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Abstract. For a dynamics with continuous time, we consider the notion of a strong
exponential dichotomy with respect to a family of norms and we characterize it in terms
of the admissibility of bounded solutions. Moreover, we consider both strong and weak
admissibility, in the sense that the solutions are respectively of a nonautonomous linear
equation defined by a strongly continuous function or of an integral equation obtained
from perturbing a general evolution family. As a nontrivial application, we establish the
robustness of the notions of a strong exponential dichotomy and of a strong nonuniform
exponential dichotomy. We emphasize that the last notion is ubiquitous in the context
of ergodic theory: for almost all trajectories with nonzero Lyapunov exponents of a
measure-preserving flow, the linear variational equation admits a strong nonuniform
exponential dichotomy..
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1 Introduction

For a nonautonomous linear equation
x' = A(t)x (1.1)

in a Banach space defined by a strongly continuous function A(t) and more generally for an
evolution family T(t,s) in a Banach space, we introduce the notion of a strong exponential
dichotomy with respect to a family of norms. This means that besides having the usual upper
bounds in the stable direction for positive time and in the unstable direction for negative time,
we have, in addition, lower bounds in the stable direction for positive time and in the unstable
direction for negative time.

Moreover, at each time we consider a possibly different norm. The main motivation comes
from ergodic theory. Indeed, for almost all trajectories with nonzero Lyapunov exponents of
a measure-preserving flow, the linear variational equation admits a strong nonuniform expo-
nential dichotomy (we refer to [2] for details and references). This last notion is a particular
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case of the notion of a strong exponential dichotomy with respect to a family of norms, more
precisely a family of Lyapunov norms. Therefore, the type of exponential behavior considered
in the paper, besides being very common in the context of ergodic theory, plays a unifying
role. In particular, it includes as particular cases both the notions of uniform and nonuni-
form exponential behavior, considering respectively families of constant norms and Lyapunov
norms.

Our main aim is to characterize the notion of a strong exponential dichotomy in terms
of the admissibility of bounded solutions. The latter corresponds to assume that there exists
a unique bounded solution for each time-dependent bounded perturbation of the original
dynamics. In addition to considering a nonautonomous linear equation and more generally
an arbitrary evolution family, we also consider both strong and weak admissibility, which
corresponds to the perturbations of each of those dynamics. More precisely, in the case of
equation (1.1) we consider the perturbed equation

x'=A(t)x +y(t) (1.2)

and its classical solutions, while in the case of an arbitrary evolution family T(¢,s) we consider
the perturbed integral equation

x(t) = T(t,T)x(7) + /t T(t,5)y(s) ds (1.3)

and its mild solutions. We refer to the admissibility in the two perturbed equations, respec-
tively, as strong and weak admissibility. We emphasize that a priori none of them implies the
other.

Our main results show that:

1. the evolution family defined by equation (1.1) admits a strong exponential dichotomy
with respect to a family of norms if and only if it has bounded growth and there exists
a unique bounded solution of equation (1.2) for each bounded perturbation y of the
original dynamics (see Theorems 2.1 and 2.3);

2. an arbitrary evolution family T(t,s) admits a strong exponential dichotomy with respect
to a family of norms if and only if it has bounded growth and there exists a unique
bounded solution of equation (1.3) for each bounded perturbation y of the original dy-
namics (see Theorems 4.1 and 4.2).

Here, “bounded growth” and “bounded” are always with respect to the family of norms ||-|;
under consideration. For example, a function y: R — X with values in a Banach space X is
said to be bounded (with respect to the norms ||-||¢) if

sup|[y(#)[|¢ < +oo.

teR
For an evolution family with bounded growth defined by a differential equation as in (1.1), it
follows from the latter results that there exists a unique bounded solution of equation (1.2) for
each bounded perturbation y if and only if there exists a unique bounded solution of equation
(1.3) for each bounded perturbation y. In other words, in our setting the notions of weak
admissibility and strong admissibility are in fact equivalent. In fact, this can be considered
the main contribution of our work.

The study of the admissibility property goes back to pioneering work of Perron in [8] who

used it to deduce the stability or the conditional stability under sufficiently small perturbations
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of a linear equation. For some of the most relevant early contributions in the area we refer to
the books by Massera and Schéffer [6] and by Dalec’kii and Krein [4]. We also refer to [5] for
some early results in infinite-dimensional spaces.

As a nontrivial application of these results, we establish the robustness of the notion of a
strong exponential dichotomy with respect to a family of norms and of a strong nonuniform
exponential dichotomy. This corresponds to show that any sufficiently small linear pertur-
bation of the dynamics is still, respectively, a strong exponential dichotomy with respect to
a family of norms and a strong nonuniform exponential dichotomy. We emphasize that the
study of robustness has a long history; see in particular [3,7,9,10] and the references therein.
See also [1] for the study of robustness in the general setting of a nonuniform exponential
behavior.

2 Exponential behavior and strong admissibility

2.1 Exponential dichotomies

Let X = (X, ||-||) be a Banach space and let B(X) be the set of all bounded linear operators
on X. A function A: R — B(X) is said to be strongly continuous if for each x € X the map
t — A(t)x is continuous. We note that every continuous function A: R — B(X) is strongly
continuous.

Let A: R — B(X) be a strongly continuous function and consider the linear equation

x'= A(t)x. (2.1)

Let also T(t, T) be the associated evolution family. Moreover, we consider a family of norms
||| on X for t € R such that:

(i) there exist constants C and ¢ > 0 such that
Ix]) < [lxlle < Cex| (2.2)
forx € Xand t € R;
(ii) the map t — ||x||; is measurable for each x € X.

We say that equation (2.1) admits a strong exponential dichotomy with respect to the family of
norms ||-|| if:

(iii) there exist projections P(t) for € R such that
P()T(t,t) =T(t, T)P(t), t,TER; (2.3)

(iv) there exist constants
a<a<0<b<b and D >0

such that
IT(t, 7)P(0)x]l < D" Ix]lx,
IT(t, )Q()x||c < De 27 |x[|; .
fort > 7t and
I7(t,7)P(0)x]e < D, 0s)
IT(z, )Q(1)x[x < De "= ||x]|;

T,t
for t < 1, where Q(7) =Id — P(71).
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2.2 From exponential behavior to admissibility

Let Y be the set of all continuous functions x: R — X such that

€]l := sup|[x(#)[]¢ < +oco.
teR

One can easily verify that when equipped with the norm |- || the set Y is a Banach space.
We first show that for a strong exponential dichotomy the pair (Y, Y) is admissible in the
strong sense, that is, considering classical solutions of equation (2.1).

Theorem 2.1. Assume that equation (2.1) admits a strong exponential dichotomy with respect to the
family of norms ||-||;. Then:

1. for each y €Y there exists a unique x € Y such that
X'(t) = A()x(t) = y(t) (2:6)
fort € R;
2. there exist K,a > 0 such that
IT(t )l < Kel™ 7| x]| (27)
forx € Xand t,T € R.

Proof. For the first statement in the theorem, take y € Y. For t € R we define

—+00

x(t) = /_ too T(t,7)P(t)y(t) dt — / T(t,7)Q(1)y(1) dr. (2.8)

t

It follows from (2.4) that
t 00
[ it or@y@lide+ [T 0@y e
t -~ +oo
< Dllylle </ 6“(t‘r)dr+/ e‘b(T_t)dT> (2.9)
—0c0 t

1 1
=D (=34 ) Il

for t € R and thus, x(t) is well defined. Moreover, given ¢y € R, we have

x(t) = /t T(t, t)y(t)dt — /t T(t, T)P(7)y(7)dt

to to

- [ Tememymdr+ [Tt 0Py dr

i /t 1, )0()(1) dr

= [ 1oy [* 10ROy b

+o00
RO

to

(2.10)

= t T(t, T)y(t)dT + T(t, t9)x(to)

fo
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and hence,
x(t) = T(t,to)x(to) + tT(t, T)y(7)dt (2.11)

to

for t € R. Since T(t, ) is the evolution family of equation (2.1), it follows from (2.11) that
the function x: R — X is differentiable and that identity (2.6) holds for ¢ € IR. Moreover, it
follows from (2.9) that x € Y.

Lemma 2.2. x is the unique function in Y satisfying (2.6).

Proof of the lemma. Since the map x — y defined by identity (2.6) is linear, it is sufficient to
show that if a function x € Y satisfies x'(t) = A(t)x(t) for t € R, then x = 0. Let

¥(t) = P(Hx(t) and x(t) = Q(H)x(t).
Then x(t) = x*(t) + x*() and it follows from (2.3) that
¥(H) = T(t,1)x*(t) and x"(t) = T(t, 7)x"(7)
for t,T € R. Since x*(t) = T(t,t — T)x°(t — T) for T > 0, we have
(Ol = IT(tt = T)x(t = T)|s
= IT(t,t = T)P(t = T)x(t —T)||s

< De|lx(t = )|l
< De"|x]lo0

and letting T — oo yields that x°(t) = 0 for t € R. Similarly, since x*(t) = T (¢, t + 7)x"(t + )
for T > 0, we have
()l = Tt £+ 1) (¢ + )
=||T(tt+7)Q(t+T)x(t+T)|s
< De T x(t+ D)l
< De x|

and hence, x"(t) = 0 for t € R. Therefore, x(t) = 0 for t € R. O

It remains to establish the second statement in the theorem. It follows from (2.4) and (2.5)
that

| T(t, T)x[le < | T(t, T)P(T)x|e + | T(t, T)Q(T)x||t
< D" x|+ + D || x|
< 2D x|
for t > T and similarly
IT(t,T)x|¢ < 2De 271 x|,

for t < 1. Therefore, (2.7) holds with K = 2D and a = max{b, —a}. O
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2.3 From admissibility to exponential behavior

Now we establish the converse of Theorem 2.1, that is, we show that if the pair (Y,Y) is
admissible, then equation (2.1) admits a strong exponential dichotomy.

Theorem 2.3. Assume that for each y € Y there exists a unique x € Y such that:
1. identity (2.6) holds for t € IR;
2. there exist K,a > 0 such that (2.7) holds for x € X and t,T € R.
Then equation (2.1) admits a strong exponential dichotomy with respect to the family of norms ||-||s.

Proof. Let H be the linear operator defined by

(Hx)(t) = x'(t) — A(t)x(t), tER (2.12)
in the domain D(H) formed by all x € Y such that Hx € Y.
Lemma 2.4. The operator H: D(H) — Y is closed.

Proof of the lemma. Let (x;)ren be a sequence in D(H) converging to x € Y such that yy = Hxy
converges to y € Y. For each T € R, we have

x(t) —x(7) = lim (x(f) — x(7))

= kh_)r?o : x;.(s) ds
= lim t(yk(s) + A(s)xx(s)) ds

k—o0 T

for t > 1. Moreover, it follows from (2.2) that

‘ /:}/k(s)ds — /:}/(S)ds < /:Hyk(s) —y(s)|| ds

t

< | llyi(s) —y(s)llsds
< (t=Dllyx = yllo-

Since yx — y in Y, we obtain

lim /Tt Yi(s)ds = /Tty(s) ds.

k—oc0

Similarly,

< M [ ak(s) = x5 s

< M(t = )|k = x[|oos

/tA(s)xk(s) ds — /tA(s)x(s) ds

where
M =sup{||A(s)| : s € [T, 1] }.

Since the function s — A(s)x is continuous for each x € X, we have

sup [|A(s)x|| < 4o0

T<s<t
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and it follows from the Banach-Steinhaus theorem that M < +co. Since Hx, — y in Y, we

obtain t t

lim A(s)xk(s)ds:/ A(s)x(s)ds.

k—oo JT T
Therefore,
t
x() = x(v) = [ (A)x(s) +y() ds,
which implies that Hx = y and x € D(H). O

It follows from Lemma 2.4 and the closed graph theorem that the operator H has a
bounded inverse G: Y — Y.
For T € IR, let F; be the set of all x € X such that there exists a solution u of equation (2.1)
with u(7) = x satisfying
sup {|lu(t)[|s : t € [T, +00) } < +o0. (2.13)
Similarly, let F be the set of all x € X such that there exists a solution u of equation (2.1) with
u(T) = x satisfying
sup {[lu(t)[|s : t € (—oo, 7]} < o0. (2.14)
One can easily verify that F; and F are subspaces of X.

Lemma 2.5. For T € R, we have
X =F & FL (2.15)

Proof of the lemma. Let ¢: R — R be a smooth function supported on [7, +c0) such that 0 <
¢ <1,¢=1on [T+1,+00) and sup,.g|¢'(t)| < +oo. Moreover, given x € X let u be the
solution of equation (2.1) with u(7) = x. It follows from (2.13) that g := ¢'u € Y. Since H is
invertible, there exists v € Y such that Hv = g. Let w = (1 — ¢)u + v. One can easily verify
that Hw = 0. Furthermore,

sup {|w(t) ¢ : t € [T, 400)} <sup {||lu(t)]|s:t e [r,T+1]}
+sup {[[vo(t)[| : t € [T, +00) } < 400,
and thus w(7) € F{. On the other hand, w — u is also a solution of equation (2.1) and
sup {||(w —u)(t)||¢: t € (—oo, 7]} =sup {|[v(t)||s: t € (—o0,T]} < +o0.

Hence,
w(t) —x =w(t) —u(t) =0v(7) € F}

and x € F; + F!.

It remains to show that Fi N FY = {0}. Take x € FiNFY¥ and let u be the solution of
equation (2.1) with u(t) = x. It follows from (2.13) and (2.14) that u € Y. Since H is invertible,
we must have u = 0 and hence x = 0. O]

Now let P(7): X — Ff and Q(7): X — F¥ be the projections associated to the decomposi-
tion in (2.15), with P(7) + Q(7) = Id. It follows readily from the definitions that property (2.3)
holds.

Lemma 2.6. There exists M > 0 such that
[P(T)x|lz < M]|x[x (2.16)

forx € Xand T € R.
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Proof of the lemma. Using the same notation as in the proof of Lemma 2.5, we have

IP(D)xlx = [lw(D)[lx < fu(D)]lx + [[o(T)]l« 2.17)
< [lxlle + Mol = [lxll« + Gl eo-

Furthermore,
18llec = l¢"ulleo < Lsup {flu(t)lls: t € [r,T+1]},

where L = sup,.g|¢'(t)|. We note that the constant L is independent of 7. Using (2.7) we
obtain

[18llee < LKe®[|x][|¢
and it follows from (2.17) that

IP(T)x[lx < (1+ [[GlILKe")[|x][--
This shows that (2.16) holds taking M = 1 + ||G||LKe". O
Lemma 2.7. There exist constants A, D > 0 such that

IT(t, T)P(T)x||y < De =7 ||x| (2.18)
forx e Xand t > 7.

Proof of the lemma. Let ¢: R — R be a smooth function supported on [, +o0) such that 0 <
P <1, ¢ =1on [t+1,+00) and sup, g|¢'(t)| < 2. Moreover, given x € F;, let u be the
solution of equation (2.1) with u(7) = x. It follows from (2.13) that ¢u € Y and one can easily
verify that H(yu) = ¢'u. Moreover,

sup {[[u(t)||¢: t € [T+1,+00)} =sup {[[p(H)u(t)||s: t € [T+1,+00)}
< [gpulleo = [1G(¥'u) o
<IG]l - l¢'ull
= |Gllsup {[[(¢'u)(®)[|¢ : t € [r, T + 1]}
< 2||Gl[sup {[[u(t) ]l : t € [T, T+ 1]}
=2||G|| sup {||T(t, T)u(7)||¢ : t € [T, T+ 1]}
< 2Ke*(|G| - fu(T) [«
= 2Ke|| G| - [[x[|~,

using (2.7) in the last inequality. Hence, using again (2.7), we obtain
lu(t)|]s < Cllx||x for t>T1, (2.19)
where C = 2Ke" max{1, ||G|| }.

Now we show that there exists N € IN such that for every T € R and x € F;,

1
lu(t)||; < =||x|| for t—T>N. (2.20)

In order to prove (2.20), take tp € R such that fp > 7 and |[u(to)|l;, > ||x||</2. It follows
from (2.19) that

1
e lxle <llus)ls < Clixlle, T <s<to. (2.21)
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Now take ¢ > 0 and let ¢: R — R be a smooth function supported on [7,ty] such that
0<¢p<land ¢ =1on [T+¢ty)— ¢]. Moreover, let

t
y(H) = (Ou(t) and o(t) = u(t) [ y(s)ds
for t € R. Clearly, y and v belong to Y and one can easily verify that Hv = y. Therefore,

1G] sup {[[u())ll: : £ € [T, 0]} = (|Gl - lyllo = [[0]leo-
Hence, it follows from (2.21) that

CIIGI - lxllz = llv(to)llz,

to—¢
> utto)lly [ 9(s)ds
T+e¢
1
> (ty—T— )
> o alto—T—20)|Jxl:
Letting ¢ — 0 yields the inequality
to— T < 2C%||G||.

Hence, property (2.20) holds taking N > 2C?||G]|.
In order to complete the proof, take t > 7T and write t — T = kN +r, with k € IN and
0 <r < N. By (2.16), (2.19) and (2.20), we obtain

7 DP(E)els = [T+ N PO
szwnf+rwpwnmﬂ

7IP(T)x]l<
< 2CMe_( ~T)log2/N) ||,

@

I\)

for x € X. Taking D = 2CM and A = log2/K yields inequality (2.18). O
Lemma 2.8. There exist constants A, D > 0 such that

| T(t, T)Q(T)x||; < De 1 ||x]| (2.22)
forxe Xandt <.

Proof of the lemma. Let ¢: R — R be a smooth function supported on (—oo, 7] such that 0 <
P <1, ¢ = 1on (—oo, 7 — 1] and sup, g |¢'(t)| < 2. Moreover, given x € FY, let u be the
solution of equation (2.1) with u(7) = x. It follows from (2.14) that u € Y and one can easily
verify that H(yu) = ¢'u. Moreover,

sup {[[u(t) ] : £ € (—o0, 7 1]} = sup {[p()u(t)|]s : £ € (—e0, T 1]}
< Iyl = 1G]
< Gl - 1'ul«

= ||Gl[sup {|[(¥'u)(t)]¢: t € [t -1, 7]}

< 2||Gl| sup {][u(t IIt tet—1,1}
=2|G| sup {||IT(t, D)u(7)||i: t € [t —1,7]}
< 2Ke"||G| - [lu(T)[|x = 2Ke"[|G]| - || x]|=,
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using (2.7) in the last inequality. Hence, using again (2.7), we obtain
lu(t)||s < Cllx|| for t<T, (2.23)

where C = 2Ke? max{1, |G| }.
We also show that there exists N € IN such that for every T € R and x € Ff,

1
lu(t)|| < =||x|| for T—t>N. (2.24)

In order to prove (2.24), take typ € R such that tp < T and |[u(to)|lt, > ||x||</2. It follows
from (2.23) that

1
selxlle < fu(s)lls < Clixlle, <s<w (2.25)

Now take ¢ > 0 and let ¢: R — R be a smooth function supported on [ty, T] such that
0<y<land ¢ =1on [ty + ¢ T — €. Moreover, let

+o0
y(t) = —p(Ou(t) and o(t) =u(t) [ y(s)ds
for t € R. Clearly, y and v belong to Y and one can easily verify that Hv = y. Therefore,
IG sup {{lu(®)]l¢ < t € [to, TI} = G - [Ylleo = [[V]leo-
Hence, it follows from (2.25) that

ClIIGI - llxlle = [lo(to) Iz,

> ulto)lly [ ps)ds

0Té€

> = (T — to — 2¢) || x|

1
Tak
Letting ¢ — 0 yields the inequality

T — tg < 2C%||G|.

Hence, property (2.24) holds taking N > 2C?||G||.
Finally, take t < T and write T —t = kN +r, with k € IN and 0 < r < N. By (2.16), (2.23)
and (2.24), we obtain

IT(t, T)Q(0)xls = [IT(T = kN =7, ) Q(T) %[l r—kn—r

C
< Sl
< ZC(] + M)ef(rft)logZ/NHxHT’
for x € X. Taking D = 2C(1+ M) and A = log2/K yields inequality (2.22). O

In order to complete the proof of the theorem, we note that it follows from (2.18) and (2.22)
that (2.4) holds taking @ = —A and b = A. Moreover, it follows from (2.7) and (2.16) that (2.5)
holds taking D = K(1+ M), a = —a and b = a. O



Strong and weak admissibility of L* spaces 11

3 Strong robustness

In this section we establish the robustness of the notion of a strong exponential dichotomy
using its characterization in terms of admissibility of the pair (Y,Y) in Theorems 2.1 and 2.3.
Theorem 3.1. Let A, B: R — B(X) be strongly continuous functions such that:

1. equation (2.1) admits a strong exponential dichotomy with respect to a family of norms ||-||;
satisfying (2.2) for some C > 0 and € > 0;

2. there exists ¢ > 0 such that
IB(t) — A(t)|| < ce M, teR. (3.1)
If ¢ is sufficiently small, then the equation x' = B(t)x admits a strong exponential dichotomy with
respect to the same family of norms.

Proof. Let H be the linear operator defined by (2.12) on the domain D(H). For x € D(H) we
consider the graph norm
x][50 = llx[leo + 1 H|o-

Clearly, the operator
H: (D(H), || lse) = (Y, [I]l0)

is bounded. For simplicity, we denote it from now on simply by H. It follows from Lemma 2.4
that (D(H), ||-||%) is a Banach space.
It follows from (2.7) and (3.1) that

1(B(t) = A())x[[¢ < cCllx]; (32)
for x € X and t € R. We define a linear operator L: D(H) — Y by
(Lx)(t) = x'(t) — B(t)x(t), teR.

By (3.2) we have
I(H = L)x[[oo < cCllx[[5 (3.3)

for x € D(T). By Theorem 2.1, the operator H is invertible. Hence, it follows from (3.3) that if
c is sufficiently small, then L is also invertible. Furthermore, it follows from Theorem 2.1 that
there exist constants K, a > 0 such that (2.7) holds for x € X and ¢, 7 € R. Now let U(¢, T) be
the evolution family associated to the linear equation x’ = B(t)x.

Lemma 3.2. There exist constants K',a’ > 0 such that
U (t, 7)x|le < K'e® 1= x|
forx € Xand t,T € R.

Proof of the lemma. Let x(t) be a solution of the equation x” = B(t)x. For each t > T we have

6l = 706 0)x(0) + [ T0,5)(BO) — Als)x(s) ds

t

< Ke"'" 0 x(7) ||« + K/t e"2||(B(s) — A(s))x(s) s ds

£
< K (o) |+ eCK [ x(s) | ds.



12 L. Barreira and C. Valls

This shows that the function ¢(t) = e~*||x(t)||; satisfies

t
$(t) < Ko(1) +CCK/ $(s)ds
and using Gronwall’s lemma we obtain
p(t) < K(r)ecKI=),

Hence,
U, 7)x|| < KeltH RO x|,
for t > 7. One can argue in a similar manner for t < 7. O
Since L is invertible, it follows from Theorem 2.3 together with Lemma 3.2 that the equation

x" = B(t)x admits a strong exponential dichotomy with respect to the family of norms ||-|;.
O

4 Exponential behavior and weak admissibility

In this section we consider a weak form of the admissibility property and we use it to give a
characterization of the notion of a strong exponential dichotomy.

A family T(t,7), for t,T € R, of bounded linear operators on X is said to be an evolution
family if:

1. T(t,t) =Id fort € R;
2. T(t,s)T(s,T) =T(t,7) fort,s,T € R;
3. given t,7 € R and x € X, the maps s — T(t,s)x and s — T(s, T)x are continuous.

We continue to consider a family of norms ||-||; satisfying conditions (i) and (ii). We say that
an evolution family T(t,s) admits a strong exponential dichotomy with respect to the family of
norms ||-||; if conditions (iii) and (iv) hold.

We first show that the existence of a strong exponential dichotomy yields the weak admis-
sibility of the pair (Y, Y).

Theorem 4.1. If the evolution family T(t, T) admits a strong exponential dichotomy with respect to
the family of norms ||-||¢, then:

1. for eachy €Y there exists a unique x € Y such that
t
x(t) = T(t,t)x(7) +/ T(t,s)y(s)ds for t>T1; 4.1)
T

2. there exist K,a > 0 such that (2.7) holds.

Proof. Take y € Y. For t € R we define x(t) as in (2.8). Then (2.9) holds and proceeding as in
(2.10) we obtain

x(t) = /: T(t,s)y(s) ds + T(t, 7)x(1)

for t > 7. This shows that property (4.1) holds. It follows readily from (4.1) that the function
x is continuous and thus x € Y. The uniqueness of x follows from Lemma 2.2 (that can be
obtained using the same proof). This establishes the first property of the theorem.

The second property follows exactly as in the proof of Theorem 2.1. O
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Now we establish the converse of Theorem 4.1.

Theorem 4.2. Assume that for each y € Y there exists a unique x € Y such that (4.1) holds and that
there exist constants K,a > 0 such that (2.7) holds for x € X and t,T € R. Then the evolution family
T(t, ) admits a strong exponential dichotomy with respect to the family of norms ||-||¢.

Proof. Let H be the linear operator defined by Hx = y in the domain D(H) formed by all
x € Y for which there exists y € Y satisfying (4.1). In order to show that H is well defined, let
Y1,Y2 € Y be such that

x(t) =T(t,t)x(7) + /t T(t,s)y1(s)ds
and
xm:T@aan+/%@@w@%

for t > 7. Then t t
1 1
:/T T(t,s)yi(s)ds = E/T T(t,s)y2(s)ds
and since the map s — T(t,s)y;(s) is continuous for i = 1,2, letting T — f yields that y;(t) =

ya(t) for t € R.
Lemma 4.3. The operator H: D(H) — Y is closed.

Proof of the lemma. Let (x,),en be a sequence in D(H) converging to x € Y such that Hx,
converges to y € Y. For each T € R, we have

x(t) = T(t,T)x(t) = lim (x,(t) — T(t, T)x, (7))

n—00
t
= lim [ T(ts)ya(s)ds

n—oco Jr

for t > 7. Furthermore,

‘ﬁ%@ﬂw@%—ﬂ%@mmwsSMﬁWw@—ﬂMMS

t
<M [ Jlya(s) = y(s)]lsds
< Mllyn = ylloo(t = 7),
where
M =sup {[|T(t,s)| : s € [T, 1] }.
Since the map s — T(t,s)x is continuous for each x € X, we have

sup || T(t,s)x| < +oo

T<s<t

and it follows from the Banach-Steinhaus theorem that M < +oco. Since y, converges to y in

Y, we conclude that
t t
Him [ T(ts)yu(s)ds = / T(t,s)y(s)ds

n—oo Jr T

and ,
xm—T@ﬂqﬂz/dw@ﬂgﬁ
T
for t > 7. This shows that (4.1) holds. Hence, Hx = y and x € D(H). O
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It follows from the closed graph theorem that H has a bounded inverse G: Y — Y. For
each T € R we define

t>1
and
F! = {x € X :sup||T(t, 7)x]|: < ~|—oo}.

t<t

One can easily verify that F; and F} are subspaces of X.

Lemma 4.4. For T € R, we have
X =F @F. 4.2)

Proof of the lemma. Let ¢: R — R be a continuous function supported on [7, T + 1] such that
fTTH $(s)ds = 1. Given x € X, we define a function g: R — X by

g(t) = o(H)T(t, T)x.

Clearly, ¢ € Y. Since H is invertible, there exists v € Y such that Hv = g. Moreover, it follows
from (4.1) that
o(t) = T(t,7)(0(7) +x)

for t > 741 and thus v(7) + x € F. Furthermore, again by (4.1), we have v(t) = T(t,7)v(71)
for t < 7 and thus v(t) € F¥. This shows that x € F§ + F¥.

Now take x € F: N F¥. We define a function u: R — X by u(t) = T(t,T)x. It follows
from the definitions of Ff and F¥ that u € Y. Moreover, Hu = 0 and u € D(H). Since H is
invertible, we obtain # = 0 and hence x = 0. ]

Now let P(7): X — Ff and Q(7): X — F¥ be the projections associated to the decomposi-
tion in (4.2), with P(7) + Q(7) = Id.

Lemma 4.5. There exists M > 0 such that
[P(7)x||x < M||x]| (4.3)
forx € Xand T € R.

Proof of the lemma. Using the same notation as in Lemma 4.4, we have

IP(T)xlx = [lo(T) + x|«
< lo(D)[x + lIxlle < l[olleo + [Ix[l<

= 1G8lleo + [lxllc < [GIl - [[glleo + [l]l -

On the other hand, it follows from (2.7) that ||g||cc < CKe?||x||-, where
C=sup{|p(t)|:telr,T+1]}.

This shows that (4.3) holds taking M = CKe”||G|| + 1. O

Lemma 4.6. There exist constants A, D > 0 such that

IT(t, T)P()xlle < De = |x]|c (4.4)

forx e Xand t > 1.
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Proof of the lemma. Take x € F and let u(t) = T(t, T)x. Moreover, let : R — R be a smooth
function supported on [7,4c0) such that0 < ¢ < 1,9 = 1on [T +1,400) and sup, g |[¢'(t)| <
2. Clearly, pu € Y and one can easily verify that H(¢u) = 'u. Moreover,

sup {lu(t)[|s:t € [T+1,400)} =sup {||p(t)u(t)||s : t € [T +1,+00)}

< yulle = G(u) oo
<Gl gl

— (|Gl sup {II(¥'u)(t)]: : t € [r, T+ 1]}

< 2]l sup {|lu(t)]} : t € [r, 7 +1]}

= 2G|l sup {|T(t, Du(0)]ls : £ € [r,T+1]}
< 2Ke" |G| - ()| = 2Ke*|IGI| - 1]l

using (2.7) in the last inequality. Hence, again using (2.7), we obtain
[u®)lfe < Cllx[lz for =7, (4.5)

where C = 2Ke" max{1, |G|/ }.
We show that there exists N € IN such that for every 7 € R and x € F},

1
lu(t)]]: < EHxHT for t—7>N. (4.6)

In order to prove (4.4), take to € R such that to > T and |lu(to)|s, > | x|/-/2. It follows
from (4.5) that

1
sellxlle <lu(s)lls < Clixlle, T <5 <t (4.7)

Now take ¢ > 0 and let ¢: R — R be a smooth function supported on [7,to] such that
0<yp<land ¢ =1on [T+¢ty— ¢|. Moreover, let

y(6) = p(0u(t) and o) =u(t) [ y(s)ds
for t € R. Clearly, y and v belong to Y and one can easily verify that Hv = y. Therefore,
1G] sup {{lu(®)lle : ¢ € [T, t]} = NG - ylleo = [[V]|eo-
Hence, it follows from (4.7) that

CIIGI - llxllz = llv(to)llz,

to—e

> utto)lly [ 9(s)ds
T+e

1
> (ty—T—2 .
> - clto— 7= 2) x|
Letting ¢ — 0 yields the inequality
to — T < 2C%|G||.

Hence, property (4.6) holds taking N > 2C?||G]|.
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Now take t > T and write t — 7 = kN 4+ r, with k € N and 0 < r < N. By (4.3), (4.5)
and (4.6), we obtain

IT(t, T)P(0)x[e = IT(T + kN + 7, T)P(T) || cphnv-4r

IN

IT(T+ 7, T)P(T)x[|r4r

< Pl

IN
s Ran -

Me—(-=0)1082/N|| ||
for x € X. Taking D = 2CM and A = log2/K yields property (4.4). ]
Lemma 4.7. There exist constants A, D > 0 such that

IT(t, ) Q)| < De ||| (4.8)
forxe Xandt <.

Proof of the lemma. Take x € F! and let u(t) = T(t,7)x. Moreover, let : R — R be a
smooth function supported on (—oo, 7] such that 0 < ¢y < 1, ¢ = 1 on (—oo, T — 1] and
sup;.g|¢’'(t)| < 2. Clearly, pu € Y and one can easily verify that H(yu) = ¢'u. Moreover,

sup {flu(t)[|¢: t € (—oo, T — 1]} =sup {||p(t)u(t)||¢ : t € (—oo, T —1]}
< llypulle = [|G(¥'t) |0
<Gl - [l$"ulo
= [|Gllsup {[|(¥"u)(®)||¢ : t € [t =1, 7]}
<2([G|sup {[lu(t)]|¢: t € [t —1,7]}
=2[|G||sup {||T(t, T)u(7)|:: t € [t —1,7]}
< 2Ke*(|G| - flu(T) |«
= 2Ke*(|G[| - ||x]|-,

using (2.7) in the last inequality. Hence, again using (2.7), we obtain
lu(t)]]s < Cllx||x for t<T, (4.9)

where C = 2Ke” max{1, || G||}
Now we show that there exists N € IN such that for every T € R and x € F},

1
lu@®lle < Slixllc for T—t=>N. (4.10)

In order to prove (4.10), take typ € R such that tp < T and |[u(to)|lt, > ||x||</2. It follows
from (4.9) that

1
s lxle <llus)lls < Clixlle, toss=<. (411)

Now take ¢ > 0 and let ¢: R — R be a smooth function supported on [ty, 7] such that
0<yp<land ¢ =1on [ty +¢ T — ¢|. Moreover, let

o0
y(H) = —p(u(t) and o(t) =u(t) [ (s)ds
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for t € R. Clearly, y and v belong to Y and one can easily verify that Hv = y. Therefore,
G sup {Jlu(®)l; : t € [to, 7]} Z (G- [Ylleo = [0l
Hence, it follows from (4.11) that
CIGI - llxllx = llo(to)

T—¢

> )l | | p(s)ds

0T¢&

> T —to — 2¢) x|+

1
PTel
Letting ¢ — 0 yields the inequality

T — tg < 2C?%||G||.

Hence, property (4.8) holds taking N > 2C2||G]|.
Finally, take t < T and write T —t = kN +r, with k € IN and 0 < r < N. By (4.3), (4.9)
and (4.10), we obtain

IT(t, T)Q(T)xlle = [[T(T = kN =7, T)Q(T) x|l —kn -
< IT(e = 1ROl
< Sl
< 2C(14 M)e~(T=D1082/N| ||
for x € X. Taking D = 2C(1 + M) and A = log2/K yields property (4.8). O

If follows from (4.4) and (4.8) that (2.4) holds with @ = —A and b = A. Moreover, it follows
from (2.7) and (4.3) that (2.5) holds with D = (1 + M)K, a = —a and b = a. This completes
the proof of the theorem. O

5 Weak robustness

In a similar manner to that in Section 3 we establish, once more, the robustness of the notion
of a strong exponential dichotomy but now using its characterization in terms of the weak
admissibility of the pair (Y,Y) in Theorems 4.1 and 4.2.

Theorem 5.1. Assume that the evolution family T(t, T) admits a strong exponential dichotomy with
respect to the family of norms ||-||¢ and that B: R — B(X) is a strongly continuous function such that

IB(t)| <ce @, teR. (5.1)
If ¢ is sufficiently small, then the evolution family U(t, T) defined by
t
U(t,©)x = T(t,7)x —I—/ T(t,s)B(s)U(s,T)xds, t,TE€R
T

admits a strong exponential dichotomy with respect to the same family of norms.
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Proof. Let L be the linear operator associated to the evolution family U(¢, T), defined by Lx =y
on the domain D(L) formed by all x € Y for which there exists y € Y such that

xm:u@ﬂﬂn+fu@mmmsmrtzn

For each x,y € Y such that Lx = y, we have

x(t) = U(t, T)x(1) + / UL s)y(s) ds
— T(t, 7)x(1) + /: T(t,$)B(s)U(s, T)x(7) ds
+ [ Tws s+ [ [ Tw)BE@)Uws)y(s) dwds
— T(t,7)x(7) + /: T(t, w)B(w)U (w, 7)x(7) dw
+ [ Ts@as+ [ [T wB)U,s)y(s) dsdo °
— T(t,T)x(7) + /Tt T(t,s)y(s) ds
+ Tt w)B(w) (U(w,r)x(r)+ [ U(w,s)y(s)ds) dw

= T(t,7)x(7) + / Tt w) (y(w) + B(w)x(w)) duw

for t > 1. Now we introduce an operator P: Y — Y by (Px)(t) = B(t)x(t). It follows
from (2.2) and (5.1) that

1B(#)x(£)]r < Ce|[B(H)x(t)]]

(5.3)
< cCllx(H)]] < cCllx ()]s

for t € R and hence, P is a well defined bounded linear operator. Furthermore, it follows
from (5.2) that D(H) = D(L) and that H = L + P. For x € D(H) we consider the graph norm

1x]l5 = llxlleo + 1 H]|o.

Clearly, the operator
H: (D(H), [I-%) = (Y, [[-lle)

is bounded and for simplicity we denote it simply by H. Moreover, since H is closed,
(D(H), ||-||%) is a Banach space. By (5.3) we have

I(H = L)x[leo < ¢Cl|x]|eo < cCl|x[[c (5.4)

for x € X. On the other hand, by Theorem 4.1, the operator H is invertible. Hence, it follows
from (5.4) that if c is sufficiently small, then L is also invertible.
It remains to show that there exist K/, a’ > 0 such that

|u(t, o)xll; < K'e” x| for t,TeR (5.5)
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By (2.7), we have

|U(t, T)x| = HT(t, T)x + /Tt T(t,s)B(s)U(s, T)xds

t

t
< Ke”(t’T)HxHT—i—K/ e"(=5) || B(s)U(s, T) x5 ds
T
t
< Ke”(t’T)HxHT—i—cCK/ S U (s, T)x||s ds
T

for t > 7. Hence, the function ¢(t) = e~ *||U(t, T)x||; satisfies

t
p(t) < Ko(1) + cCK/ ¢(s)ds
and it follows from Gronwall’s lemma that
p(t) < Kp(r)e K=,

This shows that property (5.5) holds for t > 7 taking K’ = K¢(7) and 4’ = cCK. A similar
argument can be used for t < 7. One can now apply Theorem 4.2 to conclude that the
evolution family U(¢t, T) admits a strong exponential dichotomy. O

6 Strong nonuniform exponential dichotomies

In this section we consider briefly the notion of a strong nonuniform exponential dichotomy
and we obtain a corresponding robustness result.

We say that an evolution family T(t, 7), for t, T € R, admits a strong nonuniform exponential
dichotomy if there exists:

(i) projections P(t) for t € R satisfying (2.3);
(ii) constants
A<A<O<pu<p@, €>0 and D>0

such that B
IT(t, T)P(t)x|| < D=7+l ]

IT(7, £)Q(t)x|| < De M= Feltl )

fort > Tt and
IT(t,7)P(7)x|| < DeA=D*lT x|,

IT(z, )Q(t)x[| < De M=l x|
for t < 1, where Q(7) = Id — P(71).

We first relate this notion to the notion of a strong exponential dichotomy with respect to
a family of norms.

Proposition 6.1. The following properties are equivalent:
1. T(t,T) admits a strong nonuniform exponential dichotomy;

2. T(t,7) admits a strong exponential dichotomy with respect to a family of norms ||-||; satisfying
conditions (i) and (ii).
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Proof. Assume that T(f,T) admits a strong nonuniform exponential dichotomy. For x € X
and 7 € R, write y = P(7)x and z = Q(7)x, and let

%[l = max {{lyl< Izl }.

where
lylle = sup (IT(t, T)ylle =) + sup (|| T(t, T)ylle 27)
tzt t<t

and
Izlle = sup (IT(t, )zl + sup (||T(t, 7)ze" ).
t<tT

t>T
One can easily verify that condition (2.2) holds. Moreover, for t > T we have

It 2yl = sup (IT (s, HTC, D)ylle ) +sup (| T(s, ) T(t, T)ylle 260

s<t

<Sup(||T(S Dylle™7) + sup (IIT(s, T)ylle™ ) +sup (|| T(s, T)y[le 21

s>t T<ls<t s<T

< 2sup (|| T(s, T)ylle ") +sup (| T(s, Tylle *C7),

S>T s<T

where in the last inequality we have used that A > A. Hence,

IT(t, 0)P(x)x]li < 26X sup (| T(s, 7)P(x)x]je ™)

s>T
+eX D sup (| T(s, T)P(r)x]le 27
s<T
<20,

again since A > A. Analogously, for t > T we have

IT(x,0)z[|c = sup (IIT(s, T) T(x, £)z[]et ) +sup (|| T(s, T) T(x, )z[| ™))

s<T $>T
< sup (||T(s,t)z||eﬂ(T*s)) + sup (||T(s,t)z||eﬁ(T_s)) + sup (||T(s,t)z||eﬁ(T_S))
s<T T<s<t s>t

< 2sup (| T(s,)z]e"") + sup (| T(s, Hzlle" ™),

s<t s>t

where in the last inequality we have used that y < 7. Hence,

IT(T, ) Q(H)x[|x < 2e™ ) sup (|| T(s,£)Q()x||e" ™)) + e sup (|| T(s, ) Q(#)x | eF )

s<t s>t
< 2e7 0| x ||,

again since ¢ < 7. One can show in a similar manner that

IT(t, 7)P()x]le < e2Ix]l

and
IT (T, £)Q(t)x||r < e "=7|x|;

for t < 1. Therefore, the evolution family T(#, 7) admits a strong exponential dichotomy with
respect to the family of norms ||-||;.
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It remains to show that the map t — ||x||; is measurable for each x. Let

g(t) = sup (| T(t, )y[le **~7).

t>1

Since the function under the supremum is continuous, we have

g(t)=sup (|T(tD)ylle """ ).
teQN|[T,+0)
Now write Q = {1, f,...} and for each n € IN define

—AMty,—7)

&n(T) = [ T(tn, T)ylle X(~oot,] (T)-

The function g, is measurable and hence, ¢ = sup, g, is also measurable. One can show in a
similar manner that the three other suprema in the definition of the norm are also measurable.

Conversely, assume that T(f,7) admits a strong exponential dichotomy with respect to a
family of norms satisfying (2.2) for some constants C > 0 and ¢ > 0. Then

| T(t, T)P(T)x]| < | T(t, T)P(T)x||s
< DM x|
< CDEX(t_T)+E‘T||‘x||
and

IT(T,£)Q(t)x|| < IT(T,t)Q(t)x||«
< De M9 x|,
< CDefE(tf’r)Jrs\t\ ||x||

for x € X and t > 7. Similarly,
IT(t, 7)Q(7)x|| < CDeMTIHelTl x|

and
IT(t, T)Q(7)x|| < CDe F(t=m el x|

for x € X and t < 7. This shows that T(¢,T) admits a strong nonuniform exponential di-
chotomy. 0

The following robustness result for the notion of a strong nonuniform exponential di-
chotomy is an immediate consequence of Theorem 5.1 and Proposition 6.1.

Theorem 6.2. Assume that the evolution family T(t,T) admits a strong nonuniform exponential
dichotomy and that B: R — B(X) is a strongly continuous function such that

IB(H)| < ce €, teR.
If ¢ is sufficiently small, then the evolution family U(t, T) defined by
t
U(t,T)x = T(t, T)x +/ T(t,s)B(s)U(s, T)xds, t1€R
T

admits a strong nonuniform exponential dichotomy.
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