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Abstract. In this paper, we investigate the dynamics of a diffusive Gompertz popula-
tion model with nonlocal delay effect and Dirichlet boundary condition. The stability
of the positive spatially nonhomogeneous steady-state solutions and the existence of
Hopf bifurcations with the change of the time delay are discussed by analyzing the
distribution of eigenvalues of the infinitesimal generator associated with the linearized
system. Then we derive the stability and bifurcation direction of Hopf bifurcating peri-
odic orbits by using the normal form theory and the center manifold reduction. Finally,
we give some numerical simulations.
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1 Introduction

The Gompertz equation is one of the models that are often used to describe the dynamics of
the populations, including cellular populations of tumour growth, see [18,26,28-30,37]. The
basic Gompertz model has the following form

V() = —rV(#)In VI(;) V(0) = Vo,
where V is simply the number of cells/individuals and K is the plateau number of cells/in-
dividuals. It was proposed by Benjamin Gompertz in 1825 for the first time (see [18]). Since
Laird et al. [30] showed that the Gompertz model could describe the normal growth of an
organism such as the guinea pig over an incredible 10000-fold range of the growth in [26], the
Gompertz equation is often used in the formulation of equations describing the population dy-
namics and to describe the inner growth of tumour. In order to better describe the investigated
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phenomena, the time delays are often introduced into models [1-+4,7,12-17,31,33,34,36]. Lit-
erature [35] introduced the discrete time delay to the classical Gompertz model in different
ways and obtained the following four models with delays:

V(t) = —rV (D) In V(tK_T),-
V(t)=-rV(t—1)In V(tK_T);
V(t) = —rV(t— Tl)an(tIsz);

and it also introduced another model with two delays in which it separated two right-hand
side terms describing two different processes, namely, the term rIn KV (t) (with K # 1) de-
scribing the growth of the population and the term —rV(t) In V(¢) describing the competition
between individuals, and by using such biological interpretation, it proposed the model with
two delays :
V() =rInKV(t—71) —rV(t— ) InV(t — 1),

where 77 and 1, reflect the delay of growth and competition, respectively. In [35], it showed
that the model’s dynamics depend crucially on the place where the delay/delays are included.
As the placement of delays in the models reflects the delays of different biological processes to
their stimuli, so this conclusion is not surprising from the biological point of view. The mathe-
matical and numerical analysis presented in it could help researchers who want to incorporate
the Gompertz equation with delays into their models to choose the most appropriate version
of the equation.

Moreover, in mathematical biology, many models of population dynamics can be described
by the delayed reaction—diffusion equations [6,8,9,20]. In recent years, some researchers
[27,32,39,41] have worked on the following reaction—diffusion equations with delay effect:

i,);t =dAu+uf(u(x,t—1),0(x,t—1)),
37; =dAv+og(u(x,t —71),0(x,t —1)).

In a reaction—diffusion model with time-delay effect, the individuals which located at x in
previous times may not be at the same point in space presently. So the diffusion and time
delay are always not independent of each other for a delayed reaction-diffusion model (see
References [5,10,11,19,21,22,24,40]). Thus, it is more reasonable to consider the diffusive type

model with nonlocal delay. For instance, Britton [5] introduced the following model:
au(a);'t) =dAu(x, )+ Au(x, t)(1+au — (1 +a)g = *u),

where ,
gk kU = / / g(x,y,t —s)u(y,s)dyds,
—o0 JO)

and analyzed the traveling waves on unbounded domain. Then Gourley and Britton [19] pro-
posed a predator—prey system with spatiotemporal delay. In [10], Chen and Yu analyzed the
following reaction—diffusion equation with spatiotemporal delay and homogeneous Dirichlet
boundary condition:

2 o 7T
u _ da—u —|—/\uF(u,/ / G(x,y,8)f(s)u(y,t —s)dyds), x € (0,7), t >0,
ot 0x? o Jo

u(x,t) =0, x=0,7, t >0,
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where

G(x,y,t) = 2 ) e~ sin kx sinky,
=

and f(t) is the delay kernel, satisfying f(t) > 0, for t > 0, and [~ f(t)dt = 1. It is shown that
a positive spatially nonhomogeneous equilibrium can bifurcate from the trivial equilibrium.
Moreover, the stability of the bifurcated positive equilibrium was investigated. And they also
proved that, for the given spatiotemporal delay, the bifurcated equilibrium is stable under
some conditions, and Hopf bifurcation cannot occur. Chen and Yu [11] studied the following
general form:

aug,t) = dAu + Au(x, t)F (u(x,t),/ K(x,y)u(y,t — r)dy) , xeQ, t>0,
Q

u(x,t) =0, x€9Q, t>0.

Guo and Yan [24] investigated the following diffusive Lotka—Volterra type population model
with nonlocal delay effect:

aug,t) = dAu+ Aull — (A xu)(x,t —T) — (A *0) (x,t — 7)),
PUL) — o+ Aol — (Am ) £ = 7) — (A #0) (3£~ 7)),

for all x € ) and t > 0, where A;j, i, j = 1,2, are kernel functions and

(g )t = [ Ay y)fluddy,  ij=12

The existence and multiplicity of spatially nonhomogeneous steady-state solutions are ob-
tained by using Lyapunov-Schmidt reduction. Through analyzing the distribution of eigen-
values of the infinitesimal generator associated with the linearized system, we show the stabil-
ity of spatially nonhomogeneous steady-state solutions and the existence of Hopf bifurcation
with the changes of the time delay. The stability and bifurcation direction of Hopf bifurcating
periodic orbits are derived by the normal form theory and the center manifold reduction.

In this paper, we investigate the following diffusive Gompertz population model with
nonlocal delay effect:

dw(x, t)
ot

= dAw(x,t)

+ Aw(x, t) <1 —p(A) /QK(x,y)w(y,t —T)Inw(y,t— T)dy> , xeQ, t>0,

w(x,t) =0, x€0Q, t>0,

where w(x,t) is the population density at time t and location x, d > 0 is the diffusion coef-
ficient, T > 0 is the time delay, A > 0 is a scaling constant, () is a connected bounded open
domain in R” (n > 1), with a smooth boundary 9}, and Dirichlet boundary condition is
imposed so the exterior environment is hostile, p(A) is the function of A, K(x,y) is a kernel
function which describes the dispersal behavior of the population. The nonlocal growth rate
per capita incorporates the possible dispersal of the individuals during the maturation period,
hence it is a more realistic model.
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We first introduce some notations. Denote X = H?(Q) N H}(Q), Y = L*(Q), where
H{(Q) = {u € HY(Q) | u(x) = 0,x € 9Q1}. For a space Z, we also define the complexification
of Z tobe Z¢c & Z@iZ = {x; +ixp | x1,x2 € Z}. Denote by C([—7,0],Y) the Banach
space of continuous mappings from [—7,0] into Y equipped with the supremum norm ||¢|| =
sup_.p<o1ll¢(8)|v} for ¢ € C([—7,0],Y). For a linear operator L : Z; — Z,, we denote the
domain of £ by D(L). For the complex-valued Hilbert space Y2, we use the standard inner
product (u,v) = [ @’ (x)v(x)dx.

Let A, be the principal eigenvalue of the linear operator —dA subject to the homogeneous
Dirichlet boundary condition w = 0 on 0(2, and let ¢ be the corresponding eigenfunction of
A, such that ¢(x) > 0 for all x € Q.

Throughout the paper, we assume that the kernel function K(x, y) is a continuous and non-
negative function on Q x ), and [, K(x,y)¢(y)dy > 0 for all positive continuous functions ¢
on (), and p(A) = A — A.. When p(A) = A — A,, the above model becomes

ow(x,t)
ot

=dAw(x,t) + Aw(x, t)

X (1 —(A—=Ay) /QK(x,y)w(y,t —T7)Inw(y,t — T)dy>, xeq, t>0, @D
w(x,t) =0, xe€dQ, t>0.
We consider system (1.1) with the following initial condition:
w(x,s) =n(x,s), x €O, se[-10], (1.2)

where 1 € C([—7,0],Y). From [25], we know that the operator dA generates an analytic
strongly positive semigroup T(t) on Y with the domain D(dA) = X.

The rest of the paper is organized as follows. In Section 2, we study the existence of the
positive spatially nonhomogeneous equilibrium of system (1.1). In Section 3, we consider the
eigenvalue problems. In Section 4, we show the stability of the bifurcated positive equilibrium
and the occurrence of Hopf bifurcation. In Section 5, the direction of the Hopf bifurcation is
given by using normal form theorem and the center manifold theorem. Some numerical
simulations are given in Section 6.

2 The existence of the positive spatially nonhomogeneous equilib-
rium

In this section, we study the existence of the spatially nonhomogeneous positive steady state
solutions of system (1.1), which satisfies the following boundary value problem:

dAw(x) + Aw(x) <1 — (A —Ay) /QK(x,y)w(y) lnw(y)dy> =0, xe€Q,

w(x) =0, x €.

(2.1)

Firstly, we have the following decompositions:

X =N(dA+ M) ®X,
Y = N(dA+ Ay) &Yy,
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where

N(dA +A.) = span{¢},

{lpGX\/cp dx—O}
{lPEY|/(]) dx—O}

Then we can obtain the following theorem about the existence of the positive equilibrium
solutions of Eq. (2.1) by using the implicit function theorem.

Theorem 2.1. There exist A* > A, and a continuously differential mapping A — (G, Bar) from
[A, A*] to Xg x RY, such that (1.1) has an equilibrium solution

wy = Balp + (A — A)Gal, (2.2)

where B, > 0 satisfies

AB [ [ Ko y)¢2()9) In(Bg(v)dxdy = | ¢*()dx, @3

and ¢, is the unique solution of the equation

(dA+A)C+¢ [1 — AP, /Q K(x,y)¢(y) ln(ﬁw(y))dy] =0. (2.4)

Proof. Since dA + A, is bijective from X; to Y1 and ¢ [1—A.Ba. [, K(x,y)p(y)(InBa.¢(v))dy] €
Y;, we have ¢, is well defined.
Next, we prove w, is the solution to (2.1). Define g : X1 X R x R — Y by

8(E,BA) = ([dA+A)T+ ¢+ (A - )¢
—ABlp+ (A = A)E] /Q K(x, y)lp + (A = A)¢]In g + (A — A.)¢ldy.

From Egs. (2.3) and (2.4), we see that g({),, Br., A«) = 0, and

8(En B Ale] = @8+ 1)1 = [ K(x)o(y)(in g (y) + Diye.

Here D¢ )8(G1., Ba., Ax)[7, €] is the Fréchet derivative of ¢ with respect to (¢, B).
As

| [ KGy)e2@)9(v) (1. ply) + Vixdy # 0,

we have

¢ [ K(xp)9(y)(npag(y) + dy £ Yi.

So Dy¢,5)8(€., Ba,, As) is bijective from X; x R to Y. Then from the implicit function theorem,
there exista A* > A, and a continuously differentiable mapping A — (&), Br) € X1 X RT such
that

(&, B A) =0, A€M, A,
which implies that w) solves Eq. (2.1). O
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3 Eigenvalue problems

Let A € (A4, A*], and w, be the positive equilibrium solution of (2.1) obtained in Theorem 2.1.
Linearizing system (2.1) at w,, we have

200 _ o)+ (1- -4 [ Kixg)ea)Ina )y ) o

—AA = A )wy(x) /QK(x,y)(lnwA(y) + 1oy, t—1)dy, x€Q, t>0,

v(x,t) =0, x€dQ), t>0,

(3.1)

Define a linear operator B(A) : D(B(A)) — Y by

B(A) = dA + A (1 — (A=A /Q K(x, y)wa(y) lnwA(y)dy> ,

with domain D(B(A)) = X. From [38], the semigroup induced by the solutions of (3.1) has
the infinitesimal generator B;(A) given by

B:(AM)gp = ¢, (3.2)

where
D(B.(1) = {9 € Cenct pl0) € Xe,

¢ = BQ)p(0) = A(A ~ AJwy [

[ KC)inion ) + 1g(~) 1)y },

and C} = CY([-1,0], Y¢).
The spectral set of B+(A) is

0(B:(A)) ={p € C:A(A, u,T)p =0, for some ¢ € Xc\ (03},
where
AA 1, )Y = BM)Y — AA = A Jwa /Q K, y)(Inwa(y) + D) (y)dye " — py.
Then B;(A) has a purely imaginary eigenvalue y = iw(w # 0) for some T > 0 if and only
if
BOYY — A&~ M)y [ KC)(Inwen(y) + )p(p)dve © —iwp=0.  @3)

is solvable for some w > 0, ¢ # 0 and 6 € [0,27). So if there exists a pair (w,6) such that
(3.3) has a solution ¥, then

642
AN iw, T)p =0, T, = +w””, n=012,...

Next, we will show that for A € (A, A*], there exists a unique pair (w,#) which solves
(3.3). Assume that (w, 8, 9) is a solution of (3.3) with (5 0) € X¢. Ignoring a scalar factor, 1
can be represented as

p=ap+ A=Az,  ($,z2)=0,a>0,

(3.4)
1913 = llolli, + (A = A)?[I215. = ¢l
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Substituting (2.2), (3.4) and w = (A — A, )h into (3.3), we obtain the following equation equiv-
alent to (3.3):

( fi(z,a,h,0,A) == (dA + A,z
+ g+ (A —Ay) (1 - A/ y) Inwy (y)dy — ih)
— ABAlp + (A — A,) A (3.5)
< [ KCplag+ (=120 Balg + (A= A)e] +Diye ™,

fa(z,a, A) = (& = D) |9lI3. + (A = A)?[12]13.
Note that when A = A,,

f(z,a,A)=0&a=a, =1
We have

filzoax, h,0,A) = (dA+ M)z + ¢ <1 — Ao, /Q K(-,y)¢(y) InBr.¢(y)dy — ih)
— Bt [ KCp)p)(inprg(y) + Ddye ™.

Hence
fl (ZI &, , h/ 6/ /\*) = 0,

is solvable for some value of z € (X1)¢, h > 0 and 6 € [0,27) if and only if there exists a pair
(h,0) with h > 0 and 6 € [0,27) satisfying

AuBi, // %, 9)¢2(x)$(y)(In Br. ¢ () + 1)dxdy cos 6
= [ ¢ dx—wA*// (x,1)¢*(x)9 () In Br. 9 (),
h/ ¢*(x)dx = AP, / / (x, )" (x)p(y)(In Br,¢(y) + 1)dxdy sin 6.
Solving the above equation, we have
| dx—/\ﬁm// (5 9)¢(X)p(y) In B p (y)dy
6), = arccos ,
Apa. // %, 1) (x)9(y) (in B p(y) + 1)dxdy
A /3)‘*/ / x,¥)p°(x)P(y)(In B, ¢p(y) + 1)dxdy sin 6,

/ P (x
and z,, € (Xj)c is the unique solution of the following equation
(dA+ 1)z + ¢ (1 —ABu. [ KC o) Inpply)dy - ihA*)
— Mg [ KC )W) (nprg(y) + Ddye ™ =0,

Define F : (X1)c X R® x R — Y¢ x Rby F = (fi, f2). Then we have the following theorem
on the solvability of F = 0.
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Theorem 3.1. There exists a continuously differentiable mapping A — (z,, &, hy,0,) from [As, A%
to X¢ x R3 such that F(z),a,, hy,0),A) = 0. Moreover,

F(z,a,h,0,1) =0,
a,h>0,0¢€0,2m).

has a unique solution (z,,a,hy,0,).

The proof is similar to Theorem 2.5 of [8] and we omit it here.
To summarise, we have the following result about the eigenvalue problem.

Corollary 3.2. For A € (A4, A*], the eigenvalue problem
A(A,iw, T)p =0, w>0,t>0, P(#0) € Xc,
has a solution if and only if

0y +2
w=wy = (A—A)hy, r:rn:%, n=012..., (3.6)
A

and
IP:ClIJ/\, lp)\ ZIX/\(P—F(/\—/\*)ZA,

where c is a nonzero constant, and z,, ap, hy, 0, are defined as in Theorem 3.1.

Next, we consider the adjoint operator of B;(A) for later application. Similar as in [8], we
see that the adjoint operator is

A(Aiw, ) = B(A)P — A(A = ) /Q K(y, -)wa (y) (Inwy (x) + 1) (y)dye™ + iwyp,

which satisfies
(AN iw, T)Y) = (A(A,iw, T), ),

Its point spectrum is the same as that of A(A, iw, T):
op (AN, iw, 1)) = 0p(A(A, iw, T)).

We conclude that if the corresponding adjoint equation
B§— A1 = 1.) [ K(y, () (inwa(x) + Dfm)dye’ +iof =0, §(#0) € Xe, (37)

is solvable for some value of @ > 0, § € [0,27), then

ANi@, %) =0, T = 0+ 2n7

, n=20,12,...

X!

Similarly, for A € (A, A*], there is a unique (@, 0,%) which is the solution to (3.7), ¥(# 0) €
Xc. § can be represented as

p=ap+(A—-A)z, (¢,2)=0, a>0,

. ) K (3.8)
1§15, = @913 + (A = 2)?12IR, = NIl
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Substituting (3.8) and @ = (A — A,)h into (3.7), we obtain the following equation equivalent
to (3.7):
( fi(Z,&7,0,A) := (dD+ A2+ [&p + (A — A,)Z]
X <1 - /\/QK(x,y)wA(y) Inw, (x)dy + ifz)
—AB1 [ K@0)00) + (A=A )alEg+ (A =A)z G
X (I BAlp(x) + (A = A)E (x)] + 1)dye’,
f(Ea,A) = (@ = Dll5. + (A = 1) [Z]3-
Similarly to (3.5), we obtain

&y, =1,
| e@ax—ap. [ [ Kxy)e*)p) gy
VB [ [ K 2)p(x)0* () (InBr.g(x) + Vxdy
B[] Ky 0p(x)92(0) (0 r.g(x) + dxdysiny,

N /()(j)z(x)dx

and Z,, € (Xjy)c is the unique solution of the following equation

0,. = arccos

7

hy,

4

(@A + A2+ ¢<1 —ABa. [ KC)9) InBrg(v)dy + mA*>
—ABad [ Ky, )9(y)(In fa.p(x) + Didye ™ =0,

Define F : (X1)c x R3 x R — Y¢ x R by F = (fi, f2). Then we have the following result
which can be proved similarly as in Theorem 3.1 and Corollary 3.2.

Theorem 3.3.

(1) There exists a continuously differentiable mapping A v (25, &, hy,0) from [As, A¥] to Xc %
IR3 such that F(zy, &y, hy,0,,A) = 0. Moreover,

F(z,a,h,0,A) =0,
a,h>0,60¢€][0,2m).

has a unique solution (,,&,,h,,0)).
(2) For A € (Ay, A*], the eigenvalue problem
AN i, B)p=0, @©@>0,%>0, P(#0) € Xc,
has a solution if and only if
@ =@y =(A—=A)hy, T=%=-—"", n=0,1,2,... (3.10)

and
P=cr,  Pa=ap+ (A - Az,
where ¢ is a nonzero constant.
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Remark 3.4. From the above discussion, we can see that i, = /i, and 6, = 6,, and conse-
quently wy = @, and 7, = %,. Therefore, in the following, we will only use (hy,60,,wx, T)
and not the ones with tilde. But the corresponding eigenfunctions of A(A,iw,, 7,) may be
different from the ones for the adjoint operator A()\, iw), Tn)-

4 Stability and Hopf bifurcations

In this section, we first give the stability of the positive equilibrium w, of (1.1) when 7 = 0
and then discuss the existence of Hopf bifurcations.

Proposition 4.1. For each A € (A, A*|, all the eigenvalues of Br(A) have negative real parts when
T = 0, therefore the positive equilibrium wy of (1.1) is locally asymptotically stable when T = 0.

Proof. Otherwise, there exists a sequence {A, }° ;, such that A, > A, forn > 1, lim, 0 Ay =
As, and for n > 1, the corresponding eigenvalue problem

B(Aa)Y = Au(An = AJwa, Jo KC,y)(Inwy, (y) + Dg(y)dy = pp, x € Q, 1)
P(x) =0, x €9Q),
has an eigenvalue y,, > 0, Rey,, > 0 and the eigenfunction ¢, , ||, || = 1.
For n > 1, we write i, as ¢p, = c),wy, + ¢p, , where ¢;, € C and c), = (wp,, Pr,)/
(wp,, wy,). w,, is the positive solution of (1.1) when A = A,, and ¢,, € Xc satisfies

(pa,, wp,) = 0. If ), = 0, then we substitute ¢, = c) wy, and p = p,, into the first
equation of (4.1) and obtain

“HA WA, = An(An = A)wy, /Q K(-, y)(Inwy, (y) + wa, (y)dy,
which is a contradiction. Hence ¢,, # 0 for each n > 1. Since

(B(An)pa, wr,) = (Pa,, B(An)wy,),  B(An)wa, =0,

multiplying the first equation of (4.1) by ¢, = ¢, w,, + ¢, when y = p,,, we can get

(B 91,) = Al = A) (10, [ KC) I, )+ D, 0y, )+, 62

As w,, is the principal eigenfunction of B, with principal eigenvalue 0, so (B, x,, ¢a,) <O.
Then

0 < Re(p) < Re | = Ay = 1) (mn, [ KC,y) (e, () + D, ey, 91, )| 0

as n — oo, hence lim,_,o Re(y,,) = 0.
From (4.2), we have

(g, )| = fim| = 243 = A2) (s, || K)o, )+ D, Wy, 93, ) || =0,
as n — oo. Similar to the proof of Lemma 2.3 of [8], we get

A2 (An)] - lpa, lIFe < [(B(AR)pa,, dr.), (4.3)
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where A;(A,) is the second eigenvalue of B(A,).
Then

A2 (An)] - N, |17 <

Ml = 1) (s, [ KCoy)Ines, () + D, (), i, )| + |

Since
/\2(/\71) = A — Ay >0,

50 limy o0 || P2, [l ve = 0.
Denote Ex, = Au(An — As)(wa, Jo K, y)(Inwy, (v) + 1)a, (v)dy, ¥a,), then

Er, = Malha = Alen, P, [ KC)(in, (1) + s (), w3, )
A= A)en, (mn, [ KCoy) I, (1) + s, ()i, ¢, )
= ), (o, [ Ky nion, () + o, (), w0, )
= 1) (n, [ Ky, )+ D, (), 0, )

Since

tim (o1, [ Gy, () + ooy, ()dy, )
=81, [ [ Kx)¢*(x)9(v)(n pr.g(y) + iy > 0,

and lim,, . ||¢n, ||ve = 0, then there exists N, € IN such that for each n > N,, Re(E,,) > 0,
which implies that

Re(pp,) = (B(An)$r,, #2,) — Re(Ey,) <O.

This is a contradiction with Re(y,,) > 0 for n > 1. So all the eigenvalues of B;(A) have
negative real parts when T = 0. O

Theorem 4.2. Assume that A € (A, A*], then y = iw, is a simple eigenvalue of B, for n =
0,12,...

Proof. Suppose that there exists ¢; € D(Bz,) N D([Bx,]?) such that [B, (1) — iw,]*¢1 = 0, then
[B, (A) —iw; )¢ € N'[By,(A) —iw,] = Span{e'“* i, }.
So there exists a constant a such that
[Br, (A) — iwplgr = ac™ iy,
Hence
$1(0) = iwyp1(0) + ae“ My, 6 € [—7,,0],

: (4.4)
¢1(0) = B(A)¢1(0) —A(A—A*)wA/QK(-,y)(lnwA(y) + 1)1 (=) (y)dy.
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From the first equation of (4.4), we have

$1(8) = ¢1(0)e™1? 4 afeir%yp,,
gbl (0) = z'wAcpl (0) + HIIJA.
Then from Egs. (4.4) and (4.5), we can obtain

A2, T)91(0) = [B(Y) = icoa]g1(0) = A1 = A )y [ K(y)(Inwa(4) + 1)gn (0) (v)eye ™
= apa+ AN = Ay [ KC,y)Inwa(y) + 1)1 (=5) (0)dy
— A =AJwn [ KCoy)Inwa(y) +1)i (0)(y)dye .

Since ¢1(—T,) = ¢1(0)e™ AT — g1,e7 2T then we have

(4.5)

A(/\, iw, Tn)¢1(0) = ”(1/%, - )‘(/\ - /\*)an)\ /QK(-,y)(lnw/\(y) + 1)%(y)dye_i9A> .

Hence
0 = (A(A, i@, %) Pa, ¢1(0))
= (AN, iw, 7)Yy, ¢1(0))
= (P, A(A, iw, Ty)$1(0))
=a( [ rmundy
A= g [ [ Ky, (0)nam) + D) ga)dxdze ).
When A — A,

/Q PrW)PA(W)dy — A(A = ) Twa /Q /Q K(x,y)wy, (x)(Inwy (y) + 1) (x)a (y)dxdye O
- /Qq>2(y)dy > 0.

Soa = 0. Thus ¢; € N[By, (A) —iw,].
By induction, we obtain

N[B:,(A) —iw,)) = N[B,(A) —iw,], j=1,2,..., 1=0,1,2,...
Therefore, y = iw, is a simple eigenvalue of B;, forn =0,1,2,... O

Since p = iw, is a simple eigenvalue of B, , then from the implicit function theorem,
there are a neighborhood O, X Oz, X O3, C R x C x X¢ of (Ty, iw,, 1) and a continuously
differential function (y, ) : Oy, — Oz, X O3, such that for each T € Oy, the only eigenvalue
of B¢(A) in Oy, is p(t), and

1(Tn) = iwy, () = ¢a,
A(A, u(t),7) = [B(A) = u(T)]9p(7)
A= Awn [ KCy)inwy) + Dpmde 0T @e)
=0, T € Oy

Then we have the following transversality condition.
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Theorem 4.3. Suppose that A € (A, A*] and u(t) is the eigenvalue of B+(\), then
dRe(p (1))

dt
Proof. Differentiating (4.6) with respect to T at T = T,,, we obtain

— pr+ A(A = ATy /Q K(-,y)(Inwa(y) + 1)%(3/)513/3"‘”] de)

dip(Ty)
dt

>0, n=0,12,...

+ 8w, 5) M L A= Aienon [ KCy)Inw(y) + Dga)dye ™ =0

Multiplying the above equation by ¢, (x) and integrating on ), we have

dp(t) _ AA=Aiwn fo Jo KGoy)wa(x) (Inwa (y)+1)a (y) P (x)dxdye A ‘
dt Ja 92 () a (2)dx—A A=)t [y fo K(xy)wa () (Inw) (1) +1)pa(y)pa(x)dxdye A
_ AA=ADwr fo Jo KGoy)wa(x) (Inwa (y)+1)a (y) P (x)dxdy[sin 6 +i cos 6;]
Jo 9 () Pa()dx—AA=A) T Jo Jo K(xy)wa (x) (Inwy (y)+1)9a (y)a (x)dxdy(cos ) —isin 6, )

RedV(Tn)
dt
MA=A)en [ [ Kl yywa () (inwa(y) +ga () (x)dxdy [ 9 (x)da (x)dx sin oy
_ - ,
where

M, = ‘ | 0@

2

— A=A [ [ K y)wa(x) (inw(y) + 1) (1) (x)dxdy os b,

2

+ \A(A — 2% [ [ K(x () Inwa(y) + D) (x)dxdysing,

When A — A,,
YA — ¢, A — ¢, wy — Pa, P

So

[ G yyoa () nwoa ) + 192 ) ()dxdy [ (x)a (x)dx sin b,

=B [ [ Koy () (npr.py) + Dixdy | ¢*(x)dxsing,. > 0.
Therefore, when A € (A, 1], w >0, n=0,1,2,... O

From the above conclusions, we have the following theorem.
Theorem 4.4. For A € (A, A*|, the infinitesimal generator B+ () has exactly 2(n + 1) eigenvalues
with positive real parts when T € (Ty, Ty+1], 1 =0,1,2,...

Then we obtain the following theorem.
Theorem 4.5. For A € (A, A*], the positive equilibrium solution wy of (1.1) is locally asymptotically
stable when T € [0,Ty) and is unstable when T € (19, 00). Moreover, a Hopf bifurcation occurs at
T=1,(n=0,1,2,...), that is, a branch of spatially nonhomogeneous periodic orbits of (1.1) emerges
from (T, wy).
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5 The direction of the Hopf bifurcation

Let W(t) = w(-,t) —wy), T = T, + 7, then v = 0 is the Hopf bifurcation value of system (1.1).
Let t — L, then system (1.1) can be written in the following form

AW(1)
dt

= Tu(dAW(E) + Lo(W(t))) + J(Wr, 7) 5.1)

where W; € C,

Lo() = A(1 = (A= A) | K(,y)wa(y) nwa ()dy)(0)

— A=Ay [ KC,y)Inw(y) +Dg(=1) )y,

J(,7) = vdAy(0) +vLo(¥)
— (v +w)AA = A)p(0) /Q K(, y)(Inwy (y) + )y(=1)(y)dy + O(3),
forp € C,C =C([-1,0],Y).
Denote B, to be the infinitesimal generator of the linearized equation

AW (1)
dt

= Tu(dAW(t) + Lo(W(2)))-
Then
Br,ll/) = lj’/

D(By,) = {¢ cCnC:y(0) € X,
$(0) = wB(M)p(0) — A(A — A)Tewx /Q K(-,y)(Inwy(y) + 1)¢(—1)(y)dy},

where C! = C!([-1,0], Y¢).
Hence (5.1) can be written in the following abstract form

v

dt = BTnWt + XO](Wt/ r)/)/ (5.2)
where
0, 6 €[-1,0),
Xo(0) =
o(6) {1, 6=0.

We know that B;, has only one pair of purely imaginary eigenvalues +iw, 1, which are
simple. The corresponding eigenfunction with respect to iw, T, (or —iwTy) is Pa (x)e @ (or
Py (x)e @8 for @ € [—1,0]. We introduce the formal duality < -, - >> by

<,y >= ($(0),¢(0)
0
A=A [ (1), o [ KCy)Ina(s) + Dy )dy ) ds,

-1

5.3)

for p € Cand ¢ € C¢ := C([0,1], Y¢).
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Define an operator B} : D(B; ) — C&, BL ¢(s) = —4(s), and

D(8;) = {# e Cen (o) 90) e xc,

H0) = 5BOIFO) ~ A=A [ Ky, Joa)inos () + DFC) )iy},

where (C&)! = C1([0,1], Y¢).
Then B; and B, satisty

L B: i, p >=< 9, By, p >, forp e D(By,), p € D(B;).

The operator B, has only one pair of purely imaginary eigenvalues +iw, 7, which are simple,
and the corresponding eigenfunction with respect to iw T, (or —iw,T,) is ¥ (x)e “ ™5 (or
Pa(x)er™s) for s € [0,1]. So B, and By, are adjoint operators under the bilinear form (5.3).

The center subspace of (5.1) is P = span{p(6), p(0)}, where p(8) = e 2™ is the eigen-
function of B, with respect to iw,T,. Similarly, the formal adjoint subspace of P with respect
to the bilinear form (5.3) is P* = span{q(s),§(s)}, where g(s) = §,e/“r™° is the eigenfunc-
tion of B; with respect to —iw,7,. Then C¢ can be decomposed as C¢c = P & Q, where
Q={peCc: <P p>=0, forall € P*}.

Let ® = (p(0), p(6)), ¥ = D(q(s),4(s))", where

-1

D= [/Qllh(x)l/j)\(x)—)\()\—A*)Tn/Q/QK(x,y)w)\(x)(lnwA(y)+1)113A(x)¢/\(y)ez‘wﬂn ,

then < ¥, ® >= Id,, where Id, is the identity matrix in R2%2,
Define z(t) =< Dq(s), W; >, and denote

H(t,6) = Wi(6) — - (z(t), 2(t))" (5.4

then H(t,0) € Q.
On the center manifold, we have H(t,0) = H(z,z,60), where H(z,z,0) can be expanded the

power series of z and z,
z? z2
H(Z,Z, 9) = HZO(Q)E + H11 (G)ZZ—F HOQ(Q)E + - (55)

where z and z are local coordinates for the center manifold in the direction of 4 and 4.
The flow of (5.1) on the center manifold can be written as:

Z(t) = cllit < Dg(s), W >

=< Dq(s), Bt,W; > + < Dq(s), Xo](W;,0) >
=< DBz q(s), Wr > +(Dq(0), ] (W, 0)) (56)

— < —iw,TDy(s), Wi > +(Dg(0), J(@- (2(t), 2(1)) + H(z(£), 2(t), 8),0))
= iwoaTuz () + (Dg(0), J(® - (2(t),2(1))" + H(=(t), (1), 6),0)).
Denote
2 =2 2

J(@ - (2(0), 2(0)T + H(z(1), 2(1),0),0)) = Ji 3 + Jeez2 + J o + s -+
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We rewrite (5.6) as

Z(t) = iwptuz(t) + (2,2)(¢), (5.7)
where
8(z,2) = (Dg(0), J(® (2(t),2(1))T + H(=(1),2(),6),0))
g+ g gy gt
then
(g20= =202 =)D [ [ K(xy)Inwa(y) + 1)) () (x)ddye 1,

g = =M =)D [ [ Kl p)inws () + Va0 (1) () drdye
[ Ky (nwoa(y) + 1) ()i (x)ddye ™7 |,
g = =204 =A)wD [ [ K(x,y)(inw(y) + 1fa (x)§2 () ()dxdye ™, .
g = — A= A)wD |2 [ [ K)o () + s (62 (6) Has (<) )y
+ [ KGo ) tnwa(y) + 1)) () Hao () ddye ™
£2 [ [ K y)(nwa(y) + 19 ()9 (x) i (0) (x)dxdye ™,

+ [ K y) (nwoa(y) + 1)) a (x) Hao (1) (y)dxdy |

\

Since there are Hy(0), H11(0) in g1, we still need to compute them.
From (5.4), we obtain

H=W,—®(z32)"
= By, Wi + Xo] (W, 0) — @(2,2)"
= By, (H(z,2,0) + ®(2,2)T) — ®(2,2)T + XoJ(W;,0) (5.9)
= By, H(2,2,0) + B, ®(2,2)" — ©(2,2)" + XoJ (W, 0)
= B, H(z,2,0) — ®(g,3)" + XoJ(H(z,2,0) + ®(z,2)T,0)

On the other hand, on the center manifold Cp, from (5.5) and (5.7), we have

= [HZO(G)Z + H11(0)z](iwptuz + §) (5.10)
+ [Wi1(0)z + W (0)z](—iwpthz + ) +

Substituting the corresponding series into the above two equations and comparing the
coefficients, we obtain

: —820p(0) — 80P (0), 0 €[-1,0),
2iwy Tyl — By, )Hao(6) = 02 5.11
(Ziaon Hanlf) {—gzop(0> —80P(0) + ]2, 6=0. G
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—By, Hy1(0) = {_g“p (0) =8P (®) O€l-10) (5.12)
—g11p(0) —g;;p(0) + )= 6=0.

When 6 € [—1,0), we have
Hﬁo(g) = 2iw) Ty Hao(0) + g20p(0) +§02?(9)~
Solving this equation, we obtain

_ 182 802 2w, 6
Hao(0) = - p(0) + 5P (0) + Ere® ™. (5.13)

When 6 =0,
(2iwrTul — By, ) E1e#™0g_g = ] .2(z,2)
= —2A(A = A)Tuppa /Q K(-,y)(Inwa(y) + 1)ya(y)dye ™,

then
AA, 2icon, T)Er = 24 (A — A )i /QK(-,y)(ln WA (y) + D)o (y)dye s,

Since 2iw, is not the eigenvalue of B, (A), hence

B =201~ A)A ", 2i, %) (| KCa)(ins () + Da(n)dye ™).

Substituting E; into (5.13) gives Hao(0).
Similarly, we have
Hi;(0) = gup(6) +81,7(6),
and ) —
__n 1811
Hy1(0) = it p(0) + ont p(0) + Ex. (5.14)
When 6 = 0,
_BTHEZ = ]zZ(Z/ Z)

— —)\()\—)\*)Tn [IPA/()K(.,y)(lnw)\(y)+1)¢A(y)dyeiw/\rn

+9a /Q K(-,y)(Inwy(y) + 1)1/2A(y)dyei“’”"] ,
Then we obtain

E» = AMA = A)A (A0, 1) [gb;\ /QK(-,y)(lnwA(y) + 1) (y)dye' ™

+a /Q K(,y)(Inwy(y) +1)¢a (y)dyei“’ﬂ"} :

Substituting E; into (5.14) gives Hy1(0).
By now, g20, §11, 802, §21 are all obtained. And we can compute the following values
(see [23]):
i

“ (0) - ZwATn

|goz|2] Q21

[gugzo —2|gn]* - e R
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. Recl(O)
7]

‘Bz = 2Rec1(0),

_Imei (0) + poIm(p/ (7))
W)

T, =

We know that y, determines the directions of the Hopf bifurcation: if y, > 0 (2 < 0),
then the Hopf bifurcation is supercritical (subcritical) and the bifurcating periodic solutions
exist for T > T, (T < T,); B2 determines the stability of the bifurcating periodic solutions: the
bifurcating periodic solutions are stable (unstable) if B2 < 0 (82 > 0); and T, determines the
period of the bifurcating periodic solutions: the period increases (decreases) if T, > 0 (T, < 0).

6 Numerical simulations

In this section, we give an example:

dw(x,t)
ot

= Aw(x, t) + Aw(x, t)

X (1—(A—=Ay) /QK(x,y)w(y,t —T)Inw(y,t —t)dy), x € (0,71), t >0, (6.1)
w(x,t) =0, x=0,7m t>0.

We can see that A, = 1 is the principal eigenvalue of the linear operator —A subject to the
Dirichlet boundary condition on the dQ) with Q3 = (0, 77) and the associated eigenvector is

p(x) = \/% sin x. It follows from Theorem 2.1 that system (6.1) with A € [1, A*] has a positive
nonhomogeneous steady state solution w,.

We avoid the complex computation and only show two numerical simulations of system
(1.1). The numerical simulations with a homogeneous kernel K(x,y) = siny and a nonhomo-
geneous kernel K(x,y) = (x — y)? are shown in Figure 6.1 and in Figure 6.2, respectively. In
each figure, A = 1.2, Q = (0,71), d = 1, and the initial value is w(x,t) = 0.5 sin?x. In each
case, the convergence to the spatially nonhomogeneous equilibrium w) occurs when 7 is less
than the first Hopf bifurcation point 7y and an oscillatory pattern emerges for T > 1. Each
simulation verifies the occurrence of spatially nonhomogeneous temporal oscillation and the
spatial profiles of the periodic solutions are different due to the different dispersal kernels.

Figure 6.1: Spatially homogeneous kernel K(x,y) = siny. (Left): 7 = 1.1;
(Right): T = 3.0.
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Figure 6.2: Spatially homogeneous kernel K(x,y) = (x —y)?. (Left): T = 0.2;
(Right): T =1.2.
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