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Abstract. In this paper, we study the multiplicity of solutions for the following
Schrodinger—Kirchhoff-type equation

—(a+0b [gn |Vul?dx) Au+V(x)u = f(x,u) + g(x,u), x€eRV,
u € HY(RN),

where N > 3, a, b > 0 are constants and the potential V may be unbounded from below.

Under some mild conditions on the nonlinearities f and g, we obtain the existence

of infinitely many solutions for this problem. Recent results from the literature are
generalized and significantly improved.
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variational method.
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1 Introduction and main results

In this paper, we consider the following Schrodinger—Kirchhoff-type equation

{— (a+b [pn |Vu|?dx) Au+ V(x)u = f(x,u) +g(x,u), xeRN, (L.1)

u € HY(RN),

where N > 3 and a4, b > 0 are constants. If in (1.1), we set V(x) = 0 and replace RY by a
smooth bounded domain (), then (1.1) reduces to the following Dirichlet problem

{_ (a+b fo |VuPdx) Au = f(x,u), x€O, (12)

u=020, x € a0
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Problem (1.2) is related to the stationary analogue of the Kirchhoff equation

Up — <a—i—b/ \Vu\zdx) Au = f(x,u),
0

which was presented by Kirchhoff in 1883 [8] as a generalization of the classical D’ Alembert’s
wave equation for free vibrations of elastic strings. Kirchhoff’s model takes into account
the changes in length of the string produced by transverse vibrations. In [11], Lions first
introduced an abstract functional analysis framework to this model. After that, problems like
type (1.2) have been studied by many authors, see [3,4,15,16,20,25,27] and the references
therein.

More recently, with the aid of variational methods, the existence and multiplicity of various
solutions for equations of type (1.1) have also been extensively investigated in the literature,
see, for instance, [1,2,5,6,9,10,12,21-24,26,29] and the references therein. Here we emphasize
that almost in all these mentioned papers the conditions imposed on the potential V' always
imply that V is bounded from below, which is crucial for the corresponding results.

In the present paper, different from the references mentioned above, we are going to study
the existence of infinitely many solutions for (1.1) in the case where the potential V may be
unbounded from below. Specifically, we first assume that V satisfies

(S1) Ve L] (RN)and V™ :=min{V,0} € L®(RN) + L7(RY) for some g € [2,00) N (], ).

loc

This type of assumptions on the potential V has already been introduced in [13] to study
Schrodinger equations (see also [28]), which ensures that the Schrodinger operator S :=
—aA +V, defined as a form sum, is self-adjoint and semibounded on LZ(]RN ) (see Theo-
rem A.2.7 in [19]). We denote by ¢(S) C R the spectrum, o,s5(S) the essential spectrum and
0pp(S) the pure point spectrum of S respectively.

Consider the nondecreasing sequence of min-max values defined by

2+v 2)d
A = inf  sup f]RN (a]Vu| + (x)u) X

, VkeN,
Uelt, uel\ {0} Jr u?dx

where U is the family of all k-dimensional subspaces of CF(RY). It is known that Ae :=
im0 A = info,ss(S). Moreover, Ay € 0p,(S) whenever Ay < Ao (cf. [17,18] for details).
Then we make the further assumption on V.

(52) Ao > 0.
For the nonlinearities, we present the following assumptions.

(S3) The function f € C(RN x R,R) is odd in u, and there exist constants v € (1,2) and
u € (2¢/(2* —v),2/(2—v)] and a nonnegative function ¢ € L*(RYN) such that

feou)l < E@)ul™,  V(xu) e RV xR,
where 2* := 2N /(N — 2) is the critical exponent.

(S4) There exist an xp € RN and a constant ry > 0 such that

liminf< inf u_ZP(x,u)> > —o0,

u—0 X€EByy (x0)
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and

hmsup( inf uZF(x,u)> = +o0

u—0  \XEBry(x0)

where B,,(xo) is the ball in RN centered at xo with radius o and
u
F(x,u) := / f(x,t)dt.
0

(Ss) ¢ € C(RN x R,R) is odd in u, and there exists d € (0, Aw) such that

lg(x,u)| <dul, V(xu)eRN xR,

Our main result reads as follows.

Theorem 1.1. Suppose that (S1)—(Ss) are satisfied. Then (1.1) possesses a sequence of nontrivial
solutions {uy }ren C HY(RN) with up — 0in HY(RN) as k — oo.

Remark 1.2. In Theorem 1.1, the potential V satisfying (S;) and (S2) may not be coercive or
bounded from below. Moreover, the nonlinear term f satisfying (S3) and (S4) may be partially
oscillatory near the origin. This is in sharp contrast with the aforementioned references. To the
best of our knowledge, there is little literature concerning infinitely many solutions for (1.1) in
this situation. In fact, it is easy to see that conditions (S;) and (S;) are rather weaker than the
usual one in the existing literature that the potential V € C(RM) with limy_, V(x) = +o00 or
inf, gy V(x) > 0.

Remark 1.3. Theorem 1.1 also essentially improves some related results in the existing liter-
ature. Compared to Theorem 6 in [26], our conditions (S1) and (S;) on the potential V are
weaker than (Vi) there, and our conditions (S3) and (S4) on the nonlinear term f are much
weaker than (f5) there if we just take ¢ = 0 in (1.1). In fact, there are many functions V and
f which satisfy our conditions (S1)—(S4) but do not satisfy the condition (V1) and (f5) in [26].
For instance, let

V(x) = Vo(x)+V,

where Vy € L1(RN) for some g > 2 is a given non-positive function and unbounded from
below. Then it is evident that V satisfies (S1) and (S;) if the positive constant V is chosen to be
large enough. Moreover, V is also unbounded from below. In addition, let

Flxu) = e W lulsin?(ju| =€), VxeRN, 0< |u| < n /e,
’ 0, VxRN, u=0or |u| > n Ve

be the primitive function of f with respect to u, where € > 0 is small enough and « € (1+¢,2).
Then it is easy to check that f satisfies conditions (S3) and (S4) with v = & — € and {(x) =
(a + €)e I,

2 Notations and preliminaries

Throughout this paper, we always use the following notations:
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e H'(RN) is the usual Sobolev space equipped with the standard norm
ullz, = /]RN (|Vul® + u?) dx,

and H~1(IRYN) is the dual space of H!(RY).

e D'2(RY) is the completion of C{°(RY) with respect to the norm
HMH%M - /IRN |Vu]2dx.

e I[P(0),1 < p < 00,0 C RY, denotes a Lebesgue space, and the norm in LP(Q)) is
denoted by ||u]|,,o when Q) is a proper subset of RN, by |[u||, when O = RV,
e For any R > 0, Bg denotes the ball in RN centered at 0 with radius R.

e — (resp. —) denotes the strong (resp. weak) convergence.
P g P g

In what follows it will always be assumed that (S;) and (S;) are satisfied. As pointed out
in [13], the form domain of the Schrodinger operator S is

E:= {u € H'(RV) | / (a|Vul® + V(x)u?) dx < oo} ,
RN
which becomes a Hilbert space if it is equipped with the inner product
(u,v)p := /N (aVu-Vo+ V(x)uv + louv) dx, Vu,v€E,
R

where Iy > —info(S) = —Aq is a fixed positive constant. We denote by || - ||o the associated
norm.

Lemma 2.1. E is continuously embedded into H'(RN), that is,
llullgn < collulfo, VYuckE
for some co > 0.

Proof. Arguing indirectly, we assume that there exists a sequence {u, },ey C E such that

14w |3 :/]RN (|Vup|* +u3)dx=1, VneN (2.1)

and
llunll3 = /]RN (a|Vun|* + V(x)us + louz) dx — 0 asn — o (2.2)

Since Iy > —inf o (S), then it holds that
/]RN (a|Vun|* + V(x)up + louz) dx > ¢ /]RN uZdx (2.3)

for some ¢; > 0. By (2.2) and (2.3), we get

1/2
a2 = (/N uﬁdx) —0 asn— oo. (2.4)
R
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Let
Vo=V +Vy

with V;” € L*(RN) and V, € L7(RN), where V™~ and g are given in (S;). Combining (2.1),
(2.4), Holder’s inequality and the Gagliardo—Nirenberg inequality, we have

) _ -2 " u?
/IRNV wydx| = '/]val “ndx"‘/]RNVZ i
_ —,2
< /]RN \4 un|dx+/]RN |Vy sl dx
<V ool |13 + ||V2_||fi||“”’|%q/(qfl)
(29-N)

- - N/ /
<V lleollzenll3 + eIV gl Vel a2 T=0 asn— oo

where c; > 0 is a constant depending on g. This together with (2.2) and (2.4) yields
/ (|Vun|> +u2)dx -0 asn— oo,
RN

which contradicts (2.1). The proof is completed. O

For later use, we introduce the new inner product in E as follows. Choose d e (d, Ao)
such that d # A, for all k € IN, where d is the constant given in (Ss5). Denote by Ay, the
first eigenvalue of the Schrédinger operator S greater than d. Let E~ be the subspace of E
spanned by the eigenfunctions with corresponding eigenvalues less than d. Note the fact that
Moo = limy_,o Ax and Ay € 0p,(S) whenever Ay < Aw. Then it is evident that E™ is a finite
dimensional subspace of E. If there is no eigenvalue of the Schrodinger operator S greater
than d, then we set Ay, = A« and E~ is empty in this case. Let ET be the orthogonal com-
plement of E~ in E with respect to the inner product (-, -)o. Then E possesses the orthogonal
decomposition E = E~ @ E*. By definition, it holds that

/ (a|Vu|? + V(x)u?) dx > /\ko/ u?dx, VueE" (2.5)
RN RN
Now we can define the new inner product (-, -) and the induced norm || - || in E by

(u,v) = /N (aVut - Vot + V(x)utot —duto™)dx
R (2.6)

— /N (aVu~ - Vo~ +V(x)u v~ —du v )dx,
R

lull =/ () (2.7)

forallu = u= +ut, v =0 40t € E with u*, v* € E*. Note the fact that E- and ET are
also orthogonal with respect to the usual inner product in L?(RN). Then it is evident that
E possesses the same orthogonal decomposition E = E~ @ ET with respect to the new inner
product (-, ). Moreover, we have

/IRN (| Vuu? + V(x)u? — du?) dx = |ut|? — [|Ju~ |2 2.8)

forallu = u~— +ut € E with u* € E*.

Lemma 2.2. The norms || - || and || - ||o are equivalent in E.
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Proof. Tt suffices to show that || - || and || - ||o are equivalent in E* since E™ is finite dimensional.
On the one hand, by (2.8), there holds

ul|?> = (a|Vul> + V(x)u? — du?) dx
/RN (2.9)

< /N (a|Vul + V(x)u? + g?) dx = |ul3,  YueE*.
R
On the other hand, invoking (2.5) and (2.8), we get

= [ (@lVaP + V(0 = di) dx

> Ak;\k:d/]RN (a|Vul* + V(x)u?) dx

Ap, —d Ap, —d (2.10)
> ko 2 2 0 / 2
Z /1RN (a|Vul® + V(x)u®) dx + 20 Je lou*dx

> C3/ (a|Vul> + V(x)u? + lou?) dx
RN

=cs3l|ull3, VYucET,

where ¢3 = min{(Ay, — d)/2Ax,, (Ax, —d)/2lp} > 0 by the choice of d and Ay,. Combining
(2.9) and (2.10), we know that || - || and | - [|o are equivalent in E*. The proof is completed. [J

Hereafter, we always use the inner product (-, -) and the induced norm || - || in E. Moreover,
we write E* for the dual space of E, and (-,-) : E* x E — R for the dual pairing. From
Lemma 2.1 and Lemma 2.2, we immediately know that E is continuously embedded into
H'(RN). Furthermore, using the Sobolev embedding theorem, we also get the following
lemma.

Lemma 2.3. E is continuously embedded into D'*(RN) and LP(RN) for all p € [2,2*], and hence
there exist constants cy, T, > 0 such that

lullprz < callull,  Vue€E (2.11)

and
lullp < Tpllull, VueEandp € [2,27]. (2.12)

Moreover, for any bounded domain Q C RN, E is compactly embedded into L¥ (Q) for all p € [1,2*).

3 Variational setting and proof of the main result

In this section, we will first introduce the variational setting for (1.1). To this end, we define
functionals ¥;(i = 1,2,3) and @ on E by

¥ () = Z(/ IVu\de)z,
0
/ (Z x,u))dx
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and

Z (/RN \Vu\zdx)z - /RN (F(x,u) + G(x,u)) dx

1 2 ) b / 2 2_/
2/ | Vul? + V() —d?)dx + 3 [ (VuPdx) = [ F(xudx

o (3 6t

= EHWH2 - QHM’H2 +¥1(u) — ¥a(u) + ¥3(u)

W =3 [ @VuP+ V) dx+

(3.1)

for all u = u" +ut € E with u* € E*. Here d is the constant in (2.8) and G(x,u) :=
o 8(x,t)dt is the primitive function of g(x, u) with respect to u.

Proposition 3.1. Assume that (S1)—(S3) and (Ss) are satisfied. Then ¥; € C'(E,R) for i = 1,2,3
with ¥ : E — E* being completely continuous for i = 2,3, and hence ® € C'(E,R). Moreover,

(¥1(u),v) =b </ ]Vu|2dx> /]RN Vu - Vodx, (3.2)
(Y5 (u / f(x, u)vdx, (3.3)
(¥4(u),v) = /IRN(d_u — g(x,u))vdx, (3.4)

(@' (u),0) = (u,07) = (u™,v7) + (¥1(u),v) — (¥3(u),v) + (¥3(u),v)
= <a—|—b/ |Vu\2dx>/ Vu- Vvdx+/ x)uvdx (3.5)
—/IRN(f(x,u)%—g(x,u))vdx

forallu =u" +u",v =0 +o" € Ewithu®, v* € E*. In addition, ifu € E C H'(RN) is a
critical point of @ on E, then it is a solution of (1.1).

Proof. First, we show that ¥; € C!(E,R) and (3.2) holds. Define a functional ¥y on D?(RV)

by
b 5.\
Yo(u) = 5 /RN Vul2dx) .

Evidently, ¥y € C'(D?(RV),R) and
(Po(u),v) =b </ ]Vu|2dx> / Vu - Vodx, Vu, v e DY*(RN). (3.6)
RN RN

Let t : E — DY2(RN) be the continuous embedding in Lemma 2.3. Since ¥; = ¥y o1, we
immediately know by (3.6) that ¥; € C!(E,R) and (3.2) holds.

Next, we verify (3.3) by definition and prove that ¥, € C!(E,R) with ¥} : E — E* being
completely continuous. By (Sz), there holds

|F(x,u)| < v 1E(x)|ul’, V(x,u) € RN xR, (3.7)

For notational simplicity, we set
. v
wto= 1 (3.8)
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Since v € (1,2) and p € (2*/(2* —v),2/(2 —v)] in (S3), we get u* € [2,2*). Then for any
u € E, by (2.12), (3.7) and Holder’s inequality, we have
/ |F(x,u)ldx < / v E(x) |u]Vdx
RN RN
< vl ulully (39
< vl lullull” < oo,

where T+ is the constant given in (2.12). Thus ¥ is well defined. For any given u € E, define
an associated linear operator 7 (1) : E — R as follows:

(T (u),v) = /]RNf(x,u)vdx, Vo e E. (3.10)

By (S3), (2.12) and Hoélder’s inequality, there holds

(T, o) < [ sClul " foldx

IRN

< llelulluli ol

< T Ellpllul =Ml Vo eE,

(3.11)

which shows that 7 (u) is well defined and bounded. On the other hand, it follows from (S3)
that

|f(x, u+no)o| <2V (x)(Jul' ol + |o]"), VxcRN, nc0,1]andu,v € R. (3.12)

Then for any u,v € E, combining (3.9)-(3.12), the mean value theorem and Lebesgue’s domi-
nated convergence theorem, we have

¥o(u+tv) — ¥ao(u)

}ig& ; = }5% /]RN f(x,u+6(x)tv)vdx
= /]RN f(x,u)vdx (3.13)
= (T (u),0),

where 6(x) € [0,1] depends on u,v,t. This shows that ¥, is Gateaux differentiable on E and
the Gateaux derivative of ¥, at u is J (u).

In order to prove that ¥, € C'(E,R) and ¥} : E — E* is completely continuous, it suffices
to prove that 7 : E — E* is completely continuous. To this end, we claim that if v, — uin E,
then for any R > 0,

|f(x,un) — f(x,u)[PPdx - 0 asn — oo, (3.14)
Bg

where po := max{2*/(2* —1),u/(p(v —1) + 1)} with p and v given in (S3). Arguing in-
directly, by Lemma 2.3, we assume that there exist constants Rg, g9 > 0 and a subsequence
{un, }kew such that

Uy, — uin LPO(Bg,) and u,, — u a.e.in B, ask — oo (3.15)

but
/ |f(x,un,) — f(x,u)|Podx > €, Vk e NN, (3.16)
Bg,
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where p§ := pou(v —1)/(u — po) € [1,2%) by (S3) and the choice of py above. Due to (3.15),
passing to a subsequence if necessary, we can further assume that

(e 9]
Z ||Llnk — uHP(*)/BRg < +-o00.
k=1

Let w(x) = Y524 |uy, (x) — u(x)| for all x € Bg,, then w € LPi(Bg,). By virtue of (S3) and
Holder’s inequality, we get

|f (1) = f (e, u) [P0
< (If (oun) [+ 1f (xu))P?

< &)™l 4 1)
< 205 (2)" (Ja [P0+ a7V

< 2PVHLE(x)Po (,unk — [P ,u‘po(vfl)>

Po

(3.17)

< QPOVHLE(x )P0 (’w|P0(V*1) + |u’P0(V*1)> , Vk € N and x € Bg,
and

/ E(x)Po (|w|P0(v—1) + |u|lﬂo(v—1)) dx < ||€||;€O (||w| po(v—1) + ||ul PO(V—1)> < +oo. (3.18)
R,

pS’ BR() par BRO
0
Combining (3.15), (3.17), (3.18) and Lebesgue’s dominated convergence theorem, we have

lim |f(x,up,) — f(x,u)|Pdx =0,

k—oc0 Bg,

which contradicts (3.16). Thus the claim is true.
Now let u, — u in E as n — oo, then {u,} is bounded in E and hence there exists a
constant Dy > 0 such that

unl]" + [Jun|[Ju]|""F < Do,  VneN. (3.19)

For any € > 0, by (S3), there exists R > 0 such that

. 1/p e
M -
</IRN\BR€ ¢(x) dx> < ZDOT;’*' (3.20)

Combining (S3), (3.19), (3.20) and Holder’s inequality, we have

Joang, 1) = Fleloldx < [ (1) + £ ) ol

N\Bg,
v—1 v—1
< ‘/]RN\BRE ‘:(x) <|un| + ‘I/l| ) |U|dx
# v v—-1 v—1
< (/RN\BRE g(x) dx> (Ilunllw + [fuel )||v||y* (3.21)

1/u 1 1
<1l ([, E7) (il )

<z, Vn € N and ||| = 1.

N ™
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For the R, given in (3.20), by Holder’s inequality and (3.14), there exists N € IN such that

1/po
Jo 19Gm) = fleldx < ([ 17Gm) = fml"dx) " ol

€ Re

p 1/po
<, Iftom) = fouax) ol -

Tp, </BR |f(x, 1un) —f(x,z,t)\podx>1/p0

€

IN

< g, Vn > Neand |v]| =1,

where o := po/(po — 1) € (1,2*] and py is the constant given in (3.14), and T, is the constant
given in (2.12). Combining (3.21) and (3.22), we have

1T (un) = T (W) = sup (T (un) = T (u),0)]|

[[o]=1

% 4 ’ll dx
< Sup 7 n) X 1[) 'U|dx

+ sup /]RN\BRe |f(x, ) — f(x,u)||o|dx

[[o]|=1

§§+§:6, Vn > Ne.
This shows that J : E — E* is completely continuous.

Then, taking (Ss) into account and using similar arguments to those above, one can also
prove that ¥3 € C'(E,R) with ¥} : E — E* being completely continuous and (3.4) holds. For
simplicity, we omit the proof here.

Finally, combining (2.6) and (3.1)—(3.4), we immediately know that @ € C!(E,R) and (3.5)
holds. In addition, it is known that any critical pointu € E C H 1 (IRN ) of the functional @ is a
solution of (1.1). The proof is completed. ]

We will use the following variant symmetric mountain pass lemma due to [7] (see also
[14]) to prove that (1.1) possesses a sequence of weak solutions. Before stating this theorem,
we first recall the notion of genus.

Let E be a Banach space and A a subset of E. A is said to be symmetric if u € A implies
—u € A. Denote by I' the family of all closed symmetric subset of E which does not contain 0.
For any A € T, define the genus y(A) of A by the smallest integer k such that there exists
an odd continuous mapping from A to R¥\ {0}. If there does not exist such a k, define
7(A) = co. Moreover, set y(@) = 0. Foreachk € N, letT'y = {A €T | v(A) > k}.

Theorem 3.2 ([7, Theorem 1]). Let E be an infinite dimensional Banach space and @ € C1(E, R) an
even functional with @(0) = 0. Suppose that ® satisfies

(P1) D is bounded from below and satisfies (PS) condition.
(®y) For each k € N, there exists an Ay € Ty such that SUP,e a, d(u) < 0.
Then either (i) or (ii) below holds.
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(i) There exists a critical point sequence {uy} such that ®(uy) < 0 and limy_, tx = 0.

(ii) There exist two critical point sequences {uy} and {vy} such that ®(ux) = 0, ux # 0,
limy e up = 0, @(vg) < 0, limy_,oo P(vg) = 0, and {vy } converges to a non-zero limit.

In order to apply Theorem 3.2, we will show in the following lemmas that the functional ¢
defined in (3.1) satisfies conditions (®1) and (P;) in Theorem 3.2. The proof of these lemmas
is partially motivated by [21] and [7].

Lemma 3.3. Let (S1)—(S3) and (Ss) be satisfied. Then @ is coercive and bounded from below.

Proof. We first prove that @ is coercive. Arguing indirectly, we assume that for some sequence
{ttn}nen C E with ||u,|| — oo, there is a constant M > 0 such that &(u,) < M for all n € IN.
Let u, = u, +u,” with uf € E*. If we set v, = u,/||un|| for all n € N, then |v,| = 1, and
vy = v, + v, with v = uF/||u,| € E*. Note that E~ is finite dimensional. Thus, passing to
a subsequence if necessary, we can assume by Lemma 2.3 that

v, —=v, v, 20,0, ~v andv, - vae inRY asn — oo (3.23)

for some v = v~ + 0" € E with v* € E*. By (Ss), there hold

<d—d

<2 d+d

0 u? < ;luz —G(x,u) < V(x,u) € RN xR (3.24)

and
du? — g(x,u)u > (d—d)u®> >0, VY(x,u) € RN xR (3.25)

since d is chosen to be greater than d in Section 2. Combining (3.1), (3.9) and (3.24), we have

1 1,
M= @) = 5 |2 = Sl 1P = [ 1)

: ; (3.26)
> Sl 17 = Sl 2 = v gellgllfuall”, Y€ N
Multiplying both sides of (3.26) by ||u,|| =2, we get
[ 117 < llog 2 +0(1) asn — oo (3.27)

since v < 2in (S3) and ||uy|| — oo.

If v = 0, then v;; — 0 and hence v;; — 0 by (3.27). This implies v, — 0, which leads to
a contradiction since ||v,|| = 1. Therefore, v # 0. Note that v, — v in DV?(RY) since E is
continuously embedded into D'?(IRN). Then it follows from the weak lower semi-continuity
of the norm || - || p12 in DV2(RYN) that

. b 2 2 e s b 2 2
lim inf [w </]RN Vit dx) ] = lim inf [4 (/RN V0, dx)

. .b
e llrllll)glf 1 an H4D1/2

(3.28)

b, . 4
=1 (117?_1>g\f||vn”D1,z>
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Combining (3.1), (3.9) and (3.24), we have

1 1, o b 2
M2 @) 2 3l [ = 3yl ([, 19mfx) = [ PGl
1 2 Lo b 2\
> 12 = a2+ (19 ) = vt
or equivalently,

b

1
< / |V, [*dx < =l 12— *HWHZJFV T NE el ] + M, (3:29)
4 \ JRN 2

where p* and 7+ are the constants given in (3.8) and (2.12) respectively. Multiplying both
sides of (3.29) by ||u,||~* and letting n — oo, we get

b 2
liminf | ——— 2d
11521021 [4HunH4 </]RN |Vun’ x)

which contradicts (3.28). Therefore, & is coercive.
Next, we show that @ is bounded from below. Combining (2.11), (2.12), (3.1), (3.9) and
(3.24), we have

|P(u)| < ;HMHZ Z (/ |Vu!2dx>2+/ F(x,u |dx+/ < G(x, u)) dx

I+ d+d ,

<0,

(3.30)

bc
H 124+ Sl + v &

Tz”“

where ¢4 and T, are the constants given in (2.11) and (2.12) respectively. This implies that ¢
maps bounded sets in E into bounded sets in R. Then it follows from the coercivity that & is
bounded from below. The proof is completed. O

Lemma 3.4. Assume that (S1)—(S3) and (Ss) are satisfied. Then P satisfies (PS) condition.
Proof. Let {u,tnew C E be a (PS)-sequence, i.e.,
|®(u,)| <Dy and @'(u,) -0 asn— (3.31)

for some Dy > 0. Note first that @ is coercive by Lemma 3.3. This together with (3.31) implies
that {u, },cn is bounded in E. Thus there exists a subsequence {u,, }ren such that

Up, — Ug ask — oo (3.32)

for some ug € E. Let

Up, = Uy, +uy and  up = ug +ug

with unk, uS—L € E*. Since E~ is finite dimensional, we get

U, —uy and u, —uy ask— co. (3.33)



Solutions for Schrodinger—Kirchhoff-type equations 13

By (3.5), it holds

(@' () — @' (uo), n, — uo)
= [l — ug I1* = Ntz — g |* = (¥2(1u,) — ¥3(u0), thn, — tt0)

+ (¥4 () — ¥h(1p), 1, — 1) +b/1RN \wnk|2dx/RN Vit - V (1, — 1g)dx

- b/ ]Vu0|2dx/ Vg - V(tty, — ug)dx
RN RN

(3.34)
= [fousy, — ug 1> = M, — ug 1> = (F2(ttn,) — ¥2 (0, , — 110)
(¥ (1) — ¥ (o), 1, — 110) + b /RN Vit [2dx /RN IV (14, — 11g) Pl
+b </ |V, [*dx — / |Vu0|2dx> / Vug - V(utn, — up)dx, Vk e N.
RN RN RN
By virtue of (3.32) and Lemma 2.3, we have u,, — 1 in DV2(RN). Then it follows that
(/ |V, [*dx — / \Vu0|2dx> / Vug - V(ity, —ug)dx -0 ask — oo. (3.35)
RN RN RN
Due to (3.31) and (3.32), there holds
(@' (up, ) — D' (u9), n, —ug) — 0 as k — oo. (3.36)
Moreover, from (3.32) and Proposition 3.1, we know that
(¥i(un,) — ¥i(uo), tty, — tg) — 0 ask — oo (3.37)

for i = 2,3. Combining (3.33)-(3.37), we obtain

oz, — ug l1* < Nl — g |1+ (@' (1n,) — @' (u10), 1w, — 110)
+ <Yf£(unk) - Yé(”o)luﬂk - u0> - <Yfé(uﬂk) - 1ffé(uo)/uﬂk - u0>
—b (/ |V, |2dx —/ ]Vuolzdx) / Vg -V (ttn, — up)dx
RN RN RN
=0(1) ask — oo,

which implies that u; — ug in E. This together with (3.33) shows that u, — ug in E.
Therefore, @ satisfies (PS) condition. The proof is completed. O

Lemma 3.5. Let (S1)—(Ss) be satisfied. Then for each k € IN, there exists an Ay C E with genus
Y(Ax) = k such that sup,,. , P(u) <O0.

Proof. We follow the idea of the geometric construction introduced in [7]. By coordinate
translation, we can assume xg = 0 in (Sy). Let C denote the cube

C:={x=(x1,x2,...,xn) | —10/2<x; <r19/2,i=1,2,...,N},

where 7y is the positive constant given in (S4). Evidently, C C B;,. By (Sy), there exist constants
4, 0 > 0 and two sequences of positive numbers 6, — 0, M;, — o0 as n — oo such that

F(x,u) > —Quz, VxeCand |u| <6 (3.38)
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and
F(x,46,)/0>>M,, VYxcCandn€c N, (3.39)

For any fixed k € IN, let m € IN be the smallest positive integer satisfying m" > k. We divide
the cube C equally into m" small cubes by planes parallel to each face of C and denote them
by C; with1 < i < mN. Then the edge of each C; has the length of | := ro/m. For each
1 <i <k, we make a cube D; in C; such that D; has the same center as that of C;, the faces of
D; and C; are parallel and the edge of D; has the length of 1/2.
Choose a function ¢ € C°(R,R) such that ¢(t) = 1 for t € [—1/4,1/4], ¢(t) = 0 for
te R\ [-1/2,1/2],and 0 < ¢(t) <1 for all t € R. Define
o(x) == P(x1)P(x2) - - - P(xN), Vx = (x1,%2,...,xy) € RV,
Foreach1 <i <k, lety; € RN be the center of both C; and D;, and define
pi(x) = @(x —vi), VxeRVN.
Then it is easy to see that
suppp; C C;, (3.40)
and
pi(x)=1,¥x€D;, 0<gi(x) <1, ¥xecRY (3.41)
foralll <i<k. Set
= R =1
Vo= {(sus2m) € R maxfs| =1}

and k
W= {Zsm | (s1/52050) € Vk}-
i=1

Evidently, V; is homeomorphic to the unit sphere in R* by an odd mapping. Thus (V) = k.
If we define the mapping H : Vi, — Wi by

k
H(s1,52,...,sk) = Zsigoi, V(Sl,Sz,...,Sk) c Vk,
i=1

then # is odd and homeomorphic. Therefore y(Wy) = y(Vx) = k. Moreover, it is evident that
W is compact and hence there is a constant C; > 0 such that

|ul] <Cr, Yu €W (3.42)
For each 4, € (0,0) given in (3.39) and any u = Zf;l sipi € Wy, combining (2.11), (2.12), (3.1),
(3.24), (3.40) and (3.41) , we have

1 1,0 . b 2
@) = ot 2 = 3o 2+ ( [ 1960 e

k _
I
- [ s s [ (56 = Glx,0.) ) d

& 1t P 12 2. YO8 Y
St 1P = )+ = ([ IVl (3.43)

IN

B _
d+d , »
. F 1nS; Qi
;/C,- (x, 6n8;@;)dx + > (57,/]RNu dx
5
2

bcisd d+d k
Sl Bl - ) [ P susipax
i=1"%

INA

ol +
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where c4 and 1, are the constants given in (2.11) and (2.12) respectively. By the definition of
V., there exists some integer 1 < i, < k such that |s; | = 1. Then it follows that

k
F,5niid=/
ZZ;/C[ (x, 645;@;)dx A

Fledusgi)dxt [ F(x b, g0 )dx

. (3.44)
+) / F(x,6nsi¢;)dx.
i, /i
By (3.38) and (3.41), there holds
/ F(x,0nsi, @i, )dx + ) / F(x,8,5:¢9;)dx > —ord 62, (3.45)
Ci, \Diy, i+, /Ci

Here we use the fact that the volume of cube C in RN is ré\’ . Combining (3.39) and (3.42)—(3.45),
we have

C262  bcACist  (d +d)T2C2H2
k21’l + 44k n +< ) 2 "k7n —|—QT(I)\]5%_/ F(xlénsixl(piu)dx
D;,
C2 b(52C4C4 (d__|_ d)T2C2 INM
2 [ Sk 4k 2 "k N .
§%<2+ 3T 2 T )

D(6yu) <
(3.46)

where M, is the constant given in (3.39). Here we use the fact that |d,s;, ¢;, (x)| = J, for all
x € D;, and the volume of cube D;, in RY is (I/2)N. Since M,, — o0 as n — oo, we can choose
ny € IN large enough such that the right-hand side of (3.46) is negative. Define

Ag = {Opout | u € Wy}, (3.47)

Then we have
Y(Ax) = 7YWr) =k and sup @(u) <O0.

ueAy

The proof is completed. O
Now we are in a position to give the proof of our main result.

Proof of Theorem 1.1. Evidently, the functional @ defined in (3.1) is an even functional with
®(0) = 0. Besides, Proposition 3.1 and Lemmas 3.3-3.5 show that @ € C!(E,R) and satisfies
conditions (®1) and (P;) in Theorem 3.2. Thus, by Theorem 3.2, we get a sequence of nontriv-
ial critical points {uy }ren of @ satisfying @ (uy) < 0 for all k € IN and u; — 0 in E as k — oo.
Taking into account Proposition 3.1 again and the fact that E is continuously embedding into
H'(RYN), we know that {u; }rcn is a sequence of nontrivial solutions of (1.1) with u; — 0 in
H'(RN) as k — 0. This ends the proof. O
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