analyze the well-posedness of (1.1)—(1.4);
second, under suitable conditions on all the parameters of (1.1)—(1.4), we prove related global
Carleman estimates. To the best of our knowledge, this is a problem that has never been
treated in precedence, although it is a natural extension of the results of the work [25] to the
case of coupled 2-component degenerate system involving a singular coupling matrix. To be
more precise, observe that the problem (1.1)—(1.4) takes the equivalent form

atY - KY -CY = elhlw, in Q,
Y(t,0)=Y(t,1) =0, te(0,T), (1.7)
Y(0,x) = Yo(x), x€(0,1),

where Y = (u,v)*, Yo = (uo,v0)*, K is the matrix operator given by
K = diag(K, K),

and the differential operator K is defined by
Kw := a(x)wyy.

Further, C is the singular coupling matrix given by

3
C:< f) (1.8)

by
and finally e; = (1,0)* is the first element of the canonical basis of R?.

It is worth pointing out that analyzing the controllability properties of system (1.1)—(1.4)
(and thus, (1.7)) is more intricate than the null controllability problem for a scalar degenerate
singular parabolic equation ([25]) since we want a coupled parabolic system to be controlled
by a unique distributed control and additional technical difficulties arise owing to the coupling
of the equations.

S S

The paper is organized as follows. In Section 2, we study the well-posedness of the prob-
lem via Hardy inequality, applying classical semi-group theory. The Carleman estimate is
proved in Section 3. As a consequence, in Section 4, we prove observability inequality, and
hence null controllability. Finally, we conclude our article with an appendix in which we prove
a Caccioppoli type inequality that is fundamental in our analysis.

All along the article, we use generic constants for the estimates, whose values may change
from line to line.

2 Function spaces and well-posedness

It is commonly accepted that Hardy-type inequalities are the starting point to prove well-
posedness of singular parabolic equations (see, for instance, [8], [13] and [37]). In the present
context, such inequalities turn out to be fundamental for the proof of Proposition 2.10. In
order to deal with these inequalities we consider different classes of weighted Hilbert spaces,
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which are suitable to study the four different situations given above, namely the (WWD),
(WSD), (SWD) and (SSD) cases. Thus, as in [25] or [28, Chapter 2], we introduce

K1(0,1) := L3,,(0,1) N HY(0,1)

and

K3y, (0,1) := {u €K : € L2(0,1)}

u
vV abi

endowed with the inner products

1 4o 1
(1, v) ::/ —dx+/ u'v' dx,
a 0 a 0

—/ dx+/ u’v’dx+/ —dx
respectively.

Using the weighted spaces introduced before we can prove the next Hardy-Poincaré in-
equality. First, we make the following assumption (we refer to [25] for some comments).

and

Hypothesis 2.1.
1. Hypothesis 1.1 holds with K+ L; < 1, or
2. Hypothesis 1.1 holds with 1 < K+ L; < 2 and
Jeq, cip > 0 such that |x — xo|X > cra and |x — xo|b > cppb; Vx € [0,1], (2.1)
or
3. Hypothesis 1.2 or 1.3 with K+ L; <2 and (2.1), or
4. Hypothesis 1.4 holds with K = L; = 1.

Proposition 2.2 ([25, Lemma 2.4 and 2.5]). Assume Hypothesis 2.1 holds. Then there exists a
constant C; > 0 such that for all w € K}z,b,-<0/ 1) we have

/0 o " dx < c/ 2.2)

Observe that the above Hardy-Poincaré inequality allows us to consider for the (SSD) case
only the situation when K and L; are both 1.

For the well-posedness of the problem (1.1)—(1.4), due to the presence of singular coupling
terms, a natural functional setting involves the weighted space

u
K!, 4(0,1) = ueK;,:eL20,1}
a01) = {u ekl s o e 120)

which is a Hilbert space for the scalar product

/ dx+/ u'v'dx—l—/ —d —|—/ "o dx.

In the following we make the following assumptions on d.
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Hypothesis 2.3.
1. Hypothesis 1.5 holds with K+ M < 1, or
2. Hypothesis 1.5 holds with 1 < K+ M < 2 and
Jes > 0 such that |x — xo|M > ca3d Vx € [0,1], (2.3)
or
3. Hypothesis 1.6 with K+ M < 2 and (2.3), or
4. Hypothesis 1.6 with K = M = 1.

We will proceed with a Hardy-type estimate involving the coupling term under considera-
tion. Such an estimate is valid in the following suitable Hilbert space ICI-1 = K;,b,-, d(O, 1), under

hypothesis 2.3, and it states the existence of C; > 0 such that for all w € K}, we have

1 g2 1
| Sax<c [ (@) (2.4)

Remark 2.4. If the assumptions 2.1 and 2.3 are satisfied, then the standard norm |||/ is
equivalent to ||w|?% := fol(w’)zdx forallw e K},i=1,2. |

From now on, we make the following assumptions on a4, b;, d, A; and p.
Hypothesis 2.5. Throughout this section, we assume the following hypotheses.

1. Hypothesis 2.1 holds.

2. We shall also admit Hypothesis 2.3.

3. Setting C* and C3 the best constant in K.} of (2.2) and (2.4) respectively, we assume that A;, j #

0 and
1
A < F;’ (2.5)
VALA
ue <0, cl* 2), (2.6)
d

where N\;, i = 1,2 is given in (2.7).

We also need the following result which is a crucial tool to prove well-posedness and
observability properties.

Proposition 2.6 ([25, Proposition 3.1]). Assume Hypothesis 2.5. Then there exists A; € (0,1] such
that for all w € K},

2
/Ol(w/(x))z dx — A, /01 mdx > Aol 2.7)

Finally, we introduce the Hilbert space

ICIZ :Hg,bl(of]‘)
:={w € K}(0,1) : w’ € H'(0,1) and Ajw € L},,(0,1)},
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where A;w := awy, + %;w, i=1,2.
In the Hilbert space Hy,, = L% /a(0,1) x L2 /2(0,1), the system (1.1)~(1.4) can be trans-
formed into the following inhomogeneous Cauchy problem

X'(t)— AX(t) = f(t),  X(0) = (ZS) (2.8)
where X = (Zgg ),
A=A+B, (2.9)
with
D(A):={X € K} x K3: AX € Hy,,}, (2.10)
where

(A0 (0 & (h(t ) 1w
D 0D ()
Remark 2.7. Observe that if X € D(A), then (4, §) and (\f' 7) € Hy , so that X € K x K1

Thus inequalities (2.2) and (2.4) hold true if Hypotheses 2.1 and 2.3 are satisfied.

We recall the following formula of integration by parts which will be used in the rest of
the paper.

Lemma 2.8 ([28, Lemma 2.2]). For all (u,v) € K2 x K} one has

1 1
/ u"vdx = —/ u'v'dx, (2.11)
0 0

Ki:={uekK;:u' € H(0,1)}.

where

Let us now show that the operator (A, D(A)) defined by (2.9)—(2.10) generates an analytic
semi-group in the pivot space Hj/, for the equation (2.8). This aim relies on this fact.

Lemma 2.9. Assume that Hypothesis 2.5 is satisfied. Then, the operator A with domain D(A) is
nonpositive and self-adjoint on Hy /,.

Proof. Observe that D(A) is dense in H ,.
(i) A is nonpositive. By Proposition 2.6 and Lemma 2.8, it follows that, for any X = (3,!) €

D(A) we have
$) () (o) D

—(AX, X)n,,, = —(AX + BX, X)n,,,,
1 A 1 Ao
— —/0 (aw? + le)% dx _/0 (awh + —wz)wz dx

[@n SV

(5 ) (E)-E, -

—2pu /1w1wzdx,
:/ dx—)\/ 1dx~|—/ wh) dx—A/ 2dx
ab2

1
w1w2
dx,
o ad

1 1
> A1/ (w’l)zdx+A2/ (w’z)zdx—?_y/
0 0 0

1 w1wr
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Using Young’s inequality, the last term in the above right-hand side is estimated as

/1 wiwr dxl < U lwy | Jws dx
o ad ’

a = Jo Vad Vad

.1w2 1 1w2
< wy 7/72
_5/0 it s |,

where § > 0 is a constant that will be chosen later on. Then, we can apply the Hardy-Poincaré
inequality (2.4) obtaining

1 1 C
/ it dx‘ < (5C§/ (wh)?dx+ ~L [ (wh)?dx.
o ad 0
Hence,
1 1
—(AX, X)m, > (A1 —2u6C7) [ (h)Pdx+ (Az - 2;145) | (w2

0 0

Now, by (2.6) one can find § such that

C*
Ped 5o M
27, 2uC*

(2.12)

For this choice, we deduce that there exists > > 0 such that

~(AX, X, = ZIX]B 0 2 0.

2
Klx K3

(ii) A is self-adjoint. Let T : H;,, — H;,, be the mapping defined in the following usual way:
to each f € H;,, associate the weak solution X = T(f) € K1 x K} of

—(AX Y, = (Y )Hy,,

for every Y € K] x K. Note that T is well defined by Lax-Milgram lemma via the part
(i), which also implies that T is continuous. Now, it is easy to see that T is injective and
symmetric. Thus it is self adjoint. As a consequence, A = T~!: D(A) — Hy, is self-adjoint
(for example, see [19, Proposition X.2.4]). O

As a consequence of the previous lemma we immediately have the following well-
posedness result in the sense of evolution operator theory.

Proposition 2.10. Assume Hypothesis 2.5. Then, the operator A : D(A) — H;,, generates an
analytic contraction semigroup of angle 7t/2 on Hy .. Moreover, for all h € L2 2(Q) and up, vy €
L%/a(O, 1), there exists a unique weak solution (u,v) € C([0,T);Hy,,) N L2(0, T; K1 x K3) of (1.1)—
(1.4). In addition, if (ug,v9) € D(A) and h € WY1(0, T, L%/u(O, 1)), then

(u,0) € C1(0,T;Hy,,) NC([0, T); D(A)). (2.13)

Proof. Since A is a nonpositive, self-adjoint operator on a Hilbert space, it is well known that
(A,D(A)) generates a cosine family and an analytic contractive semigroup of angle 71/2 on
H;,, (see [6, Example 3.14.16 and 3.7.5]). Being A the generator of a strongly continuous
semigroup on Hj /,, the assertion concerning the assumption ug, vy € L? /2(0,1) and the reg-

ularity of the solution (#,v) when (up,v9) € D(A) is a consequence of the results in [7] and
[18, Lemma 4.1.5 and Proposition 4.1.6]. O
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3 Carleman estimates

3.1 Carleman estimate for the inhomogeneous adjoint system

In this subsection we prove crucial estimates of Carleman type for the solutions (U, V) of the
following nonhomogeneous adjoint problem:

Ut+a(x)uxx+211U+ZV:h1, (t,x) €Q, (31)
Vt—i—u(x)Vxx—l—;jV—i—ZU:hz, (t,x) € Q, (3.2)
U(t,1) = U(t,0) = V(t,1) = V(t,0) =0, te (0,T), (3.3)
U(T,x) =Ur(x),V(T,x) = Vr(x), x€(0,1), (34)

which is derived taking inspiration from the work [25]. Here hy, hy € L2l (Q), while on g, b;
and 4 we make the following assumptions. ’

Hypothesis 3.1.
1. Hypothesis 2.5 is satisfied;

2. L=2lle) € wie(0,1);

3. if K> %, then there exists a constant & € (0, K] such that the function x — |x“_(§3)|0 is nonin-

creasing on the left and nondecreasing on the right of x = x;
4. if A; <0, then (x — x0)b;(x) > 0in [0,1].

To prove an estimate of Carleman type, as in [25] or in [28, Chapter 4], we introduce the
function

p(t,x):=0()p(x), ¥Y(tx) € (0,T)x(-1,1),

where 1
Y — X0 Riy—x)2
0(t) .= ————7 and x):=d [/ Y=~ X0 R0 gy — g, | | 3.5
( ) [t(T— t)]4 lzb( ) 1 o a(y) y 2 (3.5)
- Xy —
Here dy > d5 := rr[1ax | / 7 p (yy)co eRW _XO)Zdy, R and d; are general strictly positive constants,
xe[—1,1] Jxg
while the function 4 is defined as follows:
7 0/ 1 7
a(x) = 7% x€ ] (3.6)
a(—x), xe€[-1,0].

A more precise restriction on d; and d, will be needed later. Observe that 6(t) — 400 as t —
0%, T~ and clearly
—didy < p(x) <0 forevery x € [—1,1].

The main result of this section is the following:

Theorem 3.2. Let T > 0 be given. Assume Hypothesis 3.1 is satisfied. Then there exist two positive
constants C and s such that every solution (U, V) of (3.1)—~(3.4) in

Y =12 (o, T;D(A)> nH! (o, T; K} x IC%) (3.7)
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satisfies, for all s > s,

T (1 — X\ 2
/ / [SG(UQ% +V2) + 5393(m> (u? + VZ)]ezsq’(t"‘) dx dt
0Jo a

T rl 62547 T . e
SC(/O/O {h%—l—h%] p dxdt+sd1/0 9[(x_x0)€R(x 0)2(u§+Vf)€2(’)]x:édt).

Remark 3.3. We underline that Theorem 3.2 still holds if we substitute the spatial domain
[0,1] with a general interval [A, B] where the functions 4, b; and d satisfy Hypothesis 3.1.

Proof of Theorem 3.2. First of all, observe that that system (3.1)—(3.4) can be written in the fol-
lowing form:

Y(t,0) =Y(t,1) = <8) (3.8)

where Y = (U) and H = (’,2 ) Now, for s > 0, define the function

Z

Z(t,x) = Y (¢, x) = <w> ,
where Y is any solution of (3.8). Observe that, since Y € V and ¢ < 0, then Z € V and satisfies

LIZ+L;7Z=¢PH, (tx)€Q,

Z(40) = Z(t,1) = (8) te(0,T),

Z(T,x) = 2(0,x) = (8) , xe(0,1),

where
Lr = (L%; L;) +B and L, — (L(;_ L0>
with
Litd = afly + AiZ — sl + s*ag3,
Ly il := 1y — 25a@yily — SAQxyil.
Moreover,

ALSZ, L5 D)y, < ULSZ L 2y, + L5 Z gy, + 1L Z Ry, 69)
_ 2 '
= [l Hly .

Here HY , is the Hilbert space L7,,(Q) x L} ,,(Q), equipped with the norm

Nl—

2 2
Xz, = (llfz (@) + 12122, (0))
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and (-, ->1H]T/a the corresponding scalar product. Of course,
L+ £ w\ (Ly 0 (w
srcam=((5 )0 2 ),
etz = (% 4) ()5 2)E),
_ <<L§+w+gz> <st>>
L2tz+bw) '\ Lyz H?/u’

= (Lo Liwhiz, o + (52 L2z ()

TH <§ LS_w>L%/a<Q> T <% LS_Z>LMQ) ’

Observe that the operators Li* and L] are exactly the ones of [25]. Using [25, Lemma 4.2 and
4.3], we deduce immediately that there exist two positive constants C and s, such that for all

S > So,
T 1 _ 2
cinsu, e [ o100 (452) o] o

+C// 56022 +s393( ) ]dxdt

—s/o 6 [a (wl+22) ¢/] g dt

(o) o (T ),

I

(3.10)

Integrating by parts, we decompose the term I into a sum of a distributed term I; and a
boundary term [, where

T r1 /
Id:—ZS]/l// (Px

—y/ [wz]!=8dx — 25;1/ qoxwz} Odt.

As in [25, Lemma 4.2], using the definition of ¢ and the boundary conditions on (w,z), the
boundary terms reduce to 0.
On the other hand, by definition of ¢ and by the assumption on d, one has

Tl (y— /
Iy = —25;4611// Gwem"_"ﬂ)zwz dx dt

> ZSydlM// (=x0Y 5z dx dt.

Next, using Young inequality, one can estimate fo IN ! £ eR=00) 07 dx dt as

1
9 eRlx=%0) wzdxdt’ <C// — |wz| dx dt

=C \/éM \/éﬂ dx dt,
(£ {ns2) (52
2// 9—dxdt+2/0/0 0= dxat,
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and therefore from the Hardy—Poincaré inequality (2.4) we get

cx [T
d// 022 dx dt.
0.Jo

1 * T 1
9 eR(x—xo0) wzdxdt’gczcd/
0.Jo

0

Hence,
T /1
I; > —sudiMCC} (// 0(w? + 22) dx dt) .
0Jo

Proceeding as in [27, Lemma 3.7], we can choose C as large as desired, provided that s

increases as well, obtaining
C T 1 y
> —s— // 0(wy +z5)dxdt ).
2 \JoJo

Going back to (3.10) and taking into account the previous inequality, we deduce that there
exist two positive constants C and sy such that for all s > s,

T r1
(37, L5 Dy, > c// 56 [w? + 2] dxdt

v [ 393< ) [ + 22 ddt (3.11)
s [ 0la (e ) Sy

Combining (3.9) and (3.11), we obtain
e 2,2 3p3 (X — X0 2 2.2
// s0 [w; +z3| +5°6 <) [w? + z%] dx dt
0
T _
<c<// 12 + 1) / e[a(w§+z§)¢’]§‘édt>.
0 -

Recall that U = ¢ 5w and V = ¢~ °?z. So, we have

Uy = —s0preYw + e *Pwy,
Vy = —s0ypre Yz 4 e %0z

Therefore,

2
sO(UZ + V2) +5°6° (x ax°> (U2 + V2) | 2ot

2
< s0 [232921p§(w2 +2%) 4+ 2(w? + zi)} +5%0° <xax0> (w? + 22)

2
<C [sG(wi +22) +5°6° <xaxo> (w? + 2z2)

One thus obtains the asserted Carleman estimate for our original variables. O
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3.2 Carleman estimate with distributed observation for the homogeneous adjoint
system

By the HUM method introduced by ].-L. Lions, the null controllability of problem (1.1)—(1.4)
is equivalent to an observability estimate for the homogeneous backward system

th+a(x)llxx+;j\1lll+ZV:O, (tx) € Q, (3.12)
Vt+a(x)vxx+2§v+Zu=o, (tx) € Q, (3.13)
U(t1) = U(L0) = V(1) = V(1,0) =0, te (0,T), (3.14)
U(T,x) =Ur(x), V(T,x)=Vr(x), xe€(0,1). (3.15)

To show that the adjoint system (3.12)—(3.15) is observable, we first derive an interesting
Carleman estimate which could be used to show the null controllability for parabolic sys-
tems with two control forces. As a first step, consider the adjoint problem with more regular
final datum

Ut+a(x)uxx+%ll+%V:0, (tx) €Q, (3.16)

1

W—Fa(x)Vxx—F%V—k%U:O, (t,x) €Q, (3.17)
2

U(t,1) = U(t,0) = V(t,1) = V(t,0) =0, te (0,T), (3.18)

(U(T,x) = Ur(x), V(T,x)=Vr(x)) € D(A?), x€(01). (3.19)

where D(A?) = {XT € D(A) : (AX)T € D(A)}. Observe that D(A?) is densely defined in
D(A) for the graph norm (see, e.g., [12, Lemma 7.2]) and hence in H;,,. As in [28] or [25],
define

W := {(U,V) is a solution of (3.16)~(3.19) }.

Obviously (see, e.g., [12, Theorem 7.5]) W C C'([0, T|; D(A))) C V C U, where V is defined
in (3.7) and

U := C([0,T|;Hys) NL*(0, T; K] x K3).

In order to prove the next result, we shall use the following non degenerate non singular
classical Carleman estimate in suitable interval (A, B) (see [25, Proposition 4.1]).

Proposition 3.4. Let z be the solution of

2+ AZex + b(/\x)z — e I2((0,T) x (A,B)), xc(A,B), te(0,T)
z(t,A) =z(t,B) =0, te(0,T),

where a € C1([A, B]), b € C([A, B]) are in such a way that there exist two strictly positives constants
ag, by such that a > ag and b > by in [A, B]. Then there exist two positive constants r and sy such that

forany s > sg
T /B
/ / (sezi + 53032,2)625@ dx dt
0/A

T /B T x=B (320)
< C<// h2e*® dx dt — sr/ {aezsq)(t")Qeréf‘zi(t, )} dt),
0JA 0 x=A
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for some positive constant C. Here the functions ® and { 4 are defined as follows: For x € [A, B]:
O(tx) =0(H)¥(x), ¥(x)=eE 2,

where  {p(x) ZD/XB ;g), p =rCs(A),

(3.21)

where d = ||a'|| o (4,B)-

In the following we will assume that the parameters d», p and d; satisfy the following
assumptions

dy > 16d5, p >2In(2), (3.22)
and
e —1 4
diel=|——, — (2 —¢f 3.23
1 iy — 5 3d2(€ e )) ( )

which can be shown not empty.

We shall begin by proving a simple but fundamental lemma concerning some properties
that must be satisfied by the weight functions.

Lemma 3.5. By (3.22)—(3.23), we have
(i) For (t,x) € [0, T] x [0,1],

p(t,x) < P(t,x) and

—4®(t, x) + 3¢(t, x) > 0. (5.24)

(ii) For (t,x) € [0,T] x [0,1],
p(t, —x) < P(t,x). (3.25)

Proof. First, let us set d3 := max,¢[o 1 fxf) yuzyx)o eR(y—xO)zdy.

i 1. ¢ < &: since d; > ;zp__dl* > gip:dl;, we have max{y(0),¢(1)} < ¥(1) and the
2

conclusion follows immediately.

2. —4d(t,x) + 3¢(t, x) > 0: this follows easily by the assumption did, < —3¥(0).

(i) ¢(t, —x) < D(t,x): since dq > 22’:%, then max{y(—1),¢(0)} < ¥(1) which completes

the proof of the desired result. O

Now, we shall apply the just established Carleman inequalities with boundary observation
to obtain a Carleman estimate with locally distributed observation. For this, we assume that
the control set w satisfies the following assumption:

Hypothesis 3.6. The control set w is such that
w = wi; Uwy,
where w; (i = 1,2) are intervals with wy CC (0,xg), wa CC (x9,1), and xo ¢ @.

We claim the following.
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Theorem 3.7. Let T > 0 be given. Assume Hypotheses 3.1 and 3.6. Then there exist two positive
constants C and sg such that every solution (U, V) € W of (3.16)—(3.19) satisfies, for all s > s,

Ik |

2
O(U2 + V2) +5%0° (ax()) (U2 + V2| e220%) gy dt

(3.26)
2 (o]

< c// S62(U2 + V2| < dxdr.

We remark that Theorem 3.7 has an immediate application also in the case in which the
control set w is an interval containing the degeneracy point. Indeed, if xo € w one can always
find two subintervals wy C (0, xg), w2 =C (xp,1) such that (w1 Uw,) CC w \ {x0}.

Proof of Theorem 3.7. The statement is obtained by studying some auxiliary problems, intro-
duced with suitable cut-off functions and a reflection procedure already introduced in [29].
First, by the assumption on the control set, we have w; = (a1,81) CC (0,%0), wy :=
(a2, B2) CC (x0,1). Let us fix four points y; = w 4it2i oo that a; < v < ’y; < Bi,

and 'y; = -5
for i = 1,2. Then, fix B, € (az,72) and consider a smooth function 7 : [0,1] — [0,1] such that
€ [r2,1],

1,
1) = {0, e [0, B2).

Define (p,4) := (yU,nV), where (U, V) is any fixed solution of (3.16)-(3.19). Hence, fixed
& € (a2, B2), (P, ) satisfies

A
Pr+apx + b—llﬁ Zq+a(17xxu+217xu ):=Hy, (tx)€(0,T)x (&,1),
A
Gt ol 20 = 5Pt alnaV £ 20:) == Hy, (6x) € (0,7) x (32,1),
p(taz) = p(t,1) = q4(t,a2) = 4(t,1) =0, te(0,T)

with Hy, Hy € L2((0,T) x (&, 1)).

Since x € (&2,1), observe that the system above is a nondegenerate and nonsingular prob-
lem. Thus, we can apply the analogue of Proposition 3.4 for the first component p in (&, 1)
place of (A, B), obtaining that there exist two positive constants C and sy (so sufficiently large),
such that p satisfies, for all s > s,

T r1 T r1
/ / [s02 +5%6°7| 2 dxdt < C / H2e>® dx dt.
0 Jay 0 Jay

Let us remark that the boundary term in x = 1 is nonpositive, while the one in x = &, is 0, so
that they can be neglected in the classical Carleman estimate.

Then using the definition of 77 and in particular the fact that 77, and 7., are supported in
W = (Ez, 72) CC wy where a, and % are bounded, we can write

H? < cd? + C(U? + UP)1g,

for positive constants ¢ and C.
Hence, we find

T 11 T (1 T
// [59ﬁ§+s303]§2}625¢dxdt < c/ qzezsq)dxdt—kC// [U? + U?]e*?® dx dt.
0 Ja 0Ja, 0Jo
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Analogously, one can prove that § satisfies

// 560 +5°6°"] M’dxdt<c// 2 zsq’dxdt-l-C// V2 4 V2]e® dx dt.
2
Thus, summing the last two inequalities, it follows that
//m s@ 2442+ (P + 4 )}ezsq’dxdt
2
< c/ / 25q’dxdt+C// (U2 4+ V2) + (U2 + V2)]e>® dxdt,

where C and C are some universal positive constants.
Taking s such that C< %5393, we obtain

T
// 59 §2) + 5263 (p* + [72)]e25‘1> dxdt < C/ / [U? + V2 + U2 + V2]e*® dx dt.
(%) 0Jw

Now, by the first inequality in (3.24), one can prove that there exists a positive constant k, such
that for every (t,x) € [0, T] x [&2, 1]

2
e250(tY) < kest)(t,x), (xa(x’;()) e25P(Lx) < Jp25®(tx) (3.27)

Hence, by (3.27) and using the definitions of p and 4, it results
T (1 — X\ 2
// SQ(LIJ% +V2) + 5393<w> (u? + Vz)}ezs‘/’ dx dt
07 a
2
—// 59 (p% + —|—s393<TxO) (ﬁ2+572)}625(/’dxdt
72
— X\ 2
</ / se(ﬁ§+4§>+s393(%) (P2 + )] 7 d e
5]
<k// 59 §2) + %03 (p* + 4 )}eZSdedt
iy
< c// U2 + V2 + U2 + V2)e&2 dx dt
0Jw
T
< c// (w2 +v?) 1+ (u§+v,3)}e25¢dxdt

<c// (U2 + v?)°

Consequently, by Lemma 5.1 and by the inequality above, we get

2 4+ V2)e*® dx dt.

// 59 (U%+4V3) —1—5303( ) (U2—|—V2)}ezs"’dxdt
2 a

2
<c// (U2 + v
2@

<c / / 5262 u2+v2] dx dt, (3.28)

2
576 u2+V2] dx dt

w2

for a positive constant C.
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To complete the proof it is sufficient to prove a similar inequality on the interval [0, v2].
To this aim, we perform a reflection procedure already introduced in [29], considering the
functions

W(t,@:{ua,x), x € [0,1], Z(t,x)::{V(t,x), x € [0,1],

—Uu(t,—x), xe€[-1,0], —V(t,—x), x€[-1,0],
where (U, V) solves (3.16)—(3.19). Therefore, (W, Z) solves the system

A
Wi+ aWex + =W+ EZ =0, (£x) € (0,T) x (~1,1),

b1 d
Zt+ﬁzxx+gzz+g~w:0, (t,x) S (O, T) X (—l,]), (3.29)
2

W(t,—1)=W(t,1)=Z(t,—1) = Z(t,1) =0, t€(0,T),
being

bi(—x), x¢€[-1,0], d(—x), x¢€[-1,0],
and 7 is already defined in (3.6).
Now, consider a smooth function 7 : [—1,1] — [0,1] such that

1, x€[-7,7),
T(x) = { A
01 X € [_1/ _r)/l] U [72’ 1]’

and define the functions p = TW and § = tZ, where (W, Z) is the solution of (3.29). Then
(p, ) satisfies

Ei(X) — {bi(x)/ X € [0, 1]/ d {d(x), x € [0, 1],

A
Br+ e + E—lﬁ i %q = G(TW + 20W,) := Fi,  (£x) € (0,T) x (—B1,1),
1
A
Gt + Alivy + =20+ %ﬁ = 6(TaZ +2T:Zy) =B, (tx) € (0,T) x (=B1,1),
2

(P.q)(t, =p1) = (p.4)(£,1) =0, t€(0,T).

Observe that py(f, —p1) = Px(t,1) = §x(t,—p1) = §x(t,1) = 0 and, by the assumption on a
and the fact that 7y, Txy are supported in [—}, —7y1] U [y2, 73], Fi, B> € L%/ﬁ((O, T) x I), where
I := (—p1,1). Thus, we can apply the analogue of Theorem 3.2 (which still holds true, since
i belongs to W"1(—1,1) in the weakly degenerate case and to W"®(—1,1) in the strongly
degenerate one, see [12, Lemma 9.2]) on (—p1,1) in place of (0,1), obtaining that there exist
two positive constants C and sg (so sufficiently large), such that (p, §) satisfies, for all s > s,

s - 2 T 1
N ) 393 (% — X0 2 2] 250 // ) 5
/0/—/31 [SG(Px+’1x)+s€) ( 5 ) (p +q)}e dxdt < C ; _,31<F1+F2)

Using again the fact that 7y, T, are supported in [—7], —y1] U [72, 73], it follows that
T 11 _ 2
2 K2 393 (X — X0 <2 | N 259
/0/_/51 (5002 + ) + 5707 (F70) (72 + ) |0 ax

T r—v
gc[// WE £ W2 22 4 720659 du dt
0J—-m

e2sq)

— dx dt.
a

T 95
+ / / W2+ W2 4 22 4 72)¢%9 dx dt] . (3.30)
0J72
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Now, by the definitions of W and Z, we note that

T =y
/ / W2 W2 4 22 1 Z22)e200) dx di
0

= // ) 4 U2(—x) + V2(—x) + V2(—x)]e*?™) dx dt.

On the other hand, using a change of variable, one has
/ / ) 4+ U2(—x) + V2(—x) + V2(—x)]e*?™) dx dt
= / / )+ U2(x) + V2(x) + V2(x)]e*?(=) dx dt.
At this point, we use (3.25) to deduce that
// %) + U2(—x) + V2(—x) + V2(—2)]e®?®) dx di
< /OT/W [U? + U2 + V2 4 V2] dx dt.
1
Combining (3.31) and (3.32), it follows that

T =y
/ W2 £ W2 4 22 4 720290 dx dt < /
0J-m 0

Going back to (3.30), by (3.33) and using the fact that ¢ < ®, we obtain

T (1 2
22 | 2\ 29 | 33 (%X T X0 25
/O/ﬁl <39(Px+q) +5%0° (20 (7 +q)>e dx dt

<C

Thus, applying the Caccioppoli inequality given in Lemma 5.1, one gets

T 1 _ 2
0(2 4+ 52)e2? 1 B3 (X=X 2 v2> 259 1y dt
/0/51 (s (5 +d2)e™? +s ( - ) (P> +§°) | e*?dx

(3.31)

(3.32)

T v
/ U U2 4 V2 4 VW) dxdr. (3.33)
T

T
<C // U2+ U2 + V2 + V2] zsq’dxdt+// U2+U§+V2+Vf]ezsq’dxdt}
T

'}/
</ / ) [U? + V2]~ 25“’dxdt+/ (/ + 2) [LI%—}—Vf]eZSq)dxdt}
e T2
,y/
<c / </ + >[u2+v2] qu’dxdt+/ (/ + 2) [u,%+v§]e25©dxdt].
L/0 w1 wy T T2

T 1 T 2<I>
gc[/ ( + >[U2+Vz]625q’dxdt+/ (/ +/> 202[U2 + v S — dxdt]
0 w1 wy 0 wy wy

T 2
gc/ </ +/> 262[U2+V2] dx dt
0 w1 wy

2<I>
<c// POR(U2 + VA< dx .
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Hence, using the definitions of W, Z, p and ¢, it results
T ry _ 2
/O/ : <se(u§+vf)+s393c(xa’“’c) (u2+v2)> ¢29 dx dt
2
—// <59 W2+ 72) + %6°c (F—22c) (w2+zz)> &9 dx dt
7 2
_// i <59 ) +s%6°c(*="2c) (;52+¢72)> ¢ dx dt
303 —X0\2 0 | 0 25
//ﬁl(se )+59C< _2c) (p +q)>e dx dt

<c / / 5262 u2+v2] ® dxdt, (3.34)

for all s > sy and for a positive constant C.
Finally adding up (3.28) and (3.34), Theorem 3.7 follows. O

The above Carleman estimate can be used to obtain null controllability of system (1.1)-
(1.4) if we apply 2 control forces, but to obtain this aim only with one control force, we need
to eliminate the second local term from the right side of (3.26). In order to carry this process
out, we will need the following result.

Lemma 3.8. Let ¢ > 0 and consider an open set wq such that wy CC w. Then, there is C¢ > 0 such
that every solution (U, V') to (3.16)—(3.19) satisfies

T
// 2020 dxdt<s]( +C€//—dxdt
0 wo

where € > 0 is small enough, s is large enough and

/ / sev2+s393( ) v2> 29 dx dt.

Proof. Let x € C*®(0,1), such that 0 < x < 11in (0,1), supp( ) C wand x = 1 on wy.
Multiplying the first equation of system (3.16)—(3.19) by s?6?x“— °V and integrating over Q, we

have
// 292” - P et — // 5267 ¢

- / / szezxemuxxv dx dt (3.35)
Q

25D
—//Q52922X:Udedt.

After integrating in time and having in mind the equation satisfied by V, we get
/ / 267y
= // szezerSd’UxVx dx dt + // 5292(X625q’)xuvx dx dt

+ / / [ 20272 +253626‘I’+25266]

Vdxdt

Vdxdt

// 292” - 0 Pavar,

(3.36)
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and
// s20%xe®PU,, V dx dt = —// s20%xe®*PU, V, dx dt
Q Q

+ // 202 (xe*®) UV, dx dt (3.37)
Q
+ / / 5202 (xe2®), UV dx dt.
Q
Altogether from (3.35)-(3.37), we obtain

// 292” Vzdxdt K; + K, + K,

where
K = 2// 5292)(625¢UXVX dxdt,

/ / 292” u2 dxdt,
25D

Ky = / / { 5262 ( e ) +253629‘F+25290} P
bz a
// 5262 (xe®®) 1 UV dx dt.
Q

For ¢ > 0, using Young’s inequality, we have

Uvdxdt

K| =2 ’ / / (V30e5V,) ((50)3 xesC=9) U1, ) dic dt

< e// $0e*9 V2 dx dt 4 - // $P0°x 2= U2 dx dt .

L

In the last inequality, we still have to estimate L by an integral in U2. For this, we multiply the
equation by U by s36° Xze “U and integrate on Q to obtain
L=1L1+Ly+ L3+ Ly,

where
25(20—¢)

L =—1 // (367 + 256°(2¥ — )0 x ———UPdw,
L= // 363 (2 2q>f¢))xxu2 dxdt,

)
Ly = // 6%y 2)‘18 U2 dx dt,

~9)
L4—// 393;( C—uvaxa

Since supp(x) C w, we observe that the functions a, bll_, %, X, ¥, ¥ and their derivatives are
bounded on w. Then, by the fact that |§| < C6?, we deduce that, for i € {1,2,3}

s(2d—
|L|<C// S P avar



Control of degenerate and singular parabolic systems 21

For i = 4, one can see that

_ g(x—xo) ) 3H 2 1 5(40—3¢)
|Ly| = ‘//Q [(56)2 e V} [(s@)zdx (x—xo)e Ul dxdt
_ 2
< ¢ // 5393<u> V229 dx dt
a

3 3 (4@*3(/)) 2 dx dt
T2 // 9 (x — xo) U dx
40-3¢)

_ T 25(4P—3¢
<& // 5393(7()) V2e254’dxdt—|—Cg// S0P UPdxdt.
Q a 0Jw a

Hence,
|L|<c// R LA P N // S0 (1 v2 250 g dt.

Therefore,
T p25(40—3¢)
Kil <G [ [ 67— Wl dxdt+e] (V).
0Jw

Using the fact that " and x are supported in w and xy € w, proceeding as before, one obtains

\sz<c// 292  Pdrdt,

25<I>
IKs)| <c// SOU "+ X +x) UV dxdt
3X — X0 4 5 1 7 / s(2d—¢)
< etV 0 ¢ dx dt
C// )2 —— )((s )Z(x—xo)(x +x' +x)e U) X
(25(2D—9)
<g// P07 (1 V2 29 dx dt + C, // 595Tu2dxdt.

Furthermore, thanks to Lemma 3.5, we have

eZs(D < eZs(ZdD—(p) < 625(4¢—3(p) <1

7

sup s"0"(£)e*#P3) <0, reR.
(tx)€Q

Then, for e small enough and s large enough, we have

'// 202L ) Vzdxdt‘<Cs//dxdt—|—2£]( ).

Finally, by the definition of x and the previous inequality, it follows that

// V2 dxdt <
maxd wo

XEwq

292“ - Vzdxdt’

wo

‘// S Vdedt‘
gcg// W di+ (V).
0Jw 4a

This ends the proof. O
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Now, we apply inequality (3.26) with wy to obtain the following main Carleman estimate
for the adjoint system which bounds the global integrals of the variable (U, V) in terms of a
unique localized variable.

Theorem 3.9. Let T > 0. Then there exist two positive constants C and sg such that, for all s > sy,
the solution (U, V) € W of (3.16)—(3.19) satisfies

// [so(uz +v2) + 26 (222 ) (U2 +v2) 259"(“‘)dxdt<C// W et (338)

4 Application to observability inequality

In this section, we investigate the observability inequality for the problem (3.12)—(3.15) and de-
duce the null controllability for the problem (1.1)—(1.4). In particular, using the local Carleman
estimate in Theorem 3.9, we will prove the next observability inequality:

Theorem 4.1. Assume Hypotheses 3.1 and 3.6. Then there exists a positive constant Ct such that
every (U, V) € C([0, T);Hy,,) NL2(0, T; K1 x K1) solution of (3.12)~(3.15) satisfies

1 T
[ L2(0, %) + V2(0, )] dx < cr [ f W2( x) L e dt.
JO a 0Jw a

The above theorem follows by a density argument as in [29, Proposition 4.1] as a conse-
quence of the next observability inequality in the case of a regular final-time datum.

Lemma 4.2. Assume Hypotheses 3.1 and 3.6. Then there exists a positive constant Ct such that every
(U, V) € W solution of (3.16)—(3.19) satisfies

1 T
/ [U?(0,x) + V2(0,x)] 1dx < CT// Uz(t,x)ldxdt.
0 a 0Jw a

Proof Multiplying the first and the second equations in the system (3.16)—(3.19) respectively
by = U and t, integrating over (0,1), the sum of the new equations gives

1 1 1d !
0:/0 (U2 + V2] fdx+[uxut+vxw]1—§$/0 (U2 + V2] dx

+/ [ uut+ ]dx+/ (UVi +VUy) dx

1
:/O [u2+vt} a5 | W24 V2 dx

A /\7 ) /1 UV
[ablu +abzv] A1 g

1d/
2d
1d 1 2 2 1d )\1 2 AZ 2 1UV
>_-Z il A
= 2dt/o Us Vel dx+ 55 ), [ablu +abv]d + dt/

Hence, the function ¢t — fol Uz + V2] dx — fol [;‘7111,12 + Q%VZ] dx —2u fol UY dx is non de-
creasing for all t € [0, T]. In particular, by Young and Hardy—Poincaré inequalities (2.2) and
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(2.4), it results

1 ITA A 1U(0,x)V(0,x)
2 2 _ 112 2 12 _
/0 [Uz(0,x) + V7 (0,x)] dx /0 lel us(0,x) + ab2V (O,x)} dx 2;4/0 ! dx
1 1A Ao
< / [UZ(t,x) + VE(t,x)] dx — / U (t,x) + == V2(t,x) | dx
0 0 |aby ab,

LUt x)V (¢, x)
—2]4/0 — dx

< lu2(t )+ VE(t,x)] d +/\C*/l [UZ(t,x) + VE(t,x)] d
_/O[x,x Z(t,x)] dx (Ut Z(t,x)| dx

1
Gy [ U %) + V3 )] dx
0
1
— (1+/\C*+yC;§)/O [U2(t x) + V2(t,x)] dx,

where A = max{|A4], |A2|} and C* = max{C},C;}.

Integrating the previous inequality over [£, 3], 6 being bounded therein, we find

1 A 1 A 1U(0,x)V(0,x)
) Mo 2 _ 22 — —_
/0 [ux(o,x) —ablu (O,x)] dx+/0 [Vx (0, x) abzv (O,x)} dx 2#/0 p dx

€
< ;(1+AC*+VC§)/T4 /O [U2(t,x) + VE(t,x)] dxdt
I

31
< CT/T4 /0 s0 [UZ(t, x) + VZ(t,x)] €7 dx dt.
3

Hence, by the Carleman estimate given in Theorem 3.9 and the previous inequality, there
exists a positive constant C such that

1 1 .
[ |0 - M| acr V200 - 22vé00)| dr-ap [ HEVOD 4
0 Elbl 0 abz 0 ad

T 1
gc// U?(t, x) = dx dt.
0Jw a

From the previous inequality and Propositions 2.6, for § > 0, one has
1 1
Al / U2(0, %) dx + Az/ V2(0,x) dx
0 0

T 1
< C// uz(t,x)ldxdt—|—2‘u/ wdx
0 Jw a 0 ad

T 1 cx
gc// uz(t,x)ldxdt+2y5c;/ ug(o,x)dx+y—d/ V2(0, x) dx.
0Jw a 0 26 0

Therefore,

*

1 C 1 T
(A1—2y5C;§)/ U2(0, %) dx +  Ag — / Vf(o,x)dxgc//uz(t,x)ldxdt.
0 26 ) Jo 0Jw a

Consequently, if we now choose ¢ satisfying (2.12), we readily deduce that there exists C > 0
such that

1 T, 1
/0 [U2(0,x) + V2(0,x)] dx < C/O/w Uz(t,x)adxdt. (4.1)
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Finally, applying the Hardy-Poincaré inequality (see [29, Proposition 2.6]) and (4.1), we have

/1 [U?(0,x) + V2(0,x)] 1dx = /1 . — [U?(0,x) + V2(0,x)] dx
0 ' haTT T Jo (v —x)? ' '

1
< CHp/0 p [U,%(O,x) + Vf(O,x)] dx

. (4.2)
< COCHp/O [U2(0, x) + V2(0,x)] dx
r 1
< c// U2(t, x) - dxdt,
0Jw a
for a positive constant C. Here p(x) = (x_aﬂ, Cpp is the Hardy-Poincaré constant and
2 2
— Xy (1—=xo)
o max 285 S5
Hence, the conclusion follows. O

5 Appendix

The basic result to prove Theorem 3.7 is the following Caccioppoli’s inequality for systems of
degenerate singular parabolic equations, which is the counterpart of [33, Lemma 6.1] for the
non divergence case.

Lemma 5.1 (Caccioppoli’s inequality). Let w' and w two open subintervals of (0,1) such that
w' CC w C (0,1) and xo ¢ @. Then, there exist two positive constants C and sy such that every
solution (U, V') € W of the adjoint problem (3.16)—(3.19) satisfies

25sd

T s e
/0/ [L2(t, ) + V2(t, x)]e 2<I>dxdt<c// SO2(LR(E, %) + VA(1, )] S

(5.1)

forall s > sy.

Observe that we require xg ¢ @, since in the applications above the control region w is
assumed to satisfy 3.6.

Proof of Lemma 5.1. Let us consider a smooth function ¢ € C®(0,1) such that 0 < ¢ < 1in

(0,1), suppl C wand ¢ = 1 on «w'. Hence, by definition of ® and having in mind the
equations satisfied by (U, V'), we have

-T d 1
o:/ [/ gZeZSq’(uz+v2)dx] dt
_2// s (U2 + V2) dxdt+2// 26X (x) [U2 + V2] dx dt
+2// (x)&22®), [UU, + VV;] dxdt—z// 262 [Alu%r)”uz} dx dt

by by
uv
4 // 2025 2 o dt.
yooée 7 X
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Then an integration by parts leads to

// 250 (x) [U2 + V2] dx dt

// sCDQ‘ZeZSCD le—l—V2 dxdt + = // 2p25® xx(LIz—i-VZ)dxdt

+// c2e 2“1’< u2+)b‘ v2> dxdt+2y// 2 qu’Lildedt.

Since min, ¢, a(x) > 0 and |§] < c6?, then, by the Young’s inequality and by definition of ¢,

min a(x // 22 4 V2 dxdt<// 220 (x)[U2 + V2] dx dt

xew'

gC//(1+5292+s|9|)[ll2+V2]eZSq’dxdt
0Jw

T
<cC / / $262[U2 + V2)e% du dt

2
<c// $O2[UP + V2 dxat

Thus, the claim follows. O

6 Conclusion

In this paper, we studied the null controllability for a coupled degenerate parabolic system
with a symmetric singular coupling matrix C, see (1.8). In particular, the question of well
posedness of the problem is addressed. Then, thanks to Carleman estimates, an observability
inequality with observation being made on only one of the components of the state is proved.
The main restrictive assumption under which the results presented in this paper are valid
is the symmetry of the singular coupling matrix. This mentioned assumption is required
not only to obtain well-posedness result but also to get the observability estimate. It would
be interesting to know if a more general singular coupling matrix can still lead to indirect
observability and null controllability results.
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