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Abstract. In this paper, we investigate the following quasilinear reaction diffusion equa-
tions

(b)), = V- (o (IVuf) V) +c(x)f() inQx (0,1°),

g—z =0 on Q) x (0,t*),
u(x,0) = up(x) >0 in Q.

Here () is a bounded domain in R" (n > 2) with smooth boundary dQ). Weighted
nonlocal source satisfies

e(3)f(u(x, 1)) < a1+ 2w, )) ([ () ax)

where a5, p,a are some positive constants and a7, m are some nonnegative constants.
We make use of a differential inequality technique and Sobolev inequality to obtain a
lower bound for the blow-up time of the solution. In addition, an upper bound for the
blow-up time is also derived.
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1 Introduction

The blow-up problems to reaction diffusion equations has been extensively investigated by
many researchers. Much of the work prior to the turn of the century is referenced in [1,9,10].
More recent work, we refer readers to [13-18,21]. In practical situations, one would like
to know whether the solutions blows up and if so, at which time blow-up occurs. Hence,
finding bounds for blow-up time has become the focus of the researchers, especially the search
for lower bounds of blow-up time. Since Payne and Schaefer [20] introduced a first-order
inequality technique and obtained a lower bound for blow-up time, many authors are devoted
to the lower bounds of blow-up time for various reaction diffusion problems, (see, for instance,
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[3-7]). We note that above mentioned studies mainly aimed at seeking lower bounds for blow-
up time of local reaction-diffusion equations. In this paper, we concern the reaction diffusion
equations with weighted nonlocal source

(b(u), =V - (o (|Vul?) Vu) +c(x)f(u) inQx(0,t),

ou

— = * 1.1
5 0 on Q) x (0, %), (1.1)
u(x,0) = up(x) >0 in Q.

In (1.1), Q) is a bounded domain of R" (n > 2) with smooth boundary 9Q), v represents the
unit normal vector to 9Q), u(x) € C'(Q) is a nonnegative function satisfying the compatibility
condition, t* is the blow-up time if blow-up occurs, or else t* = co. Weighted nonlocal source
satisfies

c(x)f(u(x,t)) <aj;+ax(u(x,t))? </Q(u(x,t))"‘dx>m,

where a5, p,x are some positive constants and a;,m are some nonnegative constants. Set
R, = (0,00). Throughout this paper, we assume that b is a C>(R) function with b(s) > 0
for s > 0, p is a positive C>(IR+) function satisfying p(s) + 2sp’(s) > 0 for s > 0, ¢ is a positive
C(Q) function, and f is a nonnegative C(R ) function. By maximum principles [22], we know
that the classical solution u of (1.1) is nonnegative in Q x [0, t*).

For the information about the nonlocal reaction diffusion equations, we refer readers to
[2,11,12,19,23]. Fang and Ma [11] dealt with the following problems

= ‘i(“ﬁ(””xi)xj —c(x)f(u) inQx(0,t),
ij=
‘il a'l (x)uzv; = () on 0Q) x (0,t%),
ij=
[ 1(x,0) = up(x) in Q,

where () C R"(n > 2) is a bounded star-shaped domain with smooth boundary 0Q}, nonlocal
source satisfies

Fluta, ) 2 afut ) ([ (utpyax)

and ay, p,«, and m are positive constants. They derived conditions which imply the solution
blows up in finite time or exists globally. Furthermore, upper and lower bounds for blow-up
time are obtained.

As far as we know, there is little information on the bounds for blow-up time of problem
(1.1). Motivated by the above work [11], we study the problem (1.1). Our results of this
paper are based on some Sobolev type inequalities and differential inequality technique. In
Section 2, when () C R" (n > 2), we obtain a criterion for blow-up of the solution of (1.1)
and get an upper bound for blow-up time. In Section 3, when Q) C R" (n > 3), we derive a
lower bound for blow-up time. An example is presented in Section 4 to illustrate our abstract
results derived in this paper.
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2 Blow-up solution
In this section, we establish conditions on data to ensure that the solution blows up at t* and

obtain an upper bound for t*. To accomplish these tasks, we introduce the following auxiliary
functions

D(t):/QG(u(x,t))dx, E(t):—/Qp(ywz)dx+z/0c(x)P(u)dx, £>0, (2.1)

u [Vu| u
u) :2/0 sb'(s)ds, P(|Vul?) :/0 p(s)ds, F(u) :/0 f(s)ds, (2.2)

where u is the classical solution of (1.1). Our main result of this section is the following
Theorem 2.1

Theorem 2.1. Let u be a classical solution of (1.1). We suppose that functions b,c, p, and f satisfy

V'(s) <0, sp(s) < (1+B)P(s),

23
/ c(x)s(x, 1) f(s(x, £))dx > 2(1 +5)/ c(x)F(s(x,t))dxy, s3>0, 23)
Q Q
where 3 is a nonnegative constant. In addition, initial data are assumed to satisfy
E(0) = / P(| Vo2 dx+2/ F(u)dx > 0. (2.4)

Then u must blow up at t* < T in measure D(t) with

D(0)
T =4 28(1+ B)E(0)
, p=0.

B>0,

Proof. 1t follows from Green’s formula and (2.3) that
- / G (u)urdx = 2 /Q ub’ (1) updx
=2 [ [V (p(|VuP)Vu) +c(x)f(u)] dx
:2/ V- (up(|Vul?) V) dx—z/Qp(wa)\wyzdx+z/Qc(x>uf(u)dx
_2/ up(|Vu? ) ds — z/ (|Vul )\Vu]zderZ/ F(u)dx
—2(1+ﬁ)/QP(!VM|2)dx+4(1+ﬁ)/0c(x)F(u)dx

—2(1+B) [—/QP(Wuyz)dx+2/Qc(x)P(u)dx] = 2(1+ B)E(t). 2.5)
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Differentiating E(t), we get

E'(t) = =2 [ p(IVuP) (Vu- Vi) dx+2 [ () f ()
= Z/BQP(‘VUF)U;??)ZdS - 2/QP(’VM|2) (VM . Vu,f) dx —I—Z/Qc(x)f(u)utdx

zz/Qv- (o(|Vuu2)uy V) dx—Z/Qp(|Vu|2) (Vu-Vut)dx+2/0c(x)f(u)utdx

=2 [ b'(u)u?dx >0, (2.6)
(@)

which with (2.4) imply E(t) > 0 and D’(t) > 0 for all t € (0,t*). By the Holder inequality,
(2.5) and b'(s) > 0 for s > 0, we obtain

2(1+B)E(t)D'(t) < (D’(t))2 = (2/Qb’(u)uutdx>2

<4 (/Q b’(u)uzdx) (/Q b’(u)u%dx) : (2.7)

Using (2.3) and integrating by part, we lead to

G(u) = 2/0u sb/(s)ds = /Ou b'(s)ds* = b'(u)u® — /Ou 20" (s)ds > b’ (u)u®. (2.8)

We combine (2.7) and (2.8) to derive

(14 B)E()D'(t) < 2 (/Q G(u)dx> </Q b'(u)ufdx) — D(H)E(1);
that is
(Eaﬂrﬂ*@an/zo. (2.9)
Integrating (2.9) over [0, f], we have
E(t)D~U*B)(+) > E(0)D~(1+P)(0).
By (2.5), we can deduce
D'(H)D~ B (t) > 2(1 + B)E(0)D~+F)(0). (2.10)
If B > 0, integrating (2.10) over [0, t], we derive
DP(t) < D7P(0) — 2B(1 + B)E(0)D~ 1P (0)t. (2.11)

This inequality can not hold for all t > 0. Hence, u(x,t) must blow up at some finite time +*
in the measure D(t). Furthermore, we conclude from (2.11)

D(0)
2p(1+ B)E(0)’

< T=

If B = 0, we integrate (2.10) to get
D(t) > D(O)eZE(O)Dfl(O)t’

which implies T = co. O
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3 Lower bound for blow-up time

In this section, we restrict O C R" (n > 3). Our goal is to determine a lower bound for
blow-up time t*. Here we impose the following constraints on data

p(s) > by + bysT, V'(s) >,

" 3.1
c(x)f(s(x,£)) < a1 +ax(s(x,t))” (/Q(S(x/t))“dx> ;520 G

where a5, b2,p, q,7 are positive constants, ay,b;, m are nonnegative constants, p > 2q + 1,
a = 2r(q+1) — 2q, and parameter r is restricted by the condition

n(p—2q—1)+4q
r > max {1, H(g 1) } . (3.2)

We introduce two auxiliary functions

A(t):/QB(u)dx, £>0, B(u):zx/ous"‘lb’(s)ds.

In this section, we also need to apply the following Sobolev inequality (see [8, Theorem 2,
p. 265]) for n > 3,

o\ !
< / (qu)nz—de) <cC < / 200 dx / \Vzﬂ“y%lx) , (3.3)
Q Q Q

where C = C(n,Q)) is an embedding constant. The main result of this section is stated as
follows.

Theorem 3.1. Let u be a classical solution of (1.1). Assume that (3.1)—(3.2) hold. If u blows up at
finite time t* in measure A(t), we then conclude that blow-up time t* is bounded from blow by

. © dt
=~ Jao a1 [4r(g+1)+2q(n—2)](14+m)—(n—2)(p—1) 2r(g+1) 7
(0) Kit+« + Kt 4r(q+1)+29(n=2)—n(p-1) + K3t 2G=2
where
1 1-a
K = malQiy s, (3.4)

KZ — a2“[4r(q + 1) + 25/(” _ 2) _ n(p _ 1)] (2c2) 4r(q+1)+;;(pn_—12))—n(p—l)

4r(g+1) +2q9(n—2)

. n(p—1) r n— m)—(n— -
% (1 + 0_1 4r(q+l)+2q€n2)n(l’1)> ,)/_ 2 (q+ir)(+qiil<)+22;(]r(11:r2)zn(<p712)><p . , (35)
K3 — qu‘X(“ — 1) ﬂzan(P — ]‘) (ZCZ) 4r(q+l)+;;€7n7}2))—n(pfl)
r2(q+1) 4r(g+1) +2g9(n —2)
(g +1) - 4 e

ng _
(ZCZ) )2y )2

% 2r(g+1)+q(n—2)

st (2@ + 1) +q(n—2)\ FEE
X |0y + , (3.6)

2nq
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o= by(a —1)[2r(g+ 1) +q(n —2)] (2C2)747(q+1)+£’q<(}2112))7n(p—1) (3.7)
an(p —1)(g + 1)r2@+1) ’ :
,,  balx = D2rlg+1) +g01—2)

2nq(q+1)

~1
2(g+1 n(p—

azn(p — 1)1" (q+ ) (ZCZ) 4r(q+1)+2q(inn—12))—n(pfl) X
2r(g+1) +gq(n—2)

X [2b2q(a -1)+ (3.8)

Proof. By (3.2), we have a > 2. It follows from Green’s formula and (3.1) that
Al(t) = / B (u)u;dx = uc/ w1 (u)updx
Q Q
= uc/Qu""l [V (p(|Vul*) Vi) +c(x)f(u)] dx

= uc/Q V- (u“*lp(\Vu\z)VLQ dx —a(a—1) /Qp(]VuIZ)u“’ZIVuFdx
—|—uc/Qu""1c(x)f(u)dx

ou
< o vu) 2gs — —1/ 2 (b 4 by | Va2 [Vul2d
oc/aQu o u])av w(a )QM (b1 + b2 |Vul*) |Vu|*dx

m
+a1(x/ u“_ldx-l-az(x/ u* P ldy </ u"‘dx)
0 0 0

< —bzﬂ((lx—l)/ u"‘_2|Vu\2(‘7+1)dx+a1a/ u*ldx
0 0

m
+azzx/ u*tP=ldy (/ u“dx) : (3.9)
Q o

We apply the Holder inequality to get

a—1

/ u~ldx < |Q|* (/ u"‘dx) " (3.10)
0 0
For brevity, we denote v = u" and

|Vur|2(q+1) — r2(q+1)u2(r71)(q+1)|vu|2(q+1)‘ 3.11)

Hence, by (3.10)—(3.11), (3.9) can be rewritten as

a—1

boa(a —1) 1 @
/ Bt S r12(g+1) = a
Al(t) < 2T) /Q V| dx + aa| Q) (/Qu dx>

m
—i—azzx/ u*tr1dy </ u"‘dx)
Q Q
a—1

__ ba(a—1) 2(g+1) 1 s\
= —W/Q]Vv\ dx + a14]Q)| /Qv dx

m
+a21x/ Q2D+ gy </ vﬁdx> . (3.12)
0 0
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Using the Holder inequality and the Young inequality, we have

/ VoI t2dx = (q+1)2/ 0% Vo|*dx
) )

a 1
< (g+1)> </ 02(q+1)dx> " (/ \Vv]z(q+1)dx> "
0 0

< q(q—i—l)/ﬂvZ(‘”l)dx%—(q+1)/Q]VU\2("“)dx

that is , )
/ IVo2a+Ddy > q+1/ ‘Vzﬂ“‘ dx—q/ p2@+t 1) gy, (3.13)
o) o) o)
Substituting (3.13) into (3.12), we get
a—1
bogqu(a — 1) ’ boo(a . =
") < 25T 2 @+ gy — —/ 4+112 / .
Al(t) < 20 /Qv dx (g + )21 Vo™ |%dx + a4 uc|Q| v dx

m
+a2rx/ Q2+ (/ vidx> : (3.14)
0 o

Now, we deal with the last term of (3.14). Applying the Holder inequality and (3.3), we
derive

/ 2D+ g </ vi‘dx>m
o) o)

4r(q+1)+2q(n—2)—(n—2)(p—1) +m (n—2)(p—1)
« 4r(q+1)+2q(n—-2) 11\ 2 4r(q+1)+2q(n—-2)
< / vrdx / (0T )n2dx
Q Q
(g+1)+2q(n—2)— (n—2)(p—1 __(=2)(p-1)
« it 2lr(aytlr(l)+2)q(£1 2))(?’ )—H’Vl
< / vrdx
Q

” nnTZ 4r(g+1)+2q(n-2)
Cw2 ( / 020t dx + / |Vzﬂ+1|2dx>
Q Q

4r(q+1)+29(n—2)—(n—2)(p—1) n

- . +m %
/ vi“dx> V] (Cz / 220 4y 4 2 / \vvq+1|2dx)“’””””< " (3.15)
O Q Q

where 0 < % < 11in view of (3.2). Using in (3.15) the basic inequality

(ki + ko)l < 21 (K, +K), ki, ko, j >0, (3.16)
we have

m
1
/Uz(q+1)+” 1 /v%dx
Q QO
4r(q+1)+29(n—2)—(n=2)(p—

n(p—1) M 4r(q+1)+29(n-2) )+m 4r(q+n1();17227)(n—2)
S (2c2) 4r(g+1)+29(n-2) / or dx / 02(q+1) dx
Q Q

4r(q+1)+29(n—2)—(n=2)(p—1) +m

n(p—1) 4r(g+1)+2q(n—2
(2c2) 4r(g+1)+29(n-2) (/ v’fdx> (@) +20(n=2)
Q

n(p-1)

4r(g+1)+29(n-2)
X (/ |Vv‘7+1|2dx> B (3.17)
0
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An application of the Young inequality to the first term of (3.17) yields

4r(q+1)+29(n—2)—(n—2)(p—1)

(g1 129(n-2) +m o ’;()%212 2)
r(q+1)+29(n— r(q+1)+2q(n—
(/ vfdx> e </ vz(qﬂ)dx) e

Q @)

4r(q+1)+2q(n—2)—n(p-1)
[4r(q+1)+29(n—2)](1+m)—(n—2)(p—1) 4r(g+1)+2q(n—2) (p=1)

n(p—1
T(gr1)12q(n—2)—n(p—1 T 20 (i2)
_ </ Z)‘:dx> r(g+1)+29(n—2)—n(p—1) </ Uz(q+1)dx> (G+1)+29(n—2)
@) Q

[4r(g+1)+2q(n—2)](14+m)—(n—2)(p—1)
4r(g+1)+2g(n—2) —n(p—1) « B(q 1) 20 (n=2) -n(p=1)
< vrdx
4r(g+1) +2g9(n —2) 0

”(P - 1) / 2(q+1)
dx, 3.18
4r(g+1) +2q9(n —2) QU X ( )

n(p—1)
4r(q+1)+2g9(n—-2)
of (3.17), we apply the Young inequality to obtain

where we use the fact that 0 < < 1 due to (3.2). Similarly, for the second term

4r(q+1)+29(n—2)—(n—2)(p—

Dim n(p=1)
« 4r(g+1)+29(n—2) 112 4r(g+1)+2q(n—2)
/ vrdx / | Vo™ |“dx
Q Q

4r(q+1)+29(n—=2)—n(p—1)
[4r(q+1)+29(n=2)](1+m)—(n=2)(p—1) 4r(g+1)+29(n—2)

n(p—1)
« 4r(g+1)+29(n—2)—n(p—-1) 4r(g+1)+2g9(n—2)
= / vrdx / | Vot 2dx
QO Q

[4r(g+1)+2q(n=2)](14m)—(n—2)(p—1)

n(p=1) 2)—nlp=
< 47’(q + 1) + 201(11 — 2) — n(P — 1)U_4r(q+1)+2qfn72)fn(pfl) </ p%dx e
QO

4r(q+1)+29(n—2) 1
n(p—1)oy / 1192
Vol dx, 3.19
BT 1) 229 =2) Jo VO ITdx (3.19)

where 07 is given in (3.7). Substituting (3.18)—(3.19) into (3.17), we have

m
/ 02(q+1)+p72rqildx </ U?dx)
Q (@)

S 47’(‘7 + 1) + 26](”’ — 2) — n(p — 1) (2C2) 4r(q+1)+;q((pn112))7n(p71)
4r(q+1)+2q9(n—2)

[4r(g+1)+29(n—2)](14+m)—(n—2)(p—1)

_ n(p—1) Ir(g+1 —2)-n(p—
- o Y « r(g+1)+29(n—2)—n(p—1)
X <1+01 i 1)) (/ Urdx>
Q

n(p — 1) 2 n(p:l) Y P
2C 4r(g+1)+29(n—2)—n(p—-1)

X (0‘1/ |Vv‘7+1|2dx+/ 02(‘7+1)dx). (3.20)
o o

+
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Inserting (3.20) into (3.14), we deduce

a—1

/ L 8 v mafdr(g+1)+2q(n—2) —n(p—1)] , - o
< o 7 4r(g+1)+2q(n—2)—n(p-1)
A'() < a10|0) (/Qv dx) + P PE s o (2¢2)

[4r(q+1)+29(n—2)](1+m)— (n—2) (p—1)

_ n(p—1) o 2D o)
X <1 + 0, 4“'”1”2“”2)"@1)) < / v’ﬁdx)
Q

byqa(a —1) ayna(p —1) 2\ S =T / 2(g+1)
+ < r2(g+1) 4r(q+1)+2q9(n—2) (2¢%) 0’ dx

( Elzi’lﬂ((p — 1)01 (zc2) 4r(q+l)+;;{7nil2))*"(!7*1) _ bzoc(oc—l))
4r(qg+1) +2g9(n —2) (g +1)r2(+1)

x / Vo 2dx. (3.21)
O

Next, we pay our attention to the third term of (3.21). By the Holder inequality and (3.3),
we obtain

2r(g+1) 9(n—2)

/ vZ(q-ﬁ-l)dx
(@)
2n

( 2r(q+1)+q(n-2) ] 2r(g+1)+4q(n-2)
< / ordx (/ (zﬂ“)" ’ dx)
Q Q

(n1-2)

2r(q+1) 17 2r( me (n—2

2r(g+1)+q(n—2) P q q(n—2)

/v%dx Cis (/ 02(Cl+1)dx+/ |Vvq+l\2dx>
Q 9] QO

2r(q+1) nq

_ ( / vi’dx> T <c2 / 20 dy 4 C2 / |Vzﬂ+1]2dx> T (302)
Q Q Q

IN

where 0 < 9(n-2)

T (=) < 1 in view of (3.2). Using (3.16) in (3.22), we have

/ UZ(q—H) dx
O
2r(q+1) n

__ g+l R C E—
nq 2r(q+1)+q(n—-2) 2r(g+1)+q(n—2)
< (ZCZ) 2r(g+1)+q(n-2) (/ v?dx) v " (/ 02(!1+1)dx> ! o
Q Q

2r(g+1) n

gty __nq
+ (2C2) TE 6 ( / v?’dx) T < / |Vzﬂ+1|2dx> TR (329)
(@) QO
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For the first term of (3.23), we use the Young inequality to get
2r(q+1)

nq
(2( 2) 2r(q+1)+q(n-2) </ ,U%i > g qin (/ 2(11 1) > r(q q(n
Q
2r(q+1)—2q

__m 2r(q+1) 2r(qg+1)+q(n—2)
2r(g+1) +qg(n— )> 2412 ( « > 2 +1-29
— 2C2 2r(g+1)—29 q+1 / dx
(2c?) st [

2ng v

o
" <2r(q +1)+q(n—2) / UZ(qﬂ)dx) D) +4(1-2)
Q

2ng
_ nq 2r(q+1)
2r(g+1)—2q (2¢2) s <2r(q +1)+qg(n— )) 2(+1)-2 (/ v[r'dx> 2 +1-27
2r(g+1)+q(n—2) 2ng o)
41 / 20+ gy (3.24)
2Ja
where 0 < wd

) (=2 < 1 in consideration of (3.2). We again use the Young inequality to
second term of (3.23) to obtain

2r(q+])

() o oom
ety [ ohae) ([ )
Q
2r(g+1) % n
o " « 2r(qj1)—2q -5 ni] - ) tan2) 12 2r(q+l)+qq(n—2)
< (ZC )Zr(q+1)—2q (/ v,) 0, r(q+1)-2q <0-2/ \VU‘H ’ dx)
Q (@)
2r(g+1) -2 I .\ FaE
q 4q (2C2) 2r(g+1)-29 ¢, 2r(g+1)—2q / ordx
2r(g+1) +q(n—2) 2 Q
nq / 412
0' Vol™|“dx, 3.25
MEZCESVERTTEAC A 62

where 0, is defined in (3.8). Substituting (3.24)—(3.25) into (3.23), we get
/ UZ(q-ﬁ-l)dx
0

ng
4r(g+1) —4q 2\ T 2r(g+1) +g(n—2)\  zGr-2 — s m
20+ D+ qn—2) ) ong 02

2r(g+1)

« 2r(g+1)—2q ana'z / 112
rd Voltl2d 3.26
X < /Q v x) + 27+ 1) + q(n |VoT™ |“dx. (3.26)

Inserting (3.26) into (3.21), we have

a—1 [4r(q+1)+29(n—2)](1+m)—(n—2)(p—1)

" Ta N 4r(g+1)+2q(n—2)—n(p—1)
Al(t) < a1a|0|% (/ vrdx> +h (/ wdx) A '
0 0

2r(g+1)

« 2r(g+1)—2q
+J2 ( / vrdx> , (3.27)
Q)
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where

aafdr(qg+1) +2q(n—2) —n(p —1)] 2 mp ) — +l)+g((pn7712))7n( =
— ZC 4r(q+1)+29(n—2)—n(p—1) 1 + o q q p ,
h 4r(q+1) +2q(n—2) (2¢%) 1

_ [ bga(a—1) ana(p —1) 2\ TS
J2= < 2 T ar(g 1)+ 2g(n ) 2T

1’lL7
4r(g+1) —4q Nwoh | (2r(q+1) +q(n—2)\ 2@ -ty
x 2r(g+1)+g(n—2) (ZC ) e 2nq + o ’

From (3.1), it follows that
B(u) =« /Ou b'(s)s* 1ds > ay /Ou s*ds = qyu®;
that is
B(u). (3.28)
Combining (3.27) and (3.28), we get

WT_l [4r(g+1)+2q9(n—2)](14+m)—(n—2)(p—1)

A/(t) S ﬂ10(|0|%’)’a771 </ B(u)dx) + ]1r),_ 4r(g+1)+29(n—2)—n(p-1)
Q

[4r(g+1)+2q(n=2)](14m)—(n—2)(p—1) 2r(q+1)

4r(g+1)+29(n—2)—n(p-1) __2r(g+1) 2r(g+1)—2q
X </ B(u)dx) + oy D (/ B(u)dx)
Q Q
a1 [4r(g+1)+29(n—=2)](1+m)—(n—2)(p—1) 2r(q+1)
— KlA(t) « 4 KZA(t) 4r(q+1)+2q(n—2)—n(p—1) + K3A(t) 2r(q+1)72q, (329)

where Kj, K> and K3 are defined in (3.4), (3.5) and (3.6), respectively. We integrate (3.29) from
0 to ¢ to obtain

" at <t
A(O) a1 [4r(g+1)+29(n—=2)](14m)—(n—2)(p—1) 2r(g+1) -
KlTT —+ KZT 4r(g+1)+2q(n—2)—n(p—1) + K3T2r(q+])—2q

Letting t — t*, a lower bound for t* is given by

o dt
t* > O
— A(O) a1 [4r(g+1)+2q(n—=2)](14+m)—(n—2)(p—1) 2r(qg+1)
KlTT + K]T 4r(q+1)+29(n—2)—n(p-1) + KZTZr(z]+1)—2q

4 Application

In this section, an example is presented to illustrate the applications of Theorems 2.1 and 3.1.

Example 4.1. Let u be a classical solution of the following problem:

(u+1In(1+u), = V- <11()(1+yw|)vbl>+(3+|x|2) u </Qu3dx>4 in Q % (0,),

Ju X
a—V—O on aQ) x (0, %),

u(x,0) =1+ (1— |x[2)? inQ,
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where Q) = {x = (x1,x2,x3) | |x|* = x7 + x5 + x5 < 1} is a ball of R®. We then have

bu) =uti(+u),  p(VuP)= (4 |Vu), ) =3+RP @D
Flu) =u? (/Q u3dx> ' ;o up(x) =1+ (1—|x»)>2 4.2)

It follows from (2.1)—(2.2) and (4.1)—(4.2) that

F(u) = /Ouf(s)ds:/ousg </Qs3dx)ids,

u u
G(u) :2/ sb’(s)ds:Z/ s <1+1> ds = u? +2u — 2In(1 +u),
0 0 1+s

Pvz_lw2 d—lwu|21%d—1v21v3
(VuP)= [ p(s)ds = 15 [ (1+5t) ds = 15IVuP+ 5[ Vuf,
D(t) = / G(u)dx:/ (1 +2u —2In(1 +u)) dx,
QO Q

E(f) = —/QP(|Vu]2)dx+2/Qc(x)P(u)dx

u 1
— [ (SqglvuP - Va2 [ @iy | [ Sar) as) a
Q 10 15 Q 0 Q

Selecting B = 3, it is easy to check that (2.3)-(2.4) hold. Moreover, we compute
D(0) = / (u§ + 2up — 2In(1 + up)) dx
0
- /Q (<yx|4 — 2|2 +2) +2(|x|* — 2|x[2 +2) — 2In (|x[* — 2|2 +3)) dx
= 10.1931.

Since 1 < uy < 2, we have

u i u i in 3 %
Flug) = ['s* </ s3dx>4dsz/°s§ (/ 53dx>4dszﬁos (/Q (;) dx) ds
0 Q > Q 1

2

3
2 (1\* 171 2 (1
A 2> ‘9’4”0‘7X<z)

In view of E(t) and (4.3), we have

E(0) = —/QP(|Vuo|2)dx+2/Qc(x)F(u0)dx

-
g

1

LN

7
Q] = 0.2430u7 — 0.0215. (4.3)

1 1 7
L Vit = — |V 3>d +2/ 34 |x[2 (0.24_3Ou2 —0.0215) dx

64

3
15 (1 - ]x|2) ‘943

~1.6 (1 — |xP)* |x -
(64 2]x[2)[0.2430(|x|* — 2|x |2 +2)F — 0.0215]) dx

= 15.3826.
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Consequently, by Theorem 2.1, we know that the solution u blows up at t* < T in the measure
D(t) and

D(0)
T = —F— A=~ <0.4418. (4.4)
2B(1+ B)E(0)
Next, we apply Theorem 3.1 to obtain a lower bound for t*. Here we have n = 3 and
| :%n. Choosingu1:O,a2:4,b1:f—o,bzz%,'yzl,m:%,p:%,q:%,

r = %, and &« = 3, we can check that (3.1)=(3.2) hold. The Sobolev embedding constant

C = 43372775 is given in [11]. Inserting above constants into (3.4)—(3.8), we obtain o =
0.0385, 0, = 0.0546, K; = 0, Ky = 59.1007, K> = 9.5161. Moreover, we compute

u u
B(u) = IX/ b (s)s" 'ds = 3/ 2 (14— )ds=ud+ou2 +3In(u+1) — 3u,
0 0 1+s 2

A(t) = / B(u)dx = / <u3 + 3.2 +3In(u+1) — 3u> dx,
0 0 2
and

A(0) = / (ug + %u% +3In(ug +1) — 3u0> dx
0

- /()<(|x|4—2|x\2+2>3+;<|x|4—2]x|2—|—2)2

+3In (|x\4 — 2+ 3) — 3|t — 2x[? + 2)>dx

= 13.1535.

Since u blows up at t* in measure D(t), we know that u blows up at a finite time *. Therefore,
u blows up at t* in measure A(t). By Theorem 3.1, we obtain a lower bound for the blow-up
time

© dt
F > /
— A(O) a1 [4r(g+1)+2q(n—2)](14m)—(n—2)(p—1) 2r(q+1)
K1T 3 _|_ KlT 4r(q+1)+29(n—2)—n(p—1) _|_ KZTZV(q+1)—Zq
b dt
= =7.0988 x 10~ 4. (4.5)

131535 59.10077 5 + 9.516173
It follows from (4.4)—(4.5) that

7.0988 x 1074 < +* < 0.4418.
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