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1 Introduction

As the limit process from a weak polymers model, the following doubly perturbed Brownian
motion

Xt = By + a max x; + B min x;, (1.1)
0<s<t 0<s<t

was studied by P. Carmona [4] and ]. R. Norris [11]. Because of its important application,
many people have devoted their investigation to this model and obtained a lot of results, for
example, see [2,3,5-7,12,14]. Motivated by above mentioned works, R. A. Doney and T. Zhang
[8] studied the singly perturbed Skorohod equations

t t
Xt = Xo +/ o (xs)dBs +/ b(xs)ds + « max xs. (1.2)

0 0 0<s<t
they proved the existence and uniqueness of the solution to equation(1.2) where the coeffi-
cients b, 0 satisfy the global Lipschitz conditions; Hu and Ren [9] and Luo [10] extended the
global Lipschitz conditions of [8] to the case of non-Lipschitz conditions which are imposed by
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[13,17,18], they proved the existence and uniqueness of solutions to doubly perturbed neutral
stochastic functional equations and doubly perturbed jump-diffusion processes, respectively.

However, for many practical situations, the nonlinear terms do not obey the global Lips-
chitz and linear growth condition, even the non-Lipschitz condition. For example, consider
the singly perturbed semi-linear stochastic differential equations

dx(t) = ax(t)dt + o(x(t))b(t, x(t))dB; + ﬁggsagxtx(s), t e [0,T]. (1.3)

where a € R, B € (0,1), and o(x) satisfies the local Lipschitz condition: For any integer
N > 0, there exists a positive constant ky such that for all x,y € R with |x|, |y| < N, it follows
that

o(x) —o(y)| < knlx—yl. (1.4)
Let us take
0, u=20,
o(u) = { ullog(u™))", e (0,],
sllog (671))", u € [5,+o0),

where r € [0,3) and & € (0,1) is sufficiently small, Assume b(t, x) satisfies the non-Lipschitz
condition

[b(t,x) = b(t,y)| < p([x —yl). (1.5)
From the analysis of Section 5, the coefficients of equation (1.3) do not satisfy the global Lip-
schitz condition [8] or non-Lipschitz condition [9,10]. In other words, the main results of
[8-10] do not apply to equation (1.3). Therefore, it is very important to establish the existence
and uniqueness theory of perturbed stochastic differential equations under some weaker con-
ditions. The purpose of this paper is to study the existence and uniqueness of solutions to
equation (2.1) with the local non-Lipschitz coefficients. Meantime, we will give the pth expo-
nential estimates and the pth moment continuity of solutions.

This paper is organized as follows. In Section 2, we first give some preliminaries and
assumptions on equation (2.1). In Section 3, we state and prove our main results. While in
Section 4, we show that the pth moment of solution will grow at most exponentially. As an
application of the pth exponential estimates, we give the continuity of the pth moment of
solutions. Finally, we give an example to illustrate the theory in Section 5.

2 Preliminaries

Let (O, F,{Fi}i>0,P) be a complete probability space with a filtration {F;};>o satisfying
the usual conditions (i.e. it is increasing and right continuous while F{ contains all P-null
sets). Let {w(t) }+>0 be a one-dimensional Brownian motion defined on the probability space
(Q), F,P). Let {p = p(t),t > 0} be a stationary F;-adapted and R-valued Poisson point pro-
cess. Then, for A € B(R — {0}), here B(R — {0}) denotes the Borel o-field on R — {0} and
0 ¢ the closure of A, we define the Poisson counting measure N associated with p by
N((0,t] x A) :==#{0<s <t,p(s) € A} = Y Ia(p(s)),
to<s<t

where # denotes the cardinality of set {-}. It is known that there exists a o-finite measure 7
such that

E[N((O,t] X A)] = n(A)t, P(N((O,t] X A) =) = eXp(—tn’(zjl?)(r((A)t)”‘
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This measure 77 is called the Lévy measure. Moreover, by Doob-Meyer’s decomposition theo-
rem, there exists a unique {¥;}-adapted martingale N((0,t] x A) and a unique {F; }-adapted
natural increasing process N((0,t] x A) such that

N((0,t] x A) = N((0,t] x A) + N((0,t] x A),  t>0.

Here N((0,] x A) is called the compensated Lévy jumps and N((0,t] x A) = 7t(A)t is called
the compensator.
Let p > 2, LP([a,b];R) denote the family of F;-measurable, R-valued process f(t) =

{f(t,w)}, t € [a,b] such that fub |f(t)|Pdt < co. For Z € B(R — {0}), consider the following
doubly perturbed stochastic differential equations (SDEs) with Lévy jumps

x(t) = x(0 +/tf (s,x(s) ds+/0tg(s,x(s))dw(s)

+/ / s,x(s N(ds,dv) + a max x(s) + B min x(s), (2.1)

0<s<t 0<s<t

where a, B € (0,1), the initial value x(0) = xp € Rand f : [0,T] xR - R, ¢:[0,T] xR —
R, h : [0,T] Xx R x Z — R are both Borel-measurable functions. In this paper, we assume
that Lévy jumps N is independent of Brownian motion w and the random variable xg is
independent of w, N and satisfies E|xo|? < oo.

To obtain the main results, we suppose [, 7(dv) = 7m(Z) < co and give the following
conditions.

Assumption 2.1. For any x,y € R and t € [0, T|, there exist two functions k(.), p(.) such that

(8 x) = fF(Ey) VI8t x) = g(ty)] < ABk(|x = yl),
/ [h(t,x,0) = h(t,y,0)Pr(do) < A (H)p*(|x —yl),
z
where A(t) € £2([0,T],R), and k(u), p(u) are two concave nondecreasing functions such that

k(O) = p(O) =0 and f0+ mdu = 00.

Assumption 2.2. There exist two positive constants Kj, K, such that

sup {|f(£,0)| v Ig(£,0)|} < Ky, sup [ |h(t,0,v)[*7t(dv) < Ka.

0<t<T 0<t<T/Z
Assumption 2.3. The coefficients satisfy |a| + |B| < 1.

Assumption 2.4. For any integer N > 0, there exist two positive constants ky and px such
that

[f(Ex) = fF(E )] VIt x) = g(ty)| < AMB)kn([x —yl),

and

[ In(t,0) = h(t,y,0) Pre(ao) < A2(1)ok (I = v1),

for any x,y € R with |x|,|y| < N. Here ky(u), pn(u) are two concave and nondecreasing
functions such that ky(0) = pn(0) =0 and [, mdn = oo.
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Remark 2.5. Clearly, Assumptions 2.1 and 2.2 imply the linear growth condition. Since k(-) is
concave and k(0) = 0, we can find a pair of positive constants a and b such that

k(u) <a+bu, for u>0.
Therefore, for any x € Rand t € [0, T],

f(& )|V gt x)| < A(DK([x]) + Ky,

<
< aA(t) + K + bA()|x].
Similarly, we can obtain
/ Ih(t, %, 0)27e(dv) < 4A2(£)a? + 2K, + 4A2 (1) 62| x|
Z

In the sequel, to prove our main results we recall the following two lemmas.

Lemma 2.6 ([1]). Let k : Ry — Ry be a continuous, non-decreasing function satisfying k(0) = 0
and . k%) = +-o0. Let u(-) be a Borel measurable bounded non-negative function defined on [0, T|

satisfying
£) < g+ /0 Co()k(u(s))ds),  te[0,T]

where uy > 0 and v(-) is a non-negative integrable function on [0, T]. Then we have

u(t) < G <G(uo) + /Otv(s)ds) ,

where G(t) = tt k’f“) is well defined for some ty > 0, and G~ is the inverse function of G.

In particularly, if ug = 0, then u(t) = 0 forall t € [0, T].
Lemma 2.7 ([15]). Let ¢ : Ry x Z — R" and assume that

' p
/0 /Z §(s,0)|[Pre(do)ds < o, p>2.

Then, there exists D, > 0 such that
p)

<O<t<” / /cp s,0)N(ds,dv)
<D, {E (/(]M/Z|¢(s,v)|27t(dv)ds>2 +E/O”/Z|¢(s,v)|r’n(dv)ds}.

3 Existence and uniqueness theorem

In this section, we study the existence and uniqueness of solutions to doubly perturbed SDEs
with Lévy jumps and the local non-Lipschitz coefficients.
Let us consider the following equation

) =x(0 —I—/f ds+/ s)dw(s +// N(ds,dv)

+a max x(s) + ,B min x(s), (3.1)

<s<t <s<t

with the initial data x(0) = xp and f € £2([0,T};R), ¢ € £3([0, T];R) and h € £L?([0,T] x Z;R).



Doubly perturbed stochastic differential equations with jumps 5

Proposition 3.1. Under Assumptions 2.2-2.3, Equation (3.1) has a unique solution x(t) on [0, T].

The proof of Proposition 3.1 is given in the Appendix.
Now, we construct a successive approximation sequence using a Picard type iteration. Let
xO(t) = xo, t € [0, T], define the following Picard sequence:

O)—i—/otf(s, ds+/ s))dw(s)

t
+/ /h(s, x"1(s—),v)N(ds,dv)+a max x"(s) +B min x"(s). (3.2)
0Jz

0<s<t 0<s<t

Obviously, according to proposition 3.1, the solution x" () of equation (3.2) exists.
In what follows, C > 0 is a constant which can change its value from line to line.

Lemma 3.2. Under Assumptions 2.1-2.3, there exists a constant C; > 0 such that for any t € [0, T

2
< . .
Ekg%?%’x ()’ - Cl (33)

Proof. For any s > 0, it follows that from (3.2)

6] < 5O+ | [ fle, o] + | [ sl o))
Zh(U,x”_ (c—),0)N(dor, do)| + ] Ogl%x "(@)| + 181 | min x"(@)
<50+ | [ fto oo +| [ sl )doto)
+ '/Os/zh(a,x” (0=), 0)N(do,do)| + (Ja] + |B]) max [+"(0). (3.4)

Taking the maximal value on both sides of (3.4), by the Holder inequality, the Doob’s martin-
gale inequality and Assumption 2.3, we have

(1= la| = [B)*E max |x"(s)[

0<s<t
2 s 2
< E|x(0)* + E({E?é / flo ))do| + Egr<1?<xt /0 g(o, x" 1 (0))dw(o)

2

+ E max
0<s<t

//h(a,x””(a—),v)N(dU,dv)
0 Jz

< ClEROP+E [ (s (o) Pds + E /0 lgls, 6" (5)) P
+[8+Tr(Z E//\h o) 2 (dv)ds]

Therefore, we get

2
E max [x"(s)|
C

<
— (1= el —1B])?
—|—2[8+T7I(Z)]E/0 /Z]h(s,x”’l(s—),v)—h(s,0,0)|27't(dv)ds

+2E /Ot [1£(s,0)> + [g(s,0)?] dS+2[8+T7r(Z)]E/Ot/Z (s, 0,0) |27 (dv)ds].

B2 +2E [ 15" 6) = F5. 0P + lgls, " (5)) — (5, 0)F] s
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By Assumptions 2.1 and 2.2, we have

C
E 2 <
max W) < T Ee

{E\x(o)\z +4K3T +2[8 + Tre(Z)|Ko T
+4E /Ot A (s) 2R3 (|1 (s) ) ds
28+ T(2)JE [ A6 s ))ds

Then the Jensen inequality implies that

Emax|x()\2§ ¢

2 2
Tl g FRO) 4T 28 4 Tz T

+4 [ NG PR((ER (5 )ds

208+ Tr(2)] [ INOR((ER6) ) s .

N\'ﬂ

Letting y(x) = k*(x2) + p?(x %), it follows that

C
E max |x"(s)|* <

0§s§t| (1 —laf —[B])?

{E|x(o)\2+41<%T+2[8+Tn(Z)]KZT
208 + Tn(Z /M (s) Py (E[x" 1 (5) ) s}. (3.5)

By Assumption 2.1, we have that v is a non-decreasing continuous function, ¢(0) = 0 and
f0+ dx — o0, Since & ), (xx), k' (x) and p’, (x) are non-negative, non-increasing functions,
we have that

7y (%) = x7F k(K (x) + p(x)p!, (v)]

is a non-negative, non-increasing function, thus 7 is a non-negative, non-decreasing concave
function. Since 7y (-) is concave and y(0) = 0, we can find a pair of positive constants a and b
such that

y(u) <a+bu, foru>0,

we obtain

E max [x"(s)|* < ¢

2 ! 2
0<s<t = (-] — |‘B‘)2{1+E|x(0)| +11/0 |A(s)|"ds

t
2 n—1 2
+b/0 A(5) PE max [x"1(@)] ds}. (3.6)

Set
C ' FIA(s)|2ds
r(t) = [(1 "= |,3|)2(1 +E’x(0)|2+ﬂ/0 ’/\(S)\zds} el Jo 1As)1Pds

then r(-) is the solution to the following ordinary differential equation:

= ¢ X 2 a t S 25 t S 27’5 S
(0 = = = {1 EROP o [ AR +b [[ 1A Pr(s)as .
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By recurrence, it is easy to verify that for each n > 0,

E 2 < r(t).
max [x"(s)|" < r(t)

Since r(t) is continuous and bounded on [0, T], we have

E max |x"(s)|*> < C; < +oo,
0<s<t

for any n > 1. The proof is complete. ]
Lemma 3.3. Let Assumptions 2.1-2.3 hold, then {x" () },>1 defined by (3.2) is a Cauchy sequence.
Proof. For any n,m > 1, we have

| X"(8) — X"(8)]

< | [ [Fs ) = floxm M s)) ] ds| + | [ [sls, 21 (5) = 55,271 (9))] dan(s)
“1(s—),0) — h(s,x”_l(s—),v)} N(ds, dv)
F el g2 ¥ = oas O 1T oin, ) = g, )
<\ [f(s,x”’l(S))—f(s,xm’l(S))} as| | [ [ss.4(5)) gl 2" )] dnts)

h(s, x"Y(s=),v) = h(s, x”’l(s—),v)} N(ds, dv)

(!fx|+|ﬁ|) max [x"(s) — x™(s)|. (3.7)

0<s<t

Taking the maximal value on both sides of (3.7), by the Holder inequality, the Doob’s martin-
gale inequality and Assumption 2.3, we have

(1= | = [BI)?E max |x"(s) — x™(s) |

0<s<t

< E max | [ (o) ~ £, (0))] do 2
+Emax| [ [g(o,5" (@) - glo,x" (@) du(o) 2
+E£§%‘Aié[me”4w>%v)—hwuﬂh%a—yw]Nwmdw2

’st

< T8 [ [f(s )~ flo. o) s+ 48 [ gt 271(9) — gl5,47()

+[8 —|—2T7T(Z)]E/0t/z ‘h(s, xX"(s—),v) — h(s, x’”’l(s—),v)‘2 n(dv)ds.

By Assumption 2.1 and Jensen’s inequality, we get

E n _Lm 2
max [x"(s) — x"(s)]

_ 1
— (1= ol = [B])?

(T +4) [ A PR(EL" ()~ 2 (s) ) )as

Nl—

4 (8+2Tn(Z /|A Vo2 ((E[x"1(s) — 2" 1(s)[2) 2 )ds .
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Similar to (3.5), we obtain

mine o 12+ T+2Tr(Z )P n—1 m—1/.7(2
E&\%M()—x(s)] < A== B]? /M $)FY(E[x""(s) —x™ " (s)[")ds.  (3.8)

By the inequality (3.3) and Fatou’s lemma, it is easily seen that

lim sup E(max |x" (s )—xm(sﬂz)
1,11 —300 0<s<t

nm—oo  0<0<s

Owing to Lemma 2.6, we immediately get that

lim sup E(max |x"(s) —x™(s)[*) =0, forallte[0,T], (3.10)
n,m—oo O
Then {x"(t)},>1 is a Cauchy sequence. The proof is complete. O

Now, we state and prove our main results.
Theorem 3.4. Let Assumptions 2.1-2.3 hold, then equation (2.1) has a unique solution x(t) on [0, T].
Proof. According to (3.10), it follows that there exists x(t) € £2([0, T]; R) such that

lim E sup [x"(s) — x(s)|* = 0.

n—00 0<s<t

Then the Borel-Cantelli lemma can be used to show that x"(t) converges to x(f) almost surely
uniformly on [0,T] as n — oco. Taking limits on both sides of (3.2) and letting n — oo, we
obtain that x(t) is a solution of equation (2.1).

Now we devote to proving the uniqueness of equation (2.1). Suppose x(t) and y(t) are
two solutions of equation (2.1) with initial value x¢ and vy, we have

(1) - ()
<0 —wol + | [/ 1F5:x(5) = £(s,w(6D)] |+ | [ 3(6x(5) — g(5,y(6D)] )

+ ‘/Ot/z[h(s,x(s—),v) — h(s,y(s—),v)]N(ds,dv)
+ |Bl

+ |a| |max x(s) — max y(s)

0<s<t 0<s<t

Join x(s) — min y(s),

Then, in the same way as the proof of (3.8) one can show that

E max [+(5) ~ () < Clao — o +C [ APy (E ( max Iv(e) —y(@)?) ) as

0<s<t 0<0<s

for t € [0, T]. By Lemma 2.6, we get

E max |x(s) — y(s)? < G [G(Crxo ~yoP)c [ \A<s>|2ds] ,

0<s<t

where G(t f ! ds . In particular, if xop = yo, then

t
G(Clxo—yof) = =0, G(Clxo— o) +C [ |A(s)/ds = -
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Obviously, G is a strictly increasing function, then G has an inverse function which is strictly
increasing, and G~!(—o0) = 0. Finally, we obtain

E max |x(s) —y(s)|*> =0,

0<s<t
for any t € [0, T| which implies the uniqueness. This completes the proof. O
Example 3.5. We define the functions k(-), p(+) by k(u) = /u and
0, u=0,
o(u) = uy/log(u=1), wuc (0,67,
C <u+ 31e2> , uc(e?,0)
where C > 0. Then k(-) and p(-) satisfy Assumption 2.1 in Theorem 3.4.

Theorem 3.6. Let Assumptions 2.2-2.4 hold. Then, there exists a unique solution {x(t)}o<¢<T t0
equation (2.1).

Proof. Let Ty € (0,T), for each N > 1, we define the truncation function fy(f, x) as follows:

(i) f(t,x), x| <N,
,X) =
Y f(ENE), 1#>N,

and gn(t,x), hy(t, x,v) similarly. Then fy, gy and hy satisfy Assumption 2.1 due to that the
following inequality about fy, gn and /iy hold:

() = b y)| Vg (t,%) = ga(ty)| < 22 Bk (5 1),
], Ims(t%,0) = (t,y,0) Pre(ao) < 222Dk (Jx = o),

where x,y € R and t € [0, Ty]. Therefore, by Theorem 3.4, there exists a unique solution xx ()
and xn41(f), respectively, to the following equations

n(t) = x(0) + /0 (s (s))ds + /0 ' en(s, xn(8))de(s)

t
—|—/ / hn(s, xn(s—),v)N(ds,dv) + & max xn(s) + B min xn(s),
0 JZ 0<s<t

0<s<t

t t
xn+1(t) = x(0) +/0 fnia(s, xn(s))ds +/0 gn+1(s, xn1(s) ) dw(s)
t
+ /0 /ZhNH (s,xn11(s—),v)N(ds,dv) + « max AN+1(s) + ﬁorgsigt XN+1(S)-
Define the stopping times

oy = Ty /\il’lf{t € [0, T] : |xN(t)| > N},
ON+1 = To/\inf{t S [0, T] : ]xNH(t)\ > N+1},

TN = ON A ON+1,
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where we set inf{¢} = co as usual. Similar to (3.7), we obtain
N1 (8) — xn(8)]
= | [ twsats mea(s) it xm(o)les
t
+ ‘/ /[hN+1(s, xN+1(5—),v) — hn(s, xn(s—),v)|N(ds,dv)
0Jz

+ (Jal + |Bl) max [x1(5) = 2 (5)]

n \ [ g5 xa(5)) — gl o))

Again the Holder inequality, the Doob’s martingale inequality imply that

E o 2
otmax [xn-a(s) —xn(s)|

== Iocl1 1B])? [STE /MTN fnsa(s, xnia(s) — fa(s, xn(s)) [Pds

INTN
#20E [ I (s34 (6) — gwls, i (s)) Pl
INTN
4202 + Tre(2)|E /0 Vi (5,041 (5=),0) = (s, v (5=), ) Pre(do)ds | (3.11)
Noting that for any 0 < s < 1y,

(s, xn(s)) = fn(s,xn(s)), gn+1(s,xn(s)) = gn(s, xn(s)),
hn1(s, xn(5—),0) = hn(s, xn(5—),0),

we derive that

E o 2
omax |xn-1(s) —xn(s)|

< o PTE L e xa)) = fealsx(s) s

tATN
+20E [ g (s, ans1(5)) = g (s, () Pl
tATN ’
202 + Tr(Z)|E /0 /Z i1 (5, X1 (5=),0) — i (5, 38 (5—), 0) [P (do)ds |

Then it follows from Assumption 2.4 that

E max lxni1(s ATn) — xn(s ATw)|?

5T +20+20[2+ Tn(Z)] /“\TN ) by
< A(s Elx s) —xn(s)|%)ds
= (1—‘&’—’,3’)2 0 | ()’ 7N+1( | N+1( ) N( )| )
5T 4204202+ Tn(Z)] [t 2 by
< = Ja = B2 /0 IA(S)[“YN+1 Eorg?gs |xni1 (A TN) —xn(o ATN)|7 ) ds,
where yn(-) = k% (-2 ) + p%/(-2 1). Obviously, by Assumption 2.4, we have that yn(+) is a
non-negative, non-decreasing concave function, yn(0) = 0 and f0+ dx = 0. By using

Lemma 2.6 again, it follows that

E sup |xni1(s ATn) — xn(s ATw)]* = 0.
0<s<t
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Therefore, we obtain that
XN+1(t) = XN(t), fort e [0, To A TN].

For each w € Q), there exists an Ny(w) > 0 such that 0 < Ty < Ty, Now define x(t) by
x(t) = xn, (t) for t € [0, Tp]. Since x(t A Ty) = xn(t A Tv), it follows that

(A Ty) = x(0) + /0 " (s, ())ds + /O N (s, (5) ) (s)

—|—/OMTN/ZhN(s,xN(s—),v)N(ds,dv)—|—uc max xn(s)+ B min xn(s)

0<s<tAtn 0<s<tAtny
— x(0) + /0 " (s, x(s))ds + /0 " s, x(s))dwo(s)

+/()tATN/Zh(s,x(s—),v)N(ds,dv)—i—tx max_ x(s)+ B min x(s).

0<s<tAtn 0<s<tA1y

Letting N — oo, then yields

x(t) :x(O)+/Otf(s,x(s))ds+/Otg(s,x(s))dw(s)

+ /Ot/Zh(s,x(S—),v)N(ds,dU) + a« max x(s) + B min x(s), t € [0, Ty].

0<s<t 0<s<t

Since T is arbitrary, then we have x(t) is the solution of equation (2.1) on [0, T]. The proof is
complete. O

4 p-th moment exponential estimates

In this section, we will give the pth exponential estimates of solutions to equation (2.1).

Assumption 4.1. Assume A(t) € LP(][0,T],R), p > 2. For any x,y € R and t € [0, T|, there
exists a function p(-) and a constant K3 such that

/Zlh(t,x,v) —h(t,y,0)[Pre(do) < AP(B)e”(x —yl),

sup [ |h(t,0,0)|Prt(dv) < Ks,
0<t<TZ

where p(.) is defined as Assumption 2.1.

Remark 4.2. In particular, we see clearly that if let p(u) = Ku, L > 0, then Assumption 4.1
reduces to the linear growth condition. That is, for any x € R and ¢ € [0, T|, we have

/ Ih(t, x,0)[Pre(dv) < 2P~ IAP(£)KP|x|P + 27~ Ks.
z
Theorem 4.3. Let Assumptions 2.1-2.3 and 4.1 hold, for any p > 2
E max [x()|F < (1+CE[x(0)|/ + C,T)e b 1O, 1)

where C4 and Cs are two positive constants of the inequality (4.11).
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Proof. For any t > 0, it follows from (2.1) that

[x(t)] < [x(0)| + '/tf(s,x(s))ds + ‘/Otg(s,x(s))dw(s)
‘// S N(ds,dv)| + (la] + |B]) max [x(s)]. (4.2)

0<s<t
Taking the maximal value on both sides of (4.2), by Holder’s inequality, the Burkholder in-
equality and Assumption 2.3, we have

(1= |a] = [B])"E max |x(s)[?

0<s<t
s p s 14
o [owor |1 /
<4 [E|x( )| +Eg£1?<xt f(o,x(0))do +E52§1§xt Og(a,x((f))dw(a)
p
+Emax// o,x(c—),v)N(do,dv) ]
0<s<t
Therefore, we get
. » s p s P
<
E max [x(s)| _c[mx( )I? + E max / flo,x(@)do| +Emax | [ (o, x(c))du(o)
P
+E0r£?<xt // o,x(o N(do,dv) } (4.3)

where C = %. Using Holder’s inequality, we get

E max
0<s<t

<17 [ (s,x(5)) s

[ fo (ool

t
< TV [ (s, x(s) — £(s,0)|"ds
0
By the basic inequality
-1 P
\a—l—b\pg[l—l—eﬁr <]a|”+|b€’), p>1,abeR"

for any € > 0, it follows that

< 7Pt [1+ 11 1E/Of <’f(s,x(s))—f(s,0)‘v+|f(5/0)|p> ds.

€

E max
0<s<t

/fcfx ))da

By Assumptions 2.1, 2.2 and letting € = K/ !, we obtain

E max
0<s<t

/0 o, x(o)do| < T 4 k)P E /O AP ()P (1x(5)]) + Kads.

In fact, because the function k(-) is concave and increasing, there must exist a positive number
L such that

kP(|x]) < L(1+ |x|P), for allp >2. (4.4)
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Hence,

E max
0<s<t

[ floxtonao] < 1wkt [TIAGP A+ B

+ TPK; (1 +Kq)P L, (4.5)

By using the Burkholder-Davis—-Gundy inequality and the Holder inequality, we have a posi-
tive real number C, such that the following inequality holds:

"< ( A |g<s,x<s>>rzds)g

t
< cpﬁ—lE/ 12(s, x(s))|"ds.
0

E max
0<s<t

| stex(o)due)

By the similar arguments, we have

| stex(o)dw(e)

p

E max
0<s<t

t
< LCPT%—1(1+K1)P—1/ IA(s)|7(1+ E|x(s)|")ds
0

+CT2 K (1+ Ky )P (4.6)

Now, we will estimate the fourth term of (4.3). Using the basic inequality |a + b|P < 2P~ 1(|a|F +

|b|P), we have
14
/ / o, x(o N(do,dv)

E max
0<s<t

p
<2 lE (max // o,x(c—),v)N(do,dv) >
0<s<t
p
+ 2771 (max // a,x(o yrt(dv)do ) (4.7)
0<s<t

By Lemma 2.7 and Holder’s inequality, it follows that,

(ggsaé // o,x(c—),v)N(do,dv) p)
<D {TzlE/ [/ \h(s, x(s—),v)|*m( dv] ds+E/ / |h(s,x(s ]”n(dv)d} (4.8)

<gr<1§1<xt// o, x(o (dv)d0p>

< TP ZE/ [/ |h(s,x(s—),v)|*n (du)rds. (4.9)

Inserting (4.8) and (4.9) into (4.7), and by Assumption 4.1, we have

and

P
E max / / o,x(c—),v)N(do,dv)
0<s<t
14
<27 YD, TH 1 4+ TP n(2))}) E/ 2A(s)[20%(|x(s—)]) + 2K2] * ds

+20 2D, [N P (x(5-)) + Kl
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Similar to (4.4), we have

P(]x]) < L(1+ |x|F), forall p>2.

// o,x(o )rt(dv)do

where C; = 22?’*2[D,gT§*1 +TPYn(Z))2], C3 = 2%72D,,. Substituting (4.5), (4.6) and (4.10)
into (4.3), we deduce that

Hence,

) < (24 GIL [ NP1+ Elx(s))ds

14
+ (C2K22 + C3K3)T, (4.10)

max
0<s<t

t
14+E max |x(s)|? <1+CE|x(0)|P +C4T +C5/ |A(s)]P (1 + Eorgai< |x(a)|p) ds, (4.11)
0 SOSS

0<s<t
where
Cy = Ky(1+ Ky)P~Y(TP1 4+ C,TH 1) 4 (K2 + CaKs),
Cs = (1+K)P 'L(TP '+ C, T 1) + (Cy + G3) L.
Let
u(t) =1+ E max |x(s)],  wo=1+CEx(0)? +CT,  o(s) = |A(s)]” and k(s) =

0<s<t

then it follows from Lemma 2.6 that

t
1+ E max |x(s)|? < G~1[G(1 + CE|x(0)|P + CyT) +c5/ IA(s)|Pds],
0

0<s<t

where G(t ftt sds =In({), to > 0. Obviously, G~*(t) = toe!, t > 0. Hence,

1+CE|x(0)|P+Cy T
1n(+ |x(0)|P +C4

to )+Cs [y |A(s)|Pds

1+ E max |x(s)|" < tge
0<s<t

14+CE|[x(0)[P+C4T ¢
< igoeln(#)ec5 Jy 1A (s)|Pds

< (14 CE[x(0) [P + C,T)eCs fo A@rds,
and the proof is complete. O

Remark 4.4. Let M = supy .., |A(t)|P < co. From Theorem 4.3, we know that the pth
moment will grow at most exponentially with exponent Cs M. This can also be expressed as

lim sup % log(E|x(t)|F) < CsM. (4.12)

t—o0

The inequality (4.12) shows that the pth moment Lyapunov exponent should not be greater
than Cs M.

As an application of Theorem 4.3, we give the continuity of the pth moment of the solution.

Theorem 4.5. Let the assumptions of Theorem 4.3 hold. For any 0 < s <t < T and p > 2, there
exists a positive constant C such that

Elx(t) — x(s)|? < C(t—s)".

Proof. Similar to [16, Theorem 4.1] and by Theorem 4.3, we easily obtain the proof. O
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5 An example

Let us return to equation (1.3),

dx(t) = ax(t)dt + o(x(t))b(t, x(t))dB; + p max x(s), te[0,T]. (5.1)

0<s<t
Assume that o(x) and b(t, x) be continuous in x for each x € R. That is, there exists a positive
constant C such that

sup [o(x)|V  sup |b(t,x)| <C.
xeR te[0,T], xeR

Let
() = Clo(u) + knu),
then for any x,y € R and |x| V |y| < N, we obtain that

e (x)b(t, x) = (y)b(t,y)| < sup |o(x)[|b(t,x) =b(t,y)[+  sup  |b(t,x)[o(x) = ()|

[x|<N te[0,T], |x|<N
Clo(|x = yl) +knlx —yl)
< n(lx —yl)-

Since p(u) is a concave function, it follows that yn(u) = C(p(u) 4+ kyu) is a concave non-
decreasing function with yx(0) = 0 and p(u) > p(1)u for 0 < u < 1. Hence, we have

u u u 2 u
fo 7™ = b T e = (o) ot

2
Y NS
~ \kn+p(1) ) Jo+ p*(u)
2
(DY
kv +p()) o ulogu
2
_(_p(M) 1 112
— <kN+P(1)> 21’_1(logu ) or = oo.
Clearly, the coefficients ax, o(x)b(t,x), B satisfy Assumptions 2.2-2.4, then by Theorem 3.6, we

have that equation (5.1) has a unique solution x(t) on [0,T].

Appendix

Proof of Proposition 3.1. Let ® be the function defined on R by

o (x)(t) = x(0) +/tf5ds+/t

+// s—,0) dsdv)+ocmaxx()+/3minx(s).

0<s<t 0<s<t

Clearly, ®(x) is R-valued measurable {F;}-adapted process. we will first prove the mean
square continuity of ® on [0, T]. Let r be sufficiently small, we have

P(x)(t+71)—D(x)(t) = tt+rf ds—l—/Hr s)dw(s —i—/Hr/ N(ds, dv)

o | o, 50~ )| + Lgl;ﬁrx(@ e
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By the basic inequality |a + b+ c +d + e|? < 5|a|? + 5|b|*> + 5|c|*> + 5|d|? + 5|e|?, it follows that

E|®(x)(t+7) = @(x) ()
2

ttr 2 ttr 2 ttr
<5E|[ " f(s)ds| +5E ‘ / g(s)dw(s)| +5E h(s—,v)N(ds, dv)
t t
2 2
+5E |a [Ogr?gggrrx(s) — Inax x(s)] +5E 'ﬁ [O<r£1<1?+rx(s) - O@;gtx(s)] (5.2)

Using the Holder inequality, we obtain

t+r

E s ds

< rE / st
t

It is easy to obtain that 5E| [/ f(s

implies
t+r
/t g(s)dw(s

as r — 0. For the third term of (5.2), by using the basic inequality |a + b|* < 2(|a|? + |b]?), we
have

ds] — 0, as r — 0. Furthermore, the martingale isometry

5E

_5E/ s)[2ds — 0

2

t+r t+r

5E (s—,v)N(ds,dv) < 10E (s—,v)N(ds,dv)

t+r 2

+ 10E

h(s—,v)mt(dv)ds

7

where N(dt,dv) = N(dt,dv) + rt(dv)dt. By Holder’s inequality and the martingale isometry,
we derive that
2

t+r t+r t+r
h(s—,v)mt(dv)ds <E/ ds/ / s—,v)nt(dv)| ds,
t+r t+r
§/ ds/ n(dv)/ /E\h(s—,v)\zn(dv)ds,
t z t z
and
t+r
/ / s—,v)N(ds,dv) —E/ /|hs—v[2 (dv)ds
Therefore,
t+r 2

5E h(s—,v)N(ds,dv)| <10[1 —|—rn(Z)]E/tt+r/z|h(s—,v)]27'[(dv)ds — 0,

as r — 0. Obviously, we have

2

5E 2 +5E ‘,B [ min x(s) — min x(s)] —0

0<s<t+r 0<s<t

« [ max x(s) — max x(s)]
0<s<t+r 0<s<t

as r — 0. Therefore, ® is mean square continuous on [0, T].
Next, we will claim ®(R) C R. That is to say, if E(supy, |x(t)|?) < oo, then

E ( sup |q><x><t>|2> < co.

0<t<T
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Using the basic inequality, it follows that

2

t t 2
E| sup |®(x)(t)|* | < 6E|xo|> +6E sup /f(s)ds + 6E sup /g(s)dw(s)
0<t<T 0<t<T |0 0<t<T |V0
¢ 2 2

+ 6E su / /h s—,v)N(ds,dv)| + 6E sup |a max x(s

SUP 1o /s (s—,v)N(ds,dv) Sup | gnax (s)

2

+6E OSSI:ET ,Borgs%x(s)

By the Holder inequality and Doob’s martingale inequality, we obtain
T T
E( sup [®x)(1)] < 6E|x0l? + 6TE/ £ (s) s + 2415/ 1g(s)[2ds
0<t<T 0 0

T
+24E/0 /Z|h(s—,v)|27t(dv)ds+6(zx2+52)E sup  |x(t)]

0<t<T AT

Since f € £2([0,T|;R), g € £L2([0, T];R) and h € L%(]0, T] x Z;R), it follows that

E(supy;r |D(x)(1)]?) < co. (5.3)

Hence, (5.3) implies ® is a operator from £2([0, T]; R) to itself and we conclude that ® is well
defined.
Now, we prove that ® has a unique fixed point. For any x,y € Ez([O, T]; R), we have

E sup |®(x)(t) = P(y)(t)|* < E sup |a max[x(s) —y(s)] + B min [x(s) — y(s)][

0<t<T o<t<T O<s<t 0<s<t
< (la[+[B])?E sup [x(t) —y(1)[*
0<t<T

By Assumption 2.3, we have (|a| + |B])? < 1, then the operator @ is a contraction mapping on
R and therefore has a unique fixed point in £2([0, T]; R) which is a solution of equation (3.1)
on [0, T], i.e., there exists a unique stochastic process x = x(t) satisfying

E sup |®(x)(t) — x(t)|* = 0.

0<t<T

So x(t) is a unique solution of equation (3.1) in [0, T]. The proof is complete. O

Acknowledgements

The authors would like to thank the editor and the referees for their valuable comments
and suggestions. The authors would also like to thank the Edinburgh Mathematical Soci-
ety (RKES130172) and the National Natural Science Foundation of China under NSFC grant
(No. 11401261, 11471071) for their financial support.

References

[1] I. BraARI, A generalization of a lemma of Bellman and its application to uniqueness prob-
lem of differential equations, Acta Math. Acad. Sci. Hungar. 7(1956), 71-94. MR0079154;
https://doi.org/10.1007/BF02022967


http://www.ams.org/mathscinet-getitem?mr=0079154
https://doi.org/10.1007/BF02022967

18 W. Mao, L. Hu, S. You and X. Mao

[2] L. CrAUMONT, R. A. DonEy, Pathwise uniqueness for perturbed versions of Brownian
motion and reflected Brownian motion, Probab. Theory Related Fields 113(1999), 519-534.
MR1717529; https://doi.org/10.1007/s004400050216

[3] L. CaaumMoNT, R. A. DonEy, Y. Hu, Upper and lower limits of doubly perturbed Brownian
motion, Ann. Inst. H. Poincaré Probab. Statist. 36(2000), 219-249. MR1751659; https://doi.
org/10.1016/50246-0203(00)00123-0

[4] P. CARMONA, F. PETIT, M. YOR, Beta variables as times spent in [0, o) by certain perturbed
Brownian motions, J. Lond. Math. Soc. 58(1998), 239-256. MR1670130; https://doi.org/
10.1112/80024610798006401

[5] B. Davis, Weak limits of perturbed random walks and the equation Y; = B; +
amaxo<s<t Ys + fpming<s<¢ Ys, Ann. Probab. 24(1997), 2007-2023. MR1415238; https:
//doi.org/10.1214/a0p/1041903215

[6] B. Davis, Brownian motion and random walk perturbed at extrema, Probab. Theory Related
Fields 113(1999), 501-518. MR1717528; https://doi.org/10.1007/s004400050215

[7] R. A. DoNEY, Some calculations for perturbed Brownian motion, in: Séminaire de Probabil-
ités, XXXII, Lecture Notes in Math., Vol. 1686, Academic Press, Springer, 1998, pp. 231-
236. MR1655296; https://doi.org/10.1007/BFb0101760

[8] R. A. DoNEy, T. ZHANG, Perturbed Skorohod equations and perturbed reflected diffusion
processes, Ann. Inst. H. Poincaré Probab. Statist. 41(2005), 107-121. MR2110448; https:
//doi.org/10.1016/j.anihpb.2004.03.005

[9] L. Hy, Y. ReN, Doubly perturbed neutral stochastic functional equations, J. Comput. Appl.
Math. 231(2009), 319-326. MR2532673; https://doi.org/10.1016/j.cam.2009.02.077

[10] J. Luo, Doubly perturbed jump-diffusion processes, J. Math. Anal. Appl. 351(2009), 147-
151. MR2472928; https://doi.org/10.1016/j. jmaa.2008.09.024

[11] J. Norris, L. RoGers, D. WiLL1aMS, Self-avoiding random walk: A Brownian motion
model with local time drift, Probab. Theory Related Fields 74(1987), 271-287. MR0871255;
https://doi.org/10.1007/BF00569993

[12] M. PErmMAN, W. WERNER, Perturbed Brownian motions, Probab. Theory Related Fields
108(1997), 357-383. MR1465164; https://doi.org/10.1007/s004400050113

[13] T. TaNIGUCHI, Successive approximations to solutions of stochastic differential equa-
tions, J. Differential Equations 96(1992), 152-169. MR1153313; https://doi.org/10.1016/
0022-0396(92)90148-G

[14] W. WERNER, Some remarks on perturbed reflecting Brownian motion, in: Séminaire
de Probabilités, XXIX, Lecture Notes in Math., Vol. 1613, Springer, 1995, pp. 37-43.
MR1459447; https://doi.org/10.1007/FBFb0094198

[15] H. Kunira, Stochastic differential equations based on Lévy processes and stochastic flows
of diffeomorphisms, in: Real and stochastic analysis, Birkhduser Boston, Boston, MA, 2004,
pp- 305-373. MR2090755; https://doi.org/10.1007/978-1-4612-2054-1


http://www.ams.org/mathscinet-getitem?mr=1717529
https://doi.org/10.1007/s004400050216
http://www.ams.org/mathscinet-getitem?mr=1751659
https://doi.org/10.1016/S0246-0203(00)00123-0
https://doi.org/10.1016/S0246-0203(00)00123-0
http://www.ams.org/mathscinet-getitem?mr=1670130
https://doi.org/10.1112/S0024610798006401
https://doi.org/10.1112/S0024610798006401
http://www.ams.org/mathscinet-getitem?mr=1415238
https://doi.org/10.1214/aop/1041903215
https://doi.org/10.1214/aop/1041903215
http://www.ams.org/mathscinet-getitem?mr=1717528
https://doi.org/10.1007/s004400050215 
http://www.ams.org/mathscinet-getitem?mr=1655296
https://doi.org/10.1007/BFb0101760
http://www.ams.org/mathscinet-getitem?mr=2110448
https://doi.org/10.1016/j.anihpb.2004.03.005 
https://doi.org/10.1016/j.anihpb.2004.03.005 
http://www.ams.org/mathscinet-getitem?mr=2532673
https://doi.org/10.1016/j.cam.2009.02.077
http://www.ams.org/mathscinet-getitem?mr=2472928
https://doi.org/10.1016/j.jmaa.2008.09.024 
http://www.ams.org/mathscinet-getitem?mr=0871255
https://doi.org/10.1007/BF00569993 
http://www.ams.org/mathscinet-getitem?mr=1465164
https://doi.org/ 10.1007/s004400050113
http://www.ams.org/mathscinet-getitem?mr=1153313
https://doi.org/10.1016/0022-0396(92)90148-G
https://doi.org/10.1016/0022-0396(92)90148-G
http://www.ams.org/mathscinet-getitem?mr=1459447
https://doi.org/10.1007/FBFb0094198
http://www.ams.org/mathscinet-getitem?mr=2090755
https://doi.org/10.1007/978-1-4612-2054-1

Doubly perturbed stochastic differential equations with jumps 19

[16] X. Mao, Stochastic differential equations and applications, Horwood Publishing Limited, Sec-
ond edition, 2007. MR2380366; https://doi.org/10.15633/9780857099402

[17] X. Mao, Adapted solutions of backward stochastic differential equations with non-
Lipschitz coefficients, Stochastic Process. Appl. 58(1995), 281-292. MR1348379; https:
//doi.org/10.1016/0304-4149(95)00024-2

[18] T. YaAmADA, On the successive approximation of solutions of stochastic differential equa-
tions, J. Math. Kyoto Univ. 21(1981), 501-515. MR0629781; https://doi.org/10.1215/
kjm/1250521975


http://www.ams.org/mathscinet-getitem?mr=2380366
https://doi.org/10.1533/9780857099402
http://www.ams.org/mathscinet-getitem?mr=1348379
https://doi.org/10.1016/0304-4149(95)00024-2 
https://doi.org/10.1016/0304-4149(95)00024-2 
http://www.ams.org/mathscinet-getitem?mr=0629781
https://doi.org/10.1215/kjm/1250521975 
https://doi.org/10.1215/kjm/1250521975 

	Introduction
	Preliminaries
	Existence and uniqueness theorem
	p-th moment exponential estimates
	An example

