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Abstract. We prove the existence of weak solutions to the Dirichlet boundary value
problem for equations involving the p(x)-Laplacian-like operator in the principal part,
with reaction term satisfying a sub-critical growth condition. We establish the existence
of at least one nontrivial weak solution and three weak solutions, by using variational
methods and critical point theory.

Keywords: Dirichlet boundary value problem, p(x)-Laplacian-like operator, variable
exponent Sobolev space.

2010 Mathematics Subject Classification: 35D30, 35J60.

1 Introduction
In this article we consider the following Dirichlet boundary value problem:

—AL o u(x) + [u(x) [P 2u(x) = Ag(x,u(x)) inQ,
u=0 on d(Q),

(Py)

where
|Vu|P()

\/ 1+ |Vu|2p)

is the p(x)-Laplacian-like, QO C R" is an open bounded domain with smooth boundary, p €

C(Q)) is a function with some regularity satisfying

|Vu|P 2wy

1<p :=inf p(x) < p(x) < pt :=supp(x) < +oo.
xeQ) xeQ
The function g : O x R — R is Carathéodory (that is, for all z € R, x — g(x, z) is measurable
and for a.a. x € (), z — g(x,z) is continuous) and A is a real positive parameter. In the sequel
of this article, we assume that the reaction term g(x, z) satisfies the hypothesis:
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(g1) there exist a1,az € [0, +o0[ and a € C(Q) with 1 < a(x) < p*(x) for all x € ), such that
1g(x,2)| < a1 +ap|z[*¥~1 forall (x,2) € QX R,

where p*(x) = _mp(x) if p(x) < nand p*(x) = +o0if p(x) > n.

-~ n—p(x)

Now, let Wy”*)(Q) be the closure of CZ(Q)) in the generalized Lebesgue-Sobolev space
WP (Q) given in Section 2. For a weak solution of problem (P;), we mean a function

uc Wg’p(x)(Q) such that

[ Vu(x) [P 2V u(x)
O 14 [ Vu(x) )

+/Q\u(x)|”(")_2u(x)v(x)dx = A/Qg(x,u(x))v(x) dx,

Vo(x)dx

/Q|Vu(x)IP(X)_ZVu(x)Vv(x)dx+

forall v € Wé’p(x)(ﬂ).

Existence and multiplicity results for problems involving the p(x)-Laplacian-like were ob-
tained by Rodrigues [13] (Dirichlet boundary condition), Afrouzi-Kirane-Shokooh [1] (Neu-
mann boundary condition). For other problems driven by the p(x)-Laplacian operator, there
are the works of Fan—Zhang [9], Bonanno—Chinni [3] (Dirichlet boundary condition), and
Deng-Wang [7], Pan-Afrouzi-Li [12] (Neumann boundary condition). Also, we mention
the comprehensive book on nonlinear boundary value problems by Motreanu-Motreanu-—
Papageorgiou [11].

Here, we prove the existence of weak solutions to the Dirichlet boundary value problem
(Py), by using variational methods and critical point theory. Precisely, we apply a result
of Bonanno [2] for functionals satisfying the Palais-Smale condition cut off upper at r (the
(PS)[-condition for short), to obtain the existence of at least one nontrivial weak solution.
Then, we use a result of Bonanno—Marano [4] to obtain the existence of three weak solutions.
The motivation of this study comes from the use of such problems to model the behaviour of
electrorheological fluids in physics (as discussed in Diening-Harjulehto-Hasto—RZzicka [8])
and, in particular, the phenomenon of capillarity which depends on solid and liquid interfacial
properties such as surface tension, contact angle, and solid surface geometry.

2 Mathematical background

Let X be a real Banach space and X* its topological dual. In developing our study, we consider
both the variable exponent Lebesgue space LP(*)(Q)) and the generalized Lebesgue-Sobolev
space wir) (Q)). Indeed, these spaces, in respect to the norms defined below, are separable,
reflexive and uniformly convex Banach spaces (see Fan-Zhang [9]). So, we have the variable
exponent Lebesgue space LP(*) (Q)) given as

LP®(Q) = {u : ) — R : uis measurable and / u(x) PP dx < +oo} ,
o

where we consider the following norm

4l izinf{)\ ~0: [

u(x)
A

p(x)
dx < 1} (i.e., Luxemburg norm).
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On the other hand, the generalized Lebesgue-Sobolev space W'?(*)(Q) is defined by
WP (Q) = {u e LPO(Q) : |Vul € LP(")(Q)}.

Also, we take the norm

el ) = ooy + V] o )
which is equivalent to the norm

p(x)
||u||::inf{/\>0:/ ( )dxgl},
Q

(see D’Agui-Sciammetta [6]). In the following, we will use the norm ||u|| instead of ||u|| e

u(x
A

on W&’p () (Q)). In the proofs of our theorems, we use a Sobolev embedding result; precisely
we refer to the following proposition due to Fan-Zhao [10].

Proposition 2.1. Let p € C(Q) with p(x) > 1 for each x € Q. Then, there exists a continuous and
compact embedding W&’p(x)(()) — L) (Q)), provided that & € C(Q) and 1 < a(x) < p*(x) for all
x € Q.

Another useful theorem, which links [|ul| ;) to Jo [u(x)[P@dx (respectively, [u]| to

Jao ( ()P + | Vu(x) [P )dx), can be stated as follows (Fan-Zhao [10, Theorem 1.3] and
Cammaroto—Chinni-Di Bella [5, Proposition 2.1]).

Theorem 2.2. Let u € LP™)(Q) (resp., u € W&’p(x)(())) and put [ul« = [[ul oo ) (resp., [[ull« =

lul)) and p.(u) = [, [u(x)|P@dx (resp., pu(u) = [ ( u(x) [P + | Vu(x) P )dx). Then, we
have:

(i) JJull«s <1(=1, >1) < p(u)<1(=1, >1);
(if) df ull. > 1, then [|ull? < p.(u) < [|ull?;
(i) if Julls < 1, then [lul)?” < pu(u) < Jull? .
Next, let G : O x R — R be the function defined by

t
G(x, t) = / g(x,z)dz forallteR, x € Q,
0

and consider the functional ¥ : Wé’p (x) () — R defined by

Y(u) = /QG(x,u(x))dx, for all u € Wé’p(x)(ﬂ).

By using (g1), we get ¥ € C! (Wg’p =) (Q)),R). Also, by Proposition 2.1 we deduce that ¥ has a
compact derivative given as

¥ (1) (v) = /Q g(x,u(x))o(x)dx, forall u,0 € WP (Q).
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Moreover, let ® : Wg’p(ﬂ) — R be the functional defined by

®(u) = /Qp( §IVu() dx+/ [\/1+\w ) |2l _1} dx+/ x) [P

for all u € Wé’p(x)(ﬂ), so that @ is in Cl(WS’p(x)(Q),]R). We recall that ® is Gateaux dif-
ferentiable and sequentially weakly lower semicontinuous and its Géateaux derivative @’ :

Wo () = (Wy "™ ()" is

|[Vuu(x) PP "2V u(x)

Vo(x)dx
1+ [ Vu(x) 2

@' (1) (v /|w %) P29 (x) Vo x dx+/

+/Q|u(x)|P(x)_2u(x)v(x)dx

for all u,v € Wé’p(x) (Q)). From Rodrigues [13], we recall the following proposition.

Proposition 2.3. The functional @' : W&’p (x)(Q) — (Wg’p (x)(ﬂ)yk is a strictly monotone and
bounded homeomorphism.

Finally, consider the functional I, : W&’p (x) (Q)) — R defined by I (1) = ®(u) — A¥(u) for
allu € Wg’p(x)(ﬂ). We have

inf ®(u)=o(0) =¥(0) =0.
ueWS’p(x)(Q)

We conclude this section with the following notion.

Definition 2.4. Let X be a real Banach space and X* its topological dual. Then, I} : X — R
satisfies the Palais—-Smale condition cut off upper at r, with fixed r € | — oo, 4+00], if any
sequence {u,} such that

(i) {Ir(uy)} is bounded;
() tim, o | 24 (1) - = O;
(iil) ®(u,) <,

has a convergent subsequence.

3 Existence of one weak solution

In this section we establish an existence theorem producing at least one nontrivial weak so-
lution of (P,). To this aim, we apply a theorem proved by Bonanno [2, Theorem 2.3], which
reads as follows.

Theorem 3.1. Let X be a real Banach space and let ®,Y : X — R be two continuously Gateaux
differentiable functionals such that inf,cx ®(u) = ®(0) = ¥(0) = 0. Assume that there exist r > 0
and il € X, with 0 < ®(i1) < r, such that

(i) o= Lsupy, ., Flu) < 35 = p;
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(ii) for each A € ]%, L[ the functional Iy := ® — A'Y satisfies the (P.S.)!-condition.

Then, for each A € A, := ]%,%
Iy (u) for all u € ®71(]0, 7]).

[, there is ug )\ € ®~1(]0,7[) such that I} (ug ) = Ox- and I)(ug) <

Here, we need the function 6 : Q) — R given as 6(x) = d(x,9Q), with d to denote the
Euclidean distance. Let xp € () be a point of maximum for § and let D = 5(xp), then
B(xo,D) = {x € R" : d(xo,x) < D} C Q. Now, we fix s € |1, 400 and put sp = ! and

Kp = ﬁ. Clearly (1 —sp)Dxp = 1. Then, for B > 0 and h € C(Q) with 1 < h~, we put

[ﬁ]h 1= max {5h7,ﬁh+} .
The hypothesis on the function G : () x R — R is as follows:

inf,en G (x/t)
P

(82) infreq G(x,t) > 0forall t € [0,1] and limsup, ;. = +o0.

-1
Let A* := (alkl(er)l/pf + :%[ka]“(p'f‘)ﬂfr/pi) , where k; and k, are the best constants for

the compact embeddings W&’p (x)(Q) — LY(Q) and W&’p (x)(Q) — L*¥)(Q), respectively. We
establish the following result.

Theorem 3.2. If hypotheses (g1), (g2) hold, then problem (P,) admits at least one nontrivial weak
solution, for each A € 0, A*|.

Proof. We consider the functionals ® and ¥ given in Section 2 on the Banach space Wé’p ) (Q),
and prove that all the hypotheses of Theorem 3.1 hold true with r = 1. Since ®,¥ €
Cl(Wg’p (x)(Q),]R) and ¥’ is compact, the functional I, satisfies the (P.S.)!"-condition for all
r > 0 (see, Afrouzi—Kirane-Shokooh [1, Theorem 3.1]). We deduce that Theorem 3.1 (ii) holds
true. Then, fixed A € ]0,A*[, by (g2) we get

B 1/p~
) P
0 < d, <m1n{1'<mDn(2[KD]p(1_SnD)+1)> }

so that
pshinfiaGxd) 1
(2[kp]P(1 =) +1)(6r)7 ~ A

Now, we consider the function u, : () — R given as

O/ XEQ\B(XO,D),
upr(x) = {8y, x € B(xo,spD),
dxxkp(D — |x —x9|), x € B(xo,D) \ B(xo,spD),

where | - | is the Euclidean norm on R". We obtain

- () ' _ ' (x)
D () < /Q|wA(x)|szx+/Q [\/1+|VuA(x)\2P(x) 1] dx+/B(x0/D)\uA(x)|pxdx

g/z\vm(x)yﬂx)czw/ (6:1)PWdx
QO B(XO/D)

<mD" (2[xp]"(1 —sh) +1) (6r)F
= O(up) <1,
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where m = % denotes the measure of unit ball of R” and T is the Gamma function. We
get
Y(uy) > / G(x,uy)dx > inf G(x,6))mspD"  (by left part of (g2))
B(x0,spD) xeQ)
N Y(uy) < p-mshD"infrcq G(x,6,) _ p~shinfyeq G(x,6,) - 1
D(up) — mD" 2[kp|P(1—sh) +1) (62)7  Q2kplP(1—sh) +1)(62)F ~ A

Let r = 1. For each u € ®~!(] — o0,1]), we can use Theorem 2.2 and conclude that

1/p
Jull < | [ (19up® + o) ax| < [prow) < o,
= ull < (pH)YP. (3.1)

Next, Proposition 2.1 and Theorem 2.2 imply that
& 4
| W = pu(w) < [ulsiony]” < el (32)

forallu € WP () ), where k, is the best constant for the compact embeddin Wl’p(x) Q) —
0 p & "o

L¥¥)(Q)). Moreover, the compact embedding Wé’p (x)(Q) — LY(Q) (with best constant k),
(g1), (3.1) and (3.2) imply that, for each u € ®~1(] — o0,1]), we have

) < an [ uGo)ldx+ 2 [ Jue)*Odx < arkalfu + 2 ]

<aki(p)"" 4 2l )““’”

S sup ¥ < ak ()Y + RGP = <
o(u)<1 o A A
= sup ¥(u) < 1 < T(MA).
D(u)<1 A @)
It follows that Theorem 3.1 (i) holds true. Since A € | E Ag sup¢<u>1§,,‘Y(u) [, by an application of

Theorem 3.1 with # = u, and r = 1, we obtain the existence of a local minimum point v, of
the functional I, such that 0 < ®(v,) < 1. This means that v, is a nontrivial weak solution of
problem (P,). O

4 Existence of three weak solutions

In this section we prove a theorem producing at least three weak solutions of (P,). To this
aim, we apply a theorem proved by Bonanno-Marano [4, Theorem 3.6], which run as follows.

Theorem 4.1. Let X be a reflexive real Banach space and let ® : X — R be a coercive, continu-
ously Gateaux differentiable and sequentially weakly lower semicontinuous functional whose Giteaux
derivative admits a continuous inverse on X*, ¥ : X — R be a continuously Giteaux differentiable
functional whose Gdteaux derivative is compact such that infx ®(x) = ®(0) = ¥(0) = 0. Assume
that there exist r > 0 and i1 € X, with 0 < r < ®(i1), such that

(i) o= Lsupy, ., Fu) < 35 = p;
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(ii) for each A € | %, L[ the functional I) := ® — A'Y is coercive.

Then, for each A € A, 1= ] %, }T [ the functional I := ® — AY has at least three distinct critical points
in X.

The hypotheses on the function G : () x R — R are as follows:

(g3) there exist ¢ € [0, +o0[ and ¥ € C(Q) with 1 < v~ < 4+ < p~ such that

G(x,t) < ¢ (1 + \tmx)) for all (x,) € Q x R;

(g4) G(x,t) > 0forall (x,t) € Q x [0,400;

(g5) there exist 7 > 0and § > 0 with r < p%mD” [ min {K%_,Klp; }(1—s) +1]07" such that
_ 1 - a -
@ =2 (arka (07 (7 + L (0 (117

p~shinfreq G(x,0)
rolP (1 —sp) + 1)o7

So, we establish the following result.

Theorem 4.2. If hypotheses (1), (g3), (ga), (g5) hold, then problem (P,) admits at least three weak

(2[xp]P (1—sp)+1)o7 l[
p~spinficq G(x0) Fw L

solutions, for each A € A, s := |

Proof. We adapt the proof of Theorem 3.2 to the new situation. So, we consider the same

working space W&’p (x)(Q) with the norm || - || and the functionals ®,Y¥ : Wg’p(x)(ﬂ) — R.
This means that the regularity assumptions of Theorem 4.1 hold true.

Again, let sp and xp as in Section 3. Let r and ¢ as in (g5) and consider the function
w : () — R given as

0, x € Q\ B(xo, D),
w(x) = {4, x € B(xo,50D),
o0kp(D — |x —xp|), x € B(xp,D) \ B(xo,spD).

Following the same arguments in the proof of Theorem 3.2 (by taking in mind (g4)), we obtain

p~shinfyeq G(x,0)
QlplP(1—sp) + 1)o7

>
On the other hand, it turns out that

d(w) > !

=57 Jo (]Vw(x)\p(x) + ]w(x)|p(x)) dx > lermD” [min {K%i,Kgr} (1—sph)+ 1} 57

From r < —-mD" [ min {x}, , Kg }(1—s}) +1]6"", we deduce r < ®(w). Thus, Proposition 2.1
and Theorem 2.2 imply that

S @ = o () < [l oo ] < Deallul® @
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forall u € Wé’p(x) (Q)), where k, is the best constant for the compact embedding Wé’p(x) (Q) —
1x(x) (Q). For each u € ®1(] — o0, 7]), by Theorem 2.2 we have

lull < [pr@@)]"? < [ptr/P = (p)VP [1]V7,
= lull < (pH)VP VP 4.2)

Moreover, the compact embedding W&’p (x)(Q) — LY(Q) (with best constant k1), (1), (4.1)
and (4.2) imply that, for each u € ®~!(] — oo,7]), we have

¥() < [ Ju()ldr+ 22 [ u(olOdx < skl + 2 ko] ] )
Saﬁﬂp)”PVP”+&f%d%p)””[M”ﬂ

S sup W) < (aka(pt )P VP 4 IR () (] 7)
r D(u)<r r a

It follows that Theorem 4.1 (i) holds true. Finally, we prove that Theorem 4.1 (ii) holds true too
(i.e., Iy :== ® — AY is coercive for each A > 0). In fact, Proposition 2.1 and Theorem 2.2 imply

that .y
@ ax = p, ) < [l ] < e lul]” 43)

forall u € W& P ) (Q), where k,, is the best constant for the compact embedding Wl’p(x) (Q) =
L7™)(Q). Consequently, for each u € Wg’p(x)(ﬂ) with [lu|| > max{1,k; 11, using (g3) and (4.3),
we get

‘I’(u):/QG(x,u(x))dxg/()c(l—i—]u(x)\”Y(x)) dx
< e (10] + [k lull]7) = ¢ (101 + [k [lull7)
It follows that
Ii(u) z/@p( JVu()] dx+/ )P — Ac (10 + [k ]l )
aMWPJJMHWWMW

= I, is coercive.

Since A, C | @Ezg T )’ 10 [, by an application of Theorem 4.1 with 7 = w, we have that,
for each A € A, ;, I) admits at least three critical points in W P )(Q) Obviously, these critical

points are three weak solutions of (P)). O

We conclude this article by dealing with a reaction term satisfying the hypotheses (1),
(g3), (g4). Based on the sub-critical growth condition (g ), we take the function g: Q xR — R
given by

1+ |z, if (x,z) € Qx| —o0o,71],
$lv,z) = {1 L W11 if (x,2) € Qx]r, 1o,
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where 7 is a real positive number greater than 1, and ¢,7 € C(Q) with 1 < 7~ < 7T <
min{g~,p~} < p*(x) for all x € Q. Trivially, g is a Caratheodory function satisfying (g1).
Next, consider the function G : Q x R — R given as G(x,t) fo x,z)dz for all t € R and
x € (), so (g4) holds true as g(x,z) > 1 for all (x,z) € Q X ]R From

t+ tq((xi, if (x,t) € Q x [0,7],
Glxt) = 10 () -1(x) 4@ (L L) i (x8) € O
t+ 7 +r (11(7)_@)’ if (x,t) € Qx]|r,+o0],
by routine calculations, we get G(x,t) < (r 471 /97 )(1 + 7)) for all (x,t) € Q x [0, +oo]
and so (g3) holds true (indeed, G(x,t) < 0 for all (x,z) € ] 0,0]).

References

[1] G. A. Arrouzi, M. KIRANE, S. SHOKOOH, Infinitely many weak solutions for p(x)-
Laplacian-like problems with Neumann condition, Complex Var. Elliptic Equ. 63(2018),
No. 1, 23-36. https://doi.org/10.1080/17476933.2016.1278438

[2] G. BoNANNO, A critical point theorem via the Ekeland variational principle, Nonlinear
Anal. 75(2012), No. 5, 2992-3007. MR2878492; https://doi.org/10.1016/j.na.2011.12.
003

[3] G. BonannO, A. CHINNI, Existence and multiplicity of weak solutions for elliptic
Dirichlet problems with variable exponent, J. Math. Anal. Appl. 418(2014), No. 2, 812-827.
MR3206681; https://doi.org/10.1016/j.jmaa.2014.04.016

[4] G. BoNANNO, S. A. MARANO, On the structure of the critical set of non-differentiable func-
tions with a weak compactness condition, Appl. Anal. 89(2010), No. 1, 1-10. MR2604276;
https://doi.org/10.1080/00036810903397438

[5] F. CamMmaRroTO, A. CHINNI, B. D1 BELLA, Multiple solutions for a Neumann problem
involving the p(x)-Laplacian, Nonlinear Anal. 71(2009), No. 10, 4486—4492. MR2548679;
https://doi.org/10.1016/j.na.2009.03.009

[6] G. D’Acul, A. SCIAMMETTA, Infinitely many solutions to elliptic problems with variable
exponent and nonhomogeneous Neumann conditions, Nonlinear Anal. 75(2012), No. 14,
5612-5619. MR2942940; https://doi.org/10.1016/j.na.2012.05.009

[7] S. G. DENG, Q. WANG, Nonexistence, existence and multiplicity of positive solutions to the
p(x)-Laplacian nonlinear Neumann boundary value problem, Nonlinear Anal. 73(2010),
No. 7, 2170-2183. MR2674193; https://doi.org/10.1016/j.na.2010.05.043

[8] L. DieNING, P. HARjULEHTO, P. HAsTO, M. RUZICKA, Lebesgue and Sobolev spaces with vari-
able exponents, Lecture Notes in Mathematics, Vol. 2017, Springer-Verlag, Heidelberg,
2011. MR2790542; https://doi.org/10.1007/978-3-642-18363-8

[9] X. L. Fan, Q. H. ZrAaNG, Existence of solutions for p(x)-Laplacian Dirichlet prob-
lem, Nonlinear Anal. 52(2003), No. 8, 1843-1852. MR1954585; https://doi.org/10.1016/
S0362-546X(02)00150-5

[10] X. L. FaN, D. ZHaA0, On the spaces LP¥) (Q)) and W"P()(Q), ]. Math. Anal. Appl. 263(2001),
No. 2, 424-446. MR1866056; https://doi.org/10.1006/jmaa.2000.7617


https://doi.org/10.1080/17476933.2016.1278438
http://www.ams.org/mathscinet-getitem?mr=2878492
https://doi.org/10.1016/j.na.2011.12.003
https://doi.org/10.1016/j.na.2011.12.003
http://www.ams.org/mathscinet-getitem?mr=3206681
https://doi.org/10.1016/j.jmaa.2014.04.016
http://www.ams.org/mathscinet-getitem?mr=2604276
https://doi.org/10.1080/00036810903397438
http://www.ams.org/mathscinet-getitem?mr=2548679
https://doi.org/10.1016/j.na.2009.03.009
http://www.ams.org/mathscinet-getitem?mr=2942940
https://doi.org/10.1016/j.na.2012.05.009
http://www.ams.org/mathscinet-getitem?mr=2674193
https://doi.org/10.1016/j.na.2010.05.043
http://www.ams.org/mathscinet-getitem?mr=2790542
https://doi.org/10.1007/978-3-642-18363-8
http://www.ams.org/mathscinet-getitem?mr=1954585
https://doi.org/10.1016/S0362-546X(02)00150-5
https://doi.org/10.1016/S0362-546X(02)00150-5
http://www.ams.org/mathscinet-getitem?mr=1866056
https://doi.org/10.1006/jmaa.2000.7617

10 C. Vetro

[11] D. MoTtreaNU, V. V. MOTREANU, N. S. PAPAGEORGIOU, Topological and variational meth-
ods with applications to nonlinear boundary value problems, Springer, New York, 2014.
MR3136201; https://doi.org/10.1007/978-1-4614-9323-5

[12] W.-W. PaN, G. A. Afrouzi, L. L1, Three solutions to a p(x)-Laplacian problem in
weighted-variable-exponent Sobolev space, An. Stiint. Univ. “Ovidius” Constanta Ser. Mat.
21(2013), No. 2, 195-205. MR3096893; https://doi.org/10.2478/auom-2013-0033

[13] M. M. RopriGues, Multiplicity of solutions on a nonlinear eigenvalue problem for p(x)-
Laplacian-like operators, Mediterr. |. Math. 9(2012), No. 1, 211-223. MR2885495; https:
//doi.org/10.1007/s00009-011-0115-y


http://www.ams.org/mathscinet-getitem?mr=3136201
https://doi.org/10.1007/978-1-4614-9323-5
http://www.ams.org/mathscinet-getitem?mr=3096893
https://doi.org/10.2478/auom-2013-0033
http://www.ams.org/mathscinet-getitem?mr=2885495
https://doi.org/10.1007/s00009-011-0115-y
https://doi.org/10.1007/s00009-011-0115-y

	Introduction
	Mathematical background
	Existence of one weak solution
	Existence of three weak solutions

