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integro-differential equations of Volterra type. The particular solutions of the homo-
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1 Introduction

Leta >0,v>0,B € R, A #0. On the domain 0 < t < d < co consider an integro-differential
equation of the following form:

Dy (t) = AtPI'y (1) +f(t), O0<t<d<oo, (1.1)
where for any 6 > 0:
t
5 _ N1
Ey(t) = gy ) (-0 (e
and D* is the derivative of a order in the Riemann-Liouville sense, i.e.

14 dm m—u
Dy(t):dTmI y (1), m = [a] + 1.

We denote
Cs[0,d] = {f(t) 136 € [0,1),£f(t) € C[o,d]} .

By a solution of equation (1.1) we mean a function y(t) such that 36 € [0,m —«l,y(t) €
Cs[0,d], D*y(t) € C[0,d] and y(t) satisfies equation (1.1) at all points t € (0,d).
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Questions related to theorems about existence and uniqueness of solutions of Cauchy type
and Dirichlet type problems for linear and nonlinear fractional order differential equations
have been developed in sufficient detail (see [15] for the main results, review of papers, and
references). In [1], equation (1.1) was studied in the case § = 0 . In a more general case,
an equation of the type (1.1) and a Cauchy-type problem for them were studied in [3,5,7-9,
16]. Theorems on existence and uniqueness of a solution of Cauchy-type problem have been
proved. We note that explicit solutions have been constructed only for certain types of linear
differential equations of fractional order. Solutions of certain elementary homogeneous and
inhomogeneous equations, obtained by the selection method or by expansion of the desired
solution into a quasi-power series, are known. Moreover, explicit solutions of a Cauchy-type
problem for certain differential equations of fractional order were found in [12] by the method
of reduction to an equivalent Volterra integral equation. Further, in [14], using the properties
of Mittag-Leffler type functions:

[ee]

: L Tl (km+1) +1]
Eymi(z) =) ciz, co=1, ¢ = , i>1, (1.2)
wmi (2) Z.;)l 1 gf[zx(km+l—|—l)+l]

an algorithm for constructing a solution of the differential equation (1.1) in the case v = 0 was
proposed. Moreover, the case, when f (t) = 0 and f (¢) is a quasi-polynomial, was considered.
Further, in [13] an analogous algorithm was used to construct a solution of the equation (1.1)
in the case « = § = 0.

In this paper we propose a new method for constructing an explicit solution of integro-
differential equations of fractional order. This method is based on construction of normalized
systems with respect to a pair of operators (D*, Atf) (see Section 2). Moreover, in contrast to
[14], we construct particular solutions of the inhomogeneous equation for a more general class
of functions f (t). We also note that this method was used in [2,17] to construct solutions of
certain linear differential equations of integer and fractional order with constant coefficients.

2 Normalized systems

In this section we give some information on normalized systems related to linear differential
operators. Let L and L, be linear operators, acting from the functional space X to X, L; X C X,
k = 1,2. Let functions from X be defined in a domain () C R". Let us give the definition of
normalized systems [10].

Definition 2.1. A sequence of functions {f;(x)},, fi(x) € X is called f-normalized with
respect to (L1, Lp) on ), having the base fy(x), if on this domain the following equality
holds:

Lifo(x) = f(x),  Lifi(x) = Laofia(x), i=1

If L, = E is a unit operator, then f-normalized with respect to (L, I) system of functions
is called f-normalized with respect to Ly, i.e.

L) =f(x), Lfix)=fii(x), izl

If f (x) = 0, then the system of functions {f; (x)} is called just normalized.

The main properties of the f-normalized systems of functions with respect to the oper-
ators (L1,Ly) on Q) have been described in [11]. Let us consider the main property of the
f-normalized systems.
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Proposition 2.2. If a system of functions {f; (x)}, is f-normalized with respect to (L1, Ly) on ),
then the functional series y (x) = Y.i~ fi (x), x € Q, is a formal solution of the equation:

(L —Ly)y(x) = f (x), x € Q. (2.1)

The next proposition allows to construct an f-normalized system with respect to a pair of
operators (Ly, Lp).

Proposition 2.3. If for Ly there exists a right inverse operator L;', i.e. Ly - Ly = E, where E is a
unit operator and Ly fo(x) = f(x), then a system of the functions

1 i .
filx) = (L1 'L2> fo(x),i>1,
is f-normalized with respect to a pair of the operators (L1, Ly) on Q).

Proof. Since Ly - L 1 — E is the unit operator, then for alli =1,2,..., we have

Lifi(x) = L1 (Lfl : L2>if0(x) =1 (Lfl : L2> (Lfl : L2>i71fo(x)
::Lz(Lgl-IQ)ifﬁﬁmx)::LQﬁ;J(xy

Consequently, L1 fi(x) = Lof;_1(x) and by assumption of the theorem L; fo(x) = f(x) ie. the
system fi(x) = (Ly'-Ly)'fo(x), i > 0, is f-normalized with respect to the pair of operators
(L, Lo). O

3 Properties of operators I* and D*

Consider some properties of the operators I* and D“.
The following statements are known [15].

Lemma 3.1. Let « > 0. Then for all f(t) € Cs[0,d] the equality

D [[)) (1) = (1) @)
holds for all t € (0,d]. If f(t) € C[0,d], then (3.2) holds for all t € [0,d].
Lemma 3.2. Let « > 0,m = [a] + 1 and s € R. Then the following equalities hold:

I (S + 1) tS-‘rDl

s — St , 1, 3.2

[(s+14a) - .
I'(s+1) ,_

D{th — 71,5 Dl’ _ 1, 3.3

[(s+1-a) o .

Dt = ) SZUC_j/ j:1/21~"/m' (34)

Corollary 3.3. Let « > 0,m = [a] + 1. Then the equality D*y(t) = 0 holds if and only if
y(t) =Y et*,
=1

where c;j are arbitrary constants.
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Lemma 3.4. Leta > 0,m = [a] +1,0 < < 1and f(t) € Cs[a, b]. Then
1) ifa < 5, then I*f(t) € Cs_y[a,b] and

T(1-0)
11 fllc, aan) < Ml fllcan) M = m} (3.5)
2) ifa > 6, then I*f(t) € Cla,b] and
. b—a)" °T(1—6
1 F s < Milfllogey, M= = LU0, 6)

I'(l+a—90)

4 Construction of 0-normalized systems

In this section we construct 0 - normalized systems with respect to the pair of the operators
(D%, AtP1Y) . To do it from Proposition 2.3 it follows that it is necessary to find all solutions of
the equation D*y(t) = 0 and a right inverse for the operator D*. According to statement of
Lemma 3.1 the right inverse of the the operator D* is the operator I*, and due to (3.4) linear
independent solutions of the equation D*y(t) = 0 are functions t%,s; = & —j,j = 1,2,...,m.
Hereinafter, we denote L; = D* and L, = AtPI”. Then the equation (1.1) is represented as
(2.1). For real numbers « > 0, v > 0, § > 0, s € R we introduce the following coefficients:

L T(0k+s+1) T[o(k+1)+s+1—q] > 1

CDH/ 5/ /' = : ’ - 1,
w(051) gf(ék-l-s-l-l-l-v) Tpk+1)+s+1 ~

Ca/y(&,s,o) — 1, S € R.

From the properties of the gamma function we have Cy, (4, s,i) # 0. It's obvious that

Tk 1) + 145 —af
Ca,o(é,sll)—g T[6(k+1)+1+s])

Letsj=a—j, j=1,2,...,mand fo,s].(t) = t%, then due to (3.4): LlfO,s]-(t) =0,j=12,...,m
We consider the system of functions:

fii(t) = (I“./\tﬁll’)ifo.sj(t), i>1. (4.1)

Since (D*)"! = I* and D* fos;(t) = 0, then Proposition 2.3 implies that the system (4.1)
is 0-normalized with respect to the pair of the operators (D% AtFI"). We find explicit form
of the system of functions f;(t). Hereinafter, everywhere we will assume that « > 0, m =
] +1, v>0, B> —{a} — v. The following proposition is valid.

Lemma 4.1. Lets > o —m, gi(t) = (I"‘tﬁl")its,i > 1. Then
1) for the function g;(t) the following equality holds:

gl(t) = CDC,V((X + ;B + v,s, i)t(a+ﬁ+V)i+sl Z 2 1/ (42)
2) the function g;(t) at least belongs to the class Cy,—q[0, d].
Proof. Note that due to (3.2) for s > a« — m the equality

F(S + 1) tS—H./

IVtS —
I'(s+1+v)
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holds. Let i = 1. Then due to the inequality s+ +v>a—m+p+v=—-1+{a} +B+v >
—1 and properties of the operator I*, for the function g (¢) we have

I'(s+1) I(s+1) Ir(B+v+s+1)
=1 (B = JepsTVEB — s+v+p+a
s1(t) (t t) Te+itv) | TG+1+0)T@atviBrstl)

= Cop(a+ B+v,s 1)teTPHves,

Due to the inequality « + B + v +s > a — m it follows that at least g1(t) € Cyy—4[0, d].

Further, in general case by the mathematical induction method it is possible to show valid-
ity of the equality (4.2). Indeed, let for some positive integer r the equality (4.2) holds. Then
for r +1 we get:

Sr+1(t (1“ tﬁ[V) P = (sz . tﬁp/) (I”‘ . t51y>’ts _ [fﬁlvgr(t)}
= Cyp(a+pB+v,s1r)" [tﬁIVtV(ﬂé+ﬁ+V)+s:|

P(r(a+ B+ v) +5+1)  urtarpro)prots
T(ra+B+v)+s+1+v)
T(r(a+B+v)+s+1)
T(r(a+B+v)+s+1+v)
" F(r(oH—,LH—v)+tx+,3+v+s+1—zx)tr(ﬁﬁﬂ)ﬂ%wﬂ
T(r(a+p+v)+a+p+vtstl)
= Cop(a+ B+v,s,74 1)+,

= Cyv(e+B+v,s,1)

= Cyp(a+B+v,s,7)

Therefore, (4.2) is true also for the case r + 1. It is obvious that for any r > 1 at least
Qr+1(t) € Cu—y[0,d] and D*g,.1(t) € C(0,4d). O

From the lemma in the case Sj=o— j, j=1,2,...,m, we obtain

Cav (0, )
— Tké+1+a—j]  T[(k+1)6+1—]]
Tké+1+a—j+v] T[k+1)6+1+a—]]

:1

i>1,0=a+p+v. (43)

Consider the function

z) =Y Cav(a+B+v,s;,i), (4.4)
i=0

where z is a complex number. If in (4.3) B = 0, then

I(14+a—j) ;
Fi(a+v)+1+a—j)’ -

Cop(a+v,a—j,i)=

and

; Dé—l—l/ —|—1—|—oc—]) Z=T(1+w ])Ea+v,1+uc—](z)/

where E, 5(z) is a Mittag-Leffler type function [15].
It is easy to show that at v = 0 the equality

Copla+B,a—j,i)=c;
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holds, i.e. these coefficients coincide with coefficients of expansion of the function (1.2), with
indexes m =1+ g, =1+ % In [6] it is shown that for the coefficients of the function (1.2)
the following asymptotic estimate holds:
¢i  Tla(im+1+1)+1]
ciy1 Da(im+1) +1]
Thus, the function (1.2) is entire. Denote § = a 4+ S + v and rewrite the coefficients
Cuv (6, — j, 1) as follows:

~ (ami)” (i — o0).

v

Calv((Sllx—j,i):Hr[v(ki—i_“;j_’_l)_’_l} .r[zx kg—l—;'—f—l)-i-l}/

i>1,v>0.

i1 r[v<k§+”‘—’f>+1} r[a(kgt”)ﬂ}

Further, the asymptotic estimate

Cov(6, 00— j, 1)
Cov(6,0—j,i+1)
yields that u]-(z), j=1,2,...,m, from (4.4) are also entire functions. Lemma 4.1 and Proposi-
tion 2.3 implies the following lemma.

~ (6))"T* = o0 (i = o)

Lemma4.2. Letsj=a—j, j=1,2,...,m. Thenatall values j = 1,2,...,m the system of functions
fij(t) = AiCuy(a + B +v,s), i)t TFIVIITs =01,
is 0-normalized with respect to the pair of operators (D*, AtPIV) on the domain t > 0.
Using the main property of normalized systems we get the following theorem.

Theorem 4.3. Letsj =a —j, j=1,2,...,m. Then at all values j = 1,2, ..., m the functions

yi(t) = Y fii(t) =19 AiCau(a + B+ v,s5, i)t TFTV) (4.5)
i=0 i=0

are linearly independent solutions of the homogeneous equation (1.1).
Moreover, forall j = 1,2,...,m —1,y,(t) € C[0,d] and yu(t) € Cy—al0,d].

Proof. Consider the function

ui(t) = Y NCup(a+ B +v,s;,i) TP
i=0

1
Since the function (4.4) is entire, then it is obvious that y;(t) = t*Ju;(t) € C[0,d] at
j=12,...,m—1and yu(t) = t* "u,(t) € Cu—s[0,d]. Moreover, forall j =1,2,...,m:

D%foj(t) = 0,D"f; () = Al fi_1,j(t) = AiCu(a + B+ v,5;,i — 1) ["H*TAHVIITS;

T [(a+B+v)its+1] patBv)itvets;

i>1.
[(a+B+v)itsi+1+v] -

= NCaplo+ B+ v,5,i— 1)

Consequently, the series Y ;) D*f; i(t), Y72 IV f; j(t) uniformly converge on any closed domain
le,d], 0 < ¢ < d and, therefore, termwise use of the operators D* and I" to the series (4.5)
is rightful. Then functions y;(t) from (4.5) are solutions of the homogeneous equation (1.1).
Proof of linearly independence of the solutions (4.5) we will show below in Theorem 6.2 of
Section 6. O
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Remark 4.4. In the case v = 0 the functions y;(t) are represented in the form:

yi() =t TE, | o1 5 (At“ﬁ), i=12,...,m

This representation of solution of the equation (1.1) coincides with the result of [14] (see
Theorem 1, formulas (19) and (21)).

5 Construction of f-normalized systems

Now we turn to construction of a solution of inhomogeneous equation. Let f(t) € C[0,d].
Then by the statement of Lemma 3.1 for the function fy(t) = I*f(t) the following equality is
true:

Lifo(t) = DUI*f(t) = f(#).

Consider the system

filt) = (I"‘Atﬂlv)ifo(t) = Ai(l“tﬁlv)ifo(t), i=12,... (5.1)

Lemma 5.1. Let f(t) € C[0,d]|, d < oo. Then the system of functions (5.1) is f(t)-normalized with
respect to the pair of operators (D*, AtPIV) on the domain t > 0 .

Proof. Since f(t) € C[0,d], then due to statement of Lemma 3.4 fy(t) = I*f(t) € C[0,d].
Moreover,

RO = 11£0] < o7 [ =DM < Uflooa 517
0

Thus

() < ﬂ{l'ﬂ“f)

I follcioa < F(oc—l—l) £l cro,a-

Hereinafter, we denote M = ”{Lﬁ% Then |fo(t)] < Mt*. Since |fo(t)] < Mt*, then

jA (I“tﬁﬂ) fo(t)( < M|A| (I“tﬁﬂ) .

Therefore, for any i > 1 the following estimate holds:

i) =

Ai<1”‘tﬁlv)lf0(t)' < M (1P e
Further, due to (4.2) the function (I*tf Iv)it"‘ is represented as follows:

(I”‘tﬁlv)zt”‘ = Copl(t+ B+ v, i) erpr0ite

thus, ' '
1fi(1)] < MIA|'Cop(a + B+ v, a, i)t @FFTVIFE, (5.2)
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Consequently, at any i > 1 we have f;(t) € C[0,d] as well as (5.2).
Moreover,

Lifi(t) = D (I"‘ : )\tﬁ)ifo,sj(t) = D*I* . Ath (I"‘ : /\tﬁ>i71fo,sj(t)
= MPFi 1(t) = Lafi1(t), i>1.

Thus, in the class of functions X = C|0, d] we get:

Lifo(t) = f(t),  Lifi(t) = Laofia(t),  i21,
i.e. the system (5.1) is f-normalized with respect to the pair of operators (D%, AtF). O

Theorem 5.2. Let f(t) € C[0,d] and functions f;(t), i > 0 be defined by (5.1). Then the function
yr(x) =} filh) (5.3)
i=0

is a particular solution of the equation (1.1) from the class C|0, d|.

Proof. Estimate the series (5.3). Due to (5.2), we have

> 1 fllcoqt” X o
< . < = ! i(a+p) .
lysl < ;:O, Ifi(t)] < o+ 1) 1+i§:1‘,|)\| Cop (¥ +p+v,ai)t

Since the last series is uniformly convergent on the domain 0 < ¢t < d, then sum of the
series, and hence the function y((t) belong to the class CI[0, d]. O

Now we study representation of the functions (5.1) for certain particular cases of func-

tions f(t).

Lemma 5.3. Let f(t) = t", u > —1. Then a particular solution of the equation (1.1) has the following
form:

_ T+ D & k(a+B+v)
yf(t)—mkgo/\ C(X,V(lx“i_,B—f—V,‘u—i—[X,k)t .

Proof of the lemma follows from (4.2).

P
Theorem 5.4. Let f(t) = Y Ajt"i, uj > —1. Then a particular solution of the equation (1.1) has the
j=1

following form:

POAT (pj+ 1)t @
t) = LA AC, L (a+ B+, u; + a, k) tkethty), (5.4)

In the case v = 0 the representation (5.4) of a particular solution of (1.1) coincides with the
result of [14] (see Theorem 2, formula (27)).

Now we give an algorithm for constructing particular solutions of the inhomogeneous
equation (1.1) in the case when f(t) is an analytic function.
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Theorem 5.5. Let f(t) be an analytic function. Then a particular solution of the equation (1.1) has
the form
N

kz%l'* “+k+1)yk+a(t)’ (55)

where Yy, (t) is defined by the equality:

yk-i-uc(t) = 2 /\ica,v (“ + ,B, k+a, Z) ti(lx+ﬁ).
i=0

Proof. Let f(t) be an analytical function. Then it can be represented in the form
_ v Y0
) =1
k=0
and assuming that fo(t) = I*f(t), we have

filt) = (I"‘-/\tﬁl”>if0(t) - (I“-Atﬁ“)i (i f(kli'(o) I”‘tk>
k=0 :

_Oof(k)(o) r(k+1) o, ﬁvikJra
—go k! F(k+1+zx)(l A”)t '

Due to (4.2): ‘
(Ioc . Atﬁlv>ltk+a — /\ica,v(lx + ﬂ +v,k+a, i)t<a+ﬁ+v)i+k+“,

Then

> fK0) T(k+1)

(F) — /\iC + k Ji t(tx-&-ﬁ-i—v)i-&-k-l-tx.
»fl( ) ]{;0 k| r<k+1+lx) IX,V((x ,B—I_V +DC l)

Hence for the function y((t) we get (5.5):

t) —if- ): SO i)ﬁ (a+ B,k +a,i) 1@t i Ol ()
_l.:ol 0c+k—|—1 Cow (a4 B, =T a+k+1)y"+”‘ '
O

Theorem 5.6. Let f = n, n = 0,1,...,f(t) € C[0,d]. Then a particular solution of the equation
(1.1) has the form:

t
| = /0 Guasu(t — 7,7, A) f(1)dT, (5.6)
where Gy a1y (1t, w, A) is defined by the equality:
Gn,rx—H/ (u/ w, /\) = Z Gn,zx—H/,i(u/ w, A):
z:O
Gi’llXVZ<uZ’U/\ Z ZCH Ch av(“+V]1+]2+ +].i+lx_1;i)

n!

X ul(’””)*h*'"ﬂi*“*lw’”*h*'“*f',Cif =
jit(n —ji)!
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Cw(zx+v,j1+jz+-~-+ji+zx—1,i)
platv)+jot+- - +jp+a)  T[p+D(e+v)+ji+- - +jpi]

= - - - , (6.7
H a+v +jot+tjptatv) T[(p+1)(a+v)+ji+--+jp +4a] 67

where jo = 0.
Proof. Leti=1, B=n,n=0,1,..., fo(t) = I*f(t). Then

f() = (I A1) fo(t) = (I* - A") VT f(F) = r(la) /Ot (t— 1) ATV f(T)dT

= Fare e 1) [0 e e

Investigate the inner integral:

t
L1 = / (t— 1) Nt —2)" "
z
After the change of variables T = z + (f — z){ we have:

In,l _ /Zt (t . T)zx—l(T B Z)oc+v—1TndT — (t o Z)Zoz-i—v—l /04 (1 o g)zx—lga-i-v—l((t . Z)§+Z)nd(:.

Consequently,

B A Lo Tla+v+j) /t __yAaR2ev—1_n—j;
i) = I'(a+v) jlz_locn Fla+v+j+a)o (t=2) 2" f(2)dz

Further, for the function I" f1(t) we obtain:

t T . .
IVfi(t) = % Z Cﬁ%/o (t— T)vfl/o (t— Z)]1+2zx+vflznf]1f(z)dzd1-
J1=0
t

n
_ A i1 T(atv+ -1 iF2a+v—1
—mzdﬁ/ 2 f(z) [t =) (w2

]120 z

& i at+v+j t j a+2v— —q 1 i1+20+v— —
= e O%z’ﬂvihiﬁi | =y i ) [ gy e g
J1=

n i t
o A Ci,ll“(zx—&-v-i-jl) T'(v)I(j1+2a+v) o \iit2a2u=1_n—j
T (@) o Tatvijie) T2 Jy (t=17) 2N f(z)dz
=

t
= +v+j1) T2(atv)+j—v) j1+2042v—1_p—j
- i 2 Clt pRlatvi TRl oy /O (£ = ) () g
Then for f,(t) we get:

folt) = (I A'TY) fi(t) = r(l(x) /O t (t— 1) ATV fi (T)dT

_ M Tletvaj) TRtv)+j—v)
- T@T(a+v) = "Tlatv+jt+a) Tatv)+j)

t t .
X / z”_hf(z)/ (t—1) Nt — )22y,
0 z
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Consequently,

A2 F(a) T(a+v+j+a) Tlat+v+ij)
) =—— cicy
f2(t) T(a) ]120]22 "T@+v)T(a+v+jp+a+v)Ta+v+j +a)
T2(a+v)+j1+j2) /t 2atv)+atjr+ia—1_2n—jr—j
- =2 f(2)d
TCa+v) +ji+jp+a) Jo 072 Zh R f(2)dz

Put jo = 0. Then for f,(t) we obtain the following representation:

- CJZH T(pla+v)+jo+-+jp+a)
“)h: = o T(pla+v)+jo+--+jp+atv)
. . t
r[<P+1)(“+V)+]O+"'+]p+1 / 2atv)+atji+ia—1,2n—ji - ]zf( )dz
Tl(p+D(e+v)+jot - +jpra+a] J

In general case, using the representation of coefficients C,, (J,s, i) for f;(t), we get:

Al

n n
)R Z L CliCuy(a+v, i +jat +jita—T1,0)

D( /1=0

~—

2 (t . Z)k(a+v)+a+j1+j2+~~~+ji—1zkn—j1—j2—~-~—j,vf(z)dz

4

o—__

where coefficients Cy (2 + v, j1 + jo + - - - + ji +a — 1,i) are defined by the equality (5.7). Then

a particular solution of the equation (1.1) is represented in the form (5.6). O
Example 5.7. Let B =n = 0. Thenjlzjgz---:jizo,
1 Tplatv)+a)  Tl(p+1)(a+v)] I(a)
Cov(+1v,0,1) . = — ,
1 Or oc+v>+«x+v> Cl(p+ D +v) +a]  Tli(a+v)+a]
Goyi(u,w,A) = A yilatv)+a—t
O,D(,Z 7 7 F(Z(DC +1/) + [X) 7

o Niyilatv)+a—1

G a\U, /)\ = ;
0a(t,0,) l:OF(z(zx—i—v)—i—zx)

= u L Eyyu (AU,

In this case

D= [ Goalt = 7m0 = [ (1= 0" Eua (A - 1)) (i

This formula has been obtained in [1] (see formula (15)).

6 Solution of Cauchy type problem

Consider the following Cauchy type equation:
p
D%(t) = APIy(t) + Y_Mthi,  0<t<d< o, (6.1)

D fy(t)| _ =bw k=12..,m-1, 6.2)
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where D*™" = ["7%, by are real numbers. First we study the homogeneous equation (6.1)-
(6.2).

Theorem 6.1. Let Aj = 0,j = 1,2,...,p. Then solution of the Cauchy equation (6.1)—(6.2) exists,
unique and can be represented in the form:

L b; S > .
y(t) =), W—ijj-i—l)t%] Y ACuu(a+ B +v,a—j,i) AL (6.3)
=1 i=0

Proof. Let Aj =0,j =1,2,...,p. According to Theorem 4.3 the function y(t) in (6.3) is solution
of the equation (6.1). Let us show that y(f) satisfies initial conditions (6.2). Due to (3.2)—(3.4),
we have:

—aperprvyive—j _ L@ PHV)IHa—j+1] (oipivyivm—
T[(a+B+v)itm—j+1] ’

D** i =0, j>k

_ o T[(a+B+v)ida—j+1] ki .
Dy kplatptv)ita—j : : platprv)itk J < k.
T[(a+p+v)i+k—j+1] =

Thus, for the functions fi,j(t), j=12,...,m, we get:

F(D(—]+1)/ lzolk:]/

D 0], = HimD* (1) = {o k#ji>0,
Then
D*7y;(0) =lim D*Jy;(t) =T (« —j+1), D*Fy;(0) = limD**y;(t) =0, k#j. (64)
Consequently,
b
a—k _1; a—k _ k _ —
D y(t)\tzo_g&z) V) =t T @ kD = b O

Theorem 6.1 implies also the following result.

Theorem 6.2. If B > —{a} — v, then solutions y;(t) in (4.5) of the homogeneous equation (6.1) are
linearly independent.

Proof. For solutions y1(t),y2(t),...,ym(t) we introduce analogue of Wronskian [4, p. 225]:
W, (t) = det (D”‘_kyj(t))zj, 0 <t < d. We have the following statement, which is proved
similarly to the corresponding theorem for linear differential equations of order m.

Lemma 6.3. Solutions y1(t),y2(t), ..., ym(t) of the equation (6.1) are linearly independent if and only
if at some point ty € [0,d]: Wy(to) # 0.

According to (6.4) we get W,(0) = (=1)"T (a)T (6« —1)-...-T (e —m+1) # 0 and, con-
sequently, due to the lemma, solutions y;(t),y2(t),..., ym(t) of the equation (6.1) are linearly
independent. [

From the Theorems 5.4 and 6.1 we get the following statement.
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Theorem 6.4. If y; > —1, j = 1,2,...,p, then solution of the Cauchy problem (6.1)—(6.2) exists,
unique and can be represented in the form:
b

m o0
= _— D‘_j i — 71 (lX—‘rﬁ-‘rV)l
y(t) Zf(a—j+1)t Y ACuy(atptv,a—j it

j=1 i=0

PAT (uj+ Dt &

A Coy (o + B+ v, pt; + a, k) EKEFBHD),
; r(]/l]‘-i—l-i-tx) kg(:) j
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