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Abstract

This paper is concerned with positive almost periodic type solutions to a class of
nonlinear difference equation with delay. By using a fixed point theorem in partially
ordered Banach spaces, we establish several theorems about the existence and unique-
ness of positive almost periodic type solutions to the addressed difference equation.
In addition, in order to prove our main results, some basic and important properties
about pseudo almost periodic sequences are presented.
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1 Introduction and preliminaries

In this paper, we consider the following nonlinear difference equation with delay:

z(n) = h(z(n) + Y fG.a(), neZ (1.1)

j=n—k(n)
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where h : RT — R*, k:Z — Z*, and f:Z x Rt — RT.
Equation ([ICT]) can be regarded as a discrete analogue of the integral equation
x(t) = /t f(s,z(s))ds, teR, (1.2)
t—7(t)
which arise in the spread of some infectious disease (cf. [1]). Since the work of Fink and
Gatica [2], the existence of positive almost periodic type and positive almost automorphic
type solutions to equation (C2) and its variants has been of great interest for many authors
(see, e.g., [3-10] and references therein).

On the other hand, the existence of almost periodic solutions and almost automorphic
solutions has became an interesting and important topic in the study of qualitative theory
of difference equations. We refer the reader to [11-1&] and references therein for some
recent developments on this topic. However, to the best of knowledge, there are seldom
literature available about almost periodicity of the solutions to equation (ILTl). That is the
main motivation of this work.

Throughout the rest of this paper, we denote by Z (Z*) the set of (nonnegative)
integers, by N the set of positive integers, by R (R™) the set of (nonnegative) real numbers,
by Q a subset of R, by cardE the number of elements for any finite set £ C R. In addition,
for any subset K C R, we denote C(Z x K) the set of all the functions f : Z x K — R
satisfying that f(n,-) is uniformly continuous on K uniformly for n € Z, i.e., Ve > 0,
36 > 0 such that |f(n,z1) — f(n,x2)| < e for all n € Z and x1,x9 € K with |21 — x2] < 0.

First, let us recall some notations and basic results of almost periodic type sequences

(for more details, see [19-21]).

Definition 1.1. A function f : Z — R is called almost periodic if Ve, N (¢) € N such

that among any N (g) consecutive integers there exists an integer p with the property that
lf(k+p)— f(k)| <e, VkeLZ.
Denote by AP(Z) the set of all such functions.

Definition 1.2. Let Q C R and f be a function from Z x Q to R such that f(n,-) is
continuous for each n € Z. Then fis called almost periodic in n € Z uniformly for w € Q)
if for every e > 0 and every compact ¥ C Q) there corresponds an integer N.(3) > 0 such

that among N.(3) consecutive integers there exists an integer p with the property that

[f(k+p,w) = fkw)| <e

forall k € Z and w € ¥. Denote by AP(Z x Q) the set of all such functions.
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Lemma 1.3. 20, Theorem 1.26] A necessary and sufficient condition for a sequence
f:Z — R to be almost periodic is that for any integer sequence {n} }, one can estract a

subsequence {ny} such that {f(n+ ny)} converges uniformly with respect to n € Z.

Next, we denote by Cy(Z) the space of all the functions f : Z — R such that
| l‘im f(n) = 0; in addition, for each subset Q C R, we denote by Cy(Z x ) the space

of all the functions f : Z x Q — R such that f(n,-) is continuous for each n € Z, and

| l‘im f(n,z) = 0 uniformly for z in any compact subset of .
n|—oo

Definition 1.4. A function f : Z — R is called asymptotically almost periodic if it admits
a decomposition f = g+ h, where g € AP(Z) and h € Cy(Z). Denote by AAP(Z) the set

of all such functions.

Definition 1.5. A function [ : Z x Q — R is called asymptotically almost periodic in n
uniformly for x € Q if it admits a decomposition f = g+ h, where g € AP(Z x Q) and
h € Co(Z x Q). Denote by AAP(Z x Q) the set of all such functions.

Next, we denote by PAP(Z) the space of all the bounded functions f : Z — R such
that

moreover, for any subset 2 C R, we denote by PAPy(Z x ) the space of all the functions
f:Z x Q — R such that f(n,-) is continuous for each n € Z, f(-,x) is bounded for each
x €, and

uniformly for x in any compact subset of €.

Definition 1.6. A function f : Z — R is called pseudo almost periodic if it admits a
decomposition f = g + h, where g € AP(Z) and h € PAPy(Z). Denote by PAP(Z) the

set of all such functions.

Definition 1.7. A function f : Z xQ — R is called pseudo almost periodic in n uniformly
for x € Q if it admits a decomposition f = g+ h, where g € AP(Z x Q) and h €
PAPy(Z x Q). Denote by PAP(Z x Q) the set of all such functions.

Lemma 1.8. Let E € {AP(Z), AAP(Z), PAP(Z)}. Then the following hold true:
(a) f € E implies that f is bounded.
(b) f,g € E implies that f +g,f-g € E.
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(c) If E € {AP(Z),AAP(Z)}, then E is a Banach space equipped with the supremum

norm.
Proof. The proof is similar to that of continuous case. So we omit the details. O
Now, let us recall some basic notations about cone. Let X be a real Banach space. A

closed convex set P in X is called a convex cone if the following conditions are satisfied:

(i) if x € P, then A\x € P for any A > 0;

(ii) if x € P and —x € P, then x = 0.
A cone P induces a partial ordering < in X by

x<y ifandonlyif y—z€ P.
For any given u,v € P,
[u,v] == {z € X|u <z < wv}.

A cone P is called normal if there exists a constant k£ > 0 such that

0 <z <y implies that |z| < k||,

where || - || is the norm on X. We denote by P° the interior of P. A cone P is called a
solid cone if P° £ ().

The following theorem will be used in Section 2:

Theorem 1.9. [22, Theorem 2.1] Let P be a normal and solid cone in a real Banach space

X. Suppose that the operator A : P° x P° x P° — P° satisfies
(S1) for each x,y,z € P°, A(-,y,z) is increasing, A(zx, -, z) is decreasing, and A(x,y,-) is

decreasing;

(S2) there ezists a function ¢ : (0,1) x P° x P° — (0,400) such that for each x,y,z € P°
and t € (0,1), ¢(t,z,y) >t and

Atz t ™1y, 2) > o(t, 2, y) Az, y, 2);

(S3) there exist xq,yo € P° such that xo < yo, xo < A(x0,Y0,20), A(yo,To,Y0) < yo and

inf  o(t,x,y) >t, Vte(0,1);
z,y€[20,y0]

(S4) there exists a constant L > 0 such that for all x,y, 21,29 € P° with z1 > z9,
A(m,y, Zl) - A(ﬂj‘,y, 22) 2 —L- (Zl - 22)-

Then A has a unique fized point x* in [xg,yo], i.e., A(x*, z* %) = z*.
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2 Main results

In this section, we assume that the function f in (1) admits the following decomposition

f(n7x) = Zfz(n7x)gl(n7x) (2’1)

for some m € N.

For convenience, we first list some assumptions:

(H1) fi,g;i € AP(Z x RT) are nonnegative functions (: = 1,2,...,m), k € AP(Z) with
k(n) € Z* for all n € Z, and h : Rt — RT is continuous.

(H2) For eachn € Z andi € {1,2,...,m}, fi(n,-) is increasing in R™, g;(n, -) is decreasing
in RY, and h(-) is decreasing in R*. Moreover, there exists a constant L > 0 such
that

h(z1) — h(z2) > —L(z1 — 22), V21 > 29 > 0. (2.2)

(H3) There exist positive functions ¢;, 1); defined on (0,1) x (0, +00) such that

filn,ax) > gi(e,2) fi(n,x),  giln, @™ 'y) > vil, y)gi(n, y),
and
vila,z) > a, Yi(a,y) >«
for all z,y > 0, « € (0,1), n € Z and ¢ € {1,2,...,m}; moreover, for all a,b €

(0, +00) with a < b,

inf @i(a,z)¢i(a,y) > ae(0,1), i=1,2,...,m.
z,y€[a,b]

(H4) There exist constants d > ¢ > 0 such that

inf Z Zfz]7 0)gi(j.d

j=n—k(n

and

sup Z Zfz]a 9i(j,¢) + h(d) < d.

nEZj —n—k(n
Lemma 2.1. Let f € AP(Z x R"). Then the following hold true:

(a) for each compact K CRY, f € C(Z x K) and f is bounded on Z x K ;
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(b) if x € AP(Z) with x(n) > 0 for each n € Z, then f(-,z(-)) € AP(Z).

Proof. By a similar proof to continuous almost periodic functions (cf. [20, Chapter II]),

one can show the conclusions. O

Lemma 2.2. Let f € AP(Z) and k € AP(Z) with k(n) € Z* for all n € Z. Then
f € AP(Z), where

fn)y="Y_ fG), Vel

j=n—k(n)
Proof. Let {n;} be a sequence of integers. Since f € AP(Z) and k € AP(Z), there exist

a subsequence {n;} C {nj} and two functions f : Z — R, k : Z — R satisfying that
Ve € (0,1), 3N € N such that for all > N and n € Z,

|fn+m)—f(n)] <e, |k(n+mn)—kn)| < %

Noticing that k(n) € Z* for all n € Z, one can obtain that k(n +n;) = k(n) for all | > N

and n € Z. Thus, we have

n n+n; n
fn+nm)— > FO)| = DD () D ()
j=n—k(n) Jj=n+n—k(n+n) j=n—k(n)
= Z fG+m)— > F0)
j=n—k(n) j=n—k(n)
< <supE(n) + 1> £
neL
for all [ > N and n € Z, where sup k(n) < sup k(n) < +oo. So f € AP(Z). O
nez nez

Theorem 2.3. Assume that f has the form of &Il and (H1)-(H4) hold. Then equation

([CI) has a unique almost periodic solution with a positive infimum.

Proof. Let P = {xz € AP(Z) : z(n) > 0,¥n € Z}. It is not difficult to verify that P is a

normal and solid cone in AP(Z) and
={x € AP(Z) : 3¢ > 0 such that z(n) > ¢, Vn € Z}

Define a nonlinear operator A on P° x P° x P° by

Az, y,2)(n) = Z Zfzy, N)9i(G:y(5) + h(z(n)), n €.

j=n—k(n)
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Next, let us verify that A satisfy all the assumptions of Theorem Let x,y,z € P°.
It follows from (H1) and Lemma 1] that

Fil 2 (), gi(y(), h(z() € AP(Z), i=1,2,..m.

Then, combining Lemma and Lemma 2 we get A(z,y,2) € AP(Z). On the other
hand, there exist ¢, M > 0 such that z(n) > ¢ and y(n) < M for all n € Z. If ¢ < ¢ and
M > d (the other cases are similar), we conclude by (H3) and (H4) that

Ay D) = 3 S A6 0)aGyl) + hlm)

j=n—k(n) i=1

j—n—k(n) i=1

> Y A6 anG o

j=n—k(n) i=1

Z Zcpz o)fi(j.c (]\i)gi(j,d)

j=n—h(n) i=1

— > Zfz (4,0)gi (4, d

Jnk()
> Ec—d€>0
- M M ’

for all n € Z. So A is an operator from P° x P° x P° to P°.

v

Y

v

v

By (H2), it is easy to show that for each z,y,z € P°, A(-,y,z) is increasing, A(z,-,2)
is decreasing, and A(x,y,-) is decreasing, i.e., the assumption (S1) in Theorem holds.
Let x,y € P° and « € (0,1). Let

a(z,y) = min{inf z(n), inf y(n)}, b(z,y) = max{supz(n),supy(n)}.
nez nez nez nez

Then 0 < a(x,y) < b(x,y) < +oo and z(n),y(n) € [a(z,y),b(x,y)] for all n € Z. Define

¢i(a7x7y) = inf wi(aau)wi(a7v)7 i = 1727’”7m
u,v€la(z,y),b(z,y)]

and
d(a,z,y) = i:miq’m oi(a,z,y).
By (H3), it is easy to see that ¢;(o,z,y) > a (i = 1,2,...,m) for each z,y € P° and
€ (0,1), which gives that ¢(«,z,y) > « for each x,y € P° and a € (0,1). Now, We
deduce by (H3) that

Alaz,a ™y, 2)(n) — h(z(n)) = Z Z:fZ 3, az(N]gi g, oty ()]

j=n—h(n) i=1
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> Z Zw 2() fild, = ()il y(3)]gild, v ()]
j=n—k(n) i=1
> ¢l z,y) Z Zfz]y )gil, y(5)]
j=n—k(n) =

= gb(oz,:zt,y)[A(x,y, )—h(Z(TL))]
> gb(a,w,y)A(:E,y,z) - h(Z(TL)),

for all z,y,z € P°, a € (0,1) and n € N, where 0 < ¢(c,z,y) < 1 was used. Thus ,we
have

A(am? a_ly7 z) 2 ¢(a7 ;L‘, y)A('ZL'? y7 z)? \v/x? y? z 6 PO7 \v/a 6 (07 1)'

So the assumption (S2) of Theorem is verified.
Now, let us consider the assumptions (S3) and (S4) of Theorem By (H4), it is

easy to see that

Ale,d,c) > ¢, A(d,c,d) <d.

Also, we have

inf o, T = min inf ¢;(a,x,
ey o(a, z,y) pin - nf d]¢ (o, 2,y)
= ._qlin di(a, e, d)
= ¢la,c,d) >«

for all @ € (0,1). Thus, the assumption (S3) holds. In addition, [ZZ) yields that the
assumption (S4) holds.

Now Theorem yields that A has a unique fixed point z* in [e, d], which is just an
almost periodic solution with a positive infimum to Equation ([CIJ). It remains to show
that z* is the unique fixed point of A in P°. Let y* € P° be a fixed point of A. Then,
there exists A € (0,1) such that Ac < 2*,y* < A7'd. Denote ¢ = Ac and d’ = \~'d. It is
not difficult to see that

Al d,dy>c, A, d,d)<d, il'[lf d]qﬁ(a,m,y) >, Ya € (0,1).
zyelc,d

Then, similar to the above proof, by Theorem [[Al one know that A has a unique fixed
point in [¢/, d’], which means that x* = y*. O

Next, let us consider the existence of asymptotic almost periodic solution to equation
([CT). We first establish two lemmas.
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Lemma 2.4. Let f € AAP(Z x RY) and x € AAP(Z) with x(n) > 0 for each n € Z.
Then f(-,x(-)) € AAP(Z).

Proof. Let
f=g9+h, xz=y+z

where g € AP(Z x RT), h € Co(Z x RT), y € AP(Z) and z € Cy(Z). We have

f(n,z(n)) = g(n,y(n)) + g(n,z(n)) — g(n,y(n)) + h(n,z(n)), n€Z.

Let K = {x(n):n € Z}. Then, K C R" is compact, and it is not difficult to show that
{y(n) : n € Z} ¢ K. Thus, by Lemma Il ¢(-,y(-)) € AP(Z). Since h € Cy(Z x
R*), we get lim h(n,z(n)) = 0. In addition, noting that g € C(Z x K), we conclude

In|
lim [g(n,x(n)) — gln,y(n))] = 0. So f(-,x(-)) € AAP(Z), O

[n|]—o0
Lemma 2.5. Let f € AAP(Z) and k € AP(Z) with k(n) € Z* for alln € Z. Then
f € AAP(Z), where

fn)y="Y_ fG), Vnel

j=n—k(n)
Proof. Let f =g+ h, where g € AP(Z) and h € Cy(Z). Then

n

fy= > g+ Y ). veez
)

j=n—k(n) j=n—k(n
By Lemma and noting that k is bounded, we deduce fe AAP(Z). O
Theorem 2.6. Suppose that

(H1’) fi,9; € AAP(Z x R™) are nonnegative functions (i = 1,2,...m), k € AP(Z) with
k(n) € Z* for allm € Z, and h : Rt — R* is continuous.

and (H2)-(H4) hold. Then equation ([LI) has a unique asymptotic almost periodic solution

with a positive infimum.

Proof. By using Lemma -4 and Lemma 28 similar to the proof of Theorem B3l one can

get the conclusion. O

Now, let us consider the existence of pseudo almost periodic solution to equation ([ITI).

Also, we first establish some lemmas.

Lemma 2.7. Let x € PAP(Z) with v = y+ z, where y € AP(Z) and z € PAPy(Z). Then

{y(n) :n € Z} C {z(n):n e Z}.
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Proof. By contradiction, there exists ng € Z such that

inf |y(ng) — x(n)| > 0.
neL

Let e = infé ly(ng) —x(n)|. Since y € AP(Z), AN € N such that among any N consecutive
ne

integers there exists an integer p with the property that

g
ly(k+p) —y(k)| < Yk € 7.

57

For each n € N, denote

€
E, = {p €ZN[—n—ng,n—ngl: |y(no+p) —y(no)| < 5}

Then cardE, > [%”] — 1. Also, for all p € E,,, we have

|z(no +p)| = |z(no +p) —y(no +p)l
> |x(no +p) — y(no)| — ly(no) — y(no + p)l

Then, we obtain

R € € 3
_ B> <. > — .
2”;@—2_:”‘2( =5 = 23 T )

This contradicts with z € PAPy(Z). O

Remark 2.8. By using Lemma 7, it is not difficult to show that PAP(Z) is a Banach

space equipped with the supremum norm.

Lemma 2.9. Let f : Z — R be bounded. Then f € PAPy(Z) if and only if Ve > 0,

dE
lim cardE¢(n,€) o,
n—o0 2n

where Ey(n,e) = {k € [-n,n] \Z 5 | (k)| = }.
Proof. "Necessity”. Let f € PAPy(Z). The conclusion follows from

R cardE¢(n,€)
— > Ifk)| > —=E—=>-e>0.
2n = 2n

"Sufficiency”. Let M = sup|f(n)|. Then, Ve > 0, there exists N € N such that
ne”L

cardE¢(n,€)

o <e, n>N,
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which yields that

n

1
o Z If(E)] < Me+e=(M+1)s, n>N.
Thus,
1 — k)| =
Jim k;n!f( )| =0,
ie., f € PAR(Z). -

Lemma 2.10. Let f € PAPy(Z x Q) and K C Q be compact. If f € C(Z x K), then
fe PAPy(Z), where

flk) = sup |f(k,2)|, keZ
zeK

Proof. Since f € C(Z x K), Ve > 0, there exists 6 > 0 such that

‘f(k7u) - f(k,’l))‘ <e

for all k € Z and u,v € K with |u —v| < 0. Also, noting that K is compact, for the above
6 > 0, there exist x1,..., 2, € K such that

K C G B(l‘l,(S)
1=1

In addition, thanks to f € PAPy(Z x Q), for the above ¢ > 0, there exists N € N such
that for all n > N,

1 n
=3 flha) <=, i=1,...,m.
n m

k=—n

For each x € K, there exists ¢ € {1,2,...,m} such that |z — x;| < . Thus, we have

which gives that

m

f(k) = sup | f(k, )| Z (k,zi)| +e, kel
reK

Thus, fis bounded, and we have

1 n m 1 n
—nk; |f(k Z(Z—Z kxi)]>+€<2€, n > N,
which means that f € PAP,(Z). O
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Now, we are ready to establish a composition theorem of pseudo almost periodic se-

quences.

Lemma 2.11. Let f € PAP(Z x R"), x € PAP(Z) with x(n) > 0 for each n € Z, and
K={z(n):neZ}. If feC(ZxK), then f(-,z(-)) € PAP(Z).

Proof. Let
f=9+h, z=y+=z

where g € AP(Z x R"), h € PAPy(Z x RY), y € AP(Z) and z € PAPy(Z). We denote
f(n,z(n)) = Li(n) + I2(n) + I3(n), n € Z, where

Ii(n) = g(n,y(n)), I2(n) =g(n,z(n)) —g(n,y(n)), I3(n)=h(n,z(n)).

By LemmalZ7 {y(n) : n € Z} C K. Then, it follows from Lemma@Tthat I, € AP(Z).
In addition, by Lemma Bl we know that g € C(Z x K), and thus h € C(Z x K). Then,
Lemma yields that

n

1
Jim Zﬂi‘é}i |h(k,z)| = 0.

Combining this with
Is(k)] = |h(k, o(R))| < sup |A(k, 2)I, & & Z,
TE
we conclude I3 € PAPy(Z). Next, let us to show that Iy € PAPy(Z). It is easy to see
that I is bounded. Since Ve > 0, 36 > 0 such that

|g(k7u) - g(k7v)| <e
for all k € Z and u,v € K with |u — v| < §, we conclude that
Er,(n,e) C E,(n,9).

By Lemma [Z9 we have
cardE,(n,d)

LT
which gives that
lim cardEr,(n,¢) _o
n—00 2n
Again by Lemma 29 I, € PAPy(Z). O

Lemma 2.12. Let f € PAP(Z) and k € PAP(Z) with k(n) € Z" for alln € Z. Then
f € PAP(Z), where
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Proof. Let f = f1 + fo and k = ki + ko, where f1,k1 € AP(Z), fa,ka € PAPy(Z). We
denote
f(n) = Ju(n) + Ja(n) + J3(n), n€Z,
where " .
An)= > hG), JBm)= D> f0).
j=n—ki(n) j=n—k(n)
and
j=n—ki(n)—1 )
> fild)s ke(n) >0,
j=n—k(n)
Ja(n) = 0 ; ka(n) =0,
j=n—k(n)—1 '
> —fhil), ka(n) <O.
j=n—ki(n)

By Lemma B2 Ji € AP(Z). Since |[J2(n)| < | fillap@z) - [k2(n)| for all n € Z, we get
Jo € PAPy(Z). Next, let us show that J3 € PAPy(Z). Let ¢ = sup |k(n)|. We have
neL

s O L)

n=—m

Theorem 2.13. Suppose that

IN
M‘,_\
(]
(]
>
S

0 m
1
= Z o > |faln+ )]
j=—q  n=-m
0 1 Jj+m
= D 5= > lfm)
j=—q " n=j-m
0 1 m—j
< o > _|f2(n)|, m € N
j==q n=—(m-j)
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(H17) fi,gi € PAP(Z x R™") are nonnegative functions (i =1,2,....m), k € PAP(Z) with
k(n) € Z* for all n € Z, and h : Rt — RT is continuous; moreover, for each

i €4{1,2,....,m} and compact subset K C RY, f;,g; € C(Z x K).

and (H2)-(H4) hold. Then equation ([LI) has a unique pseudo almost periodic solution

with a positive infimum.

Proof. By using Lemma E-TT] and Lemma T2 similar to the proof of Theorem 3 one

can get the conclusion. O

Next, we give a simple example, which does not aim at generality but illustrate how

our results can be used.

Example 2.14. Let m =1,

1

fi(n,z) = (1 +sin? nr + sin’n)/In(z + 1), gi(n,z) =

v +1

and

1, nis odd,

h(x) =e"*, k(n)=

2, nis even.

Let
In(az + 1) _
p1(a, @) = my Y1(a, ) = Va.

Then, it is not difficult to verify that (H1)-(H3) are satisfied. In addition, we have

- 1
f P —)a1(4.99) >
i%zj nz;(n)ﬁ(J, 00091 (7:99) > T

and

sup Z £105,99)1 (G, —) + h(99) < 9VIn 100 + e < 99,

" jmn—k(n)

which means that (H4) holds with ¢ = i and d = 99. Then, by Theorem EZ3, the

following equation

100

z(n) = e 4 Z (1 + sin® 7] + sin?j)
j=n—Fk(n)

In[z(j) + 1]
z(j) +1

has a unique almost periodic solution with a positive infimum.
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