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1. Introduction

In this paper, we are concerned with the multiplicity of solutions for the following biharmonic problem:

A*u+ alAu = f(z,u) + g(z,u), in €

(1.1)
u=Au=0, on 09,

where A? is the biharmonic operator, @ is a real parameter, @ C RN is a bounded domain with smooth
boundary 99, N > 3. We assume that f(z,u) and g(z,u) satisfy some of the following conditions:

(g1): g € C(Q x R, R) is odd in u.

(92): g(z,u) = bu+ g1(z,u), where b is a real parameter.

(g93): There exist ¢ € (1,2), ¢1 > 0 such that

lg1(z,u)| < eiul”", for 2 €Q and u € R.

(f1): f €C(Q x R,R) is odd in u.
(f2): There exists C' > 0 such that |f(z,u)| < C(1 + |u[P™") for x € Q and v € R, where 2 < p < 27,
2* — 2N .

N-2

f3) @ limpy oo Ffz’u) = oo uniformly for z € Q, where F(z,u) = [’ f(z,s)ds.

(f3)

(fa): f(z,uw)u >0 for u > 0.

(f5): There exist 0 < 1 < 2%, ¢2 > 0 and L > 0 such that H(z,u) > ca2|ul|* for |u| > L and = € Q, where
H(z,u) = 3 f(z,u)u — F(z,u) .
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Biharmonic equations have been studied by many authors. In [4], Lazer and Mckenna considered the
biharmonic problem:
AutaAu=d(u+1)t -1, in Q
(1.2)
u=Au=0, on 09,

* = max{u,0} and d € R. They pointed out that this type of nonlinearity furnishes a model to

where u
study traveling waves in suspension bridges. In [5], the authors got 2k — 1 solutions when N = 1 and
d > A(Ax —c) (Mg is the sequence of the eigenvalues of —A in Hg(9)) via the global bifurcation method.
In [10], a negative solution of (1.2) was considered when d > A1(A1 — ¢) by a degree argument. If the
nonlinearity d[(u + 1) — 1] is replaced by a general function f(x,u), one has the following problem:

A%y + aAu = f(z,u), in Q,

(1.3)

u=Au=0, on 0.
In [7], the authors proved the existence of two or three solutions of problem (1.3) for a more general
nonlinearity f by using a variational method. In [12], positive solutions of problem (1.3) were got when
f satisfies the local superlinearity and sublinearity. For other related results, see [6], [13], [15] and the
references therein. We emphasize that all the papers mentioned above are concerned with the case
a < A1 only. So far as we know, little has been done for the case a > A1. In particular, the authors in [8]
considered the case a > A1 and got the existence of multiple solutions of problem (1.3).

Our aim in the present paper is to investigate the existence of infinitely many large energy solutions
of problem (1.1) in the case a < A1 and a > A1. Usually, in order to obtain the existence of infinitely many
solutions for superlinear problems, the nonlinearity is assumed to satisfy the following (AR) condition
due to Ambrosetti-Rabinowitz [1]:

(AR): There is o > 2 such that for u # 0 and = € Q,
0 < aF(z,u) <uf(z,u),

where F(x,u) = [ f(z,s)ds. This condition implies that F(z,u) > cslu|® — ca, where ¢z, ca are two
positive constants. It is well known that the (AR) condition guarantees the boundedness of the (PS).
sequence for the corresponding functional. Then we can apply the Symmetric Pass Theorem in [9] or the
Fountain Theorem in [11] to get the desired result. In this paper, the nonlinearity involves a combination
of superlinear and asymptotically linear terms. Moreover, the superlinear term doesn’t satisfy the (AR)
condition. Thus, it is difficult to derive the boundedness of the (PS). sequence for the corresponding
functional. However, motivated by the variant Fountain Theorem established in [14], we can overcome
the difficulty.

Before stating our main results we give some notations. Throughout this paper, we denote by C a
universal positive constant unless otherwise specified and we set L*(2) the usual Lebesgue space equipped
with the norm ||ul|s :== ([, |u|sdx)%, 1 <s<oo. Let Ay (k=1,2,---) denote the eigenvalues and ¢y,

(k=1,2,---) the corresponding normalized eigenfunctions of the eigenvalue problem

—Au=Au, in €,

u=0, on 0.

Here, we repeat each eigenvalue according to its (finite) multiplicity. Then, 0 < A1 < A2 < Az--- and

A — 00 as k — oo.

The main results of this paper are summarized in the following theorems. To the best of our knowl-

edge, the conclusions are new.

Theorem 1.1. Assume that [ satisfies (f1) — (f5), g satisfies (91) — (g3). Then, given a < A; and
b < A1(A1 — a), problem (1.1) has infinitely many solutions {u,} satisfying

1 /|Aun|2dx—a/ | |*da —/F(x,un)dx—/G(x,un)dxﬁoo as n — oo, (1.4)
2 \Ja Q o Q
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for 1 > max{5 (p — 2), ¢}, where G(z,u) = [, g(,s)ds.

Theorem 1.2. Assume that f, g satisfy conditions of Theorem 1.1. Then, given a < A1 and b >

2N

A1(A1—a), problem (1.1) has infinitely many solutions {u, } satisfying (1.4) for u > g and u > (p—1)x75-

Theorem 1.3. Assume that f, g satisfy conditions of Theorem 1.1. Let a > A1 and %Aj <a< %)\j+1

for some j € N. Then, if )\i(%)\i —a)<b< )\i+](%Ai+] —a) for some i € N, i > j+1, problem (1.1) has
2N

infinitely many solutions {un} satisfying (1.4) for p > g and p > (p — 1) 5.

2. Variational setting and Variant fountain theorem

Let © ¢ RN be a bounded smooth domain, H = H*(Q) () Hj(Q) be the Hilbert space equipped with
the inner product

(u,v)g = / AuAvdz,
Q
which induces the norm
1
lullr = ([ 1auPdo)?,
Q

For v € H, denote

I(u) = % </Q|Au|2dxfa/Q|Vu|2dx) f/QF(x,u)dxf/QG(x,u)dx.

From (f1) — (f2) and (g1) — (g3), we have I € C'(H). Moreover, a critical point of I in H is a weak
solution of (1.1).

We need the following variant fountain theorem introduced in [14] to handle the problem.

Let E be a Banach space with the norm .|| and E' = @, X; with dim X; < oo for any j € N.
Set Vi = @, X, Zk = B2, X; and

By ={ueYi:|ul|l <pr}, Nie={u€Z:|ul|=rr} for px>re>0.
Consider the following C! functional ®» : E — R defined by:
Dy(u) := A(u) — AB(u), X€]1,2].

We assume that
(F1): ®x maps bounded sets to bounded sets uniformly for A € [1,2]. Furthermore, ®»(—u) = ®x(u) for
all (\,u) €[1,2] x E.
(F2): B(u) >0 for all u € E; A(u) — o0 or B(u) — o as |Ju]| — oo.
Let, for k > 2,

I'y:={y € C(Bk,E): v is odd,v|on, = id},
ck(A) := inf max @y (y(u)),

~ET, uEBy,

bk()\) = inf (I’/\(u),

u€Zy, |lull=rg

ar(A) == max Py (u
u€Y, lull=pr

Theorem 2.1. Assume (F1) and (F:). If bp(X) > ar(X) for all A € [1,2], then cx(X) > bp(X) for all
X € [1,2]. Moreover, for a.e. A € [1,2], there exists a sequence {u*(\)}52; such that

sup lul (V|| < oo,  ®A(WE(N) =0 and ®r(ub(N) — c(A)  as n— .
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3. The case a< A\ and b€ R

For a < A1, define a norm u € H as follows:

%
Jull = ( [ sl —a [ |vu|2dx) .
Q Q

We note that the norm ||.|| is a equivalent norm on H. In this section we use the norm ||.||. It is well

known that Ay = Ax(Ax —a), k =1,2,---, are eigenvalues of the eigenvalue problem
A’u+aAu=Au, in Q
u=Au=0, on 09,

oK, k=1,2,--- are the corresponding eigenfunctions. Furthermore, the set of {¢x} is an orthogonal
basis on the Hilbert space H. Let X; := span{p;}, j € N and set Y, = @5:1 Xj, Zr = D72, X;-
Observe that the following inequality holds:

lull? Ak/ Pdz,  Vu€ Z, (3.1)
Q

We start with some technical lemmas.

Consider I, : H — R defined by

() = %||u||2 fp[)F(x,u)dxf/QG(x,u)dx, we 2.

Lemma 3.1. Assume that f satisfies (f1) — (f4), g satisfies (g1) — (g3). Then, given a < A1 and b < A4,
there exists ko € N, such that for k > ko, there exist ¢ > by > 0, by — oo as k — oco. Moreover, fix
k > ko, there exist g, — 1 as n — oo and {u, o, C H such that

[I»/Ln (u") = 07 [un,(un) S [bk7Ek]

Proof. We note that for u € H,

flull> > /\1/ u’dz. (3.2)
Q
Then it is easy to prove (F1) — (F2) hold. By (f2), there holds
|F' (2, u)] < C(fu| + [uf”). (3-3)
(g3) implies that
|G1(z, u)| < Clul?, (3.4)

where G1(z,u) = [ g1(z,s)ds. For 2 < p < 2*, let

Br= sup lullp. (3.5)

uEZp,|lul|=1

Then Br — 0 as k — oo following the method of Lemma 3.8 in [11]. Hence, combining (3.3) — (3.5) , we
obtain that for u € Z,

I.(u) = %Hu”2 - u/ﬂF(m,u)dx —/QG(x,u)dx
1 1
> 5l = 35 | o~ Cllul? - Cllul - CAllP (36)

For simplicity, we only need to consider the case 0 < b < A1. (3.2) and (3.6) imply that for u € Zy,

1 b
1) 2 5 (1= 3 ) Il = Clal®+ ) = Gl
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1
A Cpn1 8P 2= . _
Choosing 7, 1= (%&) *7"  we obtain that for u € Zy, ||lul| = 74,

b ) - b 2 q
E (=2 v = o] + [ (1= L) t? =t + )|
2

2
- b\ /200 M B\ 1 b o
>P—2 (2 ) (2P S(1- 22—
= ( A1>< A b Fla\lmay ) e O )

From (B — 0 as k — oo, we have 7, — 00 as k — oo. Thus, there exists ko € N, such that for k > ko,
[% (1 — Ail) i — C(Fl + Fk)] > 0. Therefore, for k > ko,

b () = inf I,(u) > by.

wEZp,||ull="%
Moreover, by, — 0o as k — oo from B — 0 as k — co. On the other hand, by (f1) and (f3), we obtain
that for any M > 0, there exists C(M) > 0 such that

F(x,u) > Mlu|*> — C(M). (3.7)
Combining (g2), (f4), (3.4) and (3.7), there holds
L) < Syl + 1|b|/ u2dx+C/ |u|de7/ Fe, u)dz
2 2 Ja Q Q
< C|lulf? + Clful* M/ lu[2dz + C(M)meas(Q).
Q
Choosing M > 0 large enough, we have that for u € Yy,
Iu(u) < =Cllul® + Cllull* + €,

using the equivalence of all norms on the finite dimensional space Y, . Now we choose pr > 0 large
enough, such that pr > 7 and

a(p) = max  I,(u) <0.
w€Yp, ||ull=pk

Thus, the conditions of Theorem 2.1 are satisfied for k > ko. For k > ko, from Theorem 2.1, we obtain
that for all p € [1,2], G (u) > br(p) > bx, where & (1) := infyer, maxuen, Iu(v(v)), By := {u € Yx :
llull < pr} and Ty, := {y € C(Bk, H) : v is odd, y|op, = id}. Moreover, ¢x(u) < sup,cp, I(u) = ¢. Fix
k > ko, we have that for a.e. u € [1,2], there exists a sequence {uk (1)}, such that

supllubi ()| < o0, Ih(ub(w) =0 and Lu(ub(w) = au(u) > b as n— oo,

Recalling that ¢, (u) < @, by standard argument, we conclude that {uy (u)}oz; has a convergent subse-
quence. Suppose uj (1) — u”(u) as n — co. We get I, (u” (1)) = 0, I, (u* (1)) € [br, k], for almost every
(

p € [1,2]. So, when p, — 1 with u, € [1,2], we find a sequence u* (i) (denote by u, for simplicity)

satisfying I, (un) =0, I, (un) € [bk, 7Tk

Consider I, : H — R defined by

* 1 1
I(u) = §||u||2 - M/Q[F(m,u) + EbuQ]dx - /Q Gi(z,u)dz, pell,2],

where G1(z,u) = [ g1(z,s)ds.

Lemma 3.2. Assume that f, g satisfy conditions of Lemma 3.1. Then, given a < A1 and b > A1, there
exists k{, € N, such that for k > k), there exist cj > bj > 0, bj — oo as k — co. Moreover, fix k > k,
there exist g, — 1 as n — oo and {un }nz1 C H such that

’

Ly (un) =0, I, (un) € [bk, ci]-
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Proof. It is easy to prove (F1) — (F:) hold. (3.3) — (3.5) imply that for u € Z,
* 1, 2 1.5
1) = Sl - p [ (P, + 20tde — [ Gz uwde
2 Q 2 Q
1
> §HUH2 - b/QU2d-’E = Cllull” = Cllull = CBElull” (3-8)

Since b > A1, there exists j € N, such that TJ <b< ”1 Combining (3.1) and (3.8), we obtain that
forue Zy, k>j5+1,

" 1
130 2 5 (1= 222 ) Jull = OOl + ) = O
_1
For k > j + 1, choosing r, := (%) 27?, we obtain that for u € Zy, ||u|| = r,
J
" 1 2b 1
B 2 [ (1= 22 )l - copta?| + 5 (1= 222 )l = CClul + )|
1

2
p—2 2b ><2Cp/\j+1 ﬂ};’)w [1( 2b > 2 . }
> 1-— +=(1- ry.—C(rf+r
- dp ( Nj+1 Nj+1 —2b 4 Nj+1 k (k k)

* 1 2b * * *
= bk —+ |:Z <1 —_ A ) Tk2 — C(T’kq +T’k):| .

J+1

It is easy to see that ry — oo as k — oco. Thus, there exists k{ > j + 1, k{, € N, such that for k > k{,

by (p) == inf I (u) > by.

u€Zy, |lull=rg

Moreover, by — oo as k — oo . On the other hand, combining (f4), (3.4) and (3.7), we obtain that for
any M > 0, there exists C(M) > 0, such that

I(u) < l||u||2—/F(m,u)dx—/Gl(a@u)dx
2 Q Q

< Cllull* + Cllul|” = M|lul|3 + C(M)meas($2).
Choosing M > 0 large enough, we have that for u € Y,
Li(w) < =Clluf)* + Cllu||” + C.

Thus, we can choose pj, > 0 large enough, such that p; > rj and

max
u€Yy,|lull=p;

The rest of the proof is just the same as Lemma 3.1, we omit it.

Proof of Theorem 1.1. (f1)— (f1) and (g1) — (g3) imply that Lemma 3.1 holds. Fix k > ko,we
claim that the sequence {u,} of Lemma 3.1 is bounded under assumptions of Theorem 1.1. Indeed, (f1)
and (f5) imply that

1
Ef(ac7u)u—F(x7u) > Clul" — C. (3.9)
Together with (g2) — (g3), there holds

—_

i () = 5 (01, () )

=lin /[;f(:v Un)Uun — F(z,un der/[ 9(z,un)un — G(z,un)|dz
>C’/ |un|”dx—C/ lun|?dz — C

i ) = 5 (T (), ) = Ty (1) € s,

Since
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we get
[unll < C,

in view of p > ¢. (3.10) implies that
l[unllq < C.

ThUS, from (f2)7 (92) - (93)7 (32)7 (311) and (I/ILn (un),un) = 07
HMW:w/ﬂwwwM+/ﬂwme
Q Q
< b/ usda + C’/(|un| + |un|P)dz + C
Q Q
b
< Ll +C [ (] +unl)dz +C
A1 Q
which implies that
nstc/wuﬂwmw+a
Q

Note that £(p —2) < (p — 1)]\2,—52 < p, we will consider two cases.

Casel. u>qand u> (p— 1)1\2,—52
From (3.10) and (3.12),

H%W§CMA+C/hMVWMM+C
Q
< Cllunl + Cllun|lo lun P~ oy +C
(r—V) w53

< Cllunll + Cllun|llunl™" + C
which implies that |Jun| < C.
Case 2. p>qand §(p—2) <p<p.
We need the following well known inequality (3.14).
If0<p<p<2 andt € (0,1) are such that %:%Jr%then
lallp < ol e+, Vu € 2 L7
Combining (3.10), (3.12) and (3.14), there holds

[un ]l < Cllunll + Cllun =7 |unl$ + C
< Cllun|| + Cllun |2 +C
< Ollun |l + Cllun|™ + C.

(3.10)

(3.11)

(3.12)

(3.13)

(3.14)

(3.15)

Observing that the condition > £ (p—2) is equivalent to tp < 2, we conclude from (3.15) that ||u,| < C.

The claim is proved. Combining with Lemma 3.1 and by standard argument, we obtain that {u,} has a

convergent subsequence (denote by uy, for simplicity). Since u, is relevant to the choice of k, we suppose

that u, — u® in H, as n — co. We note that

I(upn) = I, (un) + (un — 1) /Q F(x,un)dz.

(3.16)

Since sup,, [|un || < co, we conclude that [, F'(z, un)dz stays bounded as n — co. Recalling that I, (un) €

[bk,Ck], we get
I(u") = lim I(un) € [bk, k).

n—oo

On the other hand, we have

(I'(un),v) = (I, (un),v) + (ttn — 1) /Q f(z,un)vdz  for all ve H.

Combining with I}, (un) = 0 and sup,, ||un|| < co,we obtain that

lim (I'(un),v) =0 for all v€ H.

n—0o0

(3.17)

(3.18)
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Since I € C*(H), we have I’ (un) — I'(u*) in H*. Thus, (I'(¢*),v) =0, Vv € H. Combining with (3.17)

and by — oo as k — 0o, we know that the conclusion of Theorem 1.1 holds.

Proof of Theorem 1.2. (fi) — (f1) and (g1) — (g3) imply that Lemma 3.2 holds. Fix k > kg,we
claim that the sequence {un} of Lemma 3.2 is bounded under assumptions of Theorem 1.2. Seeking a

contradiction we suppose that [[un|| — co. Let vn = p25. Up to a sequence, we get

v, = v weakly in H,
vn — v strongly in L'(Q), 1<t< 2,
vp(z) = v(z) ae x €N

We consider two cases.

Case 1. v#0in H.
By I, (un) € [bf,ci], there holds

1 1 *
5””"”2 — ln / [F(z,un) + §bui]dx — / Gi(z,un)dx > by.
Q Q

Divided by ||u,||* in both sides of the above equality, we get

1 F(x,un) b 2

—+4o(l)> | ——=dx+ = / vpdz

2 o lunl 2 Ja
F(z,un)

b 2
_ b 1
o Tl dz + 5 /Qv dz, (3.19)

in view of (f4) and (3.4). On the other hand, set ; := {z € Q,v(x) # 0}. Since meas(21) > 0 and for
T € Q,

F
lim F@U) _
n—oo lun|
using Fatou’s lemma, we obtain that
F n . F y Un
lim (xi’uQ)dx > lim (xiuQ)dx = 400,
n—o0 Jo  |lunll n—o0 fo, |[un]

which contradicts (3.19).

Case 2. v=0in H.

Since b > A1, there exists ¢ € N, such that %/\i <b< %/\z‘+1~ We note that H = Yi@YiL, where
Y, = @;:1 X;. Decompose un as Un, = Un1 + Un2, Where u,1 € Y; and une € Y;5. From (3.1) and

I:j; (un) = 0, we have
0 =(I;7, (un), tun2)

e B L (e
Q Q Q
2||un2|\272b/ui2dxf,un/ f(x,un)ungdxf/gl(x,un)ungdx
Q Q Q

2b 2
>(1-— o lun2||” — pn [ [z, un)unadz — [ g1(x, un)unadz. (3.20)
i+1 Q Q
Combining (f2), (g3) and (3.20), there holds
Jusell* <C [ (fusel + "~ ural)do + € [ Juel™ uroldo
Q Q
<Cllusall + € [ fun" fusalde + Cllusallllualli
§C||Un2||+c/ [tn [P~ 2| dz + Clluns || [Jun]| 77"
Q

<Cllunll + Cllun ]| + € / fun [P~ ns]dar (3.21)
Q
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Divided by ||u. || in both sides of (3.21) and noting that ||us || — oo,

luna | o) + C [o lunl? ™ unz|dz

(3.22)

l[unl[? [[un|?

Arguing as in the proof of Theorem 1.1, we conclude that for u > ¢, ||un||x < C. Thus, for p > ¢ and
w>(p— 1)]\2,—12, (3.22) implies that

2 Cllunz |2+ [lunll?

] - 25
<o(1) +
TE TNE
Clluna 7
<o(1) e
Cllua]
<o(1) + TNE
—o(1). (3.23)

Set vp1 = ﬁﬁ and vpe = Then, vy, = Vp1 + Vn2. (3.23) implies that v, — 0 strongly in L? (Q).

12
Note that v, — 0 strongly in L*(Q2), we obtain that v,1 — 0 strongly in L*(Q). Thus, v,1 — 0 strongly
in H, using the equivalence of all norms on the finite dimensional space. Observe that v,2 — 0 strongly
in H, we have v, — 0 strongly in H, contradicts with ||v,|| = 1. Thus, the claim is proved. The rest of

the proof is just the same as Theorem 1.1, we omit the details.

4. The case a > Ay and b > 0

In this section we use the norm ||.||z. It is well known that p; = A3, j = 1,2, - -, are eigenvalues of
the eigenvalue problem
A’y =pu, in Q,

u=Au=0, on 09,

vj, j =1,2,--- are the corresponding eigenfunctions. Furthermore, the set of {¢;} is an orthogonal
basis on the Hilbert space H. Let X; := span{y;}, j € N and set Uy = @521 X, Vi = m
Using the Lax-Milgram Theorem, we deduce that for any g € L™(Q), ]\2,—12 < r < oo, there exists
unique u € H, such that
/AuAcpdx = / gedx, Vo€ H. (4.1)
Q Q
From [2], we have
lullwa.r < Cllgllr (4.2)
and
Au=g in Q  yolu) =(Au) = 0. (4.3)

Here, vo(u) and vo(Au) are the traces on the boundary 99Q. That is, vo is a linear continuous operator
such that vo(v) = v|aq for all v € C(Q). Let

FE = {u;u S W4’T(Q)7’Y0(U) = v0(Au) = O}

be the linear space equipped with the W*" norm. It is easy to see that E is a Banach space. Then we can
conclude that for any g € L"(Q2), there exists unique u € E satisfying A?u = g and |Jul|yar < C|lg|l,

1

where A? is a linear operator from F to L"(). Thus, the inverse operator (A?)~! is a linear bounded

1\2,—52 < r < oo ensures that the imbedding F — H is compact.
Hence, the operator (A%)™! is compact from L"(Q) to H.

We observe that the operator A is a linear bounded operator from H to L? (€2). Then the operator
(A?)7'A is compact from H to H. On the other hand, we recall that N; is the Nemytskii operator
defined by (Nsu)(z) = f(x,u(z)) for z € Q. From (f1) — (f2) and Proposition 5 in [3], we know that Ny

is continuous from LP(2) to L?—1(Q2) and maps bounded sets into bounded sets. Combining with the

operator from L" () to E. The restriction

compact imbedding H — L"((2) and ;£5 > ]\2,—172, we have (A?)7'N; is a compact operator from H to
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H. Similarly, (A%)7'N,, is compact from H to H, where Ny, is defined by (Ng, u)(x) = g1 (=, u(x)) for
x €.
Now, for u € [1,2], we can define

Au(u) = (A7 [—apAu + pf (@, u) + bpu + gi(z,u)],  pe[1,2].

Moreover, A, is compact from H to H.
Consider J, : H — R defined by

1 1 1
Ju(u) = EHuH%{ - M/Q[F(x,u) + §a|Vu|2 + Ebu2]dx - /Q Gi(z,u)dz, pell,2].

Lemma 4.1. For p € [1,2], there holds

(Ta(w),u = Au(w) gy = llu = Au(w)|7- (4.4)

Proof. Let u € H and set v = A, (u). It is easy to see that

/ AuAvdz = / u[—apAu+ pf(z,u) + bpu + gi(z,u)] dz
Q Q

and
/ AvAvdz = / v[—apAu+ pf(z,u) + bpu + gi(z,u)] de.
Q Q

Then
(Jh ()= Au() .

= /Q Au(Au — Av)dz — ap /Q VuV(u —v)dz — p /Q f(z,u)(u—v)dz — bu /Q u(u — v)dz
— /le(:v,u)(u —v)dx

:/Q(Au — Av)?da.

Lemma 4.2. Assume that f, g satisfy conditions of Lemma 3.1. Let a > A1 and %)\j <a< %)\j+1 for
some j € N. Then , if \;(2Xi —a) <b < Xiy1(3Xis1 —a) for some i € N, i > j+ 1, there exists kj € N,
such that for k > k{, there exist & > b > 0, b — oo as k — oo. Moreover, fix k > k{, there exist

un — 1 asn — oo and {u,}pz; C H, such that
Jl/’“n. (u") =0, Jpin (u") € [Bkv 5k]'
Proof. It is easy to prove (F1) — (F2) hold. For 2 < p < 2%, let

ay = sup [Jul|p- (4.5)
u€Vy,|lullg=1

Then ar — 0 as k — oo following the method of Lemma 3.8 in [11]. Combining (3.3) — (3.4) and (4.5),
we obtain that for u € Vg,

1 1 1
Ju(u) = §||u||§1 - N/Q[F(%U) + §a|Vu|2 + EbuQ]dx - /QGl(x,u)dx

12 2 2
> Slulf — [ olVul* + butlde — Cllullty ~ Cllulr — Caf Jull. (46)
. e}
We note that {HT?HLH} is an orthonormal basis of H. Then, for u € Vi, we can write
J ]:1
P
u = Cj———
j; Neilla
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for ¢; = (u, ”T?”LH) , the series converging in H. In additional,
J H

oo
lullfr = .
=k

Denote um = 7" where m € N, m >k . Thus,

PP
i=k CiTe; T
hm |tum —ullg = 0.
Recall that H{ () is the Hilbert space equipped with the inner product
(u,v) g1 = / VuVudz,
0 Q

which induces the norm

g = ([ [Vul*az)?.
0 Q

/|Vu|2dx§(7/ |Au)*dz.
Q Q

lm |Jum — ul| g1 =0.
m— oo 0

We note that for u € H,

Thus,

Now, we rewrite
oo

|‘@]”H ©;
I

Teslla Tesllmg”

the series converging in Hg (). Note that {W} is an orthonormal basis of H{ (), we have
INH, .
j=1

, il
[P Z J

lesllzr
Combining (4.7) — (4.8), we obtain that for u € V4,
lallZr > Aellullz
Similarly, we can deduce that for u € Vj,
lullZg > Aellul3.

(4.6) and (4.9) — (4.10) imply that for v € Vi, k > i+ 1,

Ju(u)z{%f L (

)\1+1

) lull% — Cllul, — Cllullsr — Caull,.

) L c -
For k > i + 1, choosing 7y := __20PAipial , we have that for u € Vi, |lu| = 7,
Aig1— 2 a+A +1

1)1 b )
> ala _— _ p p
7 2 {5 55 (o 5 )| Il = ot |
1 b ) .
(AT (e )|t - ey — e
. ya
D o)) (2
i i . o b
p +1 +1 Nit1 2(a+m)
1|1 1 b B Y )
+§ [5 - Ait1 (a+ i+1)} T = Oy = O
L1
2

11 b o v e
{2 o <a+ )\i+1>] 7p — C7l — CTy.

>

(4.8)

(4.11)

(4.12)
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We note that 7, — oo as k — co. Thus, there exists kj > j + 1, kj € N, such that for k > k{,

bi(p) == inf Ju(u) > by.

u€ Vi, llull p=7g

Moreover, by, — 0o as k — co. On the other hand, combining (f1), (3.4) and (3.7), we obtain that for
any M > 0, there exists C(M) > 0, such that

Tu(u) < Sl - / Fe, u)dz — / i (2, u)dz
2 Q Q
< S lulls + Cllullly — Mlfull3 + C(M)meas(®).
Choosing M > 0 large enough, we have that for u € Uy,
Ju(u) < =Cllulliy + Cllully; + C.
Thus, we can choose pr > 0 large enough, such that pr > 7r and

ar(p) = max _ J,(u) <0.
u€Up,[lull=pk

Thus, the conditions of Theorem 2.1 are satisfied for k > k{. For k > k{j, from Theorem 2.1, we obtain
that for all u € [1,2], & (u) > br(p) > bx, where & (u) := inf,er, maxuen, Ju(y(uw)), By == {u € Uy :
lull < pr}t and I'x := {y € C(By, H) : 7y is odd,v|op, = id}. Moreover, ¢x(p) < sup,cp, J(u) = é. Fix
k > ki, we have that for a.e. u € [1,2], there exists a sequence {u® (1)}5%, such that

sup [l (1) < 00, JL(uh(1) =0 and Ju(uh(n) — G(w) 2 b as n— ox.
Thus, from Lemma 4.1, we conclude that
un (1) = Au(un(p)) =0 strongly in H.

Recalling that A, is compact from H to H, combining with sup, ||u%(u)|r < oo, we deduce that
{up(p)}p=, has a convergent subsequence. Suppose uf () — u*(p) as n — oo. We get J;,(u"(n)) = 0,
Ju(uF (1)) € [bk, @], for almost every u € [1,2]. So, when p, — 1 with u, € [1,2], we find a sequence
u*(un) (denote by uy, for simplicity) satisfying J), (un) =0, Ju, (un) € [br, é)-

Proof of Theorem 1.3. (f1) — (f4) and (g1) — (g3) imply that Lemma 4.2 holds. Fix k > k{ ,we
claim that the sequence {un} of Lemma 4.2 is bounded under assumptions of Theorem 1.3. Seeking a

contradiction we suppose that ||un ||z — co. Let wy, = m Up to a sequence, we get

wy, = w weakly in H,
wn, — w strongly in L'(Q), 1<t<2%,
wn(x) = w(z) ae. z €.

We consider two cases.

Case 1. w# 0in H.
By Ju., (un) € |by, &), there holds

%HunH?{ Zl;k—&—/ F(a@un)dx—&—/ G1(z,upn)dz.
o Q

Divided by ||u.||% in both sides of the above equality and in view of (3.4), we get

F(z,un)

>o0(1) +
2o | Tl

% dx. (4.13)
Set Qg := {z € Q,w(x) # 0}. Since meas(Q2) > 0 and for = € Qa,
F(z, un)
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using Fatou’s lemma, we obtain that

F F
T R B e A CILT))
n—oo Jo unll% n—o0 Ja, |lunl%

dz = +o0,

which contradicts (4.13).

Case 2. w=0in H.

We note that H = Y; @ Y;', where V; = @;:1 X;. Decompose un as Un = Un1 + Un2, Where un1 € Y;
and un2 € Yi. In view of (4.9) — (4.10), we have

/

0 =(J,, (un), un2)

el = on [ (aVusel® + budalde — o | Flzvun)usede ~ [ g1(o,u)uneds
Q Q Q

>|unz |5 —2/9[a|Vun2|2+bui2]dx—un/ﬂf(a@un)ungdx—/le(a@un)unzdx

b
> {1 - <a + —)] l|lwnz2 |7 — un/ f(z,un)un2de — / 91 (2, un)un2de. (4.14)
Ait1 Q Q

Combining (f2), (g3) and (4.14), there holds

Aig1

lun2 || < Cllunllm + Cllunllf; + C'/Q [un "~ [unz|da. (4.15)

Divided by ||un||% in both sides of (4.15),

2 C p—1 d
Hun2H2H < 0(1)+ fQ |un| 2|u712| x.
llwn I l[wn |17

Arguing as in the proof of Theorem 1.2, we conclude that w, — 0 strongly in H, contradicts with ||w, ||z =

(4.16)

1. Thus, the claim is proved. Now we will prove the sequence {u, } has a convergent subsequence. Observe
that

(J (un),v) = (Jh, (un),v) + (pin — 1) /Q[f(x,un)v + aVun Vv + bupvlde  for all v € H.

Combining with J;, (un) = 0 and sup,, ||un|/# < co,we have

lim (J'(un),v) =0 for all v€ H.

n—o0

Thus, from Lemma 4.1, we conclude that
Up — A1(un) — 0 strongly in H.

Recalling that A; is compact from H to H, together with sup, |un||lzr < oo, we know that {u,} has
a convergent subsequence. Since u, is relevant to the choice of k, we suppose that u, — u* in H, as
n — oo. We note that

ﬂmzammwwn/

[F(z,un) + 1a|Vun|2 + lbui]dx.
o 2 2
Combining with J,,, (un) € [bk, &), we get

J(wF) = lim J(un) € [br, &)

Besides,
J'(W*) = lim J'(u,) =0.

Recalling that by — o0 as k — 0o, we get the conclusion of Theorem 1.3.
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